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A generalization of fixed point result of nonlinear Cirié type
contraction on suprametric spaces

Ceylan Yalcin®*, Seyma Bilazeroglu®

?Cankaya University, Ankara, Turkey

Abstract. In this study, the nonlinear technique: (y,¢p)-weak contraction, created by Dutta and Choudhury
[6], is used to make the Ciri¢ type contraction nonlinear. Moreover, it is demonstrated that there is unique
fixed point in suprametric space for this nonlinear Ciri¢ type contraction.

1. Introduction

The mathematical concept of a metric explains the majority of distances between two points. There are
three well-known properties that a distance function must satisfy in order to represent a metric. Working
with triangle inequality, which is one of the mentioned criteria of metric spaces, is one of the challenges we
face when working in them. As a result, academics have recently begun working with a variety of metric
spaces in which this property is weakened. In [9], Mathews defined partial metric spaces and extended
the Banach contraction principle by changing the triangle inequality. In [5], Czerwick introduced b-metric

spaces, which also have a weaker triangle inequality. In 2022, Berzig used a weaker triangle inequality to
establish suprametrics based on this concept [2] defined as follows:

Definition 1.1. Let X be a nonempty set. A function d : X X X — R* is called suprametric if for all x,y,z € X the
following properties hold:

(ml) d(x,y) =0ifand only if x = y,

(m2) d(x,y) = d(y,x),

(m3) d(x,y) < d(x,z) + d(z,y) + pd(x,z)d(z, y), for some constant p € R*.

A suprametric space is a pair (X, d), where X is a nonempty set and d is a suprametric.

One of the significant advantages of working in such spaces is that structures exist that are suprametric
spaces while not metric spaces. For some specific examples, we recommend consulting the article [2].
Furthermore, the main definitions and in-depth examples are found in [2]; therefore, in order to avoid
repetition, we have not included them herein (See Also: [10], [3]).

2020 Mathematics Subject Classification. Primary 47H10; Secondary 54H25.
Keywords. suprametric spaces, fixed point theory.

Received: 09 February 2025; Revised: 11 March 2025; Accepted: 14 March 2025
Communicated by Erdal Karapinar

* Corresponding author: Ceylan Yalcin

Email addresses: cyalcin@cankaya.edu. tr (Ceylan Yalcin), sbilazeroglu@cankaya.edu.tr (Seyma Bilazeroglu)

ORCID iDs: https://orcid.org/0000-0003-0989-6280 (Ceylan Yalcin), https://orcid.org/0000-0001-7615-4338 (Seyma
Bilazeroglu)



C. Yalcin, S. Bilazeroglu / Filomat 39:22 (2025), 7759-7765 7760

The famous Banach contraction principle is the key concept of fixed point theory. Some generalizations
of this core principle have been studied for years in different areas.

A nonlinear generalization of the Banach contraction principle was established for Hilbert spaces by
Alber and Guerre-Delabriere in [1]. Later on, this new generalization is called the 1)-weak contraction in
literature where 1) is an altering distance function satisfying the following properties:

e ¢ :[0,00) — [0, ),
e ¢ is a continuous and non-decreasing function,
e Y(t) =0if and only if ¢ = 0.

Then, Rhoades extended the results in [1] to arbitrary Banach spaces in [11].

In 2009, Dutta and Choudhury took the idea of {»-weak contraction a step further. They introduced (y,¢)-
weak contraction concept in [6]. Recently, in light of the benefits of working with suprametrics, attempts
have been made to get fixed points with contractions defined on suprametric spaces. The following research
question was whether a contraction defined in the same way as in [6] would have a unique fixed point in the
complete suprametric space. Yesilkaya answered this question by obtaining the existence and uniqueness
of the fixed point of (i,¢)-weak contraction in suprametric spaces in [12].

The existence and uniqueness of the fixed point of a linear extension of Ciri¢ type contraction in
interpolative metric spaces were demonstrated in our earlier work [4]. In this paper, we explore a nonlinear
extension of Ciri¢ type contractions in suprametric spaces. This is achieved by integrating the concepts
from the linear extension of Ciri¢ type contractions and (¢,¢)-weak contractions.

2. Main Results

In this section, we first recall the contractions on which our study is based. In [6], Dutta and Choud-
hury introduced a nonlinear extension of contractions, which is (1,¢)-weak contraction with the help of
alternating distance functions ¢, ¢ : [0, 00) — [0, o) so that for each x, y € X,

¢ (d(Tx, Ty)) < ¢ (@d(x,y)) = [@d (v, y)) (1)

on any usual metric space X. On the other side, one of the known linear contractions is Ciri¢ type contraction
which is defined as follows: there exists a number 0 < k < 1, so that, for each x,y € X

d(x, Tx) + d(y, Tx)

d(Tx, Ty) < kmax|d(x,y),d(x, Tx),d(y, Ty), >

2)
Now we are ready to introduce a nonlinear version of Ciri¢ type contraction and the main result of our
study in the following theorem:

Theorem 2.1. Let (X, d) be a complete suprametric space and T : X — X be a continuous mapping. Moreover, let Q
be the set of continuous and non-decreasing mappings w : Rj — Ry such that w(0) = 0 if and only if t = 0.
Suppose that there exist ¥, ¢ € Q such that

Pd(Tx, Ty)) < p(Ma(x, ) = (Ma(x, y)) 3)

forall x, y € X where

q(d(x, Ty) + d(y, Tx))
2(1 + pd(y, Ty))

Then, T has a unique fixed point in X. Moreover, for every xo € X the iterative sequence defined by x, = Tx,_1,
n € IN converges to this fixed point.

My(x, y) = max {d(x, y),d(x, Tx),d(y, Ty), }, g€(0,1).
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Proof. We can define a sequence {x,} as follows:
Xpi1 = Tx, forall nelN

where xg is an arbitrary point in X.

For any ny € N, if two successive terms are equal, that is, x,, = x,,+1, then we have x,,, = Tx,, since
Xn+1 = Txy,. This proves that x,, is a fixed point and ends the proof.

Now, let’s suppose that any successive terms in the sequence x, are distinct, that is, x, # x,4+1 for all
n € IN. This debate thus automatically leads to the conclusion that, for all n € IN, d(x;, X41) > 0.

Based on the assumption stated by equation (3) in Theorem 2.1, we have

Eb(d(xn/ Xns1)) = Eb(d(Txn—lz Txy,)) @
< PpMa(xn-1, X)) — (z)(Md(xn—l/ X))
On the other side,
A(xn-1,Xn), A(Xn-1, Txp_1), d(xn, Txy),
Ma(xu-1,%) = max q(d(xn—l/ Txy) + d(xp, Txu-1))
2(1 + pd(x,, Txy,))
d(xn—lr xn)/ d(xn—lr xn)/ d(xn/ xn+1)/ (5)

=max | a(d(x,_1, Xpe1) + d(Xn, X))
2(1 + pd(xy, Xp41))

qd(xn—lz xn+1) }

= max {d(xn-1,xn),d(xn/x"+1)' 2(1 + pd(x, Xn41))
ns An+

As can be seen from the equality (5), there are three possible values for M(x,-1,x,). If My(xy-1,x,) =
d(xy, Xu+1) then, the inequality (4) results the following inequality:

YA, Xn41)) < PA(xn, Xn41)) = PA (X0, Xn11))-

That is not possible because ¢, ¢ : Rj — R, such that 1(0) = 0 and ¢(0) = 0 if and only if ¢ = 0. On the
other side, we know that d(x;, x,+1) > 0 since x, # X,41. As a result, ¢(d(x,, xn11)) > 0. This means that
My(xp-1,x,) # d(x,, x,+1). Hence, either

Md(xn—lr xn) = d(xn—l/ -xn)/
or

qd(xnflr Xp+1)

My(xp-1, %) = 2(1 + pd(xn, Xue1))”

Yesilkaya analyzed the case My(x,—-1,x,) = d(x,-1,X,) in [12] and concluded that T has a unique fixed point
in X and, additionally, the iterative sequence described by x,, = Tx,_1, n € N, converges to this fixed point
for every xp € X. Now, let’s assume that the last possibility is valid:

qd(xn—lr xn+1)

Md(Xn—ll xn) = 2(1 + pd(anxn”)).

With this assumption, the inequality (4) gives the following;:

qd(Xn-1, Xn41) ) ~ ( qd(Xn-1, Xn41)
2(1 + pd(xn, Xn+1)) 2(1 + pd(xn, Xn+1))

ll)(d(xm Xnt1)) < Y
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which implies that

qd(xn—lr xn+1)
2(1 + pd(xn, xn41)) |

because ¢ : Rj — R, such that ¢(0) = 0 if and only if = 0. On the other side, as 1 is a non-decreasing
function, we arrive at

P(d(xn, Xp41)) < P

qd(xn—l/ xn+1)
2(1+ Pd(xn/ Xn+1))
q

= 2 pd(ry, ) e Xe):

Moreover, since (X, d) is a suprametric space, we know that

d(-xn/ xn+1) <

A(Xn-1, Xp41) < d(Xn-1,Xn) + d(Xp, Xpi1) + pd(xn—lr X )A (X, Xpr1)-

Thus, using (6) and the previous inequality, we obtain the following outcome:

q
d(xn/ xn+1) < 2(1 + pd(xn/ xn+1)) d(xn—l/ xn+1)
< q A(xn-1,xn) + d(xXp, Xp41)
T 21+ pd(xn, Xna1)) | +pd (-1, X0)d (X, Xt1)

(1 + pd(xn, Xp1))d(Xn-1, Xn)
2(1 + pd(xn,xn+1)) +d(Xp, Xps1)
1+ pd(xp, X441)
1 + pd(xn,xn+1)d(xn_1,xn)

1
i 1+ pd(xn/ xn+l)

= Jata, )+ (3)

NI

d(xnr xn+1)

1

1+ pd(xn/ xn+l) (xnrxl’l+1)

Being p € R and d(xy, x4+1) > 0 gives 1 + pd(x,, x,+1) > 1. This fact yields the following result:
A(xn, Xpe1) < gd(xn—l/ Xu) + gd(xnr Xn+1)

which provides us
(1= 3}, w00) < Jataoa, )
= d(xy, Xpe1) < ﬁd(xn—l/ Xn)

Because g € (0, 1), we have

5 i qd(xn_l,xn) < gd(xy-1,x,) foralln e N

and consequently

d(xn, Xns1) < qd(xp-1, X,) for allm € N.
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We can use this result repeatedly to obtain the following inequality:
A(x,, Xpe1) < q”‘kd(xk, Xkp1) foralln > k €N,
which generates

lim d(x,, X,41) = 0. )

n—o0

As per the result mentioned in equation (8), there exists a natural number k which satisfies the condition
d(x,, xp41) < 1foralln > k. (8)

Consider an arbitrary n € N such that n > k and an arbitrary r € N. Either x, = x,,. or x,, # x4, are the two
possible outcomes. Assuming x,, = X,+,, we obtain

T"(x0) = T"""(x0) = T"(x0) = T"(T" (x0))-
This indicates that a fixed point of T" is T"(xo). Besides, we possess
T(T"(T"(x0))) = T(T(T"(x0))) and T(T"(T"(x0))) = T(T"(x0)),
and hence
T (T(T"(x0))) = T(T"(x0)),
which denotes that T(T"(xo)) is the fixed point of T". Therefore,
T(T"(x0)) = T"(x0)

Thus, the fixed point of T is T"(xo).
We shall employ a Cauchy sequence in a complete metric space to ensure the existence of a fixed point
if x, # xy4r. Let us demonstrate by induction that the created iterative sequence {x,} is a Cauchy sequence.
The distance between x,, and x,+,+1 when n — oo is what we wish to examine. For sufficiently large 7, r
such that n > k, the suprametric d given in the Definition 1.1 and the inequality (8) yields us:

IN

A(Xn, Xnar) (X, Xp41) + A(Xpt1, Xner)

+Pd(xn/ Xn+1)A(Xns1, Xntr)

IN

q"*d(xx, X)) + A1, Xiner)

+Pqn_kd(xk/ Xer1)A(X 1, Xnar)

IA

qn—k + (1 + pq”_k) d(xn+1, xn+r)

where

IN

(X1, Xnar) A(Xpr1, Xn42) + A(Xp42, Xnar)

+Pd(xn+1/ Xn+2)d(Xps2, Xntr)

IN

q"+1‘kd(xk, Xir1) + A(Xpt2, Xnar)
+pq”+1_kd(xk, Xk41)A(Xn+2, Xner)

qn+1—k T (1 4 pq””‘k) A(Xs2) Xnsr)

IN
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Then these two inequalities together give that
g+ (1 + pqnfk) (qn+1—k + (1 + pqn+1fk) d(x”+z,xn+,))
gk + (1 + pqn—k) (qn+1—k)

+(1+ pg"*) (1 + pg™ ) (s, Xner)

IA

d(xl’l/ x7l+i')

We can continue this process and use (8) in every term of the sum, until we get
‘ =1 -1 .
A, xner) < 47X 4 11 (1 + pq"ﬂ—k)
=0 j=0
Since g € (0, 1), it follows that
=1 -1

i) < gL g T1(1+p)
= j=

Here it is easy to see that the series

1

—

r—

-1
g | [(1+pd)

j=0

1

1l
o

converges. Thus, the sequence d(x,, x,.+) aproaches zero as 1, r goes to infinity. This implies that the con-
structed iterative sequence, {x,}, is a Cauchy sequence. Due to the fact that (X, d) is a complete suprametric
space, the sequence {x,} converges to y € X.

We now declare that y is the fixed point of T. Let us now verify this argument. To begin with, by (3) we
know that

YA(xns1, Ty)) = (A(Tx,, Ty)) o)
< P(Ma(xn, y) — ¢Ma(xu, y)
where
d(x,, Ty) + d(y, Tx,
My(x,, ) = max {d(x,,, 1), e, T, d(y, Ty, 2 (;(1 +y; dJEy (]%y))x ))}_ (10)

Letting n — oo in both sides of the inequality (10) yields

q(d(y, Ty) +d(y, Ty))}
2(1 + pd(y, Ty))

My(xn,y) = max{d(y,y),d(y,Ty),d(y,Ty),

= d(y,Ty)
Hence, (9) turns to
Yy, Ty)) < Py, Ty)) — ¢d(y, Ty))

which is possible if and only if d(y, Ty) = 0. So, y = Ty. This means that y is a fixed point of T.
The second assumption is that T contains two separate fixed points, y; and y,. Now let’s focus on
d(y1, y2) > 0. Since,

q(d(y1, Tya) + d(y2, Ty1)) }
2(1 + pd(y2, Ty2))

M;(y1,y2) = max {d(y1, y2),d(y1, Ty1), d(y2, Tya),

d(y1,y2)
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we have

Y(A(y1, ¥2))

Y(d(Ty1, Ty2))
Y(Ma(y1, y2)) — dMa(y1, ¥2))
P(d(y1, y2)) — dA(y1, y2)).

This can occur if and only if d(y1, y2) = 0 which implies y; = y,. We can therefore conclude that there is a
unique fixed point for T. [J

IA

If we substitute 1(t) = t in Theorem 2.1, then we obtain the following result which is given by Dutta and
Choudhury in [6]:

Corollary 2.2. Let (X, d) be a complete suprametric space and T : X — X be a self mapping on X. Assume that there
exist an w € Q) such that

d(Tx, Ty) < Ma(x, y) — (Ma(x, y)) (11)
forall x,y € X where
d(x, T d(y, T
My(x, y) = max {d(x, y),d(x, Tx),d(y, Ty), 4( Z(EC1 +}/; dJEy (Yy,y))x)) } , 4€(0,1).

Then, there is a unique fixed point for T in X. Additionally, the iterative sequence described by x,, = Tx,_1, n € N,
converges to this fixed point for every x € X.

3. Conclusion

Although suprametric spaces have just recently been defined in fixed point theory [2], they have already
drawn the interest of many researchers. Undoubtedly, the argument for this interest is mainly because they
provide advantages to work simple as well as prevent congestion in metric spaces. Our goal in this study
is to obtain a nonlinear fixed point theorem in suprametric spaces. Future research may be shaped by the
response to the question of whether many of the results currently obtained from metric fixed point theory
can be transferred to suprametric spaces.
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