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Multilinear Calderén-Zygmund integral operators with generalized
kernels and their commutators on product of generalized variable
exponent Morrey spaces

Jinqi Wang?, Guanghui Lu®*, Yue Wang?

?College of Mathematics and Statistics, Northwest Normal University, Lanzhou, China

Abstract. The aim of this paper is to investigate the boundedness of a multilinear Calder6n-Zygmund
integral operators with generalized kernels T and its commutator T; formed by b € (BMO(R"))" and the T
on product of generalized variable exponent Morrey spaces MP10#1(IR") X MP2O#2(IR") X - - - x MPnO#m (IR™),
Under assumption that the Lebesgue measurable ¢ satisfies @15 - - - @, = ¢, the authors prove that the T
is bounded from the product of generalized variable exponent Morrey spaces MP10#1(IR") x MP20#2(IR") x
- X MPnO#n (R) to spaces MPO#(R"), and also bounded from the product variable exponent Morrey spaces
LAOMR") XLP2ON(R) - - - x LPmOA(IR") into spaces LFO(IR"). Moreover, the authors show that T; is bounded
from the product spaces MF10#1(IR") x MP20#2(IR") X - - - X MPnO#n(R") to spaces MPO#(R"). As a corollary,
the boundedness of T; on spaces L/ (IR") is also obtained.

1. Introduction

Multilinear singular integral theory was introduced by Coifman and Meyer in 1970s (see [1]). The study
of multilinear singular integrals was motivated not only as generalizations of the theory of linear ones
but also its natural appearance in harmonic analysis (see [10, 11, 21, 23]). In recent years, this topic has
received increasing attentions and well development. For example, In 2017, Lin and Xiao [14] introduced
a class of more general multilinear singular integral operators T whose kernels meet a size condition and a
weaker condition, and also showed that the T'and its commutator T}; are bounded from product of weighted
Lebesgue spaces LF' (w1) X LP*(wy) X - - - X LP"(w,,) into spaces L¥(w), and bounded from product of variable
exponent Lebesgue spaces LF10(R") x LP20)(R") x --- x LP»0)(R") into spaces LFO(IR"). Since then, many
papers focus the bounded properties of various multilinear singular integral operators with generalized
kernels on different kinds of function spaces. For example, in 2023, Gao et al. [8] investigated the weighted
LP-boundedness of multilinear commutators T and multilinear iterated commutators T} generated by
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the multilinear singular integral operators T with generalized kernels and BMO functions. In 2024, Wei et
al. [24] proved that multilinear strongly singular integral operators T with generalized kernels are bounded
from product of weighted Lebesgue spaces L' (w1) X LP*(w;) X - -+ X LP"(wy,) into spaces LF(vz), and also
bounded from product of spaces L*(IR") x L™ (IR") X - - - X L*(IR") into spaces BMO(IR"). For more researches
about the multilinear singular integral operators with generalized kernels on various function spaces can
be seen [15, 26, 27] and their references therein.

Classical Morrey spaces, introduced by Morrey [17] to analyze solutions of elliptic PDEs, were later
extended to generalized Morrey spaces MP#(IR") by Mizuhara [18] and Nakai [19]. Lu and Wang [13]
proved that bilinear strongly singular Calder"®n-Zygmund operators T and their commutators Ty, ,, are
bounded on products of generalized Morrey spaces M,,! (1) X M, (). Further researches on generalized
Morrey spaces can be seen in [4, 5, 20].

Variable exponent function spaces have gained significant attention in recent decades due to their dual
importance: theoretically extending classical function spaces, and practically solving problems in fluid
dynamics, elasticity, and nonstandard growth differential equations. Their theoretical framework and
applications continue to be extensively studied, as evidenced by substantial developments in the field. For
example, Lin and Zhang in [16] showed that the m-linear iterated commutator Tl'll7 generated by b= (b1, by,

-+, by) € (BMO(IR"))" and the T on product of weighted Lebesgue spaces L7 (w1) X LP*(w3) X - - - X LP"(wy,)
and product of variable exponent Lebesgue spaces LP1O(IR") x LP2O(IR") x - -+ x LP»0)(R"), respectively. Xu
[25] discussed the boundedness of bilinear 0-type Calderén-Zygmund operators Ty on generalized variable
exponent Morrey spaces MPOP(R™); furthermore, the boundedness of the commutator [b;, bo, Tg] formed
by the Ty and by, b, € BMO(IR") on spaces MPO#(IR") is obtained. More researches on generalized Morrey
spaces with variable exponent can be seen [2, 6, 7] and their references therein.

In this paper, we mainly establish the boundedness of multilinear Calderén-Zygmund operators with
generalized kernels T introduced in [14] on product of various exponent Morrey spaces LP1OMO(R?) x
LP2OAO(R") X - - - X LPrOAnO(R") and product of generalized various exponent Morrey spaces MP1O#10(IR") x
MP2O#2O(R™) X - - - x MPrO#nO(R™); furthermore, the boundedness of the commutators T formed by b=
(b1,ba, -+ ,by) € BMO(R")™ and the T on product of spaces L/1O10O(R™) x LP20A20(R™) x - - - x LPnOA=O(IR™)
and product of spaces MP1O#1O(IR™) x MP2OP2O(R™) x - - - x MPrO#n0)(IR") is obtained, respectively.

Before giving the organization of this article, we firstly recall some necessary notions and notation. The
following definition of spaces BMO(R") is from [3].

Definition 1.1. A function b € L} (IR") is said to belong to spaces BMO(R") if
1
. = sup - [ o) - o (1)
ser 1Bl Jp

where b represents the mean value of functions b over ball B, ie.,

1
bp = — | b(y)dy.
B |B|j;(y)y

We now recall the following definition of multilinear Calderén-Zygmund operators with generalized
kernels introduced in [14].

Definition 1.2. A real-valued function K € Llloc((]R”)m”\{(x, X, ,X):X€E IR”}) is said to be a m-linear generalized
kernel if there exists a positive constant C such that,
(@) forall yo, y1, Y2, , ym € R" withyo #y;, i =1,2,--- ,m,

|K(y01 Vi, ,ym)l < ﬁ,‘
(;1 lyo — yil)
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(ii) there exists some positive constants Cy, (i = 1,2,--- ,m) only depending on k; € IN, such that, for all
Yo, Yo Y1, Y2, Ym € R", and % + ql =1with1<g<oo,

1

q
(f f IK(yo,y1,~--,ym)—K(ya,yl,~--,ym)l"dylmdym)
2 yo—y7 [<lyr —yol <2+ oy 24 |yo =y |<lym—yol <21+ [y -y

< Clyo - ypI # [ ] cu277". 3)
i=1

Remark 1.3. (1) If we take Cy, = 6(2""')% in (3), then m-linear generalized kernel is the m-linear Calderén-Zygmund
kernel of type O introduced by Lin and Xiao [14].

(2) If 6(t) = t€ for some € > 0, then m-linear Calderén-Zygmund kernel of type 0 is m-linear Calderon-Zygmund
kernel.

Let L;°(R") be the space of all L*(IR") functions with bounded support. Multilinear operators T are
called multilinear Calderén-Zygmund integral operators with generalized kernels K satisfying (2) and (3)
if, forall f; € L(R") (i=1,2,--- ,m) and x ¢ (., suppf;,

T(fl/ fZ/ e /fm)(x) = \f(‘ ) K(x/ ]/1/ ]/2/ Tty ]/m) H ﬁ(yl)dyldyZ e d]/m/ (4)
IR]’I m 121
Given b= (b1,b2,- -, by) € (BMO(IR"))™", the commutator Tl; generated by band T are defined by
Tfi fore o f) = ) THF), (5)
i=1
where

TUS) = bT(fu, for - o fo) = T+ it bifis fions - fo:

The following concepts about Lebesgue spaces with variable exponent are from [22]. Given an open set
E c R", and a measurable function p(-) : E — [1, o), we denote

p-(E) = essinf{p(x) : x € E}

p+(E) = esssup{p(x) : x € E}.

Especially, we denote p_ = p_(IR") and p, = p,+(IR"). The set P(E) consists of all p(-) : E — [1, o0) satisfying
p-(E) > 1, p+(E) < co. Similarly we denote by P(IR") the set of all measurable function p(-) : R" — (1, )
such that 1 < p_ < p(x) < p; < 0. Denote by P1(IR") the set of all measurable function p(-) : R" — [1, ),
such that 1 <p_ < p(x) < py < 0.

The variable exponent Lebesgue space L')(E) denote the set of real-valued measurable function f on E
such that for some ¢ > 0,

f (elf ()™ dx < co.
E

This is a Banach function space eith respect to the Luxemburg-Nakano norm,

px)
I fllpo = inf{/\ >0: f(lff\x)l) dx < 1}.
E

For all compact subsets E C Q, f is measurable, the space Lf(g'c)(E) is defined by

’Q) = {f e LP"O(E) : E c Q.

loc
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Given a function f € L] (R"), the Hardy-Littlewood maximal operator M is defined by

M) = sup - [ 170y

The set B(IR") consist of all measurable functions p(-) € P(IR") satisfying that the Hardy-Littlewood maximal
operator M is bounded on LFO(R"). An important subset of B(R") is the class of globally log-Holder
continuous functions p(-) € LH(IR"), with p(-) € P(IR"). Recall that p(-) € LH(IR"), if p(-) satisfies the following
conditions

x -yl <1/2

C
Ip(x) = p()l < m,

and

Ip(x) = p(y)l < [yl > [x].

log(e + Ix])’
We now recall the following notion of generalized variable exponent Morrey spaces MPO¢(IR") intro-
duced in [2, 6].

Definition 1.4. Let p(-) € P1(IR"), and ¢(-, -) be a positive measurable function on R" X (0, o0). Then the generalized
variable exponent Morrey space MPO#(R") is defined by

MPOP(R™) = { £e O : | fllaporaen < Oo}’

Ioc

where

1 1
lfllvpoemny = sup ———IfxBanllpowny = sup ||f||Lp<> B (6)
R xeR",r>0 (P(x/ 7’) v (R) xeR",r>0 (P( (Bl

Remark 1.5. (1) If p(x,7) = P with 0 < A < n, then the space MPO?(IR") is the variable exponent Morrey space
LPOARM).
(2) When ¢(x,r) = 1, then MPO#(R") = LFO(R") .

It is now position to state the organization of this paper as follows. In Section 2, by establishing the
boundedness of T on spaces MPO#(IR"), the authors show that multilinear Calderén-Zygmund operators
with generalized kernels T are bounded from product spaces MF10#1(IR") x MP2O#2(IR") X - - - X MPnO#n (IR™)
to spaces MPO)#(IR"), and they are also bounded from product spaces L1()* (]R”) X LP2OARY) x - - - x LPrOA(R™)
into spaces U’(')'A(]R”) where Lebesgue measurable functions ¢, (i = 1,--- ,m) satisfy PLX Xy =@
and p%) = ﬁ_) +o o () The authors show that the commutator T; generated by be (BMO(]R”)) and the
T is bounded from the product spaces MP1O#1(IR") X - - X MPnO)#n (]R") to spaces MPO#(IR"), and it is also
bounded from product spaces L/*/4(IR") x - - - X U""(')'A(]R”) into spaces L/*(R") in Section 3.

Finally, we make some symbols on notations throughout this article. We denote by C a positive constant
independent of the main parameters, but it may vary from line to line. For any measurable subset E C IR”,
we use xr and |E| to denote its characteristic function and Lebesgue measure, respectively. Given any
p € (1,00), p’(-) is the conjugate exponent defined by p’(:) = p(-)/(p(-) — 1).

2. Estimate for T on product of spaces MP"*(R")

The main theorems of this section are stated as follows.

Theorem 2.1. Letm > 2 and T be an m-linear Calderén-Zygmund integral operator defined by (4) with
generalized kernel satisfying (2), (3) and ) kiCy, < 0. Let p(-), pi()(i =1,2,--- ,m) € P1(R") such that r% =
i=1

ﬁ+}%(.)+‘ . -+!#(_), @, i(i =1,2,--- ,m)be positive measurable functions on R"x (0, ) and @12 - - @y = Q.
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Suppose for fixed 1 < ry, 72, , 1y < 4’ with ,1 = % + rl—z +---+ rlm, T is bounded from Lt (IR") X L"2(R") X - - - X
L™ (R") into L"*(R"). Then there exists a positive constant C such that, for all f; € MPO®(R"),i=1,2,--- ,m,

m
IT(fi, fore o oo < C [ [ Ifilnpomqrey-
i=1

Theorem 2.2. Letm > 2 and T be an m-linear Calder6n-Zygmund integral operator defined by (4) with

generalized kernel satisfying (2), (3) and Z kCy < oo. Letp(-),pi(-)i=1,2,--- ,m) € P1(R") satlsfy 0= pll(.)"‘
() ~+p oL 0<A<n. Supposeforf1xed1<r1,r2, rqu’with%:%+r1—2+m+a,Tlsbounded
from L"(R") x L™ (]R”) x L™ (R") into L"*(IR"). Then there exists a positive constant C such that, for all

fi e LPOARY), i =1,2,-

m
ITCf for s Fidllonan < C [ [ 1Al o
i=1

To prove the above theorems, we should recall the following lemmas in [9] or [12].
Lemma 2.3 A Lebesgue measurable function ¢(x, ) : R” X (0, 00) — (0, o) is said to be in the class W if

= [ lxslloge , k1
Z( BlLriO(Rm) ) (p(x 1’) < Cl, (7)

= lx2eallpomny ) @, 1)

and there exists a positive constant C,, such that

ox, 1) = Cy, (8)

forallr > 1 and x € R".
Lemma 2.4 Letp € W. Then, there exists some positive constant C, such that any ball B

o(x,2r) < Co(x,1). 9)

In the other words, ¢(x, ) is a doubling function respecting to the index r.
Lemma 2.5 Letp(-) € Po(IR"), there exists a positive constant C such that

1
E xBllrowellXBllLogs < C. (10)

We now recall the following lemma on the T introduced in [14].

Lemma2.6 Letl <pj,p; <coand 11_7 = .-+ Suppose that T defined as in (4) is bounded from product

p1
of spaces L (R") x L"2(IR") into spaces L"*(R") for 1 < r1,7, < q’. Then there exists a positive constant C

such that, for all f; € LFi(R"),i=1,2,

IT(f1, fo)llrrey < Cllfillen woyll f2lloe @rey-

Proof of Theorem 2.1. For the case of multilinearity, we only need to prove the situation when m = 2.
Let B = B(x, r) be an open ball centered at x € R"” and its radius r > 0. Represent functions f;(i = 1,2) as

fi=f1+ £ = fixos + fixmnes, i=1,2.
Then, by the Minkowski inequality, write
IT(F1, f)lloreey < ITCE P losn + 1T £ o re

+ T, ) oee + 1T 5 lon e
=D +D2+D3+D4.
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Applying (6), Lemma 2.6, !% = r%(') L( and @1, = @, we obtain

D; <C sup @, 1) Ixsllpowny@1 @ ) fillpo gy @2 1) fallpmo g
x€R",r>0

< C||f1||MV1(-)rw] (]Rn)||f2||Mp2('),§02(]Rn)~

For any y € B(x,r), by applying Holder’s inequality and (6), we have

it o< [ neos)( [ 2 az)

1
< Cllx2ll 0 g L fillnogre) Z W||X2k+lB||Lp;(->(]R,,)||f2||Lpz<~>(]Ru)
k=1

< X280 gy 1X 264181 0
(]er) Lr2 (]Rn)
< C”fl”Ml’l(-),(Pl(]R'l)||f2||MV2(')r‘ﬂ2(]RH)(P1(xr 2r) E 2B (P2(xr 2k+17’)r
k=1

_1

from this, Holder’s 1nequa11ty, 50 =m0 pz(),

@192 = @, Lemmas 2.3, 2.4 and 2.5, it then follows that

o)

P1(x,2r) > IBllo@nllx2sll o g lIX2sll o g
D, < CHfl”MP 091 (R" ”fZ”MP Ow(Rry SUP
R 2 )xe]R”,r>0 (p(x, 1’) ; |2kB|2

(Pl(x/ 27)
< CHfl”MP 01 (R ”fZ”Mp Og2(Rry SUPp  —————
T R) 2 )xEIR”,r>0 qo(xr 1’)

Z 12BI|x BllLo eyl X201 8] |an<')(mn)||)(zk+13||Lp’2(-)(]R,,)

@Z(X/ 2k+1 7’)

P2 (x/ 2k+1 1’)

L BRI 28l e X2 o
< Cllfillypr o1 oyl f2ll gz (o)
With an argument similar to that used in D, it is easy to obtain
D3 < Cll fillpeioon w2 llagpa002 my -
For any y € B(x, r), applying Holder’s inequality and (6), we obtain
o e [ M [ 2

R"\(2B) Ix - Zl|n \(2B) |x - Zzln

= .
C[;@ f1(Z1)d21] ;ﬁ Fz2)dzs

2k+lB 2]+1B

IA

C[i ||X2k+1B“Lr'i(-)(IRn)||f1||LP1(~)(]R71)] i “XZ/HBI|U’é(')(]Rn)”fZHLF’Z(')(IR”)

[2kB| |2/B|

k=1 j=1

(oY) 1 -
Z g 10 2 01 e 2 ) sl g il

1 j+1 +1,4-1
X Zl @(PZ(-’C/ 271 pa(x, 27 ) ||X2/+1B||Lp;(-)(]Rn)||f2||Lpz(->(Rn)
=

< 1(x, 2k+17”)||)(2k+1B”LV1 (R

< Cllfillyprom ol Follpaomn ey ) o
k=1
© (X, 2]+17’)“X2f+13||Lp§<-)(]Rn)
X -
2/B] ’

=
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1

by this, Holder’s 1nequa11ty, 20 = mo pz( 5 P12 = @, Lemmas 2.3, 2.4 and 2.5, we obtain

Dy SC||f1||Mm(v),q)1(Rn)“fZ”Mpz(‘),soz(Rn) sup (P(x )" ||XB||U()(]Rr1

xeR",r>0
| x2ke1Bll 0 o X 2k Bl 1 0 R X218l 120 o X 2741 Bl 1200 (R
LP1O(Rn (R") 2B PO (R 2+ BHLP20(R™) .
X Z - & @1(x, 2 1r) Z - P2(x, 27 1)
= |2 B”lXZk*lB”U’l(')(]R”) =1 |2]B|||X2f+1B||LV2(')(R”)

5C||f1||MV1(-)V¢1(]Rn)||f2||an(-Wz(Rn) sup @(x,r)’l

xeR",r>0

- |2k+1B|||XB||m(-><Rn 127 Blllx8llp20 ey
X [Z k+11’) Z I 2( 2]+1 )

=1 |2kB|||X2k+1B||LP1('>(Rn 2/Blllx 21l O(R")

< C||f1||MV1(-)rw] (]R")||f2||M!’2('>f¢’2(]Rﬂ)/

which, combining the estimates for Dy, D, and D3, yields our desired result. Hence, we complete the proof of
Theorem 2.1. O

Proof of Theorem 2.2. With arguments similar to that used in the proofs of Theorem 2.1, it is easy to
show that Theorem 2.2 holds. Hence, to avoid the repetition, here we omit the proof.

3. Estimate for T; on product of spaces M (R")
The main result of this section is stated as follows.

Theorem 3.1. Let b = (by,by, -+ ,by) € BMO(R"))", m > 2 and T; be an m-linear Calderén-Zygmund

commutators defined by (5) with generalized kernel satisfying (2), (3) and }_ kiCy, < co. Let p(:), pi(-)(i =
i=1

1,2,---,m) € P1(IR") such that l% = r%(-) + r%() ot o (), @i (i=1,2,--- ,m)be positive measurable functions

on R" x (0, o0) satisfy

lxBllpio0
||X2k+1B||LP1<)(]RH)
and Q12+ Py = @. Suppose for fixed 1 < ry,72,+++ ,tm < ¢ with 1 _ % + % +. T is bounded
from L" (R") X Uz (R") x--- X U”‘ (R™) into L"*°(IR"). Then there exists a posmve constant C such that, for all

fie MPOS(RY), i = 1,2,

IT3(f1, for o s fm) ”MP()‘/’(]R")<CH”b”BMO(]R")”leMV(W (R

i=1

Theorem 3.2. Let 5 = (b1, by, -+ ,by) € (BMO(R")", m > 2 and Tg be an m-linear Calderén-Zygmund
commutators defined by (5) with generalized kernel satisfying (2), (3) and Z kiCy, < oo. Let p(:), pi(-)(i =
1,2,-- m) € Pl(]R") such that - "0 = ;T() + rT() ot (), 0<A<n. Suppose for fixed1 <ry,10,- 1t < q
with % = Z + Z +oo+ r—m, T is bounded from L' (IR") X L"2(IR") X - - - X L' (IR") into L"*(IR"). Then there exists
a positive constant C such that, for all f; € LFOAR"),i=1,2,--- ,m,

m
ITyfr, for o fullponny < C [ T IBilovomn L fill o goy-

i=1

To prove the above theorems, we need to recall the following characterizations of spaces BMO introduced
in [3].
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Lemma 3.3. (i) Let b € BMO(IR") and s € [1, 00). Then there exists some positive constant C such that, for any ball
B,

1 s
(7 [ 1000~ apay] < Cibtonioe 12)
B
(ii) Let b € BMO(IR"). Then there exists a positive constant C such that, for any ball B C R" and any positive
integer k,
|byip — bpl < Ckllbllsmor?)- (13)
The following result on the T}, 3, is from [14].

Lemma 3.4. Let by, by € BMO(R") and ;; = - + - for 1 < p1,pa < co. Suppose that Ty, defined as in (5) is

bounded from product of spaces L" (R") x L">(IR") into spaces L"(R") for 1 < r1,r, < q’. Then there exists some
positive constant C such that, for all f; € LF(R"),i=1,2,

1Ts, b, (f1, f)llrrey < Clib1llBmomwnl1b2llBmoma | fille wnyll f2llLe @rey -

Proof of Theorem 3.1. For the case of multilinearity, we only need to prove the case for m = 2. Let
B = B(x,r) be the open ball centered at x € R” and radius r > 0. And decompose functions f;(i = 1,2) as
using the form in Theorem 2.1, that is,

fi= fi + £ = fixos + fixrnes),
where fi1 = fixzp and f° = fixrn2p)- Then, by the Minkowski’s inequality, write

o0, (F1s f) oo rey < 1T, (F s S0y + 1T £ £ gy

+ ||Tb1,b2(flm,le)||Mp(->,¢(uzn) + ||Tb1,b2(f1°°/f;o)”Mn(-),w(]Rn)
=E; +E, + E3 + E4.

By (6), Holder’s inequality and Lemma 3.4, we obtain

E1 < Clibillsmo@nlb2llBMowry  sup (P(x/7’)_1||XB||LV(-)(]RV!)||f1||U’1(-)(]Rn)||f2||m(-)(Rn)
xeR",r>0

< Clib1llemowe 1b2llBvome 1 fillypioer eyl f2llawa602 qrey -
To estimate E;, we first consider |Tb1,b2 ( fll, 1 )(y)l with y € B(x, r). By (5), write
T (£, £2)W)]

f Ib1(y) — b (z)lIb2(y) — ba(22)II £ (2011 f5° (22
<C d
(Rny2 (|y - Zl| + |y - ZZl)zn

Z1d22

I @Il (z2)]
< Clb(y) = (b1)28l1b2(y) — (b2)28l o @y — 2l + 1y — 22"

Ib2(22) = (b2)a5ll £ (20)IIf5° (22)]

d21 de

+Clb1 (1) — (b dzidz
| 1(]/) ( 1)23' (]Rn)z (ly_zl| + |y_zz|)2n 1 2
|b1(z1) = (b1)2sll £ (20)II £ (z2)]
+ Clby () — (b dzidz
N EETFTEEY T

d22

Ib1(z1) — (b1)28lIb2(22) — (b2)a8lIf (20| f5°(22)]
+C 2 dZ1
(Rry2 (Iy — z1l + ly — z2))*
= E21 + E22 + E23 + E24.
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With an argument similar to that used in the estimate for [T(f}, f;°)(y)| in Dy, it is easy to obtain

Ex < Clb1(y) — (01)28102(y) — 02)28lll fill v 001 qroy 1 f2l | pgp20002 ey 1 (6, 27)

) Z 2870 g 2181550 g

FBP x, 2541),

From Holder’s inequality, (6) and Lemma 3.3, it follows that

b -
Ey» < Cl(y) - (b1)23|f23 |f1(21)|d21f 1b2(z2) — b2)asllfo(z2)]

R"\(2B) x — zo*

(x,2r)
sC|b1(y>—(b1>23|||f1||m<.>(Rn)||XZB||LP;<.)(Mglxzr Z|sz|2 f 1b2(22) — (b2)28l fa(z2)ldz2
2k+1B

de

< Clb1(y) = B2l fillyge s ey 1 (6 2012811 0 o

x[;ﬁ(|(bz>w—<bz>zms| fz | LaCeidzn + f2 . |bz<zZ>—(bz)2k+13||fz<zZ>|dzZ)]

< Clb1(y) — (b1)2sllIb2llemom®n | fillaproen eyl f2llarz602 rery 1 (%, 27)

> ”XZB“LP;(')(Rn)”XZkHB'|LP§(')(]Rn)
X Z( +

x, 2K419).
[2¢B|? )

For Ej3, using Holder’s inequality, (6) and Lemma 3.3, we have

Exs < Clba(y) = (2)asl | 1b1(z1) = G)asllfiz)ldz: f LGN
2B

rR\@B) 1Y — 22/*"

o1

< Clba(y) - (bz)zBHlbl||BM0(W)||f1||Lp1(-)(]Rn)||)(zB||Lp;<->(W) {Z kBR f |f2(22)|dz2]
£~ |2°B]* Jorp

< Clb2(y) — (b2)2llIb1|lBMom®n | f1llyw: 01 oy | f2 g0 ey 1 (X, 27)

@a(x, 2 1p).

) Z 1281530 228l g
2°BP

For Eyy, by applying Holder’s inequality, (6) and Lemma 3.3, we have

B <C [ I - Gl [ P2 o)

R"\(2B) [x — 2|

d22

=1
5C”bl”BMO(]R”)”fl”Lm(‘)(Rn)”XZBHLpi(-)(]RH)ZWﬁl [b2(22) = (b2)28l f2(22)|d 22
e~ 2k+1B

|
< Clibillemomell fillpe e rey @1 (X, 27’)||XzB||Ln'l(->(Rn){ Z 2FBE
pa=)

X (|(l72)23 = (b2) 1] |f2(z2)ldz2 + f b2 (z2) — (b2)2k+13||f2(22)|d22)}

2k+1B 2k+lB

< Clib1llemome 1b2llBMom®e | fillywi o1 qrey | f2ll g2 rey 1 (X, 27)

— ||X2B||Lp1(-)(]Rn)||sz+1B||Ln;(->(Rn)
X Z( +

x, 25415,
|25BJ? )

8111
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Further, by using Holder’s inequality, (7), (11), 7% = !%(.) + 7%(')’ @192 = ¢, Lemmas 2.4, 2.5, 3.3 and the
estimates for E»y, Ex, Eo3 and Eyy, we deduce

1(x,2r) ”XB“LP()(RM)“XZB“Lpl()(]R,, I|X2’<+1BHLP2<)(]R,, (1
Ey < C| | IIbillsmown |l fillypiorwsrey - SUP (pz(x,2 *11)
H e R )xelR" >0 (P(X 1’) Z |2kB|2
(pl(x, 27)
+ C | | Ibillsmownll fill ppires ey SUP
1_1[ l ( )XE]R” >0 (p(x, r)
> ||XB||Lp(-)(Rﬂ)||XZB||Ln;<-> 26l g0
(]er) L2 (]Rn)
X Z(k +1) EE 0a(x, 2517)
v T Ibviorso £ il 70)
(IIBMOR) 1 JillppriOi (R Sup
i=1 l oM ® )XE]R" >0 (p(xl 1’)
> ||XB||Ln(-)(JR")||XZB||L;:;<~> lx2rigll 50
(R") 120 )
x Y (k+1) T Pa(x, 21)
k=1
2 (pl(x, 2r)
+C [ T esltmstoell fllyom oy - sup
i=1 xeR",r>0 (p(x' 7")
i ||XB||Lu(-)(]Rn)||X2B||Lp;<->(m,,)||)(2k+1B||Lp§<-)(]R,,) oalx Py
|2kB|2 ’
k=1
@1(x,2r)

xeR",r>0 (P(x 1’)

= |2Blllxsl |an<->(mn)||X2k+1B||Uvg(-)(]Rn)||X2k+1B||va(->(1Rn)

2
< C [ [ Ibtsviomnll fillygons ey sup
i=1

X 2 (x, 2K417)
L. 2 BRIl Y
1(x 27’)
+CH||b vl oy sup 25 Z(k )
i=1 xeR",r>0

|2B|||XB||Lp2(')(R")||X2k+1B||L!’§(')(IRn)||X2k+1B”U’Z(')(IR") a1
x @2(x,21r)
|2kB|2||X2k+lB||an(- (R

x,2r)
+c]"[||b||BMom||f||Mp, iy sup 20 Z(

i=1 xeR",r>0 (P(x 1’)

|2B|||XB”U’z(-)(]Ry,)“XZ"“B”LPQ(')(]R;:)”XZ"“B”LPZ(»)(W) .
X — P2(x,2%"r)
[2*B| ||X2k+1B||LVz(- (IR

(x Zr)
+CHnb||BMO<R~>||f,||Mp,<m(m sup S 2(k 1)

i=1 xeR",r>0

|2B|”XB”U’z(')(JR")||X2k+1B||Lp§(->(Rn)||X2k+1B||an(~>(1Rn) -
x kB2 Pa(x,2r)
|2B| ||X2k+lB”L!’2(')(Rn)

< ClIb1llsvomn 1b21leMomn | filly o gy f2 a2 (-
With an argument similar to that used in the estimate for E;, it is easy to get

E3 < Cllb1llpmorn 1b2llBMom®e | fillyg 0o ooy L f2llagr2002 (-
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For any y € B(x, r), by applying (5), write
[Tov (£ )0

B Cf |b1(y) — b1 (20)| [b2(y) - ba(z2)]
T Jwye (y-al+ly-z2)

17" @IS (z2)ldz1dz,

|7 OIS, (22)]

< Clb1(y) = (b1)28l1b2(y) = (b2)28l 5, 9421022
®2 (ly —z1] + |y — z2l)
b _ b 0 (o]
+ Clbr(y) — (b1)28] balea) - C)asll (Zl)”{i (Zz)ldzldzz
(Rry? (ly =zl + ly = z)
b1(z1) — (b1)213||f1°°(21)||f2°°(Zz)lClzlclzz

+ Clba(y) — (b2)osl o™
Ry (ly —z1l + ly — z2l)

f [b1(z1) = (b1)28llb2(22) — (b2)28l
+C o™

(Rry? (ly = z1l + ly — z2)

= E41 + E42 + E43 + E44.

By using the known estimate of |T(f;”, f,°)(y)| in Dy, it is not difficult to obtain

Eq < Clb1(y) — (01)28102(y) — 02)28lll fill e 001 oy f2 gz (e

o]

k=1

For any y € B(x, r), by Holder’s inequality, (6) and Lemma 3.3, we deduce

I @DIIf;" (z2)ldz1dzo

= |lx2epllp0 X251l 50
(]R”) k+1 L2 (]R”) i+1
X E ———p1(x, 2" E ——————— (%, 277r) .
{ |2k+1P| 1 )}{ = |2/+1B| 2( )}

Ep < Clbi(y) - (bl)zs)fn\(

op) Iy — 2l ly — zol"

= |f1(z1)l - | f1(z1)]
< Cl(y) - () [ dz][
bt - 0| Y, [, 1 Z |

ap@) Y — 21l

ap\ep) [y — 21l

!
< Clba(y) - (0r)2s] [Z M||f1||Lp1o@Rn)||sz+13||Lp;<->(R,,)l

k=1

- 1
X {Z @(sz)zg = (b2)2i15 L+1B |f2(z2)ldz2

=1

+f‘ |bz(22)—(b2)2f+13||f2(22)|d22)}
2/+1B

< [lx2e18ll 0
(R")
< Clbi(y) = B)as| I fillypiorm ey (Z W@l(x/ 21)
k=1

) 1 ‘
X [Z 7Bl ((] + 1)||bz||BMO(1Rn)||f2||Lpz<~>(]Rw)||X2/+1B||Ly;<->(Rn))]

=1

< Clbr(y) = (br)as| 1b2llsvom | fill s (]RV')||f2||M!'2('>/<Pz(]RH){ Z(j +1)

=1

lx27+1Bll 0 < [[x20gll 0
(R") i Y (R
X —————a(x, 2]+1r)}{ Z —pi(x, 2k+1r)}.

|2j+1B| |2k+1B|

k=1

[f1(z0)l &z f |l72(Z2)—(bz)zB||f2(Zz)|dZ
! R"\(2B) 2
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With an argument similar to that used in the estimate for Ey, it is easy to get

Ess < C|ba(y) — (b2)as| Ib1llsmom| filler o ey follagraoen gy
||X2k+13||Lpl<) =, [lx2r1l 50
2 ‘ e A U0} k+1 2 ' L2 (R") j+1
{ (k+1 o p1(x,2 r)}{ a o7 Ig Pa(x,2 r)}.

Now let us estimate Ey4. For any y € B(x, r), from Holder’s inequality, (6) and Lemma 3.3, it follows that

E. < Cf |b1(21)_(b1)23||fl(21)|d21f b2(z2) _(b2)23||f2(zz)ldzz
R"\(2B R"\(2B)

lx — zq|" lx — zo|"

A

| =1
< c; o f2 i) = @l f el []Z; o5 f2 G (bz)zsllfz(zz)ldzz]

IA

C[kz_: ﬁ(l(bl)w—(bl)zmﬂfzk% | f1(z1)ldz; +fzk+13 |b1(21)—(b1)2k+13||f1(21)|d21)]

X [Z LB(sz)zB — (b2)+1] f |f2(z2)ldz2 + fﬁ . |b2(22) — (bz)zk+1B||f2(22)|dZZ)]

1=

——(k+ 1)”b1“BMO(IR”)I|f1||LP1(-)(]R")”XZ"”B”LPQ(-)(]RI,)}

[Z |ZJB|(] + DlIb2llsymomn 1 f2ll 0 @y lIX 281l 50 (Rn)]

2 = ||X2k+lB”LP'1(')(]Rn) e+l
<C H Ibillevore | fillvrioe: ey Z(k + DW%(%Z r)
i=1 =1
i ||X2/+1B||Lpz(>
(R™) i
[2 b= 20|

1

by this, the estimates of E41, E4p, E43 and Ey, the Holder’s inequality, (7), (11), Lemmas 2.4, 2.5 and 3.3,
1 L and @1, = @, it follows that

pO) — pi0)

}72(

2
By < C [ [ Ibllsvomollflypom gy sup ——
i=1 ( )xE]R” r>0 qO(X, 7’)

0 ||XB||U1(-)(]Rn)”XZ““B”Lp;(-)(]Rn)||X2k+1B||LP1(~>(]Rn)
x Z(k+1) —
=1 |25+ B|||X2k+1B||U1(~)(]Rn)

(Pl (x/ 2k+1r)}

o

”XB”LI”Z(')(]R")||X2f+1B||LP'(-> R" ”XZ/”B”LVz(-)(]Rn)
“{ Lo T
[2/ B”lXZ/‘*'lB”LPz(')(]Rn)

Pa(x, 27" )}

1
+ C | | Ibillsmom@n I fillypiorei gy SUP  ———=
1_1[ LT ® )xelR"Ir)>0 @(xr 1’)

o {i ”XB||U’1<->(]Rw)||)(2k+13||L;«§<')(]R,,)||X2k+1B||U1(-)(]Rn)(Pl(x 2k+1r)}
= |2k+1B|||X2’f+1B”LP1(->(Rn)
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< X8l Lp20 @ X201l Lp§<->(]Rn)||Xzi+lB||LPz<~>(1Rn) -
Z + @2(x,277r)
j

|2j+1B|||X2f+1 B”LPz(-)(]Rn)

+C H Ieillsvomnll fillyos ey SUP

i=1 xeR",r>0 (P(xr 1”)
{i ||XB||U71(~>(]Rn)||X2k+13||Lpg<-)(]Rn)||X2k+13||Lp1<-)(]Rn) ( . )
(Pl X, r
k=1 |2k+1B|||X2k+lB”U’1(')(]Rn)

il ||XB||U2<)(Rn)||X2/+1B”Lpz(> R") ||X2/+1B||U2()(JR") 1
Z (PZ(xl 2]+ 1’)
J=

|2]+1B|||X2i+1B||LV2(')(]Rn)

+ C | | Ibillsmomwnll fill ywicrei ey SUP  ——
H Wil onwer S0 o6

{ = ”XB“LM(')(IR")”XZ"”B”LP'l(')(Rn)'|X2"”B”LV1(')(]RW)
L

k+1
P1(x,2 r)}
k=1 |2k+1B|||)(2k+1B||L,,,1<,)(]R,,)

. ”XB”Lpz(')(]R”)I|X2f”B”U’§(')(Rn)||X2f+1B||Lﬂ2(-)(]Rn) -
x Z j+1 Pa2(x,2/%77)
=1 1271 BllIx2i+1Bll0 )

2
< CH edovioe fllom ey sup —- r){Z< +1)

xeR",r>0

”XB”Lpl )(]Rn ( 2k+1r)}{ Z(] ”XB”LPZ( (IR ) (x/ 2j+11’)}

||X2k+1B||LmU(1Rn ||X2/+13||an<>(]Rn)

+C H eillsvomoll fllyow ey SUP ———
(R xeR",r>0 (P(xr 7”)

= IXBlo®e X BIlr20 R .
{Z || 10)( 1( 2k+1r)}{2( : 2 ( ) (Pz(x’2]+lr)}

XZMB”U’l() R") ||X2/+1B | |LP2< )(R™)

+C H billsvo L fillypos s SUP ——
i=1 ) xeR",r>0 @(x/ 7’)

= ||XB|| (R = ”X “ ) ) .
X{Z(k+1) 22! (#) 2k+1 }{Z ” BlILr0(Rw) _Alowy (x,2]+1r)}

- ||X2k+1B||LV1<) R" X2i5llp20 R)
k=1 (R") (

+C | | Ibillemomnll fillypiooirey SUP  ———
1_1[ o ! )xe]R" r>0 (P(x/ T)

= “XBHUM)(]Rn 1 = ”XB”LPz()(]Rn .
j+1
{Z i P1(x, 2 }{Z i P2(x, 2 r)}

X218l ey X2i+1ll1r20 (R

< Clib1 Mo 1b2llBMom | fillypi o1 eyl f2 2602 (rry-

Which, combining the estimates of E; — E3, yields the desired result. Hence, the proof of Theorem 3.1 is
completed. o

Proof of Theorem 3.2. With arguments similar to that used in the proofs of Theorem 3.1, it is easy to
show that Theorem 3.2 holds. Hence, to avoid the repetition, here we omit the proof.
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