Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Filomat 39:23 (2025), 80478059
https://doi.org/10.2298/FIL2523047Z

2 S
) @
b, &
Ty xS’

5
TIprpor®

On a singular discontinuous elliptic problem involving the fractional
p-Laplacian operator

Jiabin Zuo?, Mohamed El Quaarabi®*

#School of Mathematics and Information Science, Guangzhou University, Guangzhou, 510006, China
bMathematical Analysis, Algebra and Applications Laboratory, Faculty of Sciences Ain Chock, Hassan II University of Casablanca, BP 5366,
20100 Casablanca, Morocco

Abstract. The purpose of this article is to study a singular, discontinuous elliptic problem involving
the fractional p-Laplace operator with a Dirichlet boundary condition in the context of fractional Sobolev
spaces. Under suitable conditions, the existence of weak solutions to the problem is established via
topological degree theory.

1. Introduction and main result

In recent years, there has been a significant focus on investigating problems involving the fractional
p-Laplace operator, particularly in the presence of discontinuous nonlinearities. These problems have
gained significance due to their applications in various fields, such as continuum mechanics, game theory,
population dynamics, phase transition phenomena, and image processing. A detailed review of this field
can be found in various works, including references such as [5, 9, 13], along with the references therein.

Let M c RY with N > 1 be a bounded open set with a smooth boundary. This paper addresses the
existence of weak solutions for a singular, discontinuous Dirichlet boundary value problem involving the
fractional p-Laplace operator given by

(A9 + AISIT28 + BE2 € [w(z, 9),@(z, )] in M, o
9=0 on RV\ M,

where2 <p <o0,0<r<1,pr<gr<N,A>0,(-A), is the fractional p-Laplace operator defined by

19() = SWIP*(S(@) - Sv)
Ba(2) IZ _ y|N+pr

(~A);9(2) = 2lim dy,
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for z € RN, where B,(z) := {y eRN:|z- yl < a}, and w : MR — Ris a function that may be discontinuous,
and we “fill the discontinuity gaps” of w by substituting it with an interval [w(z, 9), @(z, 9)], where

w(z,s) = liminfw(z,0) = lim inf w(z,0),
= 05 50" [o—s|<6

w(z,s) = limsup w(z,0) = lim sup w(z,0),
o8 =07 5s]<5
satisfying the following conditions:

(A1) w and w are superpositionally measurable, meaning that @(-, 9(-)) and w(-, 9(-)) are measurable on M
for every measurable function § : M — R.

(A2)
lw(z,s)| < bz) +clsP'? forae. (z,5) € MXTR,
wherec > 0and b € LV (M) a.e.

Many researchers have investigated problems similar to (1), proving the existence of at least one weak
solution. In the case r = 1, problems such as (1) have been extensively studied, and we refer the reader to
[4, 11], where different methods have been employed to address these problems.
For reference, we summarize a few known studies related to (1). In [1], the authors investigate the
following problems:
(A9 -y = Af(z,9) inQ,

[zI'®

()
9=0 on RM\Q,

and

(=89 + 755

|z

- Af(z9) inQ,
3)
9=0 on RM\Q,

where Q is a bounded regular domain in RN containing the origin, A > 0, N > pr with r € (0,1) and p > 1,
0 <y <1/cy, and f is a Carathéodory function satisfying an appropriate growth condition.

For problem (2), the authors applied the principle of concentration-compactness to establish a weak
lower semicontinuity result and showed that (2) admits a nontrivial weak solution. Furthermore, they
established the multiplicity of solutions for (3) via critical point theory.

Clearly, if p =2,y =0, and A = 1, problem (3) reduces to the form:

(-AYd = f(z,9) inQ,

9=0 on RM\Q.
Recently, numerous results concerning the existence and multiplicity of solutions for this problem have
been obtained; see, for example, [2, 3, 14] and the references therein.

To familiarize the reader with the notations and relevant literature related to problem (1), we define the
operators B: Uy — 2% and F : Uy — U by

B9 = {p e Uy : I e IV (M) such that w(z, 9(2)) < h(z) < Bz, 9(2) ae. z€ M,

and (p, @) = f hodz  forall @€ ), ()
M
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and

— -2 _ _ _
oo = [ SOOI 00D [ O, -

|Z _ y|N+sp |Z p

for any @ € Uy. The function space U is formally defined in Section 2.
Hence, a weak solution to (1) is given by the following definition.

Definition 1.1. We say that 9 € Uy is a weak solution to (1) if there exists ¢ € B satisfying
(FS, @)+ A f 191172 8@dz + (@, @) = 0,
M

for every @ € Uy.
Our main result is stated as follows.
Theorem 1.2. If (A1) and (Az) hold, then (1) admits at least one weak solution 3 € U.

The rest of this article is structured as follows. In Section 2, we introduce the mathematical framework,
including fractional Sobolev spaces and topological degree theory. In Section 3, we prove our main result.

2. Mathematical backgrounds

In this section, we present definitions and fundamental properties of fractional Sobolev spaces and
topological degree theory.

Let M c RY be a bounded open set with a Lipschitz boundary, where N > 1. We consider a fractional
exponent 7 € (0,1) and define the fractional Sobolev space W"7(M) for p € R with 1 < p < oo as follows:

19(z) = S()

WP (M) = {8 € P(M) : =
lz—ylr™"

e LP(Mx M)},
equipped with the norm

191 = (915 + [91,,,)",

where [|9]|, is the norm in L¥(M), and ['],, is the Gagliardo semi-norm, defined as:

[9(z) — S(y)IP ;
[S]r,p = (LXM Wdzdy) .

It is well known that W'?(M) is a separable and reflexive Banach space for 1 < p < oo (see [7]).
We also define the subspace U as

Uy = {8 € WP(M): 9 =0ae on RM\M].

This subspace is equipped with the equivalent norm || - || := [],, (see [8]). It is important to note that Uy is
a uniformly convex Banach space [15, Lemma 2.4].
Next, we recall the classical fractional Hardy’s inequality.

Definition 2.1. [10] Let 1 < pr < N. There exists a positive constant cy such that:

P 3z) - S(y)P
f 19(2)] dZSCHf Mdzdy, forall 8 € U.
RN R2N

|Z|rp |Z _ y|N+rp
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Furthermore, the Banach space (U, || - ||) is uniformly convex (i.e., reflexive). It is continuously embedded
into L1(M) for all g € [1, p*] and compactly embedded into LY(M) for all g4 € [1,p"). Here, p* corresponds to
the fractional critical Sobolev exponent, defined as

Np .
N—rp’ if rp < N,

+oo, ifrp>=N.

In the following, we introduce the theory of topological degree.

Let I' be a real separable reflexive Banach space with its dual space denoted by I'*. We consider the
continuous dual pairing denoted by (-, -), where I'"" appears before I in the pairing order. Let A be another
real Banach space.

Definition 2.2. Let B : T — 27 be a set-valued operator.
o B is said to be bounded if it maps any bounded set into a bounded set.
e Bislocally bounded at § € I if there exists a neighborhood M of 3 such that B(M) = |gep BY is bounded.

e B is upper semicontinuous (u.s.c.) if, for each neighborhood M of B9, there exists a neighborhood N of 9
such that B(N) C M.

e B is weakly upper semicontinuous (w.u.s.c.) if, for every weakly closed set N containing B9, the preimage
B~Y(N) is closed in T.

Definition 2.3. Consider a nonempty subset N of I, a sequence (3,) contained in N, and a mapping B: N CT —
21"\ 0. The set-valued operator B is defined as follows:

o B has the property of type (S,) if:
If 9, — Sin T, and for every sequence (s,) in I'* such that s, € BS,, and

lim sup(s,, 9, = 9) <0,

n—oo
then 9, —» SinT.

e B is quasi-monotone if:

If 9, — Sin T, and for every sequence (s,) in I'"* such that s, € BS,, and satisfies

liminf(s,,, 9, — 9) > 0,
then 9, —» SinT.

Definition 2.4. Let N C I be a subset of a larger set N1, and let (9,,) be a sequence contained in N. Consider a
bounded operator T : Ny cI' — I™.
We say that a set-valued operator B: N C T — 20\ 0 is of type (S.)r if the following conditions hold:

o 9, = SinT (weak convergence), and TS, — AinI".

o For any sequence (s,,) in I with s,, € BY,, such that

limsup(s,, T9, — A) <0,

n—o0

then 8, — 9 in I (strong convergence).
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We now consider the following sets:

B1(N) := {B : N = I'" | B is demicontinuous, bounded, and of type (S+)},

Br(N) = {B :N - 2" | Biswaus.c, locally bounded, and of type (S+)T}
for any N C Dg and every bounded operator T : N — I'"*, where Dg is the domain of B.

Lemma 2.5. [12] Let T be a reflexive real Banach space. Suppose that T is a continuous operator in Bi(N) and that

G :Dg cT* = 2 is w.u.s.c. and locally bounded, with T(N) included in Dg.
Then, one of the following alternatives holds:

e If G is quasi-monotone, then I + G o T € Br(N), where I is the identity operator.
o IfGisof type (S,), then G o T € Br(N).

Definition 2.6. [12] Suppose that T : N C T — T* is a bounded operator. A homotopy H : [0,1] x N — 2% is said
to be of type (S.) if, for every sequence (t, 9) in [0, 1] X N and each sequence (ay) in T with ay € H(ty, S), such that

S —=dinl, t—tin[0,1], THh —IinI", and limsup{a, T —71)<0,

k—o0

then we have
% — dinT.

Lemma 2.7. [12] Let T be a reflexive real Banach space, and let N' C T be a bounded open set. Supposethat T : N — T*
is bounded and continuous. If B and G are of type (S.)r and bounded, then the homotopy H : [0,1] X N' — 2T given
by

H(t,9) == (1 - )BS +1GS, foreach (t,9) € [0,1] x N,
is an affine homotopy of type (S+)t.

Our main tool is the following theorem, which we reformulate into a more convenient form (for further
information, see [12]).

Theorem 2.8. Consider the set
K ={(B,N,9)| N €0, T € Bi(N),B € Br(N), g ¢ BON)),

where O is the collection of all open bounded sets in T. Then, there exists a unique degree function V from K into Z
satisfying the following properties:

1. Additivity: If B € Br(N), then
V(B,N,g9) =V(B,N1,9) +V(B,N2,9),

for disjoint open subsets N1, No € N such that g ¢ B(/T/\ (N1 UANR)).
2. Normalization: For any g € B(N), we have

VI N,g9) =1

3. Homotopy Invariance: If H : [0,1] x N' — T is a bounded admissible affine homotopy, then
V(H(s,-),N,g@s)) =C, forall sel0,1].

4. Existence Theorem: If V(B, N, g) # 0, then the equation g € B9 has a solution in N.
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3. Proof of Theorem 1.2

In this section, we present the proof of Theorem 1.2. To achieve this, we first state several lemmas that
will be used later.

Lemma 3.1. Let 3, ® € Uy. There exists a constant 6 > 1 such that
(F9,@) < ISP llll,
and
IF Sllas; < BIISIF".
Proof. For all 9, ® € U, we have
(TS, @) = f 19(z) = 3P *(B(2) = 3(W))(@(2) — @(y)) dzdy + 9P
R2N |z — yIN+e Mmool

3(z) - S 2I8(z) - 9 - -
< f 19(z) = S(y)IP~=9(z) (1)1”@&) @(y)l dzdy + f %W(Z)”a)(zﬂdz
- 2 — M |5

J(2)@(z)dz

3z) = )P o) - @ p-1
Sf 19(2) (}/)|;H |o(2) N+(,-i/)|d2dy+ |\9(Z)|pi1 |®(i)|
R | yl(NHp)(T) Iz — yl( ) M |Z|(rp)(7) |z| 7

—o)l . .\
f 2G) —oW)F dy
RN |Z_y|N+rp
p=1
P

([ ) [ oty dz);'
mE? MLzl

Using the inequality

Mk + nPdP < (m+n)P(k+d)'=", forp e (0,1),

Applying Holder’s inequality, we obtain

(F9, @) < (f wdzdy)
R2N

|Z _ y|N+rp

-1

“"

with the substitutions

-1 Sz) - S)F - P
Pk — f 15G) - WP dy, k= f lo(z) = a(y)| dady,
R2N IR2N

p |Z — y|N+rp |Z _ y|N+rp
14 P
Y G IO TP o CT
m 27 m 2l
we deduce the inequality
el 1
3(z) — () o\ 7 - r Y
(F9,@) < f 19(z) = SW)P dzdy + 1D@)PF dz] X f o) - 2P dzdy + @) dz] .
Rz =y m L2l Ry [z — YN Y
Using the fractional Hardy inequality, we obtain
p-1
4

<¢8/®>S( I Gy L U dzdy)
RN RN

IZ _ y|N+rp |Z _ y|N+rp

lo(z) — o(y)F f lo(z) — o(y)l ’
X (jl;m E—Ie dzdy + cy o =y dzdy

< (e + DISIP

< OISIP @Il < +oo.
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Furthermore, we have
I Slla; < OlISIP~.
0
Lemma 3.2. Forall ,® € Uy and a constant 6 > 1, the operator F satisfies the following inequality:
(F8=Fa,9=a) =681 = ol (IS - llol).
Proof. Let 9, ® € Uy. Then, we obtain

(FI-F0,9-@)=(FS,9-0)—(Fao,d—-n)
_ f 19(z) = 3P 2(3(2) = WS — @)(2) = (8 — D)(¥)) dzdy
R2N

|Z — y|N+rp

19(z)IP~> lo(z)lP~
27 Iz)(D — @)(z)dz + 27 @(z)(d — @)(z)dz
B f l0(z) — ()P (@(2) = 2W)(S = @)(2) = (8 = @)(¥)) dd
R2N |z — y|N+”F’ Y.

Rearranging terms, we get:

- p - p
(F9-Fw,%-w)= f 19(z) = S dzdy + f il dz  + f o) - 2w)P dzdy + oF dz
M RN

Rz = yNtY |zl |z — yIN*+P m 2P

[9(z) — S(y)|p_2(8(z) W) (@(z) — o(y)) |‘9(z)|p—2
- LZN |Z — y|N+rp dZd]/ + M |Z|7p S(Z)@(Z)dz
[ 10G) - eW)P @) - aW)E) - 1) o
me =y dzdy + f @)@z

S -9 g P — p 14
:f —l @) W)l dzdy+f ﬁdz+f —Ica(z) W)l dzdy+f ol dz
Ry |z = yINtP M 2P RN |z = yNTP M 2P
—{FY, @) —{Fw,d).

Then, by using Lemma 3.1, we obtain

(FO-Fa,9-a) 2B +lof —(FI, @) - (Fa,d)
> IS + llall” - olIsIP~lall - Ol |19

1 1 _ -
= —9(—5”3”” — gllolP + 1191 "Noll + llol 1IISII)

> —9(—I|«9I|” —llolf’ + I8Pl + IchII’HIISII)
> 63I9IP~" ~ llalP)(I81l ~ ll@ll),

where the constant 6 > 1 is the same as in Lemma 3.1. [

Proposition 3.3. The operator F satisfies the following properties:

(a) F: Uy — 7/6 is bounded, continuous, and strictly monotone.

(b) F is of type (S+).
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Proof. (a) According to Lemma 3.1, there exists a constant 6 > 1 such that
KFS, @) < ISP l@ll,  forall §, @ € Uo.
This inequality clearly demonstrates that the operator # is both continuous and bounded.
Now, recall Simon’s inequality, which states that for any ¢, 0 € RN and p > 1, there exists a constant C, > 0

such that

Ifp>2, then Cy(lcl?c—lof?0,c—0)>lc—oal,

If1<p<2 then Cylcl2c—loF0,c -0} 2 e = oP (<P +1ol) "2/,
Next, let 9, @ € U, with 3 # @. By applying Lemma 3.2 and Simon’s inequality, we obtain
CHF S = F @, 9~ @) = 0(I8IP™" ~ ol )(ISI - llol) > 0, ifp=>2,

and

2 3 2y _ _ :
Ci[(F9 - Fa,9 -] (I ~llal) = = 6(ISIP~" = 2P )8l - ll2l), i1 <p <2,

which implies

Ci[(Fs ~Fa,9 - )] = 08I~ ~ llalP~)(IS1l - llal) > 0.

Consequently, the operator ¥ is strictly monotone.
(b) Let 9, weakly converge to 9 in Uy as n — o0, and assume

limsup(F 9, -F9,9, —9) <0.

n—

Then, we obtain

Hm(F 9, —F9, 9, = 9) = im (F 9y, 8, = §) = (F9, 9, = 9) = 0.
Applying Lemma 3.2 and the result from part (a), we obtain

(F 9 = F 9,9, =8) 2 08P = ISIF~H(UISull = 1181]) = 0.

This implies that [|3,|| — [|9]| as # — oo, leading to the conclusion that 9, strongly converges to 3 in U as
n—oo. [

Now, we recall a proposition and a lemma, which will be needed later.

Proposition 3.4. [6] For every z € M, the functions @(z,-) and w(z, -) are u.s.c. on RN,

Lemma 3.5. Let 9,0 € Up. The operator P : Uy — U defined by

(P9I, v) = -A f 9|72 90 dz,
M

is compact.
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Proof. Let 9 € Uy and z € M, and define the operator W : Uy — L7 (M) by
WI(z) := —AI9(2)"729(z).

It is evident that W is a continuous operator. Next, we aim to show that W is bounded. For this, for all
3 € Uy, we have

W9y <A f 19]6 7 dz < A f 197dz.
M M

Since U is compactly embedded in L7(M), we obtain
W3l < ClISlly-

This demonstrates that W is bounded on .
Therefore, since the adjoint operator I* : LY (M) — U; of the embedding I : Uy — L(M) is compact, it
follows that $ := I o W is compact. [

Lemma 3.6. Assuming that hypotheses (A1) and (Az) are satisfied, the set-valued operator B, as defined in (4), is
bounded, u.s.c. , and compact.

Proof. LetS: LF(M) — 2" M be a set-valued operator defined as follows:
SS9 = {s eV (M) | w(z, 92)) <s(z) <w(z,9(2) ae. ze€ M}

For any 9 € LP(M), from (A,), we obtain
max ([w(z, 7, lw(z, NI} < b) + clrl”,

which implies that

fM |w(z, 9(2))IF dz < 2P (j/;( |b(z)l dz + ¥ fM |8(z)|”dz).

Consequently, S is bounded on L7(M).
Next, we need to demonstrate that S is u.s.c., which means that for every ¢ > 0, there exists 6 > 0 such that:

19 = Soll, <6 =83 CSS + B, 9,9 €LF/(M),

where B, is the ¢-ball in L7 (M).
To prove this, let us consider the sets:

Gm,e = ﬂ Ky,
teRN

where
K ={z e M|t = 9o(2)l < % = [z 0,8 1] ¢ Joe %0@) - 7,0 %) + <[}

Here, |t| = %n‘a>1\<1 |ti|, and m is an integer while R is a constant to be determined later.
<i<

From Proposition 3.4, we define:

Gm,s = m K,

seRN
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where RY represents the set of all rational grids in RN. For each s € RY, we define:

1

5+ %[} N{ze M1D(,9) <Dz 90() + 5, w(z,9) > Wiz 9() - -

N
K, ={zeM|SO(z)eCH]si—
i=1

Then, K; and G, are measurable, and clearly:
G CGpeC:--

Hence, according to Proposition 3.4, we obtain:

|JGue =M.
m=1
Thus, there exists m € IN such that:
€
m(GWU,E) > m(M) - E (6)

Now, let b € LV (M) and 9 € LP(M). For every ¢ > 0, there exists n = n(¢) > 0 with m(T) < n such that:
v f 2@+ + DSz < (%) -
T 3
Choosing:

. 1 p 1, € \F'/
0<o6< mm{m—o(g) p,§(6ic)p p},

and
2¢ 1y

R > max ;,3(771(/\/()) Ps. )
Suppose that ||§ — 3|, < 6 and define the set:

G={ze MI18@) - %) 2 l}.

2

Then, we obtain

m(G) < (moed)’ < g )
If s € 89 and z € Gy ¢ \ G, then:

1

19(2) — So(2)] < p—
and

5(2) € |w(z, 80(2)) - 5, @z %o(@) + -

Wwi\<, Rr 7 R

Now, Consider the following sets:

K° = {z e M|s(z) € [Q(Z, S0(2)), w(z, \90(2))]}/
K = {z e M|s(z) < w(z, \90(2))},

K* = {ze M|s(2) > (z, 90(2))}.



J. Zuo, M. El Ouaarabi / Filomat 39:23 (2025), 8047-8059 8057
and define u(z) by:
s(2), ifz € KY,
u(z) = {aw(z, 9(z)), if z € K*,
w(z,90(2)), ifze K.
Hence, u € 89, and for all z € Gy, \ G, we have:
19() - sl < %
R

Then, using (7), we obtain:
/ V4 N4
j; e lu(z) - s@2)l dz < (ﬁ) m(M) < (5) . 9)

Let V be a coset in M of Gy, \ G, then:
V=WM\ Gmo,E) U (Gmo,s N G),
and we have:

m(V) < mM\ Gpye) + m(Gpy e N G) < % +m(G) < n.

From (H5), (6), (7), and (8), we get:
[(wer-swaz= [ wer +ser
v v
< 2*7'( f BEP + 196 + bR + cp'|9(z>v’dz)
1%

<2V f (Zlb(z)lp/ +c (2P + 1)|So(z)|’7)dz el f 19(z) — Qo(2)|Pdz
\%4 |4

<off)f

<, (10)

< (g)p + 2P P P

Combining (9) and (10), we obtain:
Il —slly <e.
Thus, we conclude that S is u.s.c.. Hence, it follows that:
B=I"oSol
is bounded, u.s.c., and compact. O
Now, let us establish the proof of Theorem 1.2. To this end, we define the operator:

J=P+8B,
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where P and B are defined in Lemma 3.5 and in (4), respectively. Hence, a function 9 € Uy is a weak
solution of (1) if:

Foe-99, (11)

where ¥ is defined in (5).

On the one hand, under the properties of ¥ as described in Proposition 3.3 and by [16, Theorem 26 A]), we
have that the inverse operator 7~ := 71 from U; to Uy exists and is bounded. Moreover, it is continuous
and of type (S5.).

Additionally, according to Lemma 3.6, the operator 8 is quasi-monotone, upper semicontinuous (u.s.c.),
and bounded. Therefore, the equation (11) is equivalent to the abstract Hammerstein equation:

S=Tv, ve-JoTo. (12)

We will use the degree theory introduced in Section 2 to solve (12). To do this, we first establish the following
lemma.

Lemma 3.7. The set
R .= {cD € U, such that @ € —mJ o T @ for some m € [0,1]}
is bounded.
Proof. Let ® € R. Then, for every m € [0,1]and A € J o T v, we have @ + mA = 0.
Next, by setting 9 = 7 ®, we have A = P39 + ¢ with ¢ € 89, and
(p,d) = f s(2)9(z)dz,
M

for each s € LV (M) satisfying w(z, 9(2)) < s(z) < @(z, 9(z)) for almost all z € M.
Thanks to the compact embedding Uy —— LI(M), assumption (4;), and Young's inequality, we obtain:

8) - S p
T alP = f &) = S gy o [ DD,
RN |z =YV m Lzl

={(@,T @)
< mKA, T o)

Sm/\f ISquz+mf |s8|dz
M M

1/ ;NP
<mA f |91z + Cyrm( f 9Pdz) "+ Cp f s dz) "
M M atIm

1/ ;oA\ 1/p
<mA f |91z + Cym( f |9Pdz) " +2C,m( f bP'dz) " +20C,m( f j9pdz) "
M M M M

< ([Tl + 1T @l + 1Tl +1).
Thus, the set {TLD | € R} is bounded. Therefore, based on (11) and since S is bounded, we deduce that R
isbounded in U;. O
Thanks to Lemma 3.7, we obtain a positive constant R such that:
lolle; <R, forall oeR.
This implies that @ lies on the boundary of the ball Rz(0), and for every @ € JRr(0), we have:
®€-mJoTw forall mel0,1].
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By Lemma 2.5, we obtain:
T+JoT €Br(Rr(0)) and I =F oT € Br(Rg(0)).

Now, consider the affine homotopy  : [0,1] X Rg(0) — 2% defined by:
Hm,@):=A-mIo+mI+J oT)o.

Using Properties 2 and 3 of Theorem 2.8, we obtain:
VI +J o7 ,Rr(0),0) = V(I,Rr(0),0) = 1.

Since V(I +9 o7 ,Rr(0),0) # 0, then, by Property 4 of Theorem 2.8, we conclude that there exists @ € Rr(0)
such that:

o€E-9JoT .
This implies that 8 = 7 @ is a weak solution of (1). This concludes the proof. [
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