Filomat 39:23 (2025), 8017-8029

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2523017Z

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
2 S
) @
b, &
Ty s

5
TIprpor®

Geometric characteristics of a manifold associated with a GQSC
transform group

Di Zhao**, Tal-Yun Ho?, Chol-Yong Jon?, Fengyun Fu*

*College of Science, University of Shanghai for Science and Technology, 200093 Shanghai, P. R. China.
bFaculty of Mathematics, Kim Il Sung University, Pyongyang, D. P. R. K
€School of Statistics and Mathematics, Guangdong University of Finance & Economics, Guangzhou, P. R. China.

Abstract. The present paper investigates the flatness of a Riemannian manifold associated with a gen-
eralized quarter-symmetric connection transform group (in briefly, GQSC) and confirms some interesting
geometrical flatness. In particular, some special Ricci flatness of a manifold with a generalized quarter-
symmetric connection homotopy via the projective invariant and the conformal invariant are obtained.

1. Introduction

Since the concept of the semi-symmetric connection was introduced for the first time by Friedman
and Schouten in [8], there are very many geometricians who focus their attention on the study of such
issues. For instance, K. Yano in [23] defined a semi-symmetric metric connection and studied its geometric
properties. S. Golab in [6], as early as 1975, investigated a semi-symmetric connection and obtained its
geometric properties. Recently De, Han and Zhao in [3] investigated the semi-symmetric non-metric
connection and considered the geometric characteristics. Subsequently, the researches on the geometry and
analysis of semi-symmetric or non-metric connections have sprung up. The relevant research results, for
instance, several types of semi-symmetric metric (non-metric) connections and the geometric and physical
properties of these class connections, can be referred to the following references therein ([1, 2, 7, 11, 13, 15—
19, 25, 30]). In particular, the Schur’s theorem of this class of connections, for example, a semi-symmetric
non-metric connection, was investigated and confirmed extensively ([12, 14]) based only on the second
Bianchi identity. Of course, as an interesting geometric model, a semi-symmetric non-metric connection
that is also a geometric model for scalar-tensor theories of gravitation was studied ([4, 5, 9, 22-24, 29])
and a sufficient and necessary condition that a Riemannian manifold is an Einstein manifold by imposing
some conditions on W,-curvature tensor was studied by Zhao and Ho in ([28]) and Han et al in ([10]). It is
worth noting that a quarter-symmetric connectionin [7, 11] was defined fully and deeply studied during this
period. Afterwards, several types of quarter-symmetric non-metric connection were studied([20, 21, 26, 27]).
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Motivated by the foregoing works we define newly in this note a generalized quarter-symmetric con-
nection homotopy and study its geometric properties.

This paper is organized as follows. Section 1 states the previous known results. Section 2 studies the
generalized quarter-symmetric connection homotopy and its geometrical properties. Section 3 investigates
the projective invariant for the generalized quarter-symmetric connection homotopy. Section 4 derives at a
conformal invariant of the generalized quarter-symmetric connection family and the projective conformal
quarter-symmetric connection homotopy.

2. A generalized quarter-symmetric connection homotopy

Let (M, g)(dimM > 3) be a Riemannian manifold, g be the Riemannian metric on M and V be the
Levi-Civita connection with respect to g. Let T(M) denote the collection of all vector fields on M.

¢
Definition 2.1. A connection homotopy V is called a generalized quarter-symmetric connection homotopy if it
satisfies the relation

(%zg)(x, Y) = 2{r(Z)U(X, Y) + r(X)U(Z,Y) + n(NU(Z X)], T(X,Y) = n(V)pX — n(X)pY @.1)

where X,Y,Z € T(M), n is 1-form, @ is a (1,1)-type tensor field, t € [0,1] and U(X,Y) = %[(p(X, Y) + (Y, X)],
V(X,Y) = HeX, Y) — (Y, X)].

t t
Remark 2.1. If t = 0, then V is a quarter-symmetric metric connection and if t = 1, then V is a generalized
t
quarter-symmetric non-metric connection. So the connection homotopy V is a connection homotopy from a quarter-
0 !
symmetric metric connection V to a generalized quarter-symmetric non-metric connection V. If n(X) = w(X) and

t
U(X,Y)=g(X,Y), then V is a generalized quarter-symmetric metric recurrent connection ([20]).

k

ij’

i o t ky t
Let (x') be thelocal coordinate, then g, V, V, ¢, U, V, 7, T have the local expressions g;, {ij}, T 1.‘]., (pf, U:.‘, Vf, m;, T

respectively.
At the same time the expression (2.1) can be rewritten as
ékg,, = —2t(mUsj + il + 1;Ug), Tf.‘]. = ¢k - m(p’;. (2.2)
From the expression (2.2), the coefficient of % is
ffj - {k]} U+ (t+ DU + (- DUt — Ve, 2.3)

t
From the expression (2.3), by a direct computation, the curvature tensor of V is

t ¢ ¢ t t
I _ 1 1o 77l Iy _nly7. I 77 . I _ 7l
Rijk = Kz]k + Ujuzk Ul.ajk + biu]k bjuzk + Uikn] Ujlel + (t + 1)(U1-]- Uﬁ)ﬂk

+(t - l)(ll,]k - U]-,-k)nl + tu]l{T(i]‘ - V}(T(j]' + niV;’k - ﬂlel.k (24)

where Kijkl is the curvature tensor of the Levi-Civita connection V and the other notations are given as
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follows

Ltlik =+ D[Vimy — tuzﬂ,' —(t+ 1)U§]ﬂp7'lk —(t- 1)uikﬂpﬂp],

¢l

by = (t=1)(Vimy + U, + (¢ - DU 7,7,
U;j = ViU;, Ui = Villy, (2.5)
7'[,']' = Viﬂ]‘ - V]‘T[,‘

Vi =ViVi =t + DUV + (8 = DUV, + (¢t + DUV, + (E = 1)U Vi

23
From the expressions (2.2) and (2.3), the coefficient of dual connection homotopy V of the connection

t
homotopy V is

b k

T = {u} — trUf — (£ = DU - (¢ + DUy — V. (2.6)

tx
And from this expression by a direct computation the curvature tensor of V is

23

t t ¢ ¢ * *
R,’jkl = Kl‘jkl + uzl-b]‘k - U;-bik + U,rkai» - U]'kai- - Uﬁkn]» + U;kni - (i’ - 1)(U§j - U;i)nk
+(t + 1)(u1']'k — u]','k)ﬂl — tU,’(nij - VIIC‘IZZ']' — ﬂiV;-k + ﬂjVﬁk, (2.7)
where
Ul =tvily, - (¢t + 1)U Upn — (¢ + DU U],

*

o (2.8)
Vi =ViVi+ (= DVIV, e+ (E+ DUV, — (¢t = DUV, — (E+ DU Vi

tm
From the expressions (2.2) and (2.3), the coefficient of the mutual connection homotopy V of the connection

t
homotopy V is
tm k
Ik = {i],} + (¢ + DU + b US + (8= DUy -V, (2.9)

tm
and the mutual connection homotopy V satisfies the relation

m m
ng,‘]‘ ==2(t+ 1)nkui]~ — (2t - l)mu]-k — (2t - 1)7I]‘uik - HiV]'k - 7'[]‘Vik, Tijk = ﬂi(pl; - ﬂj(p?, (2.10)

tm
By a direct computation, one gets the curvature tensor of V is

tm ¢ ¢ tm tm tm tm
Ri]’kl = Kl']'kl + amikllé - amjkllg +b i-u]'k -b ;Uik - ﬂfUi.k + ﬂjUﬁk + t(ufj — u;»)ﬂk
+(t — 1) (Ui — U + (t+ DULT; + Vi e — Vj. fr — (V,?]. - ij.)nk, (2.11)
where
tgik =tH{(Vime — (t + 1)UZ7TP7TI' - tllf’npnk —(t- 1)uikﬂpﬂp],
tm o
bi]‘ =(t- 1)[(Vi71]‘ +(t+ 1)nillj,,np +(t— 1)Uip7z7’n]-],
tm o
ugj =(t+ 1)[(viu; +(t— 1)u,-,,uj.’n1 -t U], (2.12)
fii  =Vim=(t+ 1)nill¢np - thn,,nj - (t=)U;nPm, + anpnj,
vl = vivj. +(t+ 1)V§.’u;,n,- + tugvfn,, +(t— 1)ul-,,v;7nl.
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t t .
Let Aﬁjk = U;a,'k +Ujb f + ngnj +(t+ 1)U§jnk +(t— 1)U,~]~knl + tU]l(V,-n]- - V}(V,-nj + niVj.k, then from the expression

(2.4), we get

t
g LAl gl
Riji™ = Kije” + Ay = Ay

So there exists the following
t
Theorem 2.1. When Ai.jk = Aﬂ.ik, then the curvature tensor V will keep unchanged under the connection transforma-
) t
tionV — V.
Let a,  and y be of 1-from with the corresponding components below respectively
a; = Ui-{T(k,‘Bi = U’,jn,-, Vi= Vf-(ﬂk (2.13)

t
Theorem 2.2. In a Riemannian manifold (M, g) if 1-form a, B are closed, then the volume curvature tensor of V is
zero, namely

t
Pij=0 (2.14)

t t t
where Pij = Ryj k'is a volume curvature tensor of V.

Proof. Contracting the indices k and I of the expression (2.4), then we have

t

o ¢ ¢ t t
Pi]' = Pi]' + U;faik - Ufajk + u]‘kbf - Uikb’]f + Uﬁ;{ﬂ]’ - U?kﬂi + (t + 1)(Uf] — Ujfi)nk + (t — 1)(U,-]-k - Uj,-k)nk

k. vk Tk vk
+U an,]+anjk Vi,

o t
where P;j = Kjj k is a volume curvature tensor of of V.
On the one hand, from the expression (2.5) we have

Uty — Wty = (t+ DUV — USV i) + 0+ D UE = ml) U,

Ui = Ub® = (£ = 1)U Virt = UV;t) = bt — (Ui — Ll UL,

Ufknj - Ul]fkni = t(%,-llfnj - %ju,’jni) + t(t = 1) (U — niujr,)UiT(p —Ht+ 1)(7'(]U§7 - niU7)nkU’;,
(t+ DU - Ume = (t+ DVillim - VU,

(t= DU - Uji)* = (¢ = D(Villpr* = V;Uprd),

tU’,jn,j = tU,’jVin,-—tU’,jani,
ko _
Vi =0,
Vi = ViVi—(t+ DU Vimg — (= DU ViR + (¢ + DUV, + (¢t = DU, Vi = 0

Hence using these expressions and the expression (2.13), we obtain
t o o o o
Pi; = 2t(Viarj — Vja;) + H(ViB; = V) (2.15)

If a 1-form & and f are closed, then V;a; — V;a; = 0 and V;f; — V;B; = 0. Hence from expression (2.15), we
obtain the expression (2.14). O
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t
Remark 2.2. From the expression (2.15), if t = 0, then P;; = 0. So the volume curvature tensor of the quarter-
symmetric metric connection is always zero.

Theorem 2.3. In a Riemannian manifold (M, g) if 1-form a, f,y are of closed 1-form, then the volume curvature
tm
tensor of V is zero, namely

tm

P;i=0 (2.16)

tm tm tm
where P;j = R;j k'is the volume curvature tensor of V.

Proof. Contracting the indices k and [ of the expression (2.11), we have

tm mk

o I I tm tm mk

Pij = Pij + U;C gzik - Uﬁc gtjk + ujk b i{ — Uy b I; + U,-knj - Ujkn,- + t(UZ - Ul;i)T[k +(t— 1)(uijk - U]-,-k)n"
+(E+ DU + Vifi = Vi fi = (Vi = Vi,

On the one hand, from the expression (2.12), we have

ktm ktm
U]- aix — Ul- ajk

HUAV i — UV ) + 8¢ + DU - U Wy,
b ¥~ Uyh o= (= DUV - UpVr) - (2 - 1)U - mU )W,
U — i"zl;kn,- = (DU = ViU -+ DY = ) U — (1 = (Ui, - i) U,
UL~ U = HVillimg - ViUm),
(t= DU - Ujdn* = (¢ - 1)(%iujk7'fk - %juiknk)/
t+ DUy = (¢ + 1)UV, — UV ),
Vi fix = Vi fi

Substituting these expressions into the above expression and using the expression (2.13), we obtain

(V?j _ V;'(,')Tfk + va(vjnk - V;.(V,'T[k - V,‘V?TC]C + V]'V?T[k.

tm o o o o o o
Pij =(2t- 1)(V,-aj - Vjai) +(t+ 1)(V1“Bj - V]‘ﬁ,‘) — (Vi]/]' - Vj)/,‘). (2.17)
If a 1-form a, 8,y are of closed, then Via; — V;a; = 0, V;; — V;; = 0 and V;y; — V;p; = 0. Hence from the

expression (2.17), it is easy to see that the expression (2.16) is tenable. [J

It is known that if a sectional curvature at a point p for a Riemannian manifold (M, g) is independent of
E (a 2-dimensional subspace of T,(M)), the curvature tensor is

t
Rij" = k(p)(©igjx — 8gu) (2.18)
In this case, if k(p) = const, then the Riemannian manifold is a constant curvature manifold.

Theorem 2.4. Suppose that (M, g)(dimM > 3) is a connected Riemannian manifold associated with an isotropic
generalized quarter-symmetric connection homotopy. If there holds

sp=0 (2.19)

t
then the Riemannian manifold (M, g, V) is a constant curvature manifold, where s, = ﬁTZp.



D. Zhao et al. / Filomat 39:23 (2025), 8017-8029 8022

Proof. Substituting the expression (2.18) into the second Bianchi identity of the curvature tensor of the

t
generalized quarter-symmetric connection homotopy V, we get
tot tot tot t t t
Vth']'kl + V,‘thkl + V]‘Rhikl = TZiR/pkl + TZthkl + T?hRipk l,
and using the expression (2.2), then we have

t t t
Vik(gj — 5;!]ik) + Vik((sé'_‘]hk = 8,95) + Vik(8),9i — 6igme) = klrn(Slqj — 5§-<Pik) + ﬂi(ééfphk — 8,9
+70(0) @ik — Olpme) + T (Pl — (P;gik) + ni((P;ghk — @i i) + (@) gik — Pign)],
Contracting the indices i, of both sides of this expression, then we have
t t . A . A
(n =2)(Vigjx = Vigi) = kl(n = (@ jx = j0me) + (@i = Pji) + i@ gk = @1,97%) + i @nk = QiG]
Multiplying both sides of this expression again by g/, then we obtain
¢ . .
(n = 1)(n = 2)Vyk = 2(n — 2)k(m,; — 1) = 0
Using dimM > 3 and s;, = anlTZp = — L (@, — T@}), from this equation above we obtain
¢
th + 25, = 0.

Consequently, we know from that k = const if and only if s, =0. O

3. A projective invariant of the generalized quarter-symmetric connection homotopy

4
Definition 3.1. A connection homotopy V is called a generalized projective quarter- symmetric connection homotopy

p t
if V is a projective equivalent to V.

p
From the expression (2.3) the coefficient of V is

4
T = (5} + 05i + ) + s + (¢ + DUy + (¢ = DUyt = iV, (3.1)
4
where 1) is a projective component of V.
From (3.1), by a direction computation, we get the curvature tensor
4 t t t t
R,’jkl = Ki]'kl + U;.Ilik - Ufajk + 6;Cik - 65Cjk + U]-kbﬁ - Uikbg +(t+ 1)(u5]- - Uﬁi)nk +(t— 1)(Ui]-k — u]','k)‘l'[l
+ tUym; — Vimg + mVék — Vi + 6L + T§j¢k, (3.2)

where

{ ck = Vi — Yithp — tigU gy, — (t+ DUl — (8 = D Unapy + Vi, (3.3)

Vij = Vi = Vi

Using the expression (2.4), from the expression (3.2), then we obtain

14 t
Rijkl = Rijkl + (S;Cik - 6i.cjk + 6§jl/)k + nggbk, (3.4)
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pm
On the one hand, the coefficient of the mutual connection homotopy V of the projective quarter-symmetric
p
connection homotopy V is
T = () 6+ 050 + (0 + DU + b US + (£ — 1)Uy — o VE 35
if_{ij}+fl’bl+il’b]+(+)n' j il + (= Dl - GV, (3.5)

pm
From the expression and by a direction computation, the curvature tensor V of is

pm tm tm m m
R,']'kl = Kijk] + 6;?,';( — 551(131/']( + U;-’Z'Z,‘k — ug};jk - u,-k b ; + u]'kb Z + ui.kn]- — U;kni + t(uﬁj — Uéi)nk
+(t = DUy = W) + Vi fie = Vi foe = (U} = U = Thihi + i, (3.6)
where
m o
Cij = Vill}j — llljlllj — (t + 1)77{11?7?;7 — (f — 1)Uijlppn” — thlllpT(]‘ + Vfl/)pT(]'. (3.7)

Using the expression (2.11), the expression (3.6) becomes

pm tm
R,‘jkl = Rijkl + 5?7(’3117( - 55-?]';{ - Tfijk + 65{1#,‘]‘. (38)

Theorem 3.1. In a Riemannian manifold (M, g), if 1-form 1, a, B are of closed 1-form, then the volume curvature
p
tensor of V is zero, namely

pm
P, =0, (3.9)

P P p
where Pij = R; jklgkl is a volume curvature tensor of V.

Proof. Contracting the indices k, I of the expression (3.4), then we have
P t .
P,']' = P,‘]‘ + Cij — Cji + I’llpij + Tl]lpk
On the one hand, from the expression (3.3), we have
Ci]‘ - Cj,‘ = 17[),‘]‘ - TZ'IPP'

Substituting this expression into the above expression, we obtain
4 ¢
Pij = Pij + (n + 1. (3.10)

t
If a 1-form a, Y, B are closed, then P;; = O(Theorem 2.2) and ¢;; = 0. Hence from the expression (3.10), we
obtain the expression (3.9). O

Theorem 3.2. In a Riemannian manifold (M, g), if 1-form 1\, a, B,y are closed, then a volume curvature tensor of is
zero, namely

pm
Pij=0, (3.11)

pm  pm p
where Pj = Rijklgkl is the volume curvature tensor of V.
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Proof. Contracting the indices k and / of the expression (3.8), then we have
pm tm o om
Pi]‘ = Pij + Cij — Cji + 7’117[},']' - Tf'cl'l,bk-
On the other hand, from the expression (3.7), we have
m m
- P
cij = Cji = Yij + Tiihp.
Substituting this expression into the above expression, we obtain

pm

tm
Pi]' = Pi]' + (1’1 + 1)1!11] (312)

t
If a 1-form ¢, @, B, y are of closed form, then 1'31 ij = 0(Theorem 2.3) and 1;; = 0. Hence from the expression
(3.12), we obtain the expression (3.11). O
Theorem 3.3. In a Riemannian manifold (M, g), if a 1-form v is closed, the tensor below
t ! tm !
Wije™ + Wik (3.13)

t p tm pm
is a projective invariant under the projective connection transformation V.— V,V — V, where

t t t t
I . 1_ 1 (sl I
Wij" = Rije" = 575 (0;Rjx = ORi),

tm ! tm I 1 ltm ltm (314)
Wije" = Rij" = 57 (O;R jr = 07 R).
t tm . . t tm .
where W', Wij" are the Weyl projective curvature tensor of V and V respectively
Proof. Adding the expressions (3.4) and (3.8), we obtain
S B B B By ! I
Rijk + Rijk = R,‘]‘k + Rijk + 6jal-k - 6[-061‘]( + 26k17b1']' (315)

where ajr = cj + éik, If 1-form ¢ is closed, then ¢;; = Vii; — V;i; = 0. From this fact, the expression (3.15)
becomes
p pm t tm

Rijkl + Ri]'kl = R,‘jkl + Rijkl + 6;61{,';( - 5561{]']( (316)
Contracting the indices i, of (3.16), we get

P pm t tm
R]'k + Rjk = R]'k + R]'k - (Tl - l)ajk-

From this expression above we find

1 t tm p  pm
je = -~ (Rjic + Rj = Rjx = Rijx)

Substituting this expression into (3.16) and by a direct computation, we obtain

t I tm ! P I pm I
Wik + Wig" = Wi + Wik (3.17)
p o pm
where Wi !, Wi ! are defined just as (3.14) below
{vi ko= Ez’ k! = L(élrlp{ k = 5113&)
S i (3.18)

I I_ 1 (siR. _ 'R
Wij" = Rip" = 557 (O;R jx = 0; Rig)-

This ends the proof of Theorem 3.3. [
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4 pm
Remark 3.1. The expression (3.18) is a Weyl projective curvature tensor of V and V respectively. The expression
(3.17) is independent of the parameter t

Theorem 3.4. In a Riemannian manifold (M, g), the tensor below

tm

t
Wl I
Wije™ + Wik

(3.19)
p tm  pm
is a projective invariant under the projective connection transformation V - Vand V — V, where
£ 1 Eo gt o Lot t A t )
Wije" = Rije" = 57 (O;Rjk = O;Rix) + 25 [0;(Rjk = Ryj) = 8,(Rix = Rig) + (n = 18 (Ryj — ]z)] (3.20)
tm tm tm ’
Wi! = Rij' = 50 Rj— 6;Rik) + =L [o! (R]k - Rk]) -0 (Rzk - sz) +(n—-1)0! (R1] - R;z)]
t tm
where W', W,]k are a generalized Weyl projective curvature tensor of V and V respectively.
Proof. Contracting the indices i,/ of expression (3.15) and using ¢;; = —¢j;, we get
popm t
R]k + R]k = R]k + R]k - (1’1 1)a]k - 2¢/k (3.21)
Alternating the indices j and k of this expression and using ajx — ax; = 2ijx, we obtain
4 ppm pm t t tm
Rjk - Rkj + R]'k - R]k = R]k —Rk] + R]k - Rk] - 2(7’1 + 1)1,[1]](
From this expression above we find
1 t tm tm pm pm
Yk = 2+ 1) [R]k Rj+ Rjx — Ryj — (R]k - Rk] + R]k - Rl
Using this expression from the expression (3.21), we have
14 m 1 t t tm tm 14 14 pm pm
aj = F{(R i+ Rj) = Rje + Rij) = - [(Rje = Ry + Rjic = Rig) = (Rjie = Rej + Rije = Rk;)]}
Substituting the above two expressions into the expression (3.15) and putting
oy R 1_ 1 sl ! k
Wie! =Ry = 25 6[Rs -0 R,k) + g [6UR s~ Rig) = 81 (R — R + (n = DRy~ R)] 622
liia pm pm. pm '
Wi = Ri = 725 0'R e — 8/ Ra) + 5 [51(R e — Rig) = 8(Rie = Ry + (n = D)6(Ry; — R )]
then by a direct computation, we obtain
r m £ fm
W,']'kl + Wijk] = W,’jkl + Wijkl (3.23)
L i

pm
where lek , Wl jk' are a generalized Weyl projective curvature tensor of V and V, respectively. O
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4. A conformal invariant of the generalized quarter-symmetric connection homotopy

c
Definition 4.1. A connection homotopy V is called a generalized conformal quarter-symmetric connection homotopy,

if Vs conformal equivalent to 6
From the expression (2.3) the coefficient of Vis

T = (5) + ki + ko) — gijo* + Ut + (¢ + DU + (¢ - DUt — iV, 1)
where ¢; is a conformal component of the connection homotopy V with respect to the conformal transfor-
mation of g;;, namely, g;; = ez‘jgij(oi = 0,0).

C
And from the expression (4.1), by a direction computation the curvature tensor of V is

[

¢ ¢ t t t t
Ri]'kl = K,‘jkl + (Sérdik - 65(11'}{ + gikei, - g]-keg + Ui.aik - Ufa,-k + Ujkbﬁ —ik b? — ;b i»k + ﬂjbgk + (t + 1)(Ufj - Ui.i)nk
+ U+ (= DU~ U = Vi + Vi = Vi + Tjog = Tipo', 4.2)

where

o (4.3)

dy = Vop—0j0 — tn,-ll]’:op —(t+ 1)Ufopnk =t - DUgopr” + meap + gixofop,
ex = Vop — 00 + tmul’jop +(t+ 1)Ufopnk + (t = DUopr? — 11;Vig0P.

Using the expression (2.4), from the expression (4.2), then we obtain

c 3

Rijkl = Rl']'kl + (35-(11']{ - (35-(1]']( + g,-keﬁ. - gjkeﬁ + Tfjdk - Tijkol. (4.4)
c*

On the one hand, the coefficient of the dual connection homotopy V of the generalized conformal quarter-

C
symmetric connection homotopy V is

c*
T = () = 8oi + 8f0j — gijo* — U} — (¢ = DUy = (¢ + DU — V5, (4.5)
c*
From the expression, by a direction computation the curvature tensor of V is

c* m m ¢ ¢ * *
I _ 1 1, _ sl gl gl g7l 17, . YRR T I I 7l
Rijk = K”k + 6je,k (31-6]]( + gzkdj g]kd,‘ lljblk + Ul.b]k + lllkaj U]kal. + U].knl Uikn]

(t- 1)(ui]‘ — U]-,-)nk —(t+ 1)(Uijk - LI]-,-k)n’ - tu]l{ﬂij - V}{ﬂ,‘j — n,-V?k + ﬂjvgk
+ T 0% = Tijd’, (4.6)

Using the expression (2.7), the expression (4.6) becomes

Cc*

23
R,’jkl = Ri/‘kl + 6;6,‘1( — 656]']( + gikd; - g]'kd; + Tll-j(fk — Ti/'kO'I. (4.7)
Theorem 4.1. In a Riemannian manifold (M, g), the tensor below

t tx

Vig! = Vig! (4.8)

t [ cx
is a conformal invariant under the conformal connection transformation V.— V, V — V where

t t t t t t

I _po1_ 18l I I I
Vig' = R = 5 (0;Rjk = 0;Ri + gacR'; = g R 3),
.

Vig!  =Rij" — 5 (O:R — OiRik + giR ;= gikR?)-
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Proof. Subtracting the expression (4.6) from the expression (4.4)

O B B i B ] I I

Rije’ = Rij" = Rije" = Rijx " + 6,8k = 0,Bix + gixB ; — 9P ; (4.10)
where B = djix — ej. Contracting the indices i, of (4.10), we get

c c* t tx

R = Ry = Ry = R + nf e — guf)
From this expression above we find
1 ¢ c* t i !
Bix = E[(Rjk = Rjx) = (Rjx = Rjx) + gjxBy]
Substituting this expression into (4.10) and putting

C

C C C C C
Vig! = Rii' = 2(6;Rjx — OiRix + gaeR; — gR}),

c* ; cx ; 1 ]c* lc* C*l c*l (411)
Vi’ = Rip" = 5 (O;Rjr = OiRik + gacR'; = gk R)-
then by a direct computation, we obtain
3 I tx I c ¢y
Vi’ = Vig' =Vig' = Vig (4.12)

This ends the proof of Theorem 4.1. [

Definition 4.2. A connection homotopy V is called a generalized projective conformal quarter-symmetric connection
C
homotopy, if it is projective equivalent to V.
From the expression (4.1) the coefficient of V is
l"i.‘]. = {fj} + (SI;(OZ' + l/)l) + (S?(O']' + l/)]) - g,']'Ok + tT(ﬂl;f + (t+ 1)7'(]'u:-< + (t - 1)Ui]'7Tk - T(iV;(, (4.13)

From the expression (4.13), the curvature tensor of V, by a direct computation, is

¢ ¢ t t
R,’jkl = Kijkl + (Siﬂ,‘k - 6551]7( + gikb; - gjkbi‘ + Uéaik - Uﬁajk + u]‘kbi. - Uikbi. + Ull-kT(]' - Uékni
+ (t+ 1)(U§j - U;i)ﬂk + (t— 1)(uijk - u]-,-k)n’ + tU,l(mj - V}{T[,‘j + ﬂl‘V;k — T(]'ka + 5;{1701‘]‘
+ Tj(0k + Y1) = Tijpo', (4.14)
where

ajj = %j(O]' + IP]) —(0; + l/),‘)(O']' + l/)]) - fﬂ,‘u;](ljlp + Op) —(t- 1)u,‘]‘(0p + I/Jp)np + gi]‘(Gp + gbp)Gp
+niV§.’(¢p +0p), (4.15)

bl']' = V,'G]' —0i0j + ﬂinpGp + (t— 1)U1'p0p7'(]‘ +(t+ 1)Ui,~ap7ﬂ’ - HiVijp

Using the expression (2.4), from the expression (4.14), then we obtain
t
Rijkl = Rl']'kl + 6l/~ﬂik - 65[1]‘;( + gikb; - gjkbi‘ + 5;{1}11‘]‘ + ng((jk + lf)k) - Tijkol. (4.16)

Theorem 4.2. In a Riemannian manifold (M, g), if 1-form 1, a, B are closed, then the volume curvature tensor of V
is zero, namely,

P;j=0 (4.17)

where P;j = R,-]-klgk’ is a volume curvature tensor of V.
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Proof. Contracting the indices k and [ of the expression (4.16), then we have
p;; = lt’,-]- +aij — aji + bji — bij + ni;; + Tzf].(ak + ) — Tijo".
On the one hand, from the expression (4.15), we have
aij = aji = i = T (P + 0p), bji = bij = Tijpo”.
Substituting these expressions into the above expression, we obtain
Pij = Igl-]- + (n+ 1)y (4.18)

t o o
If a 1-form a, B are closed, then P;; = 0. And if 1-form 1 is closed, then ;; = V;i; — V;i; = 0. Hence form
the expression (4.18), we obtain the expression (4.17). [

m
From the expression (4.13) the coefficient of the mutual connection homotopy V of the projective conformal
quarter-symmetric connection homotopy V is

Tk _ (k k k k k k k k
l“l.]. = {ij} + (3](0,' + ;) + O;(oj + l/)]) - gijo" + (t+ 1)7‘[in + tmU; + (t— 1)1.11‘]'7'( -n;V;, (4.19)

m
And from this expression, by a direct computation, the curvature tensor of V is

R = Ko+ 00— 0+ gucb ! = g+ U= W+ Uy — U+ i, = I, + (U, = U,
+ (= DUy + (= V(Ui — Uja)r + Vi f — vj. fx = (v;], - V;i)nk + 8L — Tfj(ak + )
— 2(mUx — mlp)o’ — 2Vima?, (4.20)
where

ag = %i(gk + 1) — (i + i) (0 + Pi) + g0y + PP — (t+ DU (o) + ) — tUF (0 + Pp) Tk
—(t = DUi(op + P10 + VE(0p + )71k, (4.21)

byx =Vior—oior+ (t+ 1)7'ciUZap + (t = DU P + tUprtyof — VigoP 1y,

Using the expression (2.11), the expression (4.20) becomes

pm

tm m m
R,‘jkl = R,’jkl + (Sljzlik - 6£gjk + g,ﬂ?? - gjkbi' + (3;(111)1‘]‘ - ng(o‘k + Ebk) - 2(71]Uik - Rink)Gl - ZV,']'ﬂkGl. (4.22)

m
Theorem 4.3. In a Riemannian manifold (M, g), if 1-form 1, a, B, v are closed, then a volume curvature tensor of V
is zero, namely,

m
P;j = 0. (4.23)

m m m
where P;j = R,-]-klgk’ is the volume curvature tensor of V.

Proof. Contracting the indices k and [ of the expression (4.22), then we have

pm tm tm tm tm

t
Pij = P,‘j +a ij — (T]',' + bji - bij + m,bl-j - TZ(O‘]{ + 1/)]() - Z(Rjuik - Rink)Gk - 2Vij71k(7k.
On the one hand from the expression (4.21), we have

m m
{ aij—aji =i+ Ty +0p),
m

m
bij—bji = 2( iUy — U)o + 2Vijmot
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Substituting this expression into the above expression, we obtain

m

P

tm
ij = P,']' + (n + 1)11[),']'. (4-24)

tm
If a 1-form «, f and y are of closed 1-form, then P;; = 0. And if 1-form ¢ is closed then 1;; = 0. Hence from
the expression (4.24), we obtain the expression (4.23). O
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