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Tauberian theorems and statistical Cesaro summability in the
framework of neutrosophic normed spaces
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Abstract. This paper establishes Tauberian theorems for statistical Cesaro summability in neutrosophic
normed spaces. We prove that g-bounded sequences statistically convergent under the neutrosophic norm
(2, B, €) are also statistically Cesaro summable, and characterize when the converse holds. Key results

include a neutrosophic statistical slow oscillation condition and the role of {n(v, — v,-1)}’s g-boundedness
in ensuring statistical convergence.

1. Introduction

The shift from classical to modern mathematical frameworks originated with the study of unconven-
tional objects that, despite deviating from traditional definitions, prove instrumental in modeling systems
plagued by uncertainty. Pioneered by Zadeh'’s fuzzy sets [21] and Atanassov’s intuitionistic fuzzy sets [1],
subsequent research has generalized these concepts into more refined structures, including neutrosophic
sets [18].

Recent developments by [9] have deepened the understanding of intuitionistic fuzzy quasi-normed
spaces, unveiling critical topological features that expand their applicability in uncertainty-driven models.
Parallelly, [10] pioneered neutrosophic normed sequence spaces employing the Jordan totient operator,
highlighting their significance in functional analysis.

The theoretical underpinnings were further solidified by [11] and [12], who established Tauberian theo-
rems for Cesaro summability in neutrosophic normed spaces. These results furnish essential convergence
conditions, bridging classical summability theory with modern uncertainty-based approaches.

This work extends existing literature by probing the interplay between statistical Cesaro summability
and convergence in neutrosophic fuzzy normed spaces. We introduce novel sufficient conditions under

which summability guarantees convergence, synthesizing insights from both intuitionistic and neutro-
sophic paradigms.
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2. Preliminaries

In this section, we lay the groundwork for defining neutrosophic normed spaces and present fundamen-
tal concepts including sequence convergence, boundedness, g-boundedness, and statistical convergence
within these spaces.

Building upon the framework of neutrosophic metric spaces, Saadati and Park (2006) introduced neutro-
sophic normed spaces as an extension of fuzzy normed spaces, following the foundational work of Saadati
and Vaezpour (2005). The formal definition is given as:

Definition 2.1. [13] A quadruple (V, U, B, €) is called a neutrosophic normed space (NNS) if V is a real vector space
and W, B, € are fuzzy sets on V x R that satisfy the following properties for all v,w € V and s, t € R:

(a) A, t) = 0 when t <0and A(v,t) > 0 when t > 0,
(b) W, t) =1 forallt > 0iff v is the zero vector O,
(c) A(cvt) = (v, t/c|) for t > 0 and nonzero c,

(d) A+ w,t+s) = min{A(v, t), Ww, s)},

(e) (v, t) approaches 1ast — coand Oast — 0,

(f) W, -) is a continuous, non-decreasing function,
(g) B(v,t)=1fort <0and B(v,t) <1 fort>0,

(h) B(v,t) =0forallt>0iffv=0,

(i) B(cvt) =B (v, t/lcl) for t > 0and ¢ 0,

(j) B(v+ w,t+s) <max{B(v,t), B(w,s)},

(k) B(v,t)tendstoOast — coandlast — 0,

(I) B(v,") is a continuous, non-increasing function,
(m) Cv,t) =1fort <0and (v, t) <1fort >0,

(n) C,t) =0forallt>0iffv=0,

(0) Clcvt) = C (v, t/lcl) fort > 0andc # 0,

(p) C(v+ w,t+s) <max{C(v,t), Cw,s)},

(q) &v,t) approaches Oast — coand 1ast — 0,

(r) &(v,-) is a continuous, non-increasing function,
(s) The sum A(v,t) + B(v,t) + C(v,t) < 1 forall t > 0.

Here, (U, B, C) is referred to as a neutrosophic norm on V.

A standard example of a neutrosophic normed space in the literature can be constructed as follows:
Let (V, ]| - ||) be a classical normed space. Define the fuzzy sets Uy, By, €y on V X R by:

Lt t>0
Wo(v, £) = 4 017 ‘
o) {0, t<0,
MR
Bo(v, t) = vl ’
0@ H =" o)

vl
, t>0,
Co(v, t) = { i+llvll <0

Then (V, Uy, By, €p) forms a neutrosophic normed space (NNS). Throughout this paper, we denote an NNS
simply by (V, %, B, €) unless specified otherwise.

Definition 2.2. [13] A sequence (v,) in an NNS (V, U, B, €) converges to £ € V with respect to the neutrosophic
norm if for every € > 0 and t > 0, there exists ng € IN such that for all n > ny:
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o A, - Z,t)>1-¢,
e B(v, — %L, t)<e,
e Cv, - %, ) <e.
We denote this convergence by (U, B, €) — limy 0 vy, = Z.
Definition 2.3. [8] For any subset A of an NNS (V, ¥, B, €):
(i) Ais bounded if Ir > 0,ty > 0 such that Vv € A:
o A, tg)>1-r,
o B(v, ty) <,

o C(v,ty) <.
(ii) A is g-bounded if:

limpa(H) =1 and lim(@a(t) +Ea(t) =0,
where

@a(t) =inf{UA(v, 1) : v € A},
Ya(t) = sup{B(v,t): v €A},
Ea(t) =sup{€(v,t) : v € AL

A sequence (vy,) is bounded in (V, %, B, €) if there exist r > 0 and ¢y > 0 such that for all n € IN:
W, k) >1 =1, Bvy,ty) <r, Cvy,ty) <.
Similarly, (v,) is g-bounded if:

tlim infA(v,,t) =1 and tlim sup(B(vy, t) + (v, 1)) = 0.

Equivalently, for every € > 0, AM > 0 such that Vt > M:

infA(v,, t) >1—-€ and sup B(vy, t),sup C(vy,, ) <e.

We now introduce statistical convergence in neutrosophic normed spaces. The concept originated
with Zygmund'’s “almost convergence” (1955) and was formalized by Fast (1952) and Schoenberg (1959)
[4,17,22].

For K € IN, define K,, = {k < n : k € K}. The set K has asymptotic density if the limit

K
0= lim

exists. A sequence (v,) is statistically convergent to .Z if for every € > 0:
O(fke N :|uy — &£ >¢€})=0.

We write st—lim,,_,., v, = Z. While all convergent sequences are statistically convergent, the converse fails
as shown in [5, 15].
Statistical convergence has applications across mathematics:

e Probability theory: Analysis of random variables [7, 16]

¢ Topology: Convergence of set sequences [3, 6]
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e Number theory: Density-preserving permutations [2]
e Optimization: Asymptotic behavior of optimal paths [14]

Definition 2.4. [13] A sequence (v,,) in a neutrosophic normed space (V, U, B, €) is statistically convergent to £ € V
(denoted sty ¢ — limy—c0 vy = L) if for every € > 0 and t > 0, either of the following equivalent conditions holds:

(a) S((k e N: U(vy - Z,t) <1 —€0rBvy — L, t)2eorCvy — Z,t) 2€}) =0
(b) lim %{kSn:‘H(vk—f,t)Sl—eor%(vk—f,t)Zeor(S(vk—Z,t)Z(—:H:O

+1

The element £ is called the sty ¢-limit of the sequence.
Lemma 2.5. [13] For any sequence v = (v,) in (V, U, B, €) and for every € > 0, t > 0, the following statements are
equivalent:
(i) stypc — limy_e Uy = &
(ii) The following three density conditions hold simultaneously:
o(fn e N : (v, — Z,t) <1—¢})
o(fne N: B(v, - Z,t) > €})
o(fn e N: Cv, - Z,t) = €})

0
0
0

(iii) S(fn e N : A(v, — L, t) > 1 —eand Bv, — ZL,t) <eand C(v, — L, t) <e}) =1
(iv) The following three density conditions hold simultaneously:

(neN: v, -Z,t)>1-¢})) =1
o({fneN: B, - Z,t)<e}) =1
S(fneN:Cuv,-Z,t)<e}) =1

(v) The following statistical limits hold:
st—&i_r)g‘)l(vn -Z, =1
st—&i_r&%(vn -Z, =0
st — 322(5(0" -Z, =0

3. Results

We make the following observation: when a sequence (v,) in the neutrosophic normed space (V, %, B, €)
exhibits statistical convergence relative to (%, B, €), its sty u¢-limit possesses uniqueness. An essential
relationship exists where (U, B, €)-lim, . v, = £ necessarily implies sty ¢-lim,;—e vy = £ (Karakus et
al., 2008).

We now introduce two distinct summability approaches in this context:

Definition 3.1. For any sequence v = (vy,) in (V, U, B, ), we construct its associated Cesaro averages:

n

1
0n=n+1m2=0vm, n>0.

The sequence is said to be:

1. (U, B, €)-Cesaro convergent to £ when (A, B, €)-lim o, = £ holds;
2. statistically (U, B, €)-Cesaro convergent to £ when sty p¢-lim o, = £ occurs.
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The subsequent result establishes fundamental convergence properties of the statistical Cesaro method
in (V, ¥, B, €) for sequences satisfying a g-boundedness constraint.

Theorem 3.2. Let the sequence v = (v,) in (V, U, B, €) be g-bounded. If (v,) is statistically convergent to a finite
number £ € V with respect to the neutrosophic norm (N, B, €), then it is also statistically Cesaro summable to
£ € V with respect to the neutrosophic norm (2, B, €).

Proof. Assume that (vy,) is g-bounded and sty ¢ — limy—e vy = .Z. Then, for a given € > 0, there exist
M, M > 0 such that

inf A(vy, t) > 1 — € and sup B(vy, t) < € and sup C(vy, t) < € for all t > 2M,,
neN neN neN

and clearly

inﬂ{l WL, t/2) >1 —eand sup B(Z,t/2) < eand sup &(Z,t/2) <eforallt > 2M,.
ne nelN nelN

This requires

inf Aw, — L, 1) > min{inf %I(un, f), inf ‘ZI(.Z, f)} S1-e¢
nelN 2 2

nelN nelN
and
t t ,
sup B(v, — £, t) < max {sup B (Un, E),sup B (Dgf, E)} <e
nelN nelN nelN
and

sup (v, — 2, t) < max {sup(i(vn, é),sup@(ﬁ, %)} <e

nelN nelN nelN

for all t > min{2M,, 2M}, as well. Since sty ¢ — lim,—c vy = £, we have from Lemma 2.5,
6(K‘21,v(€1 t)) = 6(K%,v(€/ t)) = 6(K(£,v(€r t)) =0
for all t > 0, where

Koo, ) ={n <N:Uv, - L, t)<1-¢},
Kgu(e,t) ={n <N :B(v, - L, 1) > €},
Key(e,t) ={n < N:C, - Z,1t) =€}

Define the sets

B= kGNZkEKQ(,v(G,t) p

{ }
C={keN:ke K;I,U(e, 1},
B' ={keN:keKgylet),
C'=lkeN:ke KfBlv(e, 1},
B” ={ke N :k € K¢ (€, 1)},
C" ={keN:keKg,(et)

such that |B| + |C| = n+ 1 = |B’| + |C’| = |B”| + |C”| where | - | denotes the cardinality of the enclosed set.
Accordingly, we can easily deduce BNC=0=B"NC" =B"NC".



M. Faisal, M. Kamran / Filomat 39:24 (2025), 8245-8264

In the view of such information, we conclude that there exists a number 1y € IN such that

1 n
(o, — L, 1) = A [m ;)‘(vk -, t}

= U Z(vk—$)+ Z(vk—jf),(n+1)t

keKay,, kEKgLU

> min %[Z(vk—f),lBu],‘JI Z(vk—.i”),ICIt

keKy, kekg ,

> min {min Wy — Z, 1), kam (v — &, t)}

keKa Koo

> min < inf (v, — in AW(vy —
_mm{klgN (vk = 2,1), min A(vg z,t)}

Av

>min{l —¢,1—-¢}=1-¢,

and
B(o, — £, t) < max {max B(vg — £, 1), max B(vy — £, t)}
keKs keK{B/U
< max {sup B(vy — £, t), max B(vy — Z, t)}
keN keKy ,
<eg,
and

C(o, — Z,t) < max {max Cloy — Z, 1), I{nI?x Cloy - %, t)}
€ C

kEK(\;/l, o

< max {sup Clvg - Z,t), max C(vy — &, t)}
keN kerE,v
<eg,

for all t > min{2M,, 2M} > 0 and n > ny. This provides that the set

fneN: o, - &, t)<1-€corB(o, - &, t) =€eor o, - Z,t) = €}

8250

has at most finitely many terms. Because every finite subset of the natural numbers has a density of zero,

we immediately observe

o(fneN:Wo,-%,t)<1—€corB(o, — ZL,t) >eor €o, - Z,t) >€}) =0,

which means that (v,) is statistically Cesaro summable to ¢ with respect to the neutrosophic norm

@, B,6). O

However, a sequence being statistical Cesaro summable with respect to the neutrosophic norm (2, B, €)
need not be statistically convergent with respect to the neutrosophic norm (%, B, €). An example indicating

this case is constructed by Yavuz (2021) as follows.
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Example 3.3. [20] Let (IR, Ay, By, €p) be an NNS and v = (v,,) be a sequence in (R, Ay, By, o), where Uy, By, and
Cy are defined by (1), and v = (v,,) is defined by

14 (=1)" +n?, ifn=k,
Uy =31+ (-1)"=(m—1)% ifn=kK+1,
1+ (-1)", otherwise.

for k € IN. It can be observed that (v,) is statistically Cesaro summable to 1 with respect to the neutrosophic
norm (g, Bo, €), but it is neither q-bounded nor statistically convergent with respect to the neutrosophic norm

(Ao, Bo, €y). On the other hand, (v,) is not convergent or Cesaro summable with respect to the neutrosophic norm
(Ao, Bo, €y), as well.

Lemma 3.4. [19] The following statements hold true:
(i) Let A > 1. For each n € N\ {0} withn > (3A — 1)/A(A — 1), it can be seen

A <)\n+1< 27
A=-1 An-n A-1"

(ii) Let 0 < A < 1. Foreach n € N \ {0} with n > A1, it can be seen

An+1 2A

0<n—)\n<1—/\‘

The following lemma indicates the additivity and homogeneity of the statistical limit.

Lemma 3.5. Let v = (vy), @ = (wy) be two sequences in (V, N, B, €). If (v,) and (w,) are statistically convergent to
finite numbers £, %, € V with respect to the neutrosophic norm (U, B, €), i.e.,

stygec — lim v, = 4 and sty g — lim w, = %,
n—oo0 n—o0
then
stygc — Im (v, + wy) = A + L and sty e — lim cv, = ¢4,
n—oo n—oo
for any constant ¢ # 0.

Proof. Assume that sty g, —limy e Uy = -2Z7 and sty s,¢ —limy—.co 0, = %. Foragivene > 0, choose 1,1, > 0

such that min{1 — r1,1 — r2} > 1 — € and max{ry, 2} < €. Then, for sufficiently large N and any ¢ > 0, define
the following sets:

Ky (1, t) :={n < N: W, - A,H) <1-r},
Kg(ri,t) :={n <N : B(v, — A,t) =11},
Kgo(r1,t) == {n < N: Cv, — A, 1) >},
Kyo(ra, ) = {n < N : Ww, — L,1) <1 -1},
Kg,o(r2,t) :={n < N : B(w, — %,t) > 1},
Kgo(ra, t) :i= {n <N : Cw, — £, 1) = 12},

(a) First, define the following sets for a given € > 0 and any ¢ > 0,

K?I,v,m(el t) = {1’1 <N: QI(vn + Wy — (.,% + .,Zé), t) <1- 6}/
Kauo(e, ) i= {1 < N : B(u, + @, — (4 +.%4),1) 2 €),
Kepole t) = {n < N: Cv, + @y — (A + 5), 1) > €).
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It follows from the NNS axioms (d), (j), and (p) that for any ¢ > 0,

W, + wn — (L1 + %), 1) > min {%t (un — 4, %)m(w _ 2, é)}

>min{l —r;,1 -1} >1-—¢,

and
B(v, + W, — (G +.5), 1) < max{%(vn _a, %),%(a)n _ 2 %)}
< maxir, rn} <e,
and
Cp +wy, — (A +5H),t) < max{(i(vn -4, é),({(a)n -5, é)}

< max{ry, rn} <Eg,
which mean
K‘i[/v(rll t/z) N thra,(@/ t/z) g Kg[/v/w (6/ t)/

K (11, 1/2) N K, (r2,1/2) € K, (€,D),
KG (11, 1/2) N K, (2, £/2) €K, (6,1),

or equivalently,

Katp,w(€,t) € Koo (r1,£/2) U Kaw(r2, £/2),
K%,v,m(el t) g K%,v(rll t/z) U K%,m(rZ/ t/z)/
K(Y,v,a)(er t) c K(‘:,v (1"1, t/2) ) K(Y,a)(r2/ t/Z)

If we take the asymptotic densities of both sides, then we attain for any ¢ > 0,

0 < 6(Kaip,w(€, 1) < 6(Kar,p(r1,£/2)) + 0(Kaw(r2, £/2)),
0< 6(K%,v,a)(€r t)) < 6(K%,v(rlr t/Z)) + 6(KQ3,(A)(T2/ l’/Z)),
0< 6(K(S,v,(u(€/ t)) < 6(K(€,U(r1r i’/2)) + 6(K(§,w(72/ t/2))

Since (v,) and (w,) are statistically convergent to .%;, .4 € V with respect to the neutrosophic norm
(U, B, €), we have from Lemma 2.5,

0(Kap(r1,£)) = 6(Kspu(r1, 1)) = 6(Kg,n(r1,£)) = 0 = 6(Kao (12, £)) = 6(Kp 0 (r2, 1)) = 6(Kg (12, £))
for any t > 0. As a result, we prove sty ¢ — lim,—co(Vy + @wy) = £ + % by Lemma 2.5. OO
(b) Now, define the following sets for a given € > 0 and any > 0:

Ky (e, t) :={n < N:Wcu, —cA,t) <1—¢€},
Ky e(€ t) == {n < N:Blcu, —c4,t) 2 €},
Kgeo(€, t) :={n < N : Clcu, — A, t) > €.

for any constant ¢ # 0. It follows from the NNS axioms (c), (i), and (o) that for any ¢ > 0,

t
%I(cun—cﬁ,t):‘ll(vn—fl,m)>1—r1 S1-¢
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B(cu, — cA4,t) = QS(U,, -4, é) <r; <e

C(eu, —cA,t) = (S(vn - A, |?t|) <r; <e

which mean Kgl,v(rl’ ) C Kgl/w(e, 1), K%rv(rl, t) C K%/cv(e, t), and Klev(rl, t) C K&w(e, t), or equivalently,

K‘l[,cv (E, t) c K‘H,v(rl/ t)/
K%,cv(e/ t) - K%,v(rlz t)/
KG,,CU (er t) g K@,U (rlr t)

If we take the asymptotic densities of both sides, then we attain for any ¢ > 0,

0< 6(K‘H,cv(er t)) < 6(K‘2[,v(rlr t))/
0< 5(K‘B,cv(€/ t)) < 6(K%,v(71/ t))/
0 < 8(Kscole, 1) < 5(Keo(r1, 1):

Since (v,) is statistically convergent to .£7 € V with respect to the neutrosophic norm (%, B, €), we have
from Lemma 2.5

0(Kup(r1,1)) = 6(Kg,(r1, 1)) = 6(Kg,n(r1, 1)) = 0

for any ¢ > 0. If we consider these together, then we reach 6(Ku (€, t)) = 6(Kg cv(€, 1)) = 0(Kg (€, t)) = 0 for
any t > 0. As a result, we prove sty s ¢ — lim,—e cit, = c¢Z; by Lemma 2.5.

Lemma 3.6. Let v = (v,) be a sequence in (V,U, B, €). If (vy,) is statistically Cesaro summable to a finite number
Z € V with respect to the neutrosophic norm (U, B, €), then (o0,,) is statistically convergent to £ € V in the same
way for each A > 0, i.e.,

stysc — lim 0y, = %,
n—oo
where A,, = [An].

Proof. Assume that sty g ¢ — lim,—e 0, = -Z. Then, for sufficiently large N and a given € > 0, define the
following sets for any ¢ > 0:

Ky (e, t) = {n < AN : (o, — Z,t) <1-¢€},
Ky(e, t) :={n < AN :B(o, — Z,1t) > €},
Kgy(e,t) :={n < AN : €0, - Z,t) > €},
Ky, (€,8) :={n < N: U@y, — &L, t) <1—¢€},
Ko, (€,t) :={n <N :B(oy, —Z,t) > €},
Kgg,(€,t):={n < N:C€(0,, — Z, ) =€}

Case A > 1. It can be easily seen that Ky 4, (€, t) € Ku (€, t), Kno,(€,1) € Ky 5(€, 1), and K 6, (€, ) € K 5(€, 1)
for any t > 0. These imply

Ky, (€, O _ AlRug, (€Dl _ AlKug, (€, D] _ AlKuo(€, £)

N+1 =~ AN+A ~— AN+1 ~— AN+1 '
|Kg,o,(€, )] _ AlKgg, (€, 1)l < AMKs g, (€, 1)] < AMKg,o(€, t)l
N+1 =~ AN+A ~— AN+1 ~ AN+1 ~

Ko, (€, 8)]  AlKgg,(€ bl < AMKg s, (€, 1)] - MKg (€, Bl
N+1 =~ AN+A = AN+1 =~ AN+1 '’
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which mean

0(Kao, (€, 1)) < A0(Kao(€, 1)),
0(Kg,0,(€,1)) < A0(Ky,4(€, 1)),
0(Kg,a,(€, 1)) < A0(Keo(€, 1)),

respectively. Since (o,) is statistically convergent to .2 € V with respect to the neutrosophic norm (%, B, €),
we have from Lemma 2.5

0(Kuo(e, 1)) = 0(Kgo(€, 1)) = 6(Kg,o(€, 1)) = 0
for any t > 0. Therefore, we reach that for any ¢ > 0,
6(KQI,(7/\ (E/ t)) = 6(K%,O',\ (6, t)) = 6(KG,U,\ (el t)) = 0/

and so, we prove sty s, — lim,e 03, = £ by Lemma 2.5.
Case 0 < A < 1. Now, we must first indicate that the same term ¢,, cannot occur more than 1+ 1/A times
in the sequence (0,,). Indeed, if for some i, j € IN, we have

n=A=A0+1)=---=A30+j-1) <Al +)),
or equivalently,
n<Ai<Ai+1)<---<Ai+j-1) <n+1<AG+)),
then
n+A(-1) <A+ A(-1)=AG+j-1)<n+1,
which means A(j — 1) < 1, thatis, j <1 + % From this point of view, we obtain for each e > 0 and f > 0,

|Ka,0, (€, 1)] < (1 N l) AN + 1 |Kqo(€, 1)
N+1 — A/ N+1 AN+1
|K‘21,0 (E, t)|
AN +1

<20 +1)

and

IKs,0, (€, £)] ( )AN+1IK%o(e t)l
TN+1 N+1 AN+1
|K%a(€ t)|
20+ ) ——— Nl

for which N is sufficiently large such that 4¥ < 21, These imply
0(Kyi,, (€, 1) < 2(A + 1)0(Kai 6 (€, 1)),
6(Ksp 0, (€,1) < 2(A + 1)0(Ks (€, 1)),
6(KL",U). (€/ t)) < 2(/\ + 1)6(K(§,0(€r t))l

/\

respectively. Since (o,) is statistically convergent to .2 € V with respect to the neutrosophic norm (2, B, €),
we have from Lemma 2.5,

0(Ky,s(€, 1)) = 6(Ks,o(€, 1)) = 6(Kg (€, ) = 0
for any t > 0. Therefore, we reach that for any ¢ > 0,
6(KQI,(7/\ (E/ t)) = 6(K%,(f,\ (el t)) = 6(K@,6,\ (el t)) = 0/

and so, we prove sty s ¢ — lim, . 03, = £ by Lemma 2.5 in this case, as well.
O
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Lemma 3.7. Let v = (v,) be a sequence in (V,U, B, €). If (vy,) is statistically Cesaro summable to a finite number
2 € V with respect to the neutrosophic norm (U, B, €), then

An
1
sty s,c — hm S Z u =% (11)
k n+1
foreach A > 1 and
1 n
9 - 1 = 12
stype = M ———— Z w=2 (12)
k=An+1

foreach 0 < A < 1.

Proof. Assume that sty ¢ —lim, . 0, = 2. Fora given e > 0, choose 11,7, > 0 such that min{l-r;,1-r,} >
1 — € and max{ry, 2} < €. Then, for sufficiently large N and any ¢t > 0, define the following sets:

Kyo(r1,t) :={n < N: o, — L, t) <1-r)},

Ky o(r,t) :={n <N :B(o, - Z,t) 211},

Keo(ri, t):={n < N:C(o, — L, t) >},
Koo, o(r2,t) :={n < N : (o), — 0, t) <1 =12},
Kgg,0(r2,t) :i={n <N : B (o), — 0, t) 2 12},
Ksg,0(r2, 1) :={n <N : €(0p, — 0u, t) = 12}.

Case A > 1. First, define the following sets for a given € > 0 and any ¢ > 0:

Ky (6,t) :={n < N:U(1;(v) - Z,t)<1-¢€},
Kg. (6,t):={n <N:B(t,(v) - Z,t) =€},
KG,’B(ert) = {7’1 <N: @(TZ(U) —g,t) > e},

where
An
>0y —
T, (v) = FT— Z uy, foralln e IN.
k=n+1

For any A > 1 and sufficiently large n € IN \ {0} such that n < An with n > (31 — 1)/A(A — 1), we obtain
from Lemma 3.4 for any t > 0,

1 & M+l 1 & 1
o _ot|=u - - _ ot
[An—nzuk g,) [/\n—n)\n+1k=0uk /\n—nzuk g,)

k=n+1 k=0
_ 9 )\n+1mn_(An+1—An+n)an_$,t
An—n An—n
. tAn+1 t
> — S — — _
—mm{%(”” Gn'Z)\n—n)'QI(G" g’z)}

(A = 1)t

. t
> — _ L
> rnm{?l(a;m On, m ),‘21(0,1 &, 2)}

= min {91 (0An —0n, to) , A (Gn -2, %)}

>min{l —r,1-r1}>1-¢,
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and
1 & (A -1t ¢
%{An — kgluk —f,t] < max{%(mn — 0y, i ),EB(an —.,2”,5)}
<max{r,r} <e,
and
1 A (A =1t t
G(/\n — kéluk —f,t) < max{@(mn — 0y, i ),(‘Z(an -9, E)}
< maxir,r} <e.
where t; := (ifﬁ > 0. Hence, we have for any ¢ > 0,

Kar (€,1) € Koo (r1,£) U Ko, 0(r2, 1),
KSB,T<(€/ t) g K%,G (rlr t) U K%,{f,\,(i (rZI t)/
K (6,1) € Kgo(r1,t) U Kg,g,,6(r2, 1)

in a fashion similar to the case A > 1. If we take the asymptotic densities of both sides of (18), then we attain
forany t >0,

0< 6(K\1[/-[< (€, f)) < 6(KQ[,U(1’1, f)) + 6(K&u/6mg(1’2, t)),
0 < 6(Ksp,r.(€,1) < 6(Ks,o(r1,1) + (K 0,,6(r2, 1)),
0 < 6(Kg,z (€, 1) < 6(Kg,6(r1, 1)) + 0(Kg 0,,0(r2, £))-

Since (0,,) is statistically convergent to . € V with respect to the neutrosophic norm (%, B, €), i.e.,
0(Kao(r1,£)) = 6(Ksg,6(r1, 1)) = 0(Kg,o(r1,£)) = 0

holds for any t > 0, (0,,) is also statistically convergent to .Z € V in the same way from Lemma 4.3, which
means sty s ¢ — lim(o,, — 0,) = 0 with the help of Lemma 3.5. This implies

0(Kat,o,,0(r2, 1)) = 0(Ks,6,,0(r2, 1)) = 6(Kg,,6(r2,£)) = 0
for any t > 0. If we consider (19) together with (16) and (17) respectively, then we reach
0(Kuyr. (€, 1)) = 0(Kp,r(€, 1)) = 0(Kg,r.(€, 1) =0

for any t > 0. As a result, we prove (11) by Lemma 2.5. O

4. Tauberian Conditions for Statistical Cesaro Convergence in Neutrosophic Normed Spaces

This investigation establishes fundamental results concerning statistical Cesaro convergence within the
neutrosophic normed structure (V, 2, B, €), organized through three principal objectives:

(i) Characterization of essential requirements for statistical Cesaro convergence under the neutrosophic
norm (U, B, €)
(ii) Identification of specialized sequence collections 77,,; within (V, U, B, €) satisfying the duality prop-
erty: “When a sequence (v,) € 7Ty, achieves statistical Cesaro convergence to . € V relative to
(U, B, €), it simultaneously attains conventional convergence to the same limit.”
(iif) Verification of the established criteria for the specified sequence collections.
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The central findings for sequences in (V, 2, B, €) are presented subsequently:
(Note: The notation “ma” in Theorem 4.1 denotes “moving averages”.)

Theorem 4.1. Let v = (v,) be a sequence in (V, U, B, €). If (v,) is statistically Cesaro summable to a finite number
£ € V with respect to the neutrosophic norm (U, B, €), then (vy,) is statistically convergent to £ with respect to
(2, B, €) if and only if the following three conditions are satisfied for all € > 0 and t > 0:

An
iAr;{hrA?jip ! - {n <N: 91[ Anl_ . k;l(vk -, t] <1- e} =0 (1)
1 An
/i\r;{lirz\rrl—?::p N1 {n <N:3B FT— k;jl(vk - v,,),t] > e} =0 (2)
1 1 An
iAI;{hII\I]I_?SP 1 {n <N: G[An — k;ka - Vp), t] > e} =0 3

where An denotes the integral part of An.

Proof. Sufficiency. Assume that sty ¢ — lim,—. 0, = £ and (1)-(3) are satisfied. In the interest of brevity,
let us term forany € > 0and ¢ > 0,

An
1
Kopma(e, t) == {7’1 <N: QI[AV[ — Z (vx — Un),t] <1 —6},

k=n+1

An
1
FP— Z (vk—vn),t]Ze},

k=n+1

An
Kemale, £) := {n <N: G(/\nl— - Z (Vk — vn), t] > e}.

k=n+1

K@, mal€, t) := {n <N:3B

For a given €,€’ > 0, choose 1,7, > 0 such that min{l —r,1 —1,,1 — €’} > 1 — € and max{ry, 1, €’} < e.
Then, for sufficiently large N and any ¢ > 0, define the following sets:

Kyy(€',t):=n<N: v, - L, 1) <1-¢},
Ky (€', t) ={n < N:Bv, - Z,t) =€},
Kgy(€',t) :={n<N:Cu,-Z,t) =€},
Kyo(r1,t) :={n <N : (o, — &L, t) <1 -},
Ky (r1,t) :=={n <N :B(o, — Z,t) > 11},
Kgs(ri,t) ={n <N:C&o, - %, t) 2n),
Kagyo(r2,t) :i={n < N : W(op — 0, t) <1 =12},
Kg,,,0(r2,t) == {n <N :B(0rn — 0, t) 212},
Keopo(ra ) i= (0 <N : € (000 = 0, 8) = 1)

Let A > 1. For any A > 1 and sufficiently large n € IN \ {0} such that n < An withn > (34 - 1)/A(A - 1),
we obtain by Lemma 3.4 for any ¢ > 0,

Aw, - Z,t) =N, —0, +0, — %, 1)

1 An 1 An
2m1n{%[[vn+)m_n Z uk_)tn—n Z Uy

k=n+1 k=n+1
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An+1

n

On

An—n

An

An+1 1

1 2t t
T n—n kzzs;uk,g],%(on _3,5)}

An

1

An—n

1

An—n

|
|
Il

An—n

1
An—n

and

Bv, — 2, 1) =

— 0y +0, —

1
B

< max

% 1

= max

o
oo
|

<max{€e’,r,rn} <
and

Cvy — .2, 1) = Cv

1
< ¢
_max{ /\Tl—}’l

n—0n+ 0y

1
An—n

< max {(Z

1
—max{(i T

1
T ), e+

An—n

An—n

An—n

k=n+1
An

Z(U _u)+/\n+1
n k A —

1
rQI(O_/\‘rI _Onri/\n+ ),QI(O'«,, -

k=n+1
An ¢
Y (wu=w), 3
k=n+1
An

Z (vn - uk)/% 7

k=n+1
An

Z (vn - uk)/é 7

k=n+1

-1, 1-n}>1-¢

Z,b)
An
t
Z (vn - l/lk), 5
k=n+1
An
t
Z (vn - Mk), 5
k=n+1
An

k=n+1
€

)

An ¢
Z (vn - l/lk), 5
k=n+1

An "
2 (vn - T/lk), 5
k=n+1

An

Z (vn - uk)/ é

k=n+1

<max{e’,r, 1} <e

for any ¢ > 0 where t, :=

lea(e t) NK ‘210 6(7’2, t) n ‘Ila(rl’ t) cK A, v(e t)

(€,Hn KBU L2, N K

‘Bma

S, t) CKG

B,v (6’ t)’

An—-nAn+1 e

,B (cmn — O,
7 B (O'/\n — Oy, /\_

Z‘ (vn - uk)/é ’

,(‘Z(OAH — Oy,
7 ¢ (OAI’! —Ony

s ¢ (0/\71 — Ony t2) ’ ¢ (Gn

2t
n(o)\n On), ] QI(Gn_o%/

3An—-n

tAn+1
g/ln—n)'%(an_

tAn+1
5)\71—71)'@(0”_

61

(A =1)t/6A > 0. Hence, we have for any ¢ > 0,

8258
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Ké,mﬂ(e’, £y N K‘&,gm(rz, £) N K&,U(rl, HC K%/U(e, t),

or equivalently,

KQI,U(GI t) g K‘H,mﬂ (61/ t) U K‘H,()‘,\,U(”Z/ t) U KQI,O‘(rll t)/ (4)
K%,U(el t) g K%,ma (6,/ t) U K%,J,\,U (1’2/ t) U K%,U(rll t)/ (5)
K(i,v(e/ t) - K(E,ma(e,/ t) U KG,UA,U(rZr t) U K(Z,G(Tl/ t)- (6)

If we take the asymptotic densities of both sides of (4)-(6), then we attain for any ¢ > 0,

0 < 6(Kaw(€, 1)) < 6(Katmal€’, 1)) + 0(Kayo, 0(r2, 1)) + 0(Kai o (r1, 1)), (7)
0 < 6(Ksp,(€, 1)) < 0K ma(€’, 1)) + 0(Ks 0, 0(12, 1)) + 0(Kg o(r1, 1)), (8)
0 < 6(Kg,(€, 1)) < 0(Ke,ma(€’, 1)) + 6(Kg,0,,0(r2, 1)) + 0(Kg,o(r1, 1)). )

Since (0,,) is statistically convergent to .Z € V with respect to the neutrosophic norm (%, B, €), i.e.,
0(Kai,o(r1, ) = 6(Kg,o(r1,£)) = 6(Kg,o(r1, 1)) = 0 (10)
for any f > 0, (0,,) is also statistically convergent to .Z € V in the same way from Lemma 4.3, which means
stuwe = lim(oy, —0,) =0

by Lemma 3.5. This implies

6(KQI,0A,U(r2/ t)) = 6(K%,(TA,O'(T‘27 t)) = 5(K¢,U,1,U(72/ t)) =0 (11)

for any t > 0. If we consider (7)-(9) together with (10) and (11) respectively, then we reach
O(Ka,v(€, 1)) = 6(Kg,v(€, 1)) = 0(Kg,u(€, 1)) = 0

for any t > 0. As a result, we indicate by Lemma 2.5 that (v,) is statistically convergent to . with respect
to the neutrosophic norm (%, B, €).

Necessity. Assume that sty g ¢ — lim,—c vy = £ and sty s ¢ — limy—e 0, = Z. By using Lemma 3.5, we
have sty ¢ — limy—c (0, — vy) = 0. For a given €’ > 0, choose 3,73 > 0 such that min{l —r,,1 -3} > 1 -¢’
and max{r,, r3} <€,.

Then, we have from Lemma 2.5

6(KQI,U,U(73/ t)) = 6(K%,o,v(73/ t)) = 6(K(€,o,v(73/ t)) = O/ (12)
where

Kup(r3, 1) := {n < N : (o, — vy, t) <1 =13,
K‘B,(T,U(r:i/ t) = {7’1 < N: %(O-n — Uny t) > 73}/
K(‘Z,a,v(r3/ t) = {7’1 <N: (S(Gn — Uy, t) > 7‘3}

for sufficiently large N and any ¢ > 0. Let A > 1. For any A > 1 and sulfficiently large n € IN \ {0} such that
n < Anwithn > (34 — 1)/A(A — 1), we obtain from Lemma 3.4 for any ¢ > 0,

1 & 1 & 1 n+1
A - /t =A + - - ,t
An—n Z (Ve = vn) ] An—n Zluk /\n—n;;uk An—nor " Un ]

k=n+1 k=n+ =

An+1
= ﬂ(m(mn —0On) + 0p = Uy, t)
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. tAn+1 t
> — - - —
> min {QI (0/\" O 5T n),‘?l(dn Un, 2)}

. A-=1 t
> — _— — —
> min {91 (G/\n On, m t),‘ll(on U, 2)}

t
= min {Q’I (OAVI — Oy, tO) ’ A (O-Yl — Un, E)}

>min{l —r,1-r3}>1-¢

and
1 tAn+1 t
— < - -
B An_nkgl(vk Un), t] max{% (G}m U"'Z)\n n) %(Un vn,z)}
-1 t
{ ((”” o p) t)’%(a” _v”’i)}
= max {?B(a,\n on, to), ?B(an vn,é)}
<max{r,r} <e
and

tAn+1 t
|\ Z<vk‘”"> f]<max{‘£(‘”"‘“mzm)'@(""‘%)}

A=1 t
< — [— — —_
< max {C‘Z (GM On, i t),(‘:(an Uy, 2)}
= maXx {cg (G/\n — Op, tO) ’ G(Un — Up, %)}
< max{r,r} <e

where ty := (A — 1)t/4A > 0. Hence, we have for any ¢ > 0,

Kyg,,0(ra ) N Ky, (13, 1) S K065 8),
3 o1 0(72/ N K% ov(r3’ t) C K% ma(e t),
Ky, o2 ) N K, (13, 1) € K (€, 1)

or equivalently,

KQl,ma (6/ t) c K‘H,o,\,a(rzl t) U KQI,J,U (73/ t), (13)
K, ma(€, t) € K 0,,6(r2, 1) U Ky 6,0(73, 1), (14)
K(i,ma(er t) c KG,O‘,\,O(TZ/ t) U K(ﬁ,ﬁ,v(r3/ t)- (15)

If we take the upper asymptotic densities of both sides of (13)-(15), then we attain for any ¢ > 0,

0< 6(K‘ll,mu(€/ t)) < 6(K‘l[,o,\,o(7’2/ t)) + 6(KQI,O',U(1,31 t))/ (16)
0 < 6(Kgmal€, 1)) < 0(Ksp,0,,0(r2, 1)) + 6(Kg,0,0(r3, 1)), (17)
0 < 6(Keg,male, 1)) < 0(Kga,,0(r2, 1)) + 6(Kg,0,0(73, 1))- (18)

Since (0,,) is statistically convergent to . € V with respect to the neutrosophic norm (%, B, €), (0,,) is
also statistically convergent to .Z € V in the same way from Lemma 4.3, which means

stysec — lim(or, —0,) =0
n—oo
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by Lemma 3.5. This implies
0(Ku,,0(r2, 1)) = 6(Ks,0,,6(r2, 1)) = 0(Kg0,,(r2, 1)) = 0 (19)
for any t > 0. If we consider (16)-(18) together with (12) and (19) respectively, then we reach
O(Kama(€, 1)) = 6(Kw,ma(€, 1)) = 0(Kemale, 1)) = 0

for any t > 0. As a result, we indicate by Lemma 2.5 that the conditions (20)-(22) are satisfied for any € > 0
and t>0. O

In parallel with Theorem 4.1, we can deduce the following theorem replacing A > 1by 0 < A < 1.

Theorem 4.2. Let v = (v,) be a sequence in (V, U, B, €). If (v,) is statistically Cesaro summable to a finite number
Z € V with respect to the neutrosophic norm (U, B, €), then (vy,) is statistically convergent to £ with respect to
(A, B, C) if and only if the following three conditions are satisfied for all € > 0 and t > 0:

1 1 -
i i <N: — <1- =
Og}ﬁl hrI\r]Ls::p N1 {n <N Ql[n myw szEnH(vn Uy), t] <1 €} 0 (20)
1 n
i i <N: E — > =
oggl 11rl\r]1_iljp +1 {n <N:% n—An k=M+1(vn ), t] - 6} 0 @1)
1 1 -
i i <N: E — > =
05\{1 11r1\r]1_?::p 1 {n <N:¢ [n - An k=M+1(v” ), t] - 6} 0 @2)

Proof. Since it can be easily seen by the readers to be used a procedure similar to the proof of Theorem 4.1,
this proof is omitted.

Motivating by the definition of statistical slow oscillation due to Méricz (2002), we introduce the concept
of statistical slow oscillation with respect to the neutrosophic norm (%, B, €).

A sequence (v,) in (V, U, B, €) is said to be statistically slowly oscillating with respect to the neutrosophic
norm (%, B, €) provided that for each e > 0and f > 0,

1
infli {sN: in Alv, - ,tsl—}:O 23
}\131 11]?_?::13 1 " n+1irﬁli1;/‘m (vk Un ) ¢ ( )

s 1

< : - > =

fflimeup g |{n <N max, $0r- ) 26]f =0 .

s 1

iffimsup g |{ <N+ e, €0k w0 2 eff =0 ®

where An denotes the integral part of An. Here, inf,.; can be replaced by lim;_,;-.
An equivalent reformulation of conditions (23)-(25) are the following for each € > 0 and f > 0,

gt s s [ <N i W - <1 =0 20
it limsup =g < N g B0 ) 2 ]| =0 @
e 1

< : — > =
it imsup 5 (<N g €00t 2] =0 )

respectively. Here, infy<)<; can be replaced by lim,_,1-. O
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It should be noted that the above equivalences could be considered in the same mold as Theorem 4.2
given by Talo and Yavuz (2021), and consequently, their proof is omitted.
As a result of Theorem 4.1, we can give the following theorem.

Theorem 4.3. Let v = (v,) be a sequence in (V, U, B, €). If (v,) is statistically Cesaro summable to a finite number
£ €V and statistically slowly oscillating with respect to the neutrosophic norm (A, B, §), then (vy,) is statistically
convergent to £ with respect to (U, B, €).

Proof. Assume that sty s s — lim,—. 0, = -2 and (v,) is statistically slowly oscillating with respect to the
neutrosophic norm (%, B, €). If we indicate that conditions (23)-(25) imply conditions (20)-(22), then we can

accomplish this proof by Theorem 4.1.
Given € > 0. Then, for sufficiently large N and any t > 0, define the following sets:

Kuwle, ) i= {n <N: min Wwe—ov,f)<1- e},
n+1<k<An

Ky s(€,t) == {n <N: max B(vg—vyt) > e},

n+1<k<An

K so(€, 1) := {n <N: max C(vg—vyt) > e}.

n+1<k<An

For any A > 1 and sufficiently large n € IN \ {0} such that n < An, we obtain for any f > 0,

An An
‘lI[/\nl_ - Z (Vk — V), t] = ‘ZI[ Z (vx — vy), (An — n)tJ

k=n+1 k=n+1

> min{W(v,41 — vy, 1), W0ns2 — Uy, b), ..., W, — vy, 1)}

= min W(wg—v,t)>1-¢€
n+1<k<An

and

An—n
k=n+1

An
%[ 1 Z (Ve = vy), t] <max{Bw,+1 — Vi, t), B(Vys2 — vy, 1), ..., By — vy, )}

= max B(vy—v,t)<e
n+1<k<An

and

An
1
@ (/\n -n k;I(vk - vl’l)l t] < max{(i(v,,ﬂ — Uy, t), G(U;/H-Z — Uy, t), ey G(U/\n — Uy, t)}

= max C(vx—v,t) <e.
n+1<k<An

B(Vap — Uy, £) = max B(vg — vy, t) <e.
n+1<k<An

Hence, we have for any ¢ > 0,

KC

As0

(e,1) C K;Im J(€1),
Kgm(e, ) C Kc%m(e, t),
K&So(e, ) C K. (€1)

€,ma

or equivalently,

Kot ima (e,t) C Kai s (e 1),
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K‘B,ma (6, t) c K%,so(el t)/
KL‘,ma (6/ t) c KG,so (E/ t)-

If we take the upper asymptotic densities of both sides of them, then we attain for any f > 0,

0< 6(K‘H,ma(€r t)) < 6(K‘H,sa(€/ t))/ (29)
0 < 6(Kgmale, 1)) < 0(Kpsol€, 1)), (30)
0 < 6(Kgma(e, 1)) < 0(Kes0(€, 1)) (31)

Since (v,) is statistically slowly oscillating with respect to the neutrosophic norm (2, B, €), we have
O(Ky,so(€, 1)) = 6(Ks s0(€, 1)) = (Kes0(€, 1)) = 0,

which require from (29)-(31) that 6(Ku ma(€, ) = 6(Kg ma(€, 1)) = O(Kgma(e, t)) = 0forany A > 1and t > 0. As
a result, we indicate that conditions (20)-(22) are satisfied forany e >0and t > 0. O

As a result of Theorem 4.3, we can give the following theorem.

Theorem 4.4. Let v = (v,) be a sequence in (V, U, B, €). If (v,) is statistically Cesaro summable to a finite number
£ € V with respect to the neutrosophic norm (U, B, €) and {n(v, — vy_1)} is g-bounded, then (v,) is statistically
convergent to £ with respect to (U, B, €).

Proof. Assume that sty g ¢—lim,—e 0, = £ and {n(v,—v,-1)} is g-bounded. If we indicate that g-boundedness
of {n(v, — v,-1)} implies statistical slow oscillation of (v,) with respect to (%, B, €), then we can accomplish
this proof by Theorem 4.3. For a given € > 0, there exists M > 0 such that

inf A(n(v, — vy-1),t) > 1 — € and sup B(n(v, — vy-1),t) < € and sup C(n(v, — vy-1),f) <€
n€N neN neN

for any t > M. If we take 1 < A <1+ L, then we obtain forny <n <k < An

k
(vg — vy, 1) = %1[ Z (- vj), t]

j=n+1

t
> min 91(1)]- - vj1, m)

n+1<j<k

it
min Ql(j(vj—vj_l), J )

n+l<j<k k-n
> min A|j(vi—vq) L
T on+lsjsk i =1 % -1

. . t
> o —_ . —_—
> min, (00, =0, 75
t

1 D) / L — 1y - —

= (i ) ) 1

and

n+1<j<k

B(vp — vy, 1) £ max B (j(v]- - vj), %1]

n

t
<su %('(v-—v-_ ),—)<e
je]l\g ] ] j-1 A-1
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+1<j<k

t
Cvk — vy, t) < Cljwj-vja), —
(v — vy, 1) nmax (](vj vj-1) k—l]

n

t
<su @('(v-—v-,l),—) <e€
jeﬂg ) ] ) A-1

for any t > M. Since the sets

{no <n<N: min Wk —v,t) <1 —e},
n+1<k<An

{no <n<N: max B(vg— vy t) > e},
n+1<k<An

{no <n<N: max C(vg—vyt) > e}
n+1<k<An

are empty, we reach that (v,) is statistically slowly oscillating with respect to (U, B, ). O
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