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Approximation properties of (A, u)-Bernstein operators
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Abstract. This paper introduces a novel (A, y)-Bernstein operator BS,’"“)( f;x), derived from a newly de-
veloped Bézier basis with the shape parameters A and u. This operator generalizes the classical Bernstein
operator while preserving its fundamental approximation properties and providing enhanced flexibility
in function approximation. Fundamental theoretical results are rigorously established, including explicit
formulas for moments, a Korovkin-type approximation theorem, and convergence properties for Lipschitz

continuous functions. Specifically, a Voronovskaja-type asymptotic expansion is derived to rigorously
describe the operator’s asymptotic behavior.

Numerical experiments validate the theoretical findings, demonstrating that the proposed operators
achieve lower approximation errors than both the classical Bernstein and A-Bernstein operators. These
results highlight the adaptability and improved approximation capabilities of the (A, i1)-Bernstein operators,
making them a promising tool in approximation theory and computational mathematics.

1. Introduction

The Bernstein operators, firstintroduced by S. N. Bernstein in 1912 [5], are fundamental in approximation
theory. These operators are given by

Bu(fix)=) f(%)bn,koo, xelo, 1], M)
k=0

for any function f € C[0, 1], where the Bernstein basis functions b, x(x) are defined as

bui(x) = (Z)xk(l -x)"* k=0,1,...,n 2)

Since their introduction, Bernstein polynomials have been extensively studied, leading to numerous gen-
eralizations and refinements [2, 3, 11, 12, 14, 16, 17, 20, 23, 26, 32].
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A notable extension of the classical Bernstein operators was introduced by Cai et al. in 2018 [7], referred
to as the A-Bernstein operators, defined as follows:

o k
Bua(f;x) = Z b i(A; x)f(;), 3)
k=0
for any f € C[0, 1], where En,k(/\} x) are Bézier basis functions with a shape parameter A € [-1, 1] [31], given
by:

En,O(/\; x) n 0(x) n+1 n+1 1(x)
bn,k()\; x) = n k() + A (n ==l but1 Kx(x) — n;zy_({l bn+1,k+1(x)) , 1<k<n-1, 4)

En,n (A;x) = bpu(x) = n+1 bus1,n(x).

For A = 0, the operators B, 1(f; x) reduce to the classical Bernstein operators B,(f;x) (1).

In recent years, A-Bernstein operators have attracted significant attention, leading to extensive research
contributions and various refinements [1, 4, 6, 8-10, 15, 19, 21, 22, 24, 25, 27-29]. Their extended flexibility,
enabled by the shape parameter A, has allowed for improved approximation properties and more adaptive
function approximation methods in various applications.

In this paper, a novel class of Bézier basis functions with parameters A and u is introduced, defined as

DY) = bu(®) + Atbui1(x) = Apibpar g (), k=0,1,2,...,1, 5)
where
Ao = Ap1 =0, ©)
1
Ar=(1- Fl)g(n%kﬁl) + 2(;:+}11)A k=1,2,...,n,

with A € [-1, 1] and u being a constant in the range [1,7#]. When pp = 1 and A = 0, these basis functions
reduce to the classical Bernstein basis functions (2).

Definition 1.1. For any f € C[0, 1], let A € [-1, 1] and u be a constant in the range [1,n]. The (A, u)-Bernstein
operators are defined as

By (fix) = Zb“’(x)f( ) 7)

where bff; l)(x) (k=0,1,..., n)are the generalized Bézier basis functions given in (5).

The primary objective of this paper is to investigate the approximation properties of the (A, u)-Bernstein
operators BQ’” (f;x). The paper is structured as follows: Section 2 analyzes the fundamental properties of
bglf )(x), including nonnegativity, partition of unity, and endpoint interpolation, along with moment and
central moment estimates of BQ’” (f;x). Section 3 establishes a Korovkin-type approximation theorem, a

local approximation result, and a convergence theorem for Lipschitz continuous functions, followed by
the derivation of a Voronovskaja-type asymptotic expansion. Section 4 presents numerical and graphical

illustrations to demonstrate the convergence behavior of BQ’” (f;x) to f(x) under various parameter settings.

2. Preliminary Results

In this section, we explore the nonnegativity, partition of unity, and endpoint properties of the Bézier
basis functions bil/\];”)(x), following the methodological approaches outlined in [18, 30]. Additionally, we
provide estimates for the moments and central moments associated with the (A, p)-Bernstein operators

Byt (f; ).
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Lemma 2.1. The Bézier basis functions with parameters A and i, denoted bfj\,’(“)(x), as defined in (5), satisfy the
following properties:

e Nonnegativity: b:?,;“)(x) >0,x€[0,1], k=0,1,...,n

e Partition of Unity: }}_, bff];”)(x) =1.

1, k=0, k=n
Endpoint ties: Y*(0) = golel g
e Endpoint properties: b, '(0) 0, k%0, by ()= 0,

Proof. (Nonnegativity) For x € [0, 1], from (5) and (6), we have
n+1 n+1
b x) = bi®) [1 P AT (1)~ A ] ®)

Since A € [-1, 1] and u is a constant in the range [1, ], it follows that fork=1,2,...,n,

n+1 _[(1—p)(n—2k+1)+ 1+ ] n+1

m+1-k 2(n2 - 1) 2m+1) | n+1-k
S (1—y)(n—2k+1)_ 1+u n+1
- 2(n2 -1) 2m+ 1) |[n+1-k

A= -2k+1) -1+ p)(n-1)

B 2 -1)(n+1-k)

_ pk—un-k+1

T m-Dm+1-k) = -1 )

Similarly, for k =0,1,...,n — 1, we obtain

n+1 |(1—p)(n—2k—1) 1+u ]n+1
k+1 =

K+l 202—1) 2+ |k+1
< (1—y)(n—2k—1)+ 1+p |n+1
- 2(n?2 -1) 2m+1) [ k+1

(1- ) —2k=1) + (1 + p)(n - 1)
- 21— Dk + 1)
-1+wk+n-1

T T m-Dk+1)

(10)
By combining (8)-(10), we establish nonnegativity as follows:

Bl () = byo(x) [1 = Aa(n + 1)x] = byo(x)(1 = x) 2 0,
, +1 n+1
) = bux(@) [ 14 A (=) = A ]
>bx)[1-1-x)-x]=0, k=1,2,...,.n-1,
Bt (x) = By () [1 + Au(n + 1)(1 = 2)]
= bn,n(x) [1 - (1 - x)] - an,n(x) = 0.

Thus, nonnegativity is proven.
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(Partition of Unity) From (5) and (6), we compute

n n n n-1
Y 0000 =Y bus) + Y Abrias®) = Y Acerbur e (x)
k=0 k=0 k=1 k=0
n n
=1+ ) Adbua i) = Y Al () = 1.
k=1 i=1

Hence, the partition of unity property holds.
(Endpoint Properties) Using the endpoint properties of b, x(x),

1, k=0, 1, k=mn,
bni(0) = {0 ko, Ow)= {o k#n

we directly obtain the endpoint properties of b:j;;” )(x). This concludes the proof. [
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Figure 1: The graphs of b;/‘lé“)(x) forn=6, A=05 py=3andk=0,1,...,6.

In Figure 1, we present the graphs of bff,;”)(x) forn=6,A=05u=3,andk=0,1,...,6. These graphs

.. . . (A)
clearly demonstrate the nonnegativity and endpoint properties of bn/k” (x).

Remark 2.2. For x € [0,1], A € [-1,1], and a fixed constant u satisfying 1 < u < n, the (A, y)-Bernstein operators
exhibit the endpoint interpolation property:

By (f;0) = f(0),  ByM(f;1) = f(1). (11)

Proof. By utilizing the endpoint properties of by,;“)(x) along with the definition of the (A, p)-Bernstein
operators (Definition 1.1), we directly obtain the resultin (11). O

Figures 2 and 3 display the graphs of B;‘(’)“ (f;x) for f(x) = 1 — cos(4e*) under various choices of A and p.
These illustrations further confirm the endpoint interpolation property of the (A, u)-Bernstein operators.
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- — f(z) =1 — cos(4e?)

Figure 3: The graphs of B]_J’“(f; x)foru=1,5,8.

Lemma 2.3. The (A, p)-Bernstein operators satisfy the following identities:

Bi(Lx) =1, (12)
Ay, _ B 1—=2x + x"1 — (1 _ x)n+1 1 — x"1 — (1 _ x)n+1
B, (Ex)=x+1-p) =) + 1+ A I+ D) , (13)
1-x) x =22 + 11— — (1 - x)mt!
B/\f:u t2. — 2 + x(— + 1 _ _
o (53 =x A U 22(n — 1)
x — xn+1 1-— xn+1 _ (1 _ x)n+1
+(1+ wA - , 14
(1+4) [ n? 2n2(n + 1) (14)
201 — _ 242 3
Byt (#;x) = + -y, x 33;: =
3x% —6x3 + 3¢ 3x2 =31 1 —2x 4+ " — (1 - x)H!
+(1—p) - +
2n? n2(n —1) 2n3(n —1)
3x2 — 3yl 1 —x"1 = (1 _ x)n+1
+ 1+ A + , 15
(1+4) [ 2n? 2n3(n + 1) (15)
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31 _ 2 143 4 a2 3_ ;a4
/\p(t4 x) = 6x (}1 x) . 7x 16;952 +11x R 7x +n132x 6x
+(1-p) 2x3 — 4x* + 2x"*1 N 3x2 — 16x3 + 8x* + 5x"+! X 8x2 + 7x"+1
# n? n’ n3(n —1)
1 — x"+1 (1 x)n+1 2)(3 _ 2xn+1 3x2 _ 2x3 _ xn+1
- +(1+wA +
2nt(n —1) T+w n2 3
x — xn+1 1— n+1 (1 )n+1
+ - 16
nt 2nt(n + 1) (16)

Proof. By utilizing the partition of unity property of bfjlj Y(v), it directly follows that Bi*(1;x) = 1. Next, we

determine BQ’” (t; x) using Definition 1.1:

By () = Z b (X X~

=0
- k ~v . k - k
= kz_; bn,k(x)E + kZ—O Akﬁbnﬂ,k(x) - kz_; AV Ebn+1,k+1(x)

ok o k-1
= Bult) + ) Arbiax®) = ) A1)
k=1 k=1

n
1
= B,(t;x) + 2 Akabn+1,k(x)

n-— 2k+1

=By + (1) Z bs) + (14 01 ), 5o,
k=1

where it is known that B, (¢; x) = x. Define

= o —2k+1 - 1
A1(n;x) = kz; mbnﬂ,k(x)/ Ny(n;x) = kz; mbnu,k(x)-

Thus, we obtain
BY (%) = x + (1 — t)Ag (%) + (1 + ) Ao (1; %). (17)

By performing algebraic manipulations, we derive the following identities for A;(1; x) and Ax(1; x):

S -2k+1
Av(n; %) = Z mbn+l,k(x)

n—k+ 1 - k
Z 2072 = n+1,k(x) - Z mbnﬂ,k(x)

= T ank(x) S 1)ank1(x>

_1—2x+x”+1—(1—x)”+1. a8)
B 2n(n—1) ’

. B B 1-— xn+1 _ (1 _ x)n+l
Ar(n;x) = I;‘ mbn+1,k(x) = 20+ Dn . (19)
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Finally, substituting (18) and (19) into (17), we obtain

1—2x + x"1 — (1 _ x)n+1 1 — xtl (1 x)n+1

Bﬁfy(t}x) =x+(1-p) 2n(n — 1) @+ A 2(n + n

(20)

We now derive the expression for Bﬁ’“(t2 5 X):

BM(#%x) = Zb“‘)(x)

SR e - K2
= Z bux(®) 5 + Y M b i) = Y At b ()
k=0 k=0 k=0

n
2k -1
= Bu(P52) + ) A b ()
k=1

= (n-2k+1)(2k -1
=B+ 1-p) ¢ - )1()712 ) by 42)

k=1

2k -1
+(1+m22( oy )

where it is known that B, (#%; x) = x* + @ To facilitate further simplifications, we introduce the auxiliary
functions:
n n
-2k+1)(2k-1 2k—-1
As(n;x) = Z (n ) )

2~ 1) buerp(x),  Ag(n;x) = L2+ 1y by k().

= A
Thus, we obtain

Bi* (% x) = 22 + Q + (1= wWA3(m;%) + (1 + w)AA(1; x). (21)

By performing algebraic manipulations, we derive explicit formulas for As(n; x) and A4(n; x):

Doty = Y L2 DA

=1 2(n? - 1)n?
(n—k+1)2k, (n—k+1)
= Z 2(1’12 1) 2 n+1k(x) Z 2(112 1) 2 n+1,k(x)

k(2k-2)
Z 2(n? — Dn? bns1k(x) Zz(nz 2 br1,x(x)

x(l -x) x2(1 —x"1) (1-n-0-%" x(1-x"

nn—1) nn—1) 2n2(n — 1) 2n%(n —1)
Cx =20 a1 - (1 —x)"
T am-1) 2n2(n-1) ' 22)
S 2k-1
Ag(m;x) = ) —————bypi14(x)
! L o(n+ 12

S 2k nog
= ; an+l/k(x> - ; Wb”-ﬂ,k(x)

_ x — x"1 _ 1 — x"1 — (1 _ x)n+1 ‘ (23)
n2 2(n + 1)n?
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Finally, substituting (22) and (23) into (21), we obtain

x(1—x)+ x —2x2 + xM1 1—x"*1—(1—x)”]
n

Bﬁru(tz; x) = 2+ (1-w) [ n(m—1) B 2n%(n — 1)

x — xn+1 1-— xn+1 _ (1 _ x)n+1
+ 1+ -
(+w [ n2 2(n + 1)n?

Thus, the identities in (13) and (14) have been established. Similarly, the proofs of (15) and (16) follow
from analogous computations and are omitted here for brevity. O

By applying Lemma 2.3 and carrying out straightforward calculations, we derive the following corollary.

Corollary 2.4. For fixed x € [0,1], A € [-1,1], and a constant u € [1,n], the following identities hold:

1 —2x + x"t1 — (1 _ x)n+1 1 — 1 (1 _ x)n+1

A i) = (1 —
B, t-xx)=01-p) = 1) +(1+ A T+ 1) , (24)
1-
Bt~ 2 = XY
xn+1 _ xn+2 + x(l _ x)n+1 1-— xn+1 _ (1 _ x)n+1
+ (1 - H) - 2
nn—1) 2n*(n —1)
x — xn+1 x — x"2 — x(l _ x)n+1 1 —x"1 — (1 _ x)n+1
1 A - - 25
(144 [ n? nn+1) 2n2(n +1) ’ 5
lim nB,*(t - x;x) = 0, (26)
n—00
lim nB*((t — 2% %) = x(1 - x), 27)
lim 2B ((t — x)%; x) = 322 — 6x° + 32, (28)
Since x € [0, 1], the following inequalities hold:
1-x"—1-x'>0, 1-(1-x""1>0, and 1-x">0.
From (24) and the condition A € [-1, 1], we obtain the upper bound
2% =1 —x"1 4 (1 _ x)n+1 1 —x"t1 = (1 _ x)n+1
By (t—xx) = (u—1 1
e 2n(n—1) td+mA 2n(n + 1)
1+ 2x —x"1 + (1 _ x)n+1 1 — "1 — (1 _ x)n+1
<(u-1 1
<@w-=1 2n(n —1) ) 2n(n+1)
1= Pru(x), (29)
where ¢, (x) represents the upper bound of BQ’” (t—xx).
Following a similar approach, we establish the bound
I 1-
Bt - <
n+1 n+2 _ A \n+l _ ant+l _ A \n+l
f(u—1) XM+ X"+ x(1 - x) +1 X (1-x)
n(n—1) 2n2(n —1)
_ an+l a2 _ A \n+l _ ant+l _ A \n+l
+([u+1)x X xX—x x(1 —x) 1-x (1-x)
n? n(n+1) 2n2(n + 1)
= P u(x), (30)

where 1, ,,(x) denotes the upper bound of BQ’“((t - x)%;x).
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3. Convergence Properties

In this section, we investigate the approximation properties of the (A, u)-Bernstein operators B f;x).
Specifically, we establish a Korovkin-type approximation theorem, a local approximation theorem, a con-
vergence theorem for Lipschitz continuous functions, and a Voronovskaja-type asymptotic formula.

First, we present a Korovkin-type approximation theorem for BQ’”( f:x).

Theorem 3.1. Let f € C[0,1], A € [-1,1], and u be a constant in [1,n]. Then the sequence of (A, u)-Bernstein
operators Byt £ x) converges uniformly to f on [0, 1].

Proof. By Korovkin's theorem, it is sufficient to prove that B,/)" ‘(H; x) converges uniformly to xfori=0,1,2,
ie.,

lim [|B,*(f;x) - ]| =0, i=0,1,2,
n—oo

where || o || := SUP (0.1 | o |. Using equations (12), (13), and (14), we verify these conditions directly. This
completes the proof. 0O

To facilitate the presentation of the following theorem, we first recall the definition of the Peetre K-
functional:

Ka(f;0) := gegl[g,ll {Ilf = gll +ollg”ll},

where 6 > 0, and C?[0, 1] denotes the space of twice continuously differentiable functions on [0, 1]. It is well
known from [13] that there exists a constant C > 0 such that

Ka(f3) < Can (f; V0), (31)
where w;(f; 6) denotes the second-order modulus of smoothness for f € C[0, 1], defined as

wy(f;0) :== sup sup )f(x+2h)—2f(x+h)+f(x)|.
0<h<6 x,x+h,x+2he[0,1]

Additionally, the standard modulus of continuity for f € C[0, 1] is given by

w(f;0):=sup sup |f(x+h)—f(x)|.

0<h<d x,x+he[0,1]

We now establish a direct theorem concerning the local approximation properties of the (A, u)-Bernstein
operators By*(f; x).

Theorem 3.2. Let f € C[0,1], and let A € [-1, 1] and p be a constant in [1,n]. Then, the following inequality holds:

BY(f;x) - f(x)| <Cawy ( £l JUnu) + ¢5/H(x)) +o(f; Puu®), VYxel0,1], (32)

where C > 0 is a constant independent of n and x, and ¢y, (x) and Py, (x) are defined by equations (29) and (30),
respectively.

Proof. First, define the function

1 =2x + x"1 — (1 _ x)n+1 1 —x"1 = (1 _ x)n+1
1
2n(n —1) +1+wA 2n(n + 1) !

€ @) =x+(1-p)
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which serves as a shifted argument in the construction of auxiliary operators. To facilitate the analysis,
introduce the auxiliary operator

By (F%) = By (f53) - F(E) () + f(), (33)
From (12) and (13), along with the definition of BQ’”, it follows that

B ML) =B (L) =1, Byf(bx) =By (bx) - & (@) +x=x.

For any g € C?[0, 1], applying Taylor’s expansion around x, we obtain
¢

90 =90 + 7@ -0+ [ €= @e 69

Applying B, to (34) yields
¢
Bt (g;x) = g(x) + ¢ (OB (t — x; ) + BY* (f (t —u)g” (u) du; x)

¢
=g(x) + Bﬁ’” (f (t —u)g” (u)du; x)

t Y
=g(x) + BQ’“ (f (t—u)g"” (u) du;x) - f (EZ’A(x) —u)g” (u)du.

By the triangle inequality, together with (29) and (30), we obtain

B ( f (t — u)g” (u) du;x)

< B (t = 2% 0)llg” |+ (&5 () - 2)Plg”
< [ @) + 92,0 g1l
On the other hand, from (33), it follows that

+

‘E:zl,/\(x) .
[ - wewa

By (g;%) - 9| <

BM(f; x)| <

BY(f:0)] + 21f1 < IFIBY (1) + 2041 = 3. (35

By combining (33) and (35), we derive

By () — FO0| = [BY(F50) - F0) + £(E4 () — £
< [BY#(F - g:0)| + B @:) - 90| +[9) - F| + [t ) - £
<A4llf = gll+ [ @) + 2, 19”1l + @ (£, o).

Taking the infimum over all g € C2[0, 1], we have

2
Byt (f;x) — f(x)| < 4K, (f; w] + @ (f, ().

Finally, by applying inequality (31), we obtain

BYA(f3) = F00| < Can (£ 5 Afimal) + 02,,00) + (£, bnu0),

which completes the proof of Theorem 3.2. O
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Remark 3.3. For any x € [0, 1], if follows from (29) and (30) that
21_1;1; (,bn,y(x) =0, 31_1)1010 an,y(x) =0. (36)
These limits imply that the (A, p)-Bernstein operators BQ’“ (f; x) converge pointwise to f(x)asn — oo.

Next, we analyze the rate of convergence of the (A, u)-Bernstein operators Bﬁ’” (f; x) within the Lipschitz
class Lip,,(a), where M > 0 and 0 < a < 1. A function f belongs to Lip,,(«) if it satisfies

lf(y) = f)l <My —x*, VYx,yeR. (37)

Theorem 3.4. Let f € Lip,,(a), x € [0,1], A € [-1,1], and p be a constant in [1,n]. Then, the following inequality
holds:

BY(F) - f)] < Mg (38)
where Yy, ,(x) is defined in (30).

Proof. Since B,"isa sequence of linear and positive operators and f € Lip,,(«a), it follows that

lﬁwﬁw—fWﬂsByﬂﬂﬂ—f@Wﬂ b“”<4f —f

<M Z b(/\ ,U)(x)

g [ _x)z]“w(xm

Applying Holder’s inequality, we obtain

a 2-a

212
con ot
=M@%w—ﬁmﬁ.

By the definition of ¢, ,(x) in (30), it follows that

By (%) - f00| < M[u0)]
which completes the proof. [

Theorem 3.5. Let f be a bounded function on [0,1]. For any x € (0, 1) such that f”(x) exists, let A € [-1,1], and u
be a constant in [1,n]. Then, the following asymptotic formula holds:

f

hmn@“gx) f@)] = u—@ (39)

Proof. Fix x € [0,1]. By the Taylor’s expansion of f at x, we obtain

f() = f) + f @t —x) + %f " = 0% + (0 - x), (40)
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where r(t; x) is the Peano remainder term, which is continuous on [0,1] and satisfies lim;_,, #(t;x) = O.
Applying the operator B, to both sides of (40) yields

BYM(f;x) — f(x) = /(0B (t - x3x) + —— f"( %) BYM((t = %)% x) + B (r(t; x)(t — 0)% ). (41)
Taking the limit as n — oo, we obtain
lim 7 [B,"(f;2) = f@)] = f() lim nB,* (t - ;) (42)

i z(x) lim nBY((t = x)2; %)

+ lim nB* (r(5 x)(t — ©)% x).

Using the Cauchy-Schwarz inequality, we obtain

Byt (r(t; x)(t — x)%5x) < \/BQ'“(rZ(t; x); x) \/B,;"“((t —x)% ). (43)
Since 2(x; x) = 0 and using (28), it follows that

lim nBI (r(t %) — x)% %) = 0. (44)
Finally, by combining (26), (27), (42), and (44), we obtain

tim 1 [B (7520 ~ £9)] = L2t - ),
This completes the proof of Theorem 3.5. [J

4. Graphical and numerical analysis

In this section, we provide graphical and numerical illustrations to demonstrate the convergence be-
havior of the (A, u)-Bernstein operators BQ’” (f;x) toward f(x) for different choices of A, u, and n.

Figure 4: The graphs of B, "®(f; x) for n = 10, 50, 100.
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— f(z) =1 — cos(4e®)

--n=10, A=1, p=38
—n=>50, A=0, u=16
n=100, A=-1, p=

24

Figure 5: The graphs of Bi’os(f; x), BYI(f; x) and B 124 (f; x).

50

100

Consider the function f(x) = 1 — cos(4e*). Figure 4 display the graphs of B,"®(f;x) for various n,
illustrating the approximation properties of the (A, p)-Bernstein operators. As n increases, the operators
exhibit improved convergence to the target function f(x), reflecting enhanced approximation accuracy.

Figure 5 presents a comparison of B}f (f;x), nglé( f;x), and

-1,24
BlOO

(f; x), illustrating the impact of different

parameter choices on approximation accuracy. The results demonstrate thatincreasing n enhances precision,
while variations in A and u affect the operator’s shape and convergence rate.

Table 1: The errors of the approximation of BA3(f; x) to f(x) for different values of 1 and A.

1By (f; ) = F(®)lleo

A n=20 n=>50 n =100 n =150 n =200

-1 0.246510 0.106115 0.054453 0.036618 0.027589
-05 0.247491 0.105376 0.054187 0.036500 0.027521
0 0.252284 0.104969 0.053976 0.036389 0.027454
0.5 0.260910 0.105373 0.053765 0.036277 0.027386
1 0.273257 0.107890 0.054209 0.036216 0.027312

Table 2: The errors of the approximation of B, Lu (f;x) to f(x) for different values of # and p.
1By (f; %) = F(@)llo

U n=20 n =50 n =100 n =150 n =200

1 0.238898 0.105019 0.054222 0.036534 0.027546
5 0.243248 0.105642 0.054336 0.036578 0.027571
10 0.248684 0.106430 0.054530 0.036653 0.027603
15 0.254692 0.107218 0.054724 0.036739 0.027651
20 0.261237 0.108007 0.054918 0.036825 0.027699

Tables 1, 2, and 3 display the approximation errors of BM( f:x), B;l’” (f;x), and BQ(’)’S f; x) with respect to

f(x) for different values of 1, A, and p, respectively. From Table 3, we observe that in certain cases (e.g.,

A =1, u = 10), the error IIBA’“(f,‘ x) = f(%)lle is smaller than ||B%2
to the classical Bernstein operator.

200

200

;%) = f(x)lleo, where B

»00(f; %) corresponds

Table 4 displays the approximation errors of the A-Bernstein operators Bag 1 (f; x) for various values of
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Table 3: The errors of the approximation of B;g(; (f;x) to f(x) for different values of A and p.

1B, (%) = F()lleo
A=0

i A=-1 1=-05 1=05 =1
1 0.027546 0.027531 0.027516 0.027501 0.027486
5 0.027570 0.027526 0.027481 0.027436 0.027391
10 0.027603 0.027518 0.027436 0.027354 0.027272
15 0.027651 0.027511 0.027391 0.027272 0.027465
20 0.027699 0.027504 0.027347 0.027281 0.027659

Table 4: The errors of the approximation of By i (f; x) to f(x) for different values of A.
IBua(f; %) = f(X)llo
A=-1 A=-05 A=0 A=05 A=1
0.027498 0.027507 0.027516 0.027525 0.027534

A. A comparison between Tables 3 and 4 reveals that in some instances, the error IIB;’)’S( f:x) = f0)lleo is
smaller than [|Bago A (f; x) — f(¥)lle, highlighting the potential advantage of the (A, u)-Bernstein operators in
improving approximation accuracy.

5. Conclusion

In this paper, we introduced the (A, i1)-Bernstein operators BQ" ‘(f; x), constructed using a novel class of
Bézier basis functions b;(j};# )(x) parameterized by A and p. Notably, these operators generalize the classical
Bernstein operators, which arise as a special case.

We conducted a comprehensive analysis of the fundamental properties of the basis functions bfj];“)(x),
including nonnegativity, partition of unity, and endpoint behavior. Furthermore, we derived precise

estimates for both the moments and central moments of Bﬁ’“( f;x). Our study also established a Korovkin-
type approximation theorem, a local approximation result, a convergence theorem for Lipschitz continuous
functions, and a Voronovskaja-type asymptotic formula.

Finally, we provided graphical illustrations and numerical examples to demonstrate the convergence

behavior of Bj*( f;x) under different parameter settings. The results indicate that, for certain values of A
and y, the (A, u)-Bernstein operators yield more accurate approximations than both the classical Bernstein
operators B, (f; x) and the A-Bernstein operators B, 1(f; x).
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