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Abstract. The aim of this paper is to investigate the boundedness of a multilinear Calderón-Zygmund
integral operators with generalized kernels T and its commutator Tb⃗ formed by b⃗ ∈ (BMO(Rn))m and the T
on product of generalized variable exponent Morrey spaces Mp1(·),φ1 (Rn) ×Mp2(·),φ2 (Rn) × · · · ×Mpm(·),φm (Rn).
Under assumption that the Lebesgue measurable φ satisfies φ1φ2 · · ·φm = φ, the authors prove that the T
is bounded from the product of generalized variable exponent Morrey spaces Mp1(·),φ1 (Rn) ×Mp2(·),φ2 (Rn) ×
· · ·×Mpm(·),φm (Rn) to spaces Mp(·),φ(Rn), and also bounded from the product variable exponent Morrey spaces
Lp1(·),λ(Rn)×Lp2(·),λ(Rn)×· · ·×Lpm(·),λ(Rn) into spaces Lp(·),λ(Rn). Moreover, the authors show that Tb⃗ is bounded
from the product spaces Mp1(·),φ1 (Rn) ×Mp2(·),φ2 (Rn) × · · · ×Mpm(·),φm (Rn) to spaces Mp(·),φ(Rn). As a corollary,
the boundedness of Tb⃗ on spaces Lp(·),λ(Rn) is also obtained.

1. Introduction

Multilinear singular integral theory was introduced by Coifman and Meyer in 1970s (see [1]). The study
of multilinear singular integrals was motivated not only as generalizations of the theory of linear ones
but also its natural appearance in harmonic analysis (see [10, 11, 21, 23]). In recent years, this topic has
received increasing attentions and well development. For example, In 2017, Lin and Xiao [14] introduced
a class of more general multilinear singular integral operators T whose kernels meet a size condition and a
weaker condition, and also showed that the T and its commutator Tb⃗ are bounded from product of weighted
Lebesgue spaces Lp1 (ω1) × Lp2 (ω2) × · · · × Lpm (ωm) into spaces Lp(ω), and bounded from product of variable
exponent Lebesgue spaces Lp1(·)(Rn) × Lp2(·)(Rn) × · · · × Lpm(·)(Rn) into spaces Lp(·)(Rn). Since then, many
papers focus the bounded properties of various multilinear singular integral operators with generalized
kernels on different kinds of function spaces. For example, in 2023, Gao et al. [8] investigated the weighted
Lp-boundedness of multilinear commutators Tb⃗ and multilinear iterated commutators T∏

b⃗ generated by
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the multilinear singular integral operators T with generalized kernels and BMO functions. In 2024, Wei et
al. [24] proved that multilinear strongly singular integral operators T with generalized kernels are bounded
from product of weighted Lebesgue spaces Lp1 (ω1) × Lp2 (ω2) × · · · × Lpm (ωm) into spaces Lp(νω⃗), and also
bounded from product of spaces L∞(Rn)×L∞(Rn)× · · · ×L∞(Rn) into spaces BMO(Rn). For more researches
about the multilinear singular integral operators with generalized kernels on various function spaces can
be seen [15, 26, 27] and their references therein.

Classical Morrey spaces, introduced by Morrey [17] to analyze solutions of elliptic PDEs, were later
extended to generalized Morrey spaces Mp,φ(Rn) by Mizuhara [18] and Nakai [19]. Lu and Wang [13]
proved that bilinear strongly singular Calder¨®n-Zygmund operators T̃ and their commutators T̃b1,b2 are
bounded on products of generalized Morrey spaces Mu1

p1
(µ) ×Mu2

p2
(µ). Further researches on generalized

Morrey spaces can be seen in [4, 5, 20].
Variable exponent function spaces have gained significant attention in recent decades due to their dual

importance: theoretically extending classical function spaces, and practically solving problems in fluid
dynamics, elasticity, and nonstandard growth differential equations. Their theoretical framework and
applications continue to be extensively studied, as evidenced by substantial developments in the field. For
example, Lin and Zhang in [16] showed that the m-linear iterated commutator T∏

b⃗ generated by b⃗ = (b1, b2,

· · · , bm) ∈ (BMO(Rn))m and the T on product of weighted Lebesgue spaces Lp1 (ω1) × Lp2 (ω2) × · · · × Lpm (ωm)
and product of variable exponent Lebesgue spaces Lp1(·)(Rn) × Lp2(·)(Rn) × · · · × Lpm(·)(Rn), respectively. Xu
[25] discussed the boundedness of bilinear θ-type Calderón-Zygmund operators Tθ on generalized variable
exponent Morrey spaces Mp(·),φ(Rn); furthermore, the boundedness of the commutator [b1, b2,Tθ] formed
by the Tθ and b1, b2 ∈ BMO(Rn) on spaces Mp(·),φ(Rn) is obtained. More researches on generalized Morrey
spaces with variable exponent can be seen [2, 6, 7] and their references therein.

In this paper, we mainly establish the boundedness of multilinear Calderón-Zygmund operators with
generalized kernels T introduced in [14] on product of various exponent Morrey spaces Lp1(·),λ1(·)(Rn) ×
Lp2(·),λ2(·)(Rn)×· · ·×Lpm(·),λm(·)(Rn) and product of generalized various exponent Morrey spaces Mp1(·),φ1(·)(Rn)×
Mp2(·),φ2(·)(Rn) × · · · ×Mpm(·),φm(·)(Rn); furthermore, the boundedness of the commutators Tb⃗ formed by b⃗ =
(b1, b2, · · · , bm) ∈ (BMO(Rn))m and the T on product of spaces Lp1(·),λ1(·)(Rn)×Lp2(·),λ2(·)(Rn)× · · ·×Lpm(·),λm(·)(Rn)
and product of spaces Mp1(·),φ1(·)(Rn) ×Mp2(·),φ2(·)(Rn) × · · · ×Mpm(·),φm(·)(Rn) is obtained, respectively.

Before giving the organization of this article, we firstly recall some necessary notions and notation. The
following definition of spaces BMO(Rn) is from [3].

Definition 1.1. A function b ∈ L1
loc(Rn) is said to belong to spaces BMO(Rn) if

∥b∥∗ = sup
B⊂Rn

1
|B|

∫
B

∣∣∣b(y) − bB

∣∣∣ dy, (1)

where bB represents the mean value of functions b over ball B, i,e.,

bB =
1
|B|

∫
B

b(y)dy.

We now recall the following definition of multilinear Calderón-Zygmund operators with generalized
kernels introduced in [14].

Definition 1.2. A real-valued function K ∈ L1
loc

(
(Rn)m+1

\{(x, x, · · · , x) : x ∈ Rn
}

)
is said to be a m-linear generalized

kernel if there exists a positive constant C such that,
(i) for all y0, y1, y2, · · · , ym ∈ Rn with y0 , yi, i = 1, 2, · · · ,m,

|K(y0, y1, · · · , ym)| ≤
C(

m∑
i=1
|y0 − yi|

)mn ; (2)
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(ii) there exists some positive constants Cki (i = 1, 2, · · · ,m) only depending on ki ∈ N+ such that, for all
y0, y′0, y1, y2, · · · , ym ∈ Rn, and 1

q +
1
q′ = 1 with 1 < q < ∞,( ∫

2km |y0−y′0 |≤|y1−y0 |<2km+1 |y0−y′0 |
· · ·

∫
2k1 |y0−y′0 |≤|ym−y0 |<2k1+1

|y0−y′0 |
|K(y0, y1, · · · , ym) − K(y′0, y1, · · · , ym)|qdy1 · · ·dym

) 1
q

≤ C|y0 − y′0|
−

mn
q′

m∏
i=1

Cki 2
−

n
q′ ki . (3)

Remark 1.3. (1) If we take Cki = θ(2−ki )
1
m in (3), then m-linear generalized kernel is the m-linear Calderón-Zygmund

kernel of type θ introduced by Lin and Xiao [14].
(2) If θ(t) = tϵ for some ϵ > 0, then m-linear Calderón-Zygmund kernel of type θ is m-linear Calderón-Zygmund

kernel.

Let L∞b (Rn) be the space of all L∞(Rn) functions with bounded support. Multilinear operators T are
called multilinear Calderón-Zygmund integral operators with generalized kernels K satisfying (2) and (3)
if, for all fi ∈ L∞b (Rn) (i = 1, 2, · · · ,m) and x <

⋂m
i=1 supp fi,

T( f1, f2, · · · , fm)(x) =
∫

(Rn)m
K(x, y1, y2, · · · , ym)

m∏
i=1

fi(yi)dy1dy2 · · ·dym, (4)

Given b⃗ = (b1, b2, · · · , bm) ∈ (BMO(Rn))m, the commutator Tb⃗ generated by b⃗ and T are defined by

Tb⃗( f1, f2, · · · , fm) =
m∑

i=1

Ti
b⃗
( f⃗ ), (5)

where
Ti

b⃗
( f⃗ ) = biT( f1, f2, · · · , fm) − T( f1, · · · , fi−1, bi fi, fi+1, · · · , fm).

The following concepts about Lebesgue spaces with variable exponent are from [22]. Given an open set
E ⊂ Rn, and a measurable function p(·) : E→ [1,∞), we denote

p−(E) = ess inf{p(x) : x ∈ E}

p+(E) = ess sup{p(x) : x ∈ E}.

Especially, we denote p− = p−(Rn) and p+ = p+(Rn). The set P(E) consists of all p(·) : E → [1,∞) satisfying
p−(E) > 1, p+(E) < ∞. Similarly we denote by P(Rn) the set of all measurable function p(·) : Rn

→ (1,∞)
such that 1 < p− ≤ p(x) ≤ p+ < ∞. Denote by P1(Rn) the set of all measurable function p(·) : Rn

→ [1,∞),
such that 1 ≤ p− ≤ p(x) ≤ p+ < ∞.

The variable exponent Lebesgue space Lp(·)(E) denote the set of real-valued measurable function f on E
such that for some ε > 0, ∫

E

(
ε| f (x)|

)p(x) dx < ∞.

This is a Banach function space eith respect to the Luxemburg-Nakano norm,

∥ f ∥Lp(·)(E) = inf

λ > 0 :
∫

E

(
| f (x)|
λ

)p(x)

dx ≤ 1

 .
For all compact subsets E ⊂ Ω, f is measurable, the space Lp(·)

loc (E) is defined by

Lp(·)
loc (Ω) = { f ∈ Lp(·)(E) : E ⊂ Ω}.
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Given a function f ∈ L1
loc(Rn), the Hardy-Littlewood maximal operator M is defined by

M f (x) = sup
B∋x

1
|B|

∫
B
| f (y)|dy.

The setB(Rn) consist of all measurable functions p(·) ∈ P(Rn) satisfying that the Hardy-Littlewood maximal
operator M is bounded on Lp(·)(Rn). An important subset of B(Rn) is the class of globally log-Hölder
continuous functions p(·) ∈ LH(Rn), with p(·) ∈ P(Rn). Recall that p(·) ∈ LH(Rn), if p(·) satisfies the following
conditions

|p(x) − p(y)| ≤
C

−log(|x − y|)
, |x − y| ≤ 1/2

and
|p(x) − p(y)| ≤

C
log(e + |x|)

, |y| ≥ |x|.

We now recall the following notion of generalized variable exponent Morrey spaces Mp(·),φ(Rn) intro-
duced in [2, 6].

Definition 1.4. Let p(·) ∈ P1(Rn), and φ(·, ·) be a positive measurable function onRn
× (0,∞). Then the generalized

variable exponent Morrey space Mp(·),φ(Rn) is defined by

Mp(·),φ(Rn) =
{

f ∈ Lp(·)
loc (Rn) : ∥ f ∥Mp(·),φ(Rn) < ∞

}
,

where

∥ f ∥Mp(·),φ(Rn) = sup
x∈Rn,r>0

1
φ(x, r)

∥ fχB(x,r)∥Lp(·)(Rn) = sup
x∈Rn,r>0

1
φ(x, r)

∥ f ∥Lp(·)(B(x,r)). (6)

Remark 1.5. (1) If φ(x, r) = r
λ−n
p(x) with 0 < λ < n, then the space Mp(·),φ(Rn) is the variable exponent Morrey space

Lp(·),λ(Rn).
(2) When φ(x, r) ≡ 1, then Mp(·),φ(Rn) = Lp(·)(Rn) .

It is now position to state the organization of this paper as follows. In Section 2, by establishing the
boundedness of T on spaces Mp(·),φ(Rn), the authors show that multilinear Calderón-Zygmund operators
with generalized kernels T are bounded from product spaces Mp1(·),φ1 (Rn)×Mp2(·),φ2 (Rn)× · · · ×Mpm(·),φm (Rn)
to spaces Mp(·),φ(Rn), and they are also bounded from product spaces Lp1(·),λ(Rn)×Lp2(·),λ(Rn)×· · ·×Lpm(·),λ(Rn)
into spaces Lp(·),λ(Rn), where Lebesgue measurable functions φ,φi(i = 1, · · · ,m) satisfy φ1 × · · · × φm = φ

and 1
p(·) =

1
p1(·) + · · · +

1
pm(·) . The authors show that the commutator Tb⃗ generated by b⃗ ∈ (BMO(Rn))m and the

T is bounded from the product spaces Mp1(·),φ1 (Rn) × · · · ×Mpm(·),φm (Rn) to spaces Mp(·),φ(Rn), and it is also
bounded from product spaces Lp1(·),λ(Rn) × · · · × Lpm(·),λ(Rn) into spaces Lp(·),λ(Rn) in Section 3.

Finally, we make some symbols on notations throughout this article. We denote by C a positive constant
independent of the main parameters, but it may vary from line to line. For any measurable subset E ⊂ Rn,
we use χE and |E| to denote its characteristic function and Lebesgue measure, respectively. Given any
p ∈ (1,∞), p′(·) is the conjugate exponent defined by p′(·) = p(·)/(p(·) − 1).

2. Estimate for T on product of spaces Mp(·),φ(Rn)

The main theorems of this section are stated as follows.

Theorem 2.1. Let m ≥ 2 and T be an m-linear Calderón-Zygmund integral operator defined by (4) with

generalized kernel satisfying (2), (3) and
∞∑

i=1
kiCki < ∞. Let p(·), pi(·)(i = 1, 2, · · · ,m) ∈ P1(Rn) such that 1

p(·) =

1
p1(·)+

1
p2(·)+· · ·+

1
pm(·) ,φ,φi(i = 1, 2, · · · ,m) be positive measurable functions onRn

×(0,∞) andφ1φ2 · · ·φm = φ.
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Suppose for fixed 1 ≤ r1, r2, · · · , rm ≤ q′ with 1
r =

1
r1
+ 1

r2
+ · · ·+ 1

rm
, T is bounded from Lr1 (Rn)× Lr2 (Rn)× · · · ×

Lrm (Rn) into Lr,∞(Rn). Then there exists a positive constant C such that, for all fi ∈Mpi(·),φi (Rn), i = 1, 2, · · · ,m,

∥T( f1, f2, · · · , fm)∥Mp(·),φ(Rn) ≤ C
m∏

i=1

∥ fi∥Mpi (·),φi (Rn).

Theorem 2.2. Let m ≥ 2 and T be an m-linear Calderón-Zygmund integral operator defined by (4) with

generalized kernel satisfying (2), (3) and
∞∑

k=1
kCk < ∞. Let p(·), pi(·)(i = 1, 2, · · · ,m) ∈ P1(Rn) satisfy 1

p(·) =
1

p1(·)+

1
p2(·) + · · · +

1
pm(·) , 0 < λ < n. Suppose for fixed 1 ≤ r1, r2, · · · , rm ≤ q′ with 1

r =
1
r1
+ 1

r2
+ · · · + 1

rm
, T is bounded

from Lr1 (Rn) × Lr2 (Rn) × · · · × Lrm (Rn) into Lr,∞(Rn). Then there exists a positive constant C such that, for all
fi ∈ Lpi(·),λ(Rn), i = 1, 2, · · · ,m,

∥T( f1, f2, · · · , fm)∥Lp(·),λ(Rn) ≤ C
m∏

i=1

∥ fi∥Lpi (·),λ(Rn).

To prove the above theorems, we should recall the following lemmas in [9] or [12].
Lemma 2.3 A Lebesgue measurable function φ(x, r) : Rn

× (0,∞)→ (0,∞) is said to be in the classW if

∞∑
k=0

(
∥χB∥Lpi (·)(Rn)

∥χ2k+1B∥Lpi (·)(Rn)

)
φ(x, 2k+1r)
φ(x, r)

≤ C1, (7)

and there exists a positive constant C2, such that

φ(x, r) ≥ C2, (8)

for all r ≥ 1 and x ∈ Rn.
Lemma 2.4 Let φ ∈W. Then, there exists some positive constant C, such that any ball B

φ(x, 2r) ≤ Cφ(x, r). (9)

In the other words, φ(x, r) is a doubling function respecting to the index r.
Lemma 2.5 Let p(·) ∈ P0(Rn), there exists a positive constant C such that

1
|B|
∥χB∥Lp(·)(Rn)∥χB∥Lp′ (·)(Rn) ≤ C. (10)

We now recall the following lemma on the T introduced in [14].
Lemma 2.6 Let 1 < p1, p2 < ∞ and 1

p =
1
p1
+ 1

p2
. Suppose that T defined as in (4) is bounded from product

of spaces Lr1 (Rn) × Lr2 (Rn) into spaces Lr,∞(Rn) for 1 ≤ r1, r2 ≤ q′. Then there exists a positive constant C
such that, for all fi ∈ Lpi (Rn), i = 1, 2,

∥T( f1, f2)∥Lp(Rn) ≤ C∥ f1∥Lp1 (Rn)∥ f2∥Lp2 (Rn).

Proof of Theorem 2.1. For the case of multilinearity, we only need to prove the situation when m = 2.
Let B = B(x, r) be an open ball centered at x ∈ Rn and its radius r > 0. Represent functions fi(i = 1, 2) as

fi = f 1
i + f∞i = fiχ2B + fiχRn\(2B), i = 1, 2.

Then, by the Minkowski inequality, write

∥T( f1, f2)∥Mp(·),φ(Rn) ≤ ∥T( f 1
1 , f 1

2 )∥Mp(·),φ(Rn) + ∥T( f 1
1 , f∞2 )∥Mp(·),φ(Rn)

+ ∥T( f∞1 , f 1
2 )∥Mp(·),φ(Rn) + ∥T( f∞1 , f∞2 )∥Mp(·),φ(Rn)

= D1 +D2 +D3 +D4.
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Applying (6), Lemma 2.6, 1
p(·) =

1
p1(·) +

1
p2(·) and φ1φ2 = φ, we obtain

D1 ≤ C sup
x∈Rn,r>0

φ(x, r)−1
∥χB∥Lp(·)(Rn)φ1(x, r)−1

∥ f1∥Lp1(·)(Rn)φ2(x, r)−1
∥ f2∥Lp2(·)(Rn)

≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn).

For any y ∈ B(x, r), by applying Hölder’s inequality and (6), we have∣∣∣T( f 1
1 , f∞2 )(y)

∣∣∣ ≤ C
(∫
Rn
| f1(z1)|dz1

) (∫
Rn

| f2(z2)|
|y − z2|

2n dz2

)
≤ C∥χ2B∥Lp′1(·)(Rn)

∥ f1∥Lp1(·)(Rn)

∞∑
k=1

1
|2kB|2

∥χ2k+1B∥Lp′2(·)(Rn)
∥ f2∥Lp2(·)(Rn)

≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn)φ1(x, 2r)
∞∑

k=1

∥χ2B∥Lp′1(·)(Rn)
∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r),

from this, Hölder’s inequality, 1
p(·) =

1
p1(·) +

1
p2(·) , φ1φ2 = φ, Lemmas 2.3, 2.4 and 2.5, it then follows that

D2 ≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

∞∑
k=1

∥χB∥Lp(·)(Rn)∥χ2B∥Lp′1(·)(Rn)
∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r)

≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

×

∞∑
k=1

|2B|∥χB∥Lp(·)(Rn)∥χ2k+1B∥Lp2(·)(Rn)∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2∥χ2B∥Lp1(·)(Rn)∥χ2k+1B∥Lp2(·)(Rn)
φ2(x, 2k+1r)

≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn).

With an argument similar to that used in D2, it is easy to obtain

D3 ≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn).

For any y ∈ B(x, r), applying Hölder’s inequality and (6), we obtain

|T( f∞1 , f∞2 )(y)| ≤ C
∫
Rn\(2B)

f1(z1)
|x − z1|

n dz1

∫
Rn\(2B)

f2(z2)
|x − z2|

n dz2

≤ C

 ∞∑
k=1

1
|2kB|

∫
2k+1B

f1(z1)dz1


 ∞∑

j=1

1
2 jB

∫
2 j+1B

f2(z2)dz2


≤ C

 ∞∑
k=1

∥χ2k+1B∥Lp′1(·)(Rn)
∥ f1∥Lp1(·)(Rn)

|2kB|


 ∞∑

j=1

∥χ2 j+1B∥Lp′2(·)(Rn)
∥ f2∥Lp2(·)(Rn)

|2 jB|


≤ C

∞∑
k=1

1
|2kB|

φ1(x, 2k+1r)φ1(x, 2k+1r)−1
∥χ2k+1B∥Lp′1(·)(Rn)

∥ f1∥Lp1(·)(Rn)

×

∞∑
j=1

1
|2 jB|
φ2(x, 2 j+1r)φ2(x, 2 j+1r)−1

∥χ2 j+1B∥Lp′2(·)(Rn)
∥ f2∥Lp2(·)(Rn)

≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn)

∞∑
k=1

φ1(x, 2k+1r)∥χ2k+1B∥Lp′1(·)(Rn)

|2kB|

×

∞∑
j=1

φ2(x, 2 j+1r)∥χ2 j+1B∥Lp′2(·)(Rn)

|2 jB|
,
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by this, Hölder’s inequality, 1
p(·) =

1
p1(·) +

1
p2(·) , φ1φ2 = φ, Lemmas 2.3, 2.4 and 2.5, we obtain

D4 ≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn) sup
x∈Rn,r>0

φ(x, r)−1
∥χB∥Lp(·)(Rn)

×

 ∞∑
k=1

∥χ2k+1B∥Lp′1(·)(Rn)
∥χ2k+1B∥Lp1(·)(Rn)

|2kB|∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)


 ∞∑

j=1

∥χ2 j+1B∥Lp′2(·)(Rn)
∥χ2 j+1B∥Lp2(·)(Rn)

|2 jB|∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)


≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn) sup

x∈Rn,r>0
φ(x, r)−1

×

 ∞∑
k=1

|2k+1B|∥χB∥Lp1(·)(Rn)

|2kB|∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)


 ∞∑

j=1

|2 j+1B|∥χB∥Lp2(·)(Rn)

|2 jB|∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)


≤ C∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn),

which, combining the estimates for D1, D2 and D3, yields our desired result. Hence, we complete the proof of
Theorem 2.1. □

Proof of Theorem 2.2. With arguments similar to that used in the proofs of Theorem 2.1, it is easy to
show that Theorem 2.2 holds. Hence, to avoid the repetition, here we omit the proof.

3. Estimate for Tb⃗ on product of spaces Mp(·),φ(Rn)

The main result of this section is stated as follows.

Theorem 3.1. Let b⃗ = (b1, b2, · · · , bm) ∈ (BMO(Rn))m, m ≥ 2 and Tb⃗ be an m-linear Calderón-Zygmund

commutators defined by (5) with generalized kernel satisfying (2), (3) and
∞∑

i=1
kiCki < ∞. Let p(·), pi(·)(i =

1, 2, · · · ,m) ∈ P1(Rn) such that 1
p(·) =

1
p1(·) +

1
p2(·) + · · ·+

1
pm(·) ,φi (i = 1, 2, · · · ,m) be positive measurable functions

on Rn
× (0,∞) satisfy
∞∑

k=0

(k + 1)
∥χB∥Lpi (·)(Rn)

∥χ2k+1B∥Lpi (·)(Rn)
φi(x, 2k+1r) ≤ Cφi(x, r), (11)

and φ1φ2 · · ·φm = φ. Suppose for fixed 1 ≤ r1, r2, · · · , rm ≤ q′ with 1
r =

1
r1
+ 1

r2
+ · · · + 1

rm
, T is bounded

from Lr1 (Rn) × Lr2 (Rn) × · · · × Lrm (Rn) into Lr,∞(Rn). Then there exists a positive constant C such that, for all
fi ∈Mpi(·),φi (Rn), i = 1, 2, · · · ,m,

∥Tb⃗( f1, f2, · · · , fm)∥Mp(·),φ(Rn) ≤ C
m∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn).

Theorem 3.2. Let b⃗ = (b1, b2, · · · , bm) ∈ (BMO(Rn))m, m ≥ 2 and Tb⃗ be an m-linear Calderón-Zygmund

commutators defined by (5) with generalized kernel satisfying (2), (3) and
∞∑

i=1
kiCki < ∞. Let p(·), pi(·)(i =

1, 2, · · · ,m) ∈ P1(Rn) such that 1
p(·) =

1
p1(·) +

1
p2(·) + · · ·+

1
pm(·) , 0 < λ < n. Suppose for fixed 1 ≤ r1, r2, · · · , rm ≤ q′

with 1
r =

1
r1
+ 1

r2
+ · · ·+ 1

rm
, T is bounded from Lr1 (Rn)× Lr2 (Rn)× · · · × Lrm (Rn) into Lr,∞(Rn). Then there exists

a positive constant C such that, for all fi ∈ Lpi(·),λ(Rn), i = 1, 2, · · · ,m,

∥Tb⃗( f1, f2, · · · , fm)∥Lp(·),λ(Rn) ≤ C
m∏

i=1

∥bi∥BMO(Rn)∥ fi∥Lpi (·),λ(Rn).

To prove the above theorems, we need to recall the following characterizations of spaces BMO introduced
in [3].
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Lemma 3.3. (i) Let b ∈ BMO(Rn) and s ∈ [1,∞). Then there exists some positive constant C such that, for any ball
B, (

1
|B|

∫
B
|b(y) − bB|

sdy
) 1

s

≤ C∥b∥BMO(Rn); (12)

(ii) Let b ∈ BMO(Rn). Then there exists a positive constant C such that, for any ball B ⊂ Rn and any positive
integer k,

|b2kB − bB| ≤ Ck∥b∥BMO(Rn). (13)

The following result on the Tb1,b2 is from [14].

Lemma 3.4. Let b1, b2 ∈ BMO(Rn) and 1
p =

1
p1
+ 1

p2
for 1 < p1, p2 < ∞. Suppose that Tb1,b2 defined as in (5) is

bounded from product of spaces Lr1 (Rn) × Lr2 (Rn) into spaces Lr,∞(Rn) for 1 ≤ r1, r2 ≤ q′. Then there exists some
positive constant C such that, for all fi ∈ Lpi (Rn), i = 1, 2,

∥Tb1,b2 ( f1, f2)∥Lp(Rn) ≤ C∥b1∥BMO(Rn)∥b2∥BMO(Rn)∥ f1∥Lp1 (Rn)∥ f2∥Lp2 (Rn).

Proof of Theorem 3.1. For the case of multilinearity, we only need to prove the case for m = 2. Let
B = B(x, r) be the open ball centered at x ∈ Rn and radius r > 0. And decompose functions fi(i = 1, 2) as
using the form in Theorem 2.1, that is,

fi = f 1
i + f∞i = fiχ2B + fiχRn\(2B),

where f 1
i = fiχ2B and f∞i = fiχRn\(2B). Then, by the Minkowski’s inequality, write

∥Tb1,b2 ( f1, f2)∥Mp(·),φ(Rn) ≤ ∥Tb1,b2 ( f 1
1 , f 1

2 )∥Mp(·),φ(Rn) + ∥Tb1,b2 ( f 1
1 , f∞2 )∥Mp(·),φ(Rn)

+ ∥Tb1,b2 ( f∞1 , f 1
2 )∥Mp(·),φ(Rn) + ∥Tb1,b2 ( f∞1 , f∞2 )∥Mp(·),φ(Rn)

= E1 + E2 + E3 + E4.

By (6), Hölder’s inequality and Lemma 3.4, we obtain

E1 ≤ C∥b1∥BMO(Rn)∥b2∥BMO(Rn) sup
x∈Rn,r>0

φ(x, r)−1
∥χB∥Lp(·)(Rn)∥ f1∥Lp1(·)(Rn)∥ f2∥Lp2(·)(Rn)

≤ C∥b1∥BMO(Rn)∥b2∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn).

To estimate E2, we first consider
∣∣∣Tb1,b2 ( f 1

1 , f∞2 )(y)
∣∣∣ with y ∈ B(x, r). By (5), write∣∣∣Tb1,b2 ( f 1

1 , f∞2 )(y)
∣∣∣

≤ C
∫

(Rn)2

|b1(y) − b1(z1)||b2(y) − b2(z2)|| f 1
1 (z1)|| f∞2 (z2)|

(|y − z1| + |y − z2|)2n dz1dz2

≤ C|b1(y) − (b1)2B||b2(y) − (b2)2B|

∫
(Rn)2

| f 1
1 (z1)|| f∞2 (z2)|

(|y − z1| + |y − z2|)2n dz1dz2

+ C|b1(y) − (b1)2B|

∫
(Rn)2

|b2(z2) − (b2)2B|| f 1
1 (z1)|| f∞2 (z2)|

(|y − z1| + |y − z2|)2n dz1dz2

+ C|b2(y) − (b2)2B|

∫
(Rn)2

|b1(z1) − (b1)2B|| f 1
1 (z1)|| f∞2 (z2)|

(|y − z1| + |y − z2|)2n dz1dz2

+ C
∫

(Rn)2

|b1(z1) − (b1)2B||b2(z2) − (b2)2B|| f 1
1 (z1)|| f∞2 (z2)|

(|y − z1| + |y − z2|)2n dz1dz2

= E21 + E22 + E23 + E24.
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With an argument similar to that used in the estimate for |T( f 1
1 , f∞2 )(y)| in D2, it is easy to obtain

E21 ≤ C|b1(y) − (b1)2B||b2(y) − (b2)2B|∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn)φ1(x, 2r)

×

∞∑
k=1

∥χ2B∥Lp′1(·)(Rn)
∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r).

From Hölder’s inequality, (6) and Lemma 3.3, it follows that

E22 ≤ C|b1(y) − (b1)2B|

∫
2B
| f1(z1)|dz1

∫
Rn\(2B)

|b2(z2) − (b2)2B|| f2(z2)|
|x − z2|

2n dz2

≤ C|b1(y) − (b1)2B|∥ f1∥Lp1(·)(Rn)∥χ2B∥Lp′1(·)(Rn)

φ1(x, 2r)
φ1(x, 2r)

∞∑
k=1

1
|2kB|2

∫
2k+1B
|b2(z2) − (b2)2B|| f2(z2)|dz2

≤ C|b1(y) − (b1)2B|∥ f1∥Mp1(·),φ1 (Rn)φ1(x, 2r)∥χ2B∥Lp′1(·)(Rn)

×

[ ∞∑
k=1

1
|2kB|2

(
|(b2)2B − (b2)2k+1B|

∫
2k+1B
| f2(z2)|dz2 +

∫
2k+1B
|b2(z2) − (b2)2k+1B|| f2(z2)|dz2

) ]
≤ C|b1(y) − (b1)2B|∥b2∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn)φ1(x, 2r)

×

∞∑
k=1

(k + 1)
∥χ2B∥Lp′1(·)(Rn)

∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r).

For E23, using Hölder’s inequality, (6) and Lemma 3.3, we have

E23 ≤ C|b2(y) − (b2)2B|

∫
2B
|b1(z1) − (b1)2B|| f1(z1)|dz1

∫
Rn\(2B)

| f2(z2)|
|y − z2|

2n dz2

≤ C|b2(y) − (b2)2B|∥b1∥BMO(Rn)∥ f1∥Lp1(·)(Rn)∥χ2B∥Lp′1(·)(Rn)

 ∞∑
k=1

1
|2kB|2

∫
2k+1B
| f2(z2)|dz2


≤ C|b2(y) − (b2)2B|∥b1∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn)φ1(x, 2r)

×

∞∑
k=1

∥χ2B∥Lp′1(·)(Rn)
∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r).

For E24, by applying Hölder’s inequality, (6) and Lemma 3.3, we have

E24 ≤ C
∫

2B
|b1(z1) − (b1)2B|| f1(z1)|z1

∫
Rn\(2B)

|b2(z2) − (b2)2B|| f2(z2)|
|x − z2|

2n dz2

≤ C∥b1∥BMO(Rn)∥ f1∥Lp1(·)(Rn)∥χ2B∥Lp′1(·)(Rn)

∞∑
k=1

1
|2kB|2

∫
2k+1B
|b2(z2) − (b2)2B|| f2(z2)|dz2

≤ C∥b1∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)φ1(x, 2r)∥χ2B∥Lp′1(·)(Rn)

{ ∞∑
k=1

1
|2kB|2

×

(
|(b2)2B − (b2)2k+1B|

∫
2k+1B
| f2(z2)|dz2 +

∫
2k+1B
|b2(z2) − (b2)2k+1B|| f2(z2)|dz2

) }
≤ C∥b1∥BMO(Rn)∥b2∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn)φ1(x, 2r)

×

∞∑
k=1

(k + 1)
∥χ2B∥Lp′1(·)(Rn)

∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r).
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Further, by using Hölder’s inequality, (7), (11), 1
p(·) =

1
p1(·) +

1
p2(·) , φ1φ2 = φ, Lemmas 2.4, 2.5, 3.3 and the

estimates for E21, E22, E23 and E24, we deduce

E2 ≤ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi(·),φi (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

∞∑
k=1

∥χB∥Lp(·)(Rn)∥χ2B∥Lp′1(·)(Rn)
∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r)

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

×

∞∑
k=1

(k + 1)
∥χB∥Lp(·)(Rn)∥χ2B∥Lp′1(·)(Rn)

∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r)

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

×

∞∑
k=1

(k + 1)
∥χB∥Lp(·)(Rn)∥χ2B∥Lp′1(·)(Rn)

∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r)

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi(·),φi (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

×

∞∑
k=1

(k + 1)
∥χB∥Lp(·)(Rn)∥χ2B∥Lp′1(·)(Rn)

∥χ2k+1B∥Lp′2(·)(Rn)

|2kB|2
φ2(x, 2k+1r)

≤ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi(·),φi (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

×

∞∑
k=1

|2B|∥χB∥Lp2(·)(Rn)∥χ2k+1B∥Lp′2(·)(Rn)
∥χ2k+1B∥Lp2(·)(Rn)

|2kB|2∥χ2k+1B∥Lp2(·)(Rn)
φ2(x, 2k+1r)

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

∞∑
k=1

(k + 1)

×

|2B|∥χB∥Lp2(·)(Rn)∥χ2k+1B∥Lp′2(·)(Rn)
∥χ2k+1B∥Lp2(·)(Rn)

|2kB|2∥χ2k+1B∥Lp2(·)(Rn)
φ2(x, 2k+1r)

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

∞∑
k=1

(k + 1)

×

|2B|∥χB∥Lp2(·)(Rn)∥χ2k+1B∥Lp′2(·)(Rn)
∥χ2k+1B∥Lp2(·)(Rn)

|2kB|2∥χ2k+1B∥Lp2(·)(Rn)
φ2(x, 2k+1r)

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi(·),φi (Rn) sup
x∈Rn,r>0

φ1(x, 2r)
φ(x, r)

∞∑
k=1

(k + 1)

×

|2B|∥χB∥Lp2(·)(Rn)∥χ2k+1B∥Lp′2(·)(Rn)
∥χ2k+1B∥Lp2(·)(Rn)

|2kB|2∥χ2k+1B∥Lp2(·)(Rn)
φ2(x, 2k+1r)

≤ C∥b1∥BMO(Rn)∥b2∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn).

With an argument similar to that used in the estimate for E2, it is easy to get

E3 ≤ C∥b1∥BMO(Rn)∥b2∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn).
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For any y ∈ B(x, r), by applying (5), write∣∣∣Tb1,b2 ( f∞1 , f∞2 )(y)
∣∣∣

≤ C
∫

(Rn)2

∣∣∣b1(y) − b1(z1)
∣∣∣ ∣∣∣b2(y) − b2(z2)

∣∣∣(
|y − z1| + |y − z2|

)2n | f∞1 (z1)|| f∞2 (z2)|dz1dz2

≤ C|b1(y) − (b1)2B||b2(y) − (b2)2B|

∫
(Rn)2

| f∞1 (z1)|| f∞2 (z2)|(
|y − z1| + |y − z2|

)2n dz1dz2

+ C|b1(y) − (b1)2B|

∫
(Rn)2

|b2(z2) − (b2)2B|| f∞1 (z1)|| f∞2 (z2)|(
|y − z1| + |y − z2|

)2n dz1dz2

+ C|b2(y) − (b2)2B|

∫
(Rn)2

|b1(z1) − (b1)2B|| f∞1 (z1)|| f∞2 (z2)|(
|y − z1| + |y − z2|

)2n dz1dz2

+ C
∫

(Rn)2

|b1(z1) − (b1)2B||b2(z2) − (b2)2B|(
|y − z1| + |y − z2|

)2n | f∞1 (z1)|| f∞2 (z2)|dz1dz2

= E41 + E42 + E43 + E44.

By using the known estimate of |T( f∞1 , f∞2 )(y)| in D4, it is not difficult to obtain

E41 ≤ C|b1(y) − (b1)2B||b2(y) − (b2)2B|∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn)

×

{ ∞∑
k=1

∥χ2k+1B∥Lp′1(·)(Rn)

|2k+1B|
φ1(x, 2k+1r)

}{ ∞∑
j=1

∥χ2 j+1B∥Lp′2(·)(Rn)

|2 j+1B|
φ2(x, 2 j+1r)

}
.

For any y ∈ B(x, r), by Hölder’s inequality, (6) and Lemma 3.3, we deduce

E42 ≤ C
∣∣∣b1(y) − (b1)2B

∣∣∣ ∫
Rn\(2B)

| f1(z1)|
|y − z1|

n dz1

∫
Rn\(2B)

|b2(z2) − (b2)2B|| f2(z2)|
|y − z2|

n dz2

≤ C
∣∣∣b1(y) − (b1)2B

∣∣∣  ∞∑
k=1

∫
2k+1B\(2kB)

| f1(z1)|
|y − z1|

n dz1


 ∞∑

j=1

∫
2 j+1B\(2 jB)

| f1(z1)|
|y − z1|

n dz1


≤ C

∣∣∣b1(y) − (b1)2B

∣∣∣  ∞∑
k=1

1
|2kB|

∥ f1∥Lp1(·)(Rn)∥χ2k+1B∥Lp′1(·)(Rn)


×

{ ∞∑
j=1

1
|2 jB|

(
|(b2)2B − (b2)2 j+1B|

∫
2 j+1B
| f2(z2)|dz2

+

∫
2 j+1B
|b2(z2) − (b2)2 j+1B|| f2(z2)|dz2

)}
≤ C

∣∣∣b1(y) − (b1)2B

∣∣∣ ∥ f1∥Mp1(·),φ1 (Rn)

 ∞∑
k=1

∥χ2k+1B∥Lp′1(·)(Rn)

|2k+1B|
φ1(x, 2k+1r)


×

 ∞∑
j=1

1
|2 jB|

(
( j + 1)∥b2∥BMO(Rn)∥ f2∥Lp2(·)(Rn)∥χ2 j+1B∥Lp′2(·)(Rn)

)
≤ C

∣∣∣b1(y) − (b1)2B

∣∣∣ ∥b2∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn)

{ ∞∑
j=1

( j + 1)

×

∥χ2 j+1B∥Lp′2(·)(Rn)

|2 j+1B|
φ2(x, 2 j+1r)

}{ ∞∑
k=1

∥χ2k+1B∥Lp′1(·)(Rn)

|2k+1B|
φ1(x, 2k+1r)

}
.
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With an argument similar to that used in the estimate for E42, it is easy to get

E43 ≤ C
∣∣∣b2(y) − (b2)2B

∣∣∣ ∥b1∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn)

×

{ ∞∑
k=1

(k + 1)
∥χ2k+1B∥Lp′1(·)(Rn)

|2k+1B|
φ1(x, 2k+1r)

}{ ∞∑
j=1

∥χ2 j+1B∥Lp′2(·)(Rn)

|2 j+1B|
φ2(x, 2 j+1r)

}
.

Now let us estimate E44. For any y ∈ B(x, r), from Hölder’s inequality, (6) and Lemma 3.3, it follows that

E44 ≤ C
∫
Rn\(2B)

|b1(z1) − (b1)2B|

|x − z1|
n | f1(z1)|dz1

∫
Rn\(2B)

|b2(z2) − (b2)2B|

|x − z2|
n | f2(z2)|dz2

≤ C
∞∑

k=1

1
|2kB|

∫
2k+1B
|b1(z1) − (b1)2B|| f1(z1)|dz1

 ∞∑
j=1

1
|2 jB|

∫
2 j+1B
|b2(z2) − (b2)2B|| f2(z2)|dz2


≤ C

[ ∞∑
k=1

1
|2kB|

(
|(b1)2B − (b1)2k+1B|

∫
2k+1B
| f1(z1)|dz1 +

∫
2k+1B
|b1(z1) − (b1)2k+1B|| f1(z1)|dz1

)]

×

[ ∞∑
j=1

1
|2 jB|

(
|(b2)2B − (b2)2 j+1B|

∫
2 j+1B
| f2(z2)|dz2 +

∫
2 j+1B
|b2(z2) − (b2)2k+1B|| f2(z2)|dz2

)]

≤ C

 ∞∑
k=1

1
|2kB|

(k + 1)∥b1∥BMO(Rn)∥ f1∥Lp1(·)(Rn)∥χ2k+1B∥Lp′1(·)(Rn)


×

 ∞∑
j=1

1
|2 jB|

( j + 1)∥b2∥BMO(Rn)∥ f2∥Lp2(·)(Rn)∥χ2 j+1B∥Lp′2(·)(Rn)


≤ C

2∏
i=1

∥bi∥BMO(Rn)∥ fi∥Mpi(·),φi (Rn)

[ ∞∑
k=1

(k + 1)
∥χ2k+1B∥Lp′1(·)(Rn)

|2k+1B|
φ1(x, 2k+1r)

]

×

[ ∞∑
j=1

( j + 1)
∥χ2 j+1B∥Lp′2(·)(Rn)

|2 j+1B|
φ2(x, 2 j+1r)

]
,

by this, the estimates of E41, E42, E43 and E44, the Hölder’s inequality, (7), (11), Lemmas 2.4, 2.5 and 3.3,
1

p(·) =
1

p1(·) +
1

p2(·) and φ1φ2 = φ, it follows that

E4 ≤ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi(·),φi (Rn) sup
x∈Rn,r>0

1
φ(x, r)

×

{ ∞∑
k=1

(k + 1)
∥χB∥Lp1(·)(Rn)∥χ2k+1B∥Lp′1(·)(Rn)

∥χ2k+1B∥Lp1(·)(Rn)

|2k+1B|∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)

}

×

{ ∞∑
j=1

( j + 1)
∥χB∥Lp2(·)(Rn)∥χ2 j+1B∥Lp′2(·)(Rn)

∥χ2 j+1B∥Lp2(·)(Rn)

|2 j+1B|∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)

}

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

1
φ(x, r)

×

{ ∞∑
k=1

∥χB∥Lp1(·)(Rn)∥χ2k+1B∥Lp′1(·)(Rn)
∥χ2k+1B∥Lp1(·)(Rn)

|2k+1B|∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)

}
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×

{ ∞∑
j=1

( j + 1)
∥χB∥Lp2(·)(Rn)∥χ2 j+1B∥Lp′2(·)(Rn)

∥χ2 j+1B∥Lp2(·)(Rn)

|2 j+1B|∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)

}

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

1
φ(x, r)

×

{ ∞∑
k=1

(k + 1)
∥χB∥Lp1(·)(Rn)∥χ2k+1B∥Lp′1(·)(Rn)

∥χ2k+1B∥Lp1(·)(Rn)

|2k+1B|∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)

}

×

{ ∞∑
j=1

∥χB∥Lp2(·)(Rn)∥χ2 j+1B∥Lp′2(·)(Rn)
∥χ2 j+1B∥Lp2(·)(Rn)

|2 j+1B|∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)

}

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

1
φ(x, r)

×

{ ∞∑
k=1

∥χB∥Lp1(·)(Rn)∥χ2k+1B∥Lp′1(·)(Rn)
∥χ2k+1B∥Lp1(·)(Rn)

|2k+1B|∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)

}

×

{ ∞∑
j=1

∥χB∥Lp2(·)(Rn)∥χ2 j+1B∥Lp′2(·)(Rn)
∥χ2 j+1B∥Lp2(·)(Rn)

|2 j+1B|∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)

}

≤ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

1
φ(x, r)

{ ∞∑
k=1

(k + 1)

×
∥χB∥Lp1(·)(Rn)

∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)

}{ ∞∑
j=1

( j + 1)
∥χB∥Lp2(·)(Rn)

∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)

}

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

1
φ(x, r)

×

{ ∞∑
k=1

∥χB∥Lp1(·)(Rn)

∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)

}{ ∞∑
j=1

( j + 1)
∥χB∥Lp2(·)(Rn)

∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)

}

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

1
φ(x, r)

×

{ ∞∑
k=1

(k + 1)
∥χB∥Lp1(·)(Rn)

∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)

}{ ∞∑
j=1

∥χB∥Lp2(·)(Rn)

∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)

}

+ C
2∏

i=1

∥bi∥BMO(Rn)∥ fi∥Mpi (·),φi (Rn) sup
x∈Rn,r>0

1
φ(x, r)

×

{ ∞∑
k=1

∥χB∥Lp1(·)(Rn)

∥χ2k+1B∥Lp1(·)(Rn)
φ1(x, 2k+1r)

}{ ∞∑
j=1

∥χB∥Lp2(·)(Rn)

∥χ2 j+1B∥Lp2(·)(Rn)
φ2(x, 2 j+1r)

}
≤ C∥b1∥BMO(Rn)∥b2∥BMO(Rn)∥ f1∥Mp1(·),φ1 (Rn)∥ f2∥Mp2(·),φ2 (Rn).

Which, combining the estimates of E1 − E3, yields the desired result. Hence, the proof of Theorem 3.1 is
completed. □

Proof of Theorem 3.2. With arguments similar to that used in the proofs of Theorem 3.1, it is easy to
show that Theorem 3.2 holds. Hence, to avoid the repetition, here we omit the proof.
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