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Existence and uniqueness of pseudo S-asymptotically (w, c)-periodic
solutions with measure for some systems of neutral integral equations
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Abstract. In this article, we study a new extension of the (w, c)-periodic functions that we call measure
pseudo S-asymptotically (w, c)-periodic functions using the measure theory. By employing an adequate
fixed point theorem and differential inequality, we investigate the existence and uniqueness of p-pseudo

S-asymptotically (w, c)-periodic solutions for systems of neutral integral equations. For explanation, nu-
merical example is given to clarify our main results.

1. Introduction

The qualitative and quantitative study of different methods is an important field, in particular on the

existence and uniqueness of the almost periodic, pseudo almost periodic, pseudo almost periodic with
measures and asymptotically omega periodic solutions for some models of evolution equations, for exam-
ple, see [5H7, [17H35].
The first results of the category of (w, c)-periodic functions was given by Pinto in [37], which comprise the
classical w-periodicity (for ¢ = 1), w-anti-periodicity (for ¢ = —1) and the Bloch w-periodicity (for ¢ = ) as
particular instances. Many researchers worked on this concept, in [4] Alvarez interested in the complete-
ness, convolution and composition theorems for (w, c)-periodic functions in abstract spaces and he studied
in [3] the existence of (w, c)-periodic solutions for abstract fractional difference equations also Mophou made
an existence result of (w, c)-periodic mild solutions to some fractional differential equation (see [36]) and
there are many results related to (w, c)-periodic functions and some applications are developed in [12414].

Alvarez et alintroduced an extension of the (w, c)-periodic functions, the so-called the (w, c)-asymptotically
periodic functions (which contains asymptotically periodic, asymptotically antiperiodic, asymptotically
Bloch-periodic and unbounded functions) and (w, c)-pseudo periodic functions in abstract spaces with
applications to the first order abstract Cauchy problem and Lasota-Wazewska model with ergodic and un-
bounded oscillating production of red cells respectively ( see [1,2]). Recently, Chang and Zhao introduced
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a new expansion of (w, c)-periodic function called pseudo S-asymptotically (w, c)-periodic functions and
established the completeness, convolution and superposition theorems for it in abstract spaces in [§].

Existence and uniqueness of (w, c)-periodic, (w, c)-asymptotically periodic, (w, c)-pseudo periodic and
pseudo S-asymptotically (w, c)-periodic solutions are considered one of the most important and vital topics
in the qualitative theory of ordinary or functional differential equations to applications in the physical
sciences, mathematical biology...( see [1-4} 8, 13} 14} 36]).

The purpose of this work is to present an extension of pseudo S-asymptotically (w, c)-periodic function is
the measure pseudo S-asymptotically (w, c)-periodic function and establish some fundamental properties.
Obviously, this new notion generalize all the different notions recently studied in the literature. That’s why
we make an extensive use of theoretical measure theory to introduce and study the concept of measure
pseudo S-asymptotically (w, c)-periodic function. In fact many authors interested in their works in using
the measure theory, we can refer [10] [15] [16].

We are thus interested in this paper to study the existence and uniqueness of the pseudo S-asymptotically
(w, c)-periodic solutions for the following equation:

t
x(t) = o1(H)x(t — p1) + fi(s, x(s = A1), y(s — A2))ds,
vl 1)
y(t) = oa(H)y(t — p2) + f fa(s, x(s = A1), y(s — Az))ds.

t=15(F)

Let p1, p2, A1, A2 = 0 be fixed numbers and let f1, f, : RXCxC — C, 01,02 : R — R, and
71, T2 : R = R, be appropriate functions verifying some hypothesis mentioned hereafter.

In fact this type of equation is studied by several authors, in [9] Ding and N’Guérékata studied the
existence of positive pseudo almost periodic solutions to a class of neutral integral equation:

t

x(t) = a(t)x(t — ) + f a(t,t —s)f(s,x(s))ds, t € R.

—00

In [38] Zhao and N'Guérékata investigated the existence of S-asymptotically periodic solutions for the
following delay integral equation with super-linear perturbations:

¢
x(t) = a(t)x"(t - B) + f(s,x(s))ds, t € R.
t—1(t)

Hamza and Abdellatif investigated in [11] the existence of positive weighted pseudo S-asymptotically
periodic solution in Stepanov-like sense for some systems of nonlinear delay integral equations with super-
linear perturbations of the following type:

T1(t)
x(t) = ()Xt - 1) + f f(s,0,x(s —o=1),y(s — o —1))ds,
0

To(t)
y(t) = ax(t)y’(t = 1) + fo g(s,0,x(s —o = 1), y(s — o = I))ds.

The rest of this article is structured as follows: in section 2 we list definitions, examples and basic results
which will be used throughout this paper. In section 3 we discuss the existence and uniqueness of p-pseudo
S-asymptotically (w, ¢)-periodic solutions to the system (). Finally, in Section 4 we give an example to check
our results found.
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2. Preliminaries:

In this section, we reminder some notations, definitions and auxiliary results which will be used all
along this paper.
Let X be a Banach space, R be the set of all real numbers, C be the collection of all complex numbers, IN
be the set of all positive integers and BC(IR, X) denotes the Banach space of bounded continuous functions
from RR to X, equipped with the supremum norm

Ifllo = supllf(II-

teR
Definition 2.1. [37] For given c € C*, w € R*, a function f € BC(R, X) is said to be (w, c)-periodic if
ft+w)=cf(t),VteR.
The collection of such functions will be denoted by P, (IR, X).

For given ¢ € C*, w € R*, we define the following set
BCu,c(R, X) = {f € C(R, X) : fthICA(—f)f(f)ll < +0o},
€

with c’(t) = cv = exp(L log(c)) and | (t)] = [c](t) = |c]*.
We have the following properties for the set 8Cy, (R, X):
Proposition 2.2. [8]

o Let f € C(R,X), then f € BCy (R, X) if and only if f(t) = c"(—H)u(t), u(t) € BC(R, X).

o The set BCy (R, X) is a Banach space with the norm

I fllowe = supllc” (=) fOII-
teR

Definition 2.3. [8] A function f € BCy(IR, X) is said to be S-asymptotically (w, ¢) periodic if
lim [ (DLfE+ ) = cf @) = 0.

The collection of such functions will be denoted by SAP (R, X).

()
1+£27

Example 2.4. Yc € C* we consider f(t) = t € R. fis S-asymptotically (w, c)-periodic. Indeed

Mt + w) Nt

A () 1
1+ (t+w)? 1+t2]

B 1+(t+w)2_cl+t2

(=Of(tE+w) —cf()] = (-1

we have |tllim [~2@ ¢ 1 1=0 then we obtain |tllim lcM(=DIf(t + w) — cf(H] = 0.
—+00 —+00

Tr+w)? — T+
Remark 2.5. For ¢ = 1 we obtain
i F e+ w) = F =0
f is said to be S-asymptotically w-periodic.

Proposition 2.6. [8] Let f, f>, f» € SAPw(R, X). Then the following results hold:
o fi+ fo € SAP, (R, X) and kf € SAP,(R, X) for any k € C.
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o The space SAPy (R, X) is translation invariant.
o The space (SAP (R, X), ||-llpwe) is a Banach space.
Definition 2.7. [8] A function f € BCy (R, X) is said to be pseudo S-asymptotically (w, c) periodic if

hm—f [ (=B)Lf(t + w) — cf(B)]||dt = 0, VE € R.

r—+00 2

The set of all such functions will be denoted by PSAP (R, X).
()

1+£27

Example 2.8. Yc € C* we consider f(t) = t € R. f is pseudo S-asymptotically (w, c)-periodic. Indeed:

1 r| cMNw) 1

dt
2 ), 1+ (F+w)? 1+t2|

3 | el o - cron

el (w) f 1 el (71
< dt + — dt
T 2r JL 1+ (t+w)? 2r ) 1+#
A
< |C|2:w) [arctan(w + ¥) — arctan(w — )] + |£r| arctan(r)

— 0,(r — o).

Remark 2.9. For ¢ = 1 we obtain

hm—f||f(t+w) f)||dt =0,vteR.

r+00 2
f is said to be pseudo S-asymptotically w-periodic.

Proposition 2.10. [8] Let f, f1, fo» € PSAP (R, X). Then the following results hold:
o fi+ fr € PSAP, (R, X)and kf € PSAP (R, X) for any k € C.
o The space PSAP (R, X) is translation invariant.
o The space (PSAPw, (R, X), |I-lpwe) is a Banach space.

We propose in this article to generalize the pseudo S-asymptotically (w, c) periodic functions studied recently
by using Lebesgue measure. For that let 8 denote the lebesque ¢ — fieled of R and let M be the set of all
positive measures p on 8 satisfying

p(R) = +co and u([a, b]) < oo, for alla,b € R(a < b).
We formulate the following hypothesis:
(HO) For u € M, 7 € R, there exist § > 0 and a bounded interval I such that:

pu@+t:aecA)<p, whenA € Bsatisfies AN =0

Remark 2.11. (HO) implies

y[ r—0,r+0]

< 0.
[-rr]

forallo >0, hm 1 sup

Definition 2.12. Let u € M. A function f € BCy (R, X) is said to be yu-pseudo S-asymptotically (w, c) periodic if

lim )f [ (=BLf(t + w) — cf)]||du(t) = 0,¥t € R.

The collection of such functions will be denoted by PSAP (R, X, 1)
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Example 2.13. Vc € C* we consider f(t) = %, t € R and we pose the measure i defined by
du(t) = p(t)dt where

|t ift>0
P(t)‘{l ift<0
we obtain u([-r, r]) =r+ ﬁ then

g | et - o)

1 L w)

) w(l=r,71) J-, | 1+ (t+w)? ‘17 t2 lp(D)dt

IN

lc” (w) 1 IclA(w f

w(=rr]) Jo, 1+ (t+ w)2 ) Jo 1+ (t + w)2
I * 1 |c|

* u(l-rr]) J_, 1+ tzdt p([-r,7]) ‘fo 1+ tzdt

Jel* (w)
2

IA

[In(r + w) — In(w)]

! = [Icl/\(w)[arctan(w) —arctan(w — r)] + ——
2

—  wlc|*(w)[arctan(r + w) — arctan(w)] + |c| arctan(r) + % In(1 + rz)]
—0,(r = +00)
as a result f € PSAP, (R, X, u).
Remark 2.14. For ¢ = 1 we obtain

f |l £t +w) = f()|du(t) = 0, ¥t e R.

f is said to be p-pseudo S-asymptotically w-periodic.
Lemma 2.15. Let u satisfies (HO) and f, f1, f» € PSAPw (R, X, u). Then the following results hold:
o fi+ fr € PSAP, (R, X, u) and kf € PSAP, (R, X, p) for any k € C.

:Llrgoy —1,t])

o The space PSAP, (R, X, u) is translation invariant.
o The space (PSAP (R, X, w), ||llbwe) is a Banach space.
Proof. e WeposeF = fi+ f

m [ e (~HE(E + w) — cF@)]||dpett)

T 1r mn f ([ DA +w) + folt +w) = c(filt) + fz(t))]”dy(t)

= rr])f e O -+ 0) = Al + s f [ =BLf(E + ) — choiey]lduact
since fi, f» € PSAPw (R, X, p) so lim ——— y([ 0 f || (=B)IE(t + w) = cF()]||du(t) = 0
Thus
tim s [ ot @ - dpollane) < lim ks [ et o - ol

0.



S. Ben Atti et al. / Filomat 39:22 (2025), 7545-7557

e Foragivena € R

N% | ettt o cronducy

- f”c/\( BIf(t+a +w) — cf(t +a)]||[dut)

H([ r,7])
- —y([—lr 7 j: [l (=t + a)[f(t + w) — cfD)]||du(t — a)
1 r-+|al
= W) f " e @[ DIf ¢ +w) = cf O|pu)
p([=r = lal, 7 + lal]) Blc @) r+lal
- ud-rrD)  pl=r—lal,r+lal]) Ir l e

1 7+

IN

t
’ (= —lal,r +1all) J_yspq
— 0,(r = ).

o Let (f,)n be a sequence of PSAP, (R, X, u) such that f, — f,n — oo

then for any € > 0, dn > 0 and Jr, > 0 such that:

#([ 1r 5 “CA( HLfu(t + w) — cfu(t)] de(t)

“fn f”bwc - S”P“CA( t)[fn(t) f t)]” = 3|c|

forn > n, and r > r.. Thus

wn J I oo - crenlaun

= f e =B+ w) = fult + ) + fn(f“‘w)—Cfn(t)+6fn(t)—cf(t)]”dp(t)

[J([—T’, 1’])

IN

1 o
M=) f el O = fonlluce
1 M
< 2l = flowe + = [ ) e DUfu(t +w) = cfu®)]||du()

< &

(=OIF(t +w) — cf(O]||du®)

" (=t)Lft + w) = cf || duct)

7550

g |l =t = g olldnt) + s [0l - chollda)

Which implies that the PSAP, (R, X, i) is a closed sub-space of BCy, (R, X, ). So it is a Banach space

equipped with [|.|lpwe. O

Lemma 2.16. Let f € BCy (R, X). Then the following assertions are equivalent:

@ lim e ])f [l (=t)Lf(t + w) = cfD)]||du(t) = 0.

r—+o00 [U.

(b) Foreach e >0, im ——— f dt =0, where
([=71) Im.r

r—+o0
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M,o(f) = {t € [-1,7] ¢ [N =DLF (¢t + ) — cf(D]|| > e}

Proof. Since

e f e =B + ) - erucy

u(l=n1D
) m f[_m]\Mw(ﬂ e =0t + w) - cf@anch + “([fr, T fM et o —crondue
N H([—17, ]) me(f) e =hife +w) = cfOl]anc)
> m fM =0
The assertion (a) implies the assertion (b). On the other hand,
m f: [l (=0LF (& + w0) = cf(0)]|duac)
- m j[._r/r]\Mm(f) e (=DLf (¢t + w) = cf@)]||du®) + m fl\;m(f) [ (=DLF(t +w) — cfB)]]|duc®)

1 1
< (1- ——— dt)e + ——— 2 wff dt.
( u(=rr1) Im,.cp ) p([=r,7]) el Al M, (f)

So we can affirm statement (a) by the sooth of statement (b). [

Lemma 2.17. Under the conditions x € PSAP, (R, X, u) and ¢ is w-periodic, we have
t = o(t)x(t) € PSAPL (R, X, u).

Proof.

1 "ler (- _ NS S _
) I r”c (=)ot + w)x(t + w) — co(t)x(®)]||[du®) = i I r”c( Hlo()x(t +w) — co()x(t)]||dut)

1 ’ Ar_ B
”O_Hoo—‘u([_r, ) fr “c (=t)[x(t + w) cx(t)]”dy(t)
since x € PSAP,, (R, X, 1) so t = o(t)x(t) € PSAPL, (R, X, u). O

¢
Lemma 2.18. For ¢ € PSAP, (R, X, p) and 7 is w-periodic, we have t — f P(s)ds € PSAP, (R, X, p).
t—1(t)
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t
Proof. We pose ¢(t) = P(s)ds
t—1(t)

ﬁ f e =0t + w) - )] |[duc)

t+w

) rr]) Lo, mwﬁb(s)ds_cf o0s

i m f—r ”C 9 f_f(» Plortrwds—c jj(t) Pl + s Hdﬂ(t)
T 0
- m I r f " " (=Bp(s + £+ w) = cp(s + 1) |[dsddpu(t)

0 1 " .
< [, G Sl ealots w0 —eots - ollauoes

according to lemma 1.6 we have lim W f || M-t [qi)(s +t+w) —cP(s + t)]”dy(t) = 0 and from the

r—+o00 ‘U
dominated convergence theorem we get the result. [

Lemma 2.19. Let f € C(R X X x X, X) satisfy the following conditions:

(A1) @) sup|lc"(—t)f(t,x, Y < +oo uniformly for x, y € X.
teR

(b) r1—>+wﬁf ||cA( HLf(t+w,cx, cy) —cf(t, x, y)]”dy(t) = 0 uniformly for x,y € X.

(A2) There exists constants Ly, Ly > 0 such that for all x1,x2, 1,2 € Xand t € R,
It x1, y1) = f(t, x2, y2)Il < Lallxs — x2ll + Lallyr — voll.
Then for each Y, € PSAP, (R, X, 1), f(, P1(.), P2(.)) € PSAP (R, X, p).

Proof. It is clear from (Al)(a) that f(., ¢1(.), ¥2(.) € BCu(R,X). For each 1,1y € PSAP, (R, X, 1), we
have

| et ot s o - cptonfauc = 0,i=1,2.

An )

On the other hand

WLP) f [ (=Bt + o, 1 (t + w), Yalt + W) — cf (¢, Yr.(8), Y2 (O)]||Au(t)

= Wll 5 [ [ (=Bt + o, 1 (t + w), Yalt + W) — cf (¢, %%(t +w), %lpz(t +w))

+ cf(t, 14;1(15+w) 1z,z;z(t+w))—cf(t P1(D), Ya(t)]||du®

y(r p)f [l OLFCE +w, r(t + ), ot +w)) = ef(t, -¢1(t+w) ¢2(t+w)) [[duse)

y(r, o) f e ALt =9t + ), Z9alt + ) = et ), o)t

= i+
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By (Al)(b), we have J; — 0, as ¥ — oo.
For J,, we have

1 ' 1 1
) f Nlenenteftt, Zun +w), Zuat+w)) = eft ya(®) ya(O)]|duct)

IA

1 " 1 1
] f 1N DR[£t Sy ), Salt + ) = a8, Ya(e)|du)

IA

1 o 1 1
= I e (—t)c|[L1||;¢1(t +w) — Py (B)]] + L2||E¢2(t +w) = o(t)| ()

IA

Ll T A ~ LZ 7 A B
=) fr”C (=t (t +w) c¢1(t)]HdM(t)+—H([_MD fr”C (=)W (t + w) clpz(t)]”dy(t)

— 0,(r > +00).
Asaresult [, > 0,asr — co. [

Lemma 2.20. Let f € C(R X X X X, X) satisfy (Al)and the following condition

(A3) cM(—t)f(t, c"(t)x,c"(t)y) is uniformly continuous for x, y in any bounded subset of X uniformly in t € R; that
is, for any € > 0 and any bounded subset ¥ C X, there exists & > 0 such that x,y € F, ||x — x|| < 6 and
ly — y'll < 6 imply that

Hc’\(—t)[f(t, c(tx, cM(t)y) — f(t,cA(t)x/,cA(t)y’)]” <eteR.
Then for each Y11, Y2 € PSAP, (R, X, 1), f(., P1(.), P2(.)) € PSAP» (R, X, p1).

Proof. According to (A1)(a), we have f(., () € BCyu,(R, X) and M > 0 such that

supllc(—=t) f(t,x, y)ll < M for all x, y € X.
teR

Then

1
p(r, p)
1
p(r, p)
1
(r, p)
= i+

I [l (=0 £t + 0, 1 (t + ), alt + W) = cf(t, Pr(t), Ya(t)|[[duct)

IN

f e (B £(t + w, Y1t +w), Palt + w)) - cf(t, %wl(t +w), %gbz(t +w))]||du)

| e nler@ 2o+, -+ 0) = et 4 0,200ty

According to (A1)(b), we obtain that [; — 0, as r — oo.
For J,, we take a bounded subset ¥ = {c"(—f)i(f) : t € R,i = 1,2}.
If [l (=Dt + w) — ci(H)]Il < Iclo, i = 1,2. Then

le™ (=t — w)i(t + w) — M (—=Hi(b)l| = ||%c’\(—t)[1/1i(t +w)—ci(N]ll < 6i=1,2.
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According to (A3), we have

1 " A 1 1
=) f e Bleft, Zun+ ), Syatt+w) = ef v, p20)]au®

1 ' A A A A A
= |c|m I r”c (—t)[f(t,c (B (=t — W) (t + W), " ()" (—t — W)t + w))
= f(t, O (=Bpr (), " ()M (=pa(t) | [duct)
= ICIMIH]\M MO(W||cA(—t)[f(t,cA(t)cA(—t—w)¢1(t+w),cA(t)c"(—t—w)wz(t+w))
=t O (=t (), (B (~tpa() || duct)

1 A(_ A A4 _ A Nt
+ T fM ol (=O[f(t, O (=t = w)pr (t + ), (B (=t = W)t + w))
i cA(t)cA (=1 (), " (B (~typa()] ()

1

-nr ) frdo(‘# |C|é M) ([—1’, r]) jl\"[ncm(%) dﬂ(t)-

Using lemma 2.12 and the fact i1, {» € PSAP, (R, X, 1), we obtained [, — 0, as r — co. Hence

IN

o M]) f e (=B £t + w, Pr(t + w), Palt + w)) = cf(t, Pa (), Ya)|dpct) = 0.

3. Main Results:

In this article, we consider the following hypothesis:
(H1) The functions o1, 02, 11, T2 are w-periodic.

H2) There exists L1 ,L2,LL,[2 > 0 such that V¢, x1,%2, ¥1, 1> € R, we have:
it L

f1(t, x1, y1) = 1t x2, y2)l < Ll [lx1 — x| + Lillyl =1l
fa(t, x1, y1) = folt, x2, o)l < L Al — x| + Lz Ay = vall.

supllc™(=t) fi(t, x, Yl < +oo,

. . teR
(H3) Uniformly for x,y € X: { supllc” (=) fo(t, x, y)Il < +oo.

teR

f e (=DOLf(E +w, cx, cy) = cfilt, x, W]||duct) =0,

m
(H4) Uniformly for x,y € X: e p(l=n ) ;
i | ettt + wexen - et il = o

lim ;
r—+00 ‘u([—rl r])

Theorem 3.1. Let u € M satisfies (H0)and the conditions (H1),..., (H4) are hold then the system (1) admits a unique
solution (x, y) in PSAP,(R, X, u)*.
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Proof. We put the operator C defined on PSAP,, (R, X, 1) such that ¥(x, y) € PSAP, (R, X, p)*:

t t

oo y) = (axt—p+ | fils,xs= A0, ys—Ads; oy —p)+ | fols,x(s = M), y(s— Aa))ds)

t=11(t) t=T5(t)

according to Lemmas 2.11, 2.13, 2.14 and 2.15, we have C : PSAP,(R, X, p)*> = PSAP, (R, X, 1)*.
We define the following norm:

NCf )l = 1 fallowe + 1l f2llbeoe
Vx1, y1,%2, Yo € PSAP, (R, X, 1), we have:

Clxr, y1)(t) = Clxa, y2)(t)

= (a1®[x0it = p1) = xat - p)] + f [fis, 3105 = A1), y1(5 = 42)) = fals, Xa(s = M), yals = A2)|ds

t
t=11(t)
i 02Oyl = p2) = yat = p2)] + f i [ fals, 3105 = A1), y1(s = 42)) = fols, %25 = M), ya(s = A2))|ds).
= First of all:
t

e (=B]or®)(x1(t = p1) = xat = p1)) + f (Al x1(s = A1), y1(5 = 12)) = fils, xals = A1), yals = 1)) s |

t=11(f)

IN

loxllol™ (=po)lfle” (=t + pr)[x1(t = p1) = x2(t = p1)]|

0
+ f ()CA(—S—f)CA(S)[fl(S+f,xl(S+f—A1)1y1(5+t—Az))—f1(5+t,x2(5+f—/\1),yz(5+f—/\z))]dS”
—T1 t

IA

0
llo1lleolc™ (=p)lll2c1 = 2X2llpeve + lecj ™ (=)l f lc"(s)llc” (=s = £+ Ap)lllxi(s + £ = A1) — xa(s + £ — Aq)llds
=71/l

0
b BN [ O s Al £ A = el £ Al
_“71”00

< lolleole (=p)lllxr = xalliwoe + MiLj le" (=A0)llIx1 = Xallywoe + ML e (=A2)llly1 = Y2llac-

* Next:

||CA(—t)[02(t)(y1(f —p2) = yalt — p2)) + f

t—Tz(f

< Nloallsole™ (=p2)lllya = Yallpwe + MzL}2|CA(—)\1)|||X1 = X2 |lpeoc + MzLich(—/\z)Hl% = Yollbwe

) (Al 2165 = A1), y1(5 = 12)) = fals, xals = A1), ya(s = 12)) s

0
with M; = f lc™(s)ds, i = 1,2.
=lITille

We find that

ICGe, y1) = S, ¥l < [llonlloole™ (=)l + (ML), + Mo )le (=An) Ikt = %alowe
+ [lloallecle (=p2)l + (VI L2 + MaL2 )" (=2 [llys = Yl

We pose K = max({llo1llele” (=p1)| + (MiLL + MoLL )i (=AD)], [llozllsole (=pa)l + (MiL2 + MaL2 )l (=A2)I])
as a result
IC(x1, y1) — Clx2, Y2)llyr < K(||361 = 22lpwe + 11 = Yallbwe)
< KillCrr, y1) = (2, y2)llye -
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Since K < 1 Cis a contraction. Consequently, using the Banach fixed point theorem C admits a unique fixed
point (x, y) € PSAP (R, X, u) that is C(x, v) = (x, y). Hence, (x, y) is the unique p-pseudo S-asymptotically
(w, c)-periodic solution of (I). O

Corollary 3.2. Let u € Msatisfies (H0) and we assume that the conditions (H1),..., (H4) are verified so the following
equation:

t

x(t) = o1()x(t — p1) + )f1(S/ x(s))ds )

t—1q(t

have a unique p-pseudo S-asymptotically (w, c)-periodic solution.

4. Example:

In this branch, we provide numerical example of (1) for various settings. We work on the following
system:

x(t) = sinb)x(t — 1) + f _ fi(s, x(s — 1), y(s — 2))ds,
t—|tsm(t)| (3)
y(t) = cos(2t)y(t —2) + f fa(s, x(s — 1), y(s — 2))ds,

t—| cos(t)|

with fi(t, x, y) = " ()(sin(lc" (—1)x]) + cos(lc" (—t)YI), fo(t, x, y) = " (t)(cos(|c" (—)x]) + sin(lc* (=) ).
We have fi, f, verify (H2), (H3) and (H4).
We take w = mand ¢ =1 +i: we have 01,07, 71, T2 are m-periodic and

le,l = L% = L}Z = L}z =1,
llo1lleo = llo2lleo = lIT1lleo = llT2llo =1,
M=M= [21cM@)lds = [0 1 +ifids = [ V2ids = In( ¥2)(1 - 2°%),
M (=p1)| = [N (=Ay)| = [N (=) = 27,
I (=p2)l = [N (=A2)| = " (=2)] = 27+,
We obtain
K

max([[lo1lle” (=p1)] + ML, + ML} )le (=A)], [loallole (=p2)l + (MiLE, + MoL3 )l (=A2)1])
= 0.916187872.

We have K < 1 so for any measure u € M satisfies (HO) the system have a unique p-pseudo S-
asymptotically (7, 1 + i)-periodic solution.

Conflict of interest statement:
The authors have no competing interests.

References

[1] E. Alvarez, S. Castillo, M. Pinto, (w, c)-Asymptotically periodic functions, first-order Cauchy problem and Lasota-Wazewska
model with unbounded oscillating production of red cells, Math. Methods Appl. Sci. 43 (2020), 305-319.

[2] E. Alvarez, S. Castillo, M. Pinto, (w, c)-Pseudo periodic functions, first order Cauchy problem and Lasota-Wazewska modelwith
ergodic and unbounded oscillating production of red cells, Bound.Value Probl. 2019 (2019), 1-20.

[3] E.Alvarez, S. Diaz, C. Lizama, Existence of (N, A)-periodic solutions for abstract fractional difference equations, Mediterr. J. Math.
19 (2022), 1-15.

[4] E. Alvarez, A. GOmez, M. Pinto, (w, ¢)-Periodic functions and mild solutions to abstract fractional integro-differential equations.
Electron. J. Qual. Theory Differ. Equ. 16 (2018), 1-8.



(5]

[6]
(71

(8]

[9

[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]
[27]

[28]
[29]
[30]
[31]
[32]
[33]
[34]

[35]
[36]

[37]
[38]

S. Ben Atti et al. / Filomat 39:22 (2025), 7545-7557 7557

A. Benhassine, Multiple of homoclinic solutions for a perturbed dynamical systems with combined nonlinearities, Medit. J. Math.
14(3) (2017), 1-20.

A. Benhassine, General and weak sufficient condition for Hamiltonian systems, . Elliptic Parabol. Equ. 7 (2021), 47-59.

Y. K. Chang, Y. Wei, Pseudo S-asymptotically Bloch type periodicity with applications to some evolution equations, Z. Anal.
Anwend, 40 (2021), 33-50.

Y. K. Chang, ]. Zhao, Pseudo S-asymptotically (w, c)-periodic solutions to some evolution equations in Banach spaces, Banach J.
Math. Anal. 17 (2023), 1-29.

H.S. Ding, Y.Y. Chen, G.M. N'Guérékata, Existence of positive pseudo almost periodic solutions to a class of neutral integral
equations. Nonlinear Anal. 74 (2011), 7356-7364.

T. Diagana, K. Ezzinbi and M. Miraoui, Pseudo-almost periodic and pseudo-almost automorphic solutions to some evolution
equations involving theoretical measure theory, CUBO 16(2) (2014), 1-31.

H. El Bazi, A. Sadrati, Weighted Sp-pseudo S-asymptotically periodic solutions for some systems of nonlinear delay integral
equations with superlinear perturbation, Ural Math. J. 9 (2023), 78-92.

M. Kosti¢, Multi-dimensional (w, c)-almost periodic type functions and applications, Nonauton. Dyn. Syst. 8 (2021), 136-151.

J. Larrouy, G.M. N'Guérékata, (w, c)-periodic and asymptotically (w, c)-periodic mild solutions to fractional Cauchy problems,
Appl. Anal. 102(3) (2023), 958-976.

K.Liu, J. Wang, D. O’'Regan, Fetkan,M.: Anewclass of (w, c)-periodic non-instantaneous impulsive differential equations. Mediterr.
J. Math. 17 (2020), 1-22.

M. Miraoui, Existence of u-pseudo almost periodic solutions to some evolution equations, Math. Methods Appl. Sci. 40(2017),
4716-4726.

M. Miraoui, N. Yaakoubi, Measure pseudo almost periodic solutions of shunting inhibitory cellular neural networks with mixed
delays, Numer. Funct. Anal. Optim. 40 (2019),571-585.

M. Miraoui, A. Arfa, H. Assel, Pseudo Almost Periodic Solution for Some Differential Equations with Piecewise Constant
Argument and Applications, Complex Anal. Oper. Theory. 18(104) (2024).

M. Miraoui, C. Aouiti, Y. Khemili, (11, u2)—Pseudo asymptotically 7-periodic function applied to models for differential equations
with delays. Comput. Appl. Math. 43(192) (2024).

M. Miraoui, E. S. Abdalla, M. Damak, Solution of Certain Stochastic Differential Equations: Pseudo S-asymptotically Omega
Periodic Solution with Measures, Filomat. 38(8) (2024), 2691-2706.

M. Miraoui, S. Missaoui, On the Stochastic Evolution Equation Driven by Brownian Motion in a Separable Space, Complex Anal.
Oper. Theory. 17(132) (2023).

M. Miraoui, M. Ben Salah, M. Zorgui, Pseudo asymptotically Bloch periodic functions: applications for some models with
piecewise constant argument, J. Elliptic Parabol. Equ. 10 (2024), 147-168.

M. Miraoui, M. Ben Salah, Y. Khemili, Measure pseudo asymptotically Bloch periodic functions in the sense of Stepanov and
applications, Ukrainian Math. J. 74(4), (2023).

M. Miraoui, M. Ben Salah, Y. Khemili, Pseudo asymptotically Bloch periodic solutions with measures for some differential
Equations, Rocky Mountain J. Math. 54(5), (2024), 1261-1273.

M. Miraou, M. Missaoui, Existence and exponential stability of the piecewise pseudo almost periodic mild solution for some
partial impulsive stochastic neutral evolution equations. Math. Methods Appl. Sci. 46 (16) (2023), 16644-16671.

M. Miraoui, A. M. Alimi, S. Khelifi, The measure pseudo almost-periodicty and automorphy in HOHNNSs with time varying
delays,Int. J. Comput. Math. 100(2) (2023), 1284-1302.

M. Miraoui, N. Belmabrouk, M. Damak, Stochastic Nicholson’s blowflies model with delays, Int. J. Biomath. 16(1) (2023), 1-32.
M. Miraoui, E. Ait Dads, S. Khelifi, On the Differential Equations with Piecewise Constant Argument, J. Dyn. Control Syst. 29
(2023), 1251-1269.

M. Miraoui, A. Hamdi, Mu-pseudo almost periodic solutions in Lebesgue spaces with variable exponents, Filomat, 36(11) (2022),
3731-3743.

M. Miraoui, C. Aouiti, H. Jallouli, Global exponential stability of pseudo almost automorphic solutions for delayed Cohen-
Grosberg neural networks with measure, Appl. Math., 67(3) (2022), 393—418.

M. Miraoui, H. Assel, M.A. Hammami, Dynamics and oscillations for some difference and differential equations with piecewise
constant arguments, Asian J. Control. 24(3) (2022), 1143-1151.

M. Miraoui, Measure pseudo almost periodic solutions for differential equations with reflection, Appl. Anal. 101(3) (2022),
938-951.

M. Miraoui, A. Rebey, H. ben El-monser, M. Eljeri, Pseudo almost periodic solutions in the alpha-norm and Stepanov’s sense for
some evolution equations, Ukrainian Math. J. 74(10) (2022).

M. Miraoui, D.D. Repovs, Existence results for integro-differential equations with reflection, Numer. Funct. Anal. Optim. 42(13)
(2021), 919-934.

M. Miraoui, N. Belmabrouk and Mondher Damak, Measure pseudo almost periodic solution for a class of nonlinear delayed
stochastic evolution equations driven by Brownian motion, Filomat. 35(2) (2021), 515-534.

M. Miraoui, B. Ghanmi, Stability of unique pseudo almost periodic solutions with measure. Appl. Math. 65 (2020), 421-445.

G. Mophou, G.M. N'Guérékata, An existence result of (w, c)-periodic mild solutions to some fractional differential equation,
Nonlinear Stud. 27 (2020), 1-9.

M. Pinto, Ergodicity and oscillations. Conference in Universidad Catélica del Norte, Antofagasta, Chile, (2014).

J.Y. Zhao, H.S. Ding, G.M. N'Guérékata, S-asymptotically periodic solutions for an epidemic model with superlinear perturbation,
Advances in Difference Equations, 2016 (221) (2016).



	Introduction
	Preliminaries:
	Main Results:
	Example :

