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Abstract. Let H be a connected labeled graph. A H�generalized join graph is a graph obtained by
H�generalized join operation of family of graphs G � tGv : v P VpHqu constrained by family of ver-
tex subsets S � tSv � VpGvq : v P VpHqu. In this article, we characterize all the dominating sets and
the minimal dominating sets of H�generalized join graphs. Consequently, we compute the (multivariate)
domination polynomial and the minimal domination polynomial of H�generalized join graphs. We also
compute the domination number of H�generalized join graphs. Finally, as an illustration, we calculate the
domination polynomial and the minimal domination polynomial of multipartite graphs, the corona product
of graphs, Kn�generalized join graphs, and Kn1 ,...,nm�generalized join graphs.

1. Introduction

Due to its numerous applications in various domains, the problem of identifying all (minimal) dominat-
ing sets of a graph is one of the fundamental problems in graph theory with a long history in the literature.
The process of enumerating a graph’s (minimal) dominating sets gives rise to a polynomial, known as the
(minimal) domination polynomial of the graph. Determining (minimal) dominating sets is a well-known
NP-hard (see [13]) fundamental graph theory problem that studies various properties of dominating sets
(for example, refer [1], [3], [4], [5], [2], [6], [19], and [23]). There are numerous computational methods for
discovering them because of their difficulty and importance (for example, refer [11], [12], [14], [15] and [16]).
Domination number and domination polynomial of certain products of graphs were studied in [9], [18],
and [20]. Recent works such as [8], [7], [12], [15], [17], [20], [21] and [22] have explored domination-related
parameters and their polynomials in various graph classes, indicating the growing interest in this topic.

This work continues the line of research initiated in [21], where the authors studied total domination and
minimal total domination polynomials of H-join graphs. Here, we extend the investigation to domination
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and minimal domination polynomials in the context of H-generalized join graphs, which is a generalized
notion of the H-join operation.

A H�generalized join operation of family of graphsG � tGv : v P VpHqu constrained by family of vertex
subsets S � tSv � VpGvq : v P VpHqu which is a generalization of H�join operation, denoted by

�
H,SG,

is introduced in [10]. Further, the spectral properties of
�

H,SG were studied in [24]. For the definition of
H�generalized join graph, refer Subsection 2.2. In this article, we provide a formula for computing the
(minimal) domination polynomial of H�generalized join graphs by identifying all (minimal) dominating
sets of H�generalized join graphs. This may help in studying the topology of the dominance complex of a
graph.

Let R be an equivalence relation on the vertex set of a graph G. The relation R is said to be a join
equivalence if two vertices u and v of G are in the different equivalence classes ofR then u and v are adjacent
in G. Note that each such join equivalence of G provides a H�join decomposition of G for some H. In fact
every finite simple graph G can be decomposed as a H�join (H�generalized) graph, for some H and G, for
example, refer [[25], Lemma 3.1].

This paper is structured as follows: In Section 2, we review the basic notations and terminology needed
for the subsequent sections. In Section 3, we characterize all dominating sets of G :�

�
H,SG in terms

of (dominating) sets of the graphs H, Gv’s, GrSvs’s and GrSvs’s, where GrSs is the induced subgraph of
G induced by the vertex subset S and Sv � VpGvqzSv. Consequently, we compute the (multivariate)
domination polynomial of

�
H,SG in terms of the multivariate domination polynomial of the graph H

and the (multivariate) domination polynomials of the graphs Gv’s, GrSvs’s and GrSvs’s. Also, we deduce
the domination number of

�
H,SG. In Section 4, we characterize all minimal dominating sets of

�
H,SG

in terms of (dominating) sets of the graphs H, Gv’s, GrSvs’s and GrSvs’s. Consequently, we compute the
minimal domination polynomial of

�
H,SG in terms of the multivariate minimal domination polynomial of

the graphs H and the minimal domination polynomials of the graphs Gv’s, GrSvs’s and GrSvs’s. In the last
section, we compute the (minimal) domination polynomial of some graphs as examples.

2. Preliminaries

In this section, we recall the basic notions that are needed for the article.

2.1. Basics
The induced subgraph GrSs of G induced by a vertex subset S of G is the graph with vertex set S such that

two vertices u, v P S are adjacent in GrSs if and only if u and v are adjacent in G. For a vertex v P VpGq, the
open neighborhood of v in G is the set Npvq consists of all vertices u P VpGq such that u is adjacent to v and the
closed neighborhood of v in G is the set Nrvs � Npvq Y tvu. For a set D � VpGq, the open neighborhood of D is the
set NpDq � YvPDNpvq and the closed neighborhood of D is the set NrDs � NpDq YD.

A vertex subset D of a graph G (may be disconnected) is called a dominating set in G if for every v P VpGqzD
there exists u P D such that v is adjacent to u, or equivalently, NrDs � VpGq. A subset D � VpGq is said to
be a minimal dominating set in G if it is a dominating set in G and none of its proper subsets is a dominating
set in G. A minimum dominating set in G is a dominating set of the smallest size in G. The domination number
γpGq of G is the cardinality of a smallest dominating set of G, i.e., the cardinality of a minimum dominating
set of G. We fix a conversion that the empty set is the dominating set of the null graph, where the null graph
is the graph having the vertex set and the edge set as the empty set.

Let H be a labeled graph. For each vertex v of H, we associate a variable xv. Define XJ :�
±

vPJ xv for
a vertex subset J of H. If J � H then assume that XH :� 1. Let B be a collection of some special vertex
subsets or special subgraphs of H. (Some examples are the collection of dominating sets of H, the collection
of cliques of H, the collection of dominating sets of H that intersect some given subset of H, etc.) Then, the
multivariate polynomial for B of H is defined as

MVBpH; Xq �
¸

J�VpHq

rJsXJ,
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where rJs � 1 if J P B and rJs � 0 if J R B. In other words,

MVBpH; Xq �
¸
JPB

XJ.

The polynomial for B of H is defined as

PBpH; xq �
|VpHq|¸

k�0

ckxk,

where ck is the number of elements of B of cardinality k.
Let D � DompHq be the set of all dominating sets of H. Then the polynomial PDpH; xq (resp. the mul-

tivariate polynomialMVDpH; Xq) forD of H is called the domination polynomial of H (resp. the multivariate
domination polynomial of H). Similarly, letM �MDompHq be the set of all minimal dominating sets of H.
Then the polynomial PMpH; xq (resp. the multivariate polynomial MVMpH; Xq) for M of H is called the
minimal domination polynomial of H (resp. multivariate minimal domination polynomial of H).

2.2. H�generalized join

Let H be a connected graph. LetG � tGv : v P VpHqu be a family of pairwise disjoint graphs. The H�join
operation of graphs tGv : v P VpHqu, denoted by

�
H G, is defined as follows: Replace each vertex v P VpHq

by Gv and join each vertex of Gv with each vertex of Gw, if v is adjacent to w in H. Precisely,
�

H G is the
graph with vertex set Vp

�
H Gq �

�
vPVpHq VpGvq and edge set Ep

�
H Gq �

�
vPVpHq EpGvqY

�
vwPEpHqtxy : x P

VpGvq, y P VpGwqu.
Given H, G, and a family of nonempty vertex subsets S � tSv � VpGvq : v P VpHqu, a H�generalized join

operation of familyG constrained by family of vertex subsetsSwhich is a generalization of H�join operation,
denoted by

�
H,SG, is introduced in [10] that is defined as follows: the vertex set Vp

�
H,SGq �

�
vPVpHq VpGvq

and Ep
�

H,SGq �
�

vPVpHq EpGvq Y
�

vwPEpHqtxy : x P Sv, y P Swu. If we take Sv � VpGvq for each v P VpHq,
then the H�generalized join operation coincides with the H�join operation of the graphs tGv : v P VpHqu.
A H�generalized join graph G is a graph obtained by H�generalized join operation of family of graphs
G � tGv : v P VpHqu constrained by family of vertex subsets S � tSv � VpGvqu. We always assume that H
is connected with at least two vertices.

Let π : VpG :�
�

H,SGq Ñ VpHq be the canonical map, i.e.,

πpxvq � v,

where v P VpHq and xv P VpGvq. We associate multivariables X,Xv and Z � pXvqvPVpHq to the vertex sets
VpHq,VpGvq and VpGq respectively for the purpose of writing their multivariate polynomials in future
sections.

3. Dominating sets of H�generalized join graphs

In this section, we describe dominating sets and the domination polynomial of H�generalized join
graphs. First, we discuss the dominating sets and the domination polynomials of a special case, namely
H�join graphs.

Let M be a vertex subset of a graph H. For a vertex v P M, we denote the degree of the vertex v in HrMs
by de1Mpvq. We denote the set of vertices v P M such that de1Mpvq � i by Mi and the set of vertices v P M
such that de1Mpvq ¥ i by M¥i. We also denote M¥1 as M�, i.e., M� � MzM0.
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3.1. Dominating sets of H�join graphs
In this subsection, we characterize all dominating sets of H�join graphs. Consequently, we compute the

domination polynomial of H�join graphs.

Proposition 3.1. Let G �
�

H G be a H�join graph. Let D be a vertex subset of G. Then, D is a dominating set in
G if and only if M :� πpDq is a dominating set in H and there exists a family of sets tDv � VpGvquvPM such that
D � YvPMDv and Dv is a dominating set in Gv whenever v P M0.

Proof. Suppose that D is a dominating set in G. Let M � πpDq.We claim that M is a dominating set in H. If
M � VpHq, then nothing to prove. Suppose that M � VpHq. Let v P VpHqzM and x P VpGvq. Since x R D,
there exists y P D such that x is adjacent to y. Consequently, v � πpxq is adjacent to πpyq P M. This proves
that M is a dominating set in H.

For each v P M, define Dv � VpGvq X D. We show that for each v P M0, the set Dv is a dominating set
in Gv. Suppose not, there exists v P M0 such that Dv is not a dominating set in Gv. This implies that there
exists a vertex x P VpGvqzDv such that x is not adjacent to any element of Dv. Since D is a dominating set,
there exists a vertex u P M with u � v such that x is adjacent to some vertex y P Du. This implies that, by the
definition of H�join, v is adjacent to u in M, and hence de1Mpvq ¡ 0, which is a contradiction. Thus, Dv is a
dominating set in Gv, for all v P M0.

Conversely, suppose that M is a dominating set in H and a family tDv � VpGvquvPM satisfies the necessary
conditions. We show that D � YvPMDv is a dominating set in G. Let x P VpGqzD. If w :� πpxq R M then w
is adjacent to some vertex u in M. Hence, x is adjacent to a vertex in Du. Suppose that w P M0. Since Dw is a
dominating set in Gw, we have VpGwqzDw � NpDwq. Hence, x is adjacent to a vertex in D. Now, let w P M�.
Then, there exists a vertex u P M such that w is adjacent with u. It follows that x is adjacent to a vertex in
Du. Hence, D is a dominating set in G.

As a consequence of the above proposition, we have the following theorem.

Theorem 3.2. Let G �
�

H G be a H�join graph. The number of dominating sets of size k in G is given by

dkpGq �
ķ

s�1

¸
MPDompHq
|M|�s

¸
aM�k

� ¹
vPM0

davpGvq
¹

uPM�

�
|VpGuq|

au


�

where the second sum is over all dominating sets in H of size s, the third sum is over all possible sums k � aM �
°

vPM av
of positive integers and davpGvq denote the number of dominating sets in Gv of size av.

Proof. By Proposition 3.1, D is a dominating set in G of size k if and only if M :� πpDq is a dominating set
in H and tDv � D X VpGvq : v P Mu is a partition of D such that Dv is a dominating set in Gv whenever
v P M0 and

°
vPπpDq|Dv| � k. Hence, the number of dominating sets D of size k in G such that πpDq � M

and |D X VpGvq| � av for each v P M is equal to the product
±

vPM0 davpGvq
±

uPM�

�
|VpGuq|

au

�
. Hence, the result

follows.

For a subset M of a set N, we define the characteristic function χM : N Ñ t0, 1u by χMpvq � 1 if and only
if v P M.

Corollary 3.3. Let G �
�

H G be a H�join graph. Let MVDpH; Xq �
°

M�VpHqrMsXM be the multivariate
domination polynomial of H. Then,

1. The domination polynomial of G is given by

PDpG; xq �
¸

M�VpHq

rMsΓMpxq,

where ΓMpxq �
±

vPM

�
χM0pvqPDpGv; xq � p1� χM0pvqq

�
p1� xq|VpGvq| � 1

�	
.



Selvakumar A. et al. / Filomat 39:24 (2025), 8519–8543 8523

2. The multivariate domination polynomial of G is given by

MVDpG; Zq �
¸

M�VpHq

rMs
¹
vPM

�
χM0pvqMVDpGv; Xvq � p1� χM0pvqqMVDpK|VpGvq|; Xvq

	
,

where K|VpGvq| is the complete graph of order |VpGvq|.

Proof. Observe that the coefficient dkpGq of xk of the domination polynomial of G is equal to the sum over
all dominating sets M of H of all products

±
vPM0 davpGvq

±
uPM�

�
|VpGuq|

au

�
such that

°
vPM av � k. Hence, the

first result immediately follows from Theorem 3.2. The proof of the statement p2q is also similar to that of
p1q.

3.2. Dominating sets of H�generalized join graphs
In this subsection, we calculate the domination polynomial of H�generalized join graphs by character-

izing dominating sets of H�generalized join graphs.
Let us first fix the following notations: For each v P VpHq, we denote the set of vertices of Gv not in Sv as

Sv, i.e., Sv :� VpGvqzSv. For a subset L of VpHq, define L � VpHqzL the set complement of L in VpHq.
Let G1 be an induced subgraph of G. A subset D of VpGq is said to be a G1�dominating set of G if for

every vertex v P G1 either v P D or v is adjacent to a vertex in D. If we take G1 � G then the definition of
G1�dominating set of G coincides with the definition of dominating set of G. A vertex subset D � VpGq is
said to be a minimal G1�dominating set in G if it is a G1�dominating set in G and none of its proper subsets
is a G1�dominating set in G. We denote the number of G1�dominating set of G of size k by dVpG1q

k pGq.
We have the following proposition that characterizes the dominating sets of H�generalized join graphs.

Proposition 3.4. Let G �
ª
H,S

G be a H�generalized join graph. Let D be a vertex subset of G. Then, D is a

dominating set in G if and only if there exists a vertex subset L (possibly empty) of H and there exists a family of sets
tDv � VpGvquvPVpHq such that D � YvPVpHqDv and satisfies the following properties:

1. Dv is a dominating set in Gv that intersect Sv if v P L0.

2. Dv intersect Sv and Dv is a GrSvs�dominating set in Gv, i.e., Sv � NrDvs if v P L�.

3. Dv � H if and only if v P NpLqzL and Sv � H.

4. Dv � Sv and Dv is a dominating set in GrSvs if v P NpLqzL and Sv � H.

5. Dv � Sv and Dv is a dominating set in Gv if v P NrLs.

Proof. Suppose that D is a dominating set in G. Let us define a subset L � LpDq :� tv P VpHq : DX Sv � Hu

of VpHq. Set Dv � DX VpGvq, for all v P VpHq. Observe that Sv � NrDvs for all v P VpHq. Because no vertex
of Sv is adjacent to any vertex of Gu, for all u P VpHqztvu.

By the similar argument of Proposition 3.1, Dv is a dominating set in Gv whenever v P L0. Also, p2q
follows from the above observation.

To prove p3q, let v P NpLqzL and Sv � H. It is clear from the definition of L that Dv � Sv.Hence, Dv � H.

Conversely, suppose that Dv � H for some v P VpHq. Then v R L. If Sv � H, then D cannot be a dominating
set as no vertex of Sv is adjacent to any vertex of Gu, for all u P VpHqztvu.Hence, Sv � H. It remains to prove
that v P NpLq. Let y P Sv. As D is a dominating set of G, there exists u P L such that u � v and y is adjacent
to a vertex of Du X Su. Hence, v P NpLq.

The proof of p4q follows from the definition of H�generalized join. Now, let v P NrLs. Then Dv � Sv

and Sv is nonempty. Now, we prove that Dv is a dominating set in Gv. By the above argument, it is enough
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to prove that Sv � NrDvs. Suppose not, then there exists a vertex x P Sv such that x is adjacent to a vertex
y P Du X Su for some u. This implies that v is adjacent to u P L, and hence u P NpLq, a contradiction. Thus,
Sv � NrDvs. Hence Dv is a dominating set in Gv.

Conversely, suppose that there exists a subset L of VpHq and a family of sets tDv � VpGvquvPVpHq such
that D � YvPVpHqDv and satisfies p1q to p5q.We prove that D is a dominating set in G. It is clear from p1q to
p5q that Sv � NrDvs � NrDs, for all v P VpHq. It remains to prove that Sv � NrDs, for all v P VpHq. Since Dv

is dominating in Gv for all v P L0 YNrLs,we see that Sv � NrDs for all v P L0 YNrLs.Now, let v P NpLq. Then
there exists a vertex u P L such that v is adjacent with u. As Du X Su is nonempty and v is adjacent with u, it
follows that every vertex of Sv is adjacent to a vertex in Du, and hence Sv � NpDq. Thus, D is a dominating
set in G.

Let G �
ª
H,S

G be a H�generalized join graph. Let E � tv P VpHq : Sv � Hu. For a vertex subset L of H,

we define EL :� VpHqzpEX pNpLqzLqq.

Theorem 3.5. Let G �
ª
H,S

G be a H�generalized join graph. The number of dominating sets of size k in G is given

by

dkpGq �
ķ

s�0

¸
L�VpHq
|L|�s

¸
aEL�k

�¹
vPL0

�
davpGvq � d�av

pGvq
� ¹

vPL�
dSv

av
pGvq

¹
vPpNpLqzLqzE

davpGrSvsq
¹

vPNrLs

d�av
pGvq

�

where the second sum is over all vertex subsets L of H of size s, the third sum is over all possible sums k � aEL �
°

vPEL
av

of positive integers, davpGvq denote the number of dominating sets in Gv of size av, d�av
pGvq denote the number of

dominating sets of Gv of size av that are contained in Sv, and dSv
av
pGq denote the number of GrSvs�dominating set of

G of size av.

Proof. The proof follows from Proposition 3.4 and a similar approach of the proof in Theorem 3.2.

Remark 3.6. Observe that if v P NrLs XE for some L � VpHq, then by Proposition 3.4 there is no dominating set D
in G such that LpDq � L. Moreover, for such v P NrLs X E, d�av

pGvq � 0 as there is no subset of Sv (since Sv � H)
that dominate Gv. Hence the sum over such L in the expression dkpGq given in Theorem 3.5 is zero.

We need to define the following notations for writing domination polynomials of H�generalized join
graphs.

• D :� DompHq presp.M �MDompHqq – the set of all dominating (resp. minimal dominating) sets of
a graph H.

• D� – the set of all dominating sets of Gv that contained in Sv � VpGvq.

• DS presp. MDS � MDomSvpGvqq – the set of nonempty GrSvs�dominating sets (resp. minimal
GrSvs�dominating sets) of Gv.

Corollary 3.7. Let G �
ª
H,S

G be a H�generalized join graph. Then,

1. The domination polynomial of G is given by

PDpG; xq �
¸

M�VpHq

ΓMpxq,
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where

ΓMpxq �
¹
vPM

�
χM0pvq

�
PDpGv; xq �PD�pGv; xq

�
� p1� χM0pvqqP

DS
pGv; xq

	
¹
vPM

�
p1 � χNrMs

pvqqPDpGrSvs; xq � χNrMs
pvqPD�pGv; xq

	
.

2. The multivariate domination polynomial of G is given by

MVDpG; Zq �
¸

M�VpHq

¹
vPM

�
χM0pvq

�
MVDpGv; Xvq�MVD�pGv; Xvq

�
�p1�χM0pvqqMV

DS
pGv; Xvq

	
¹
vPM

�
p1 � χNrMs

pvqqMVDpGrSvs; Xvq � χNrMs
pvqMVD�pGv; Xvq

	
.

Proof. The proof of the corollary follows from Theorem 3.5 by using a similar argument as in the proof of
Corollary 3.3.

3.3. The domination number of a H�generalized join graph
Now, we discuss the domination number of H�join graphs and H�generalized join graphs. Let γpG1q

be the domination number of a graph G1.

Theorem 3.8. Let G :�
�

H G be a H�join graph. Then, the domination number γpGq of the H�join graph G is
given by

γpGq � min
!
|M| � |M0| �

¸
vPM0

γpGvq : M P DompHq
)
.

Proof. The proof follows from Theorem 3.2 and Corollary 3.3.

We have an immediate corollary.

Corollary 3.9. Let G :�
�

H G be a H�join graph. Then, γpGq ¥ γpHq.Moreover, the equality holds if and only if
H has a minimum dominating set M such that γpGvq � 1 for all v P M0.

In the following theorem, we discuss the domination number of H�generalized join graphs.

Theorem 3.10. Let G :�
�

H,SG be a H�generalized join graph. Then, the domination number γpGq of the
H�generalized join graph G is given by

γpGq � min
! ¸

vPL0

γpGvq
¸

vPL�
γSvpGvq

¸
vPNpLqzL

γpGrSvsq
¸

vPNrLs

γ�pGvq : L � VpHq with NrLs X E � H
)
,

where γSvpGvq is the minimum cardinality of a set inDS and γ�pGvq is the minimum cardinality of a set inD�.

Proof. The proof follows from Theorem 3.5 and Corollary 3.7.

4. Minimal Dominating sets of H�generalized join graphs

In this section, we characterize all minimal dominating sets of H�generalized join graphs. Consequently,
we compute the minimal domination polynomial of H�generalized join graphs.

Let G �
ª
H,S

G and L � VpHq.We say v P L satisfies property P if
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(P.1) Lztvu is a dominating set in HrNrLss,

(P.2) de1Lpuq ¡ 1 for each vertex u P LXNpvq,

(P.3) Sv � H.

For a subset L of VpHq,we define

L� � tv P L : v satisfies P.1 and P.3u.

First, we discuss the minimal dominating sets and the minimal domination polynomials of a special case,
namely H�join graphs as it can be written in a nice formula in terms of minimal domination polynomials.

4.1. Minimal dominating Sets of H�join graphs
Now, we describe the minimal dominating sets of H�join graphs.

Proposition 4.1. Let G �
�

H G be a H�join graph. Let D be a minimal dominating set in G. Then,

1. πpDq is a (not necessarily minimal) dominating set in H.

2. πpDq does not admit a vertex that satisfies property P.

Proof. Let M � πpDq. It follows from Proposition 3.1 that M is a dominating set in H. Set Dv � D X VpGvq,
for all v P VpHq.

If M is a minimal dominating set in H, then p2q trivially holds. Suppose that M is not a minimal
dominating set in H. Let v P M be a vertex that satisfies property P.We claim that DzVpGvq is a dominating
set in G. By Proposition 3.1, it is enough to prove that for all u P pMztvuq0, the set Du is dominating in Gu.
As v P M�, we see that pMztvuq0 � M0 Y pNpvq X M1q. Since v satisfies property P, for all u P Npvq XM, we
have de1Mpuq ¡ 1.Hence, Npvq XM1 � H. So pMztvuq0 � M0. Then, the claim follows from Proposition 3.1.
This is a contradiction to the minimality of D in G. Hence, the result follows.

Remark 4.2. Let D be a minimal dominating set in G �
�

H G. Assume that for each vertex v P πpDq either
de1πpDqpvq � 0 or πpDqztvu is a dominating set in H. Then the maximum degree of the induced subgraph HrπpDqs
is less than or equal to 1, i.e., ∆pHrπpDqsq ¤ 1 (This follows from Proposition 4.1).

Now, we characterize minimal dominating sets of H�join graphs.

Proposition 4.3. Let G �
�

H G be a H�join graph. Let D be a vertex subset of G. Then D is a minimal dominating
set in G if and only if there exists a dominating set M in H that does not have a vertex that satisfies property P, and
there exists a family tDv � VpGvquvPM such that D � YvPMDv and satisfies the following properties:

1. If v P M0 then Dv is a minimal dominating set in Gv.

2. If v P M� then Dv is a singleton set.

3. For every v P M�, there exists a vertex w P Npvq X M with de1Mpwq � 1 such that Dw is a non-dominating
singleton set of Gw.

Proof. Suppose that D is a minimal dominating set in G. Let M � πpDq. It follows from Proposition 4.1 that
M is a dominating set in H that does not have a vertex that satisfies property P.

For each v P M, we define Dv � VpGvq X D. We show that for each v P M0, the set Dv is a minimal
dominating set in Gv. It follows from Proposition 3.1 that for each v P M0, the set Dv is a dominating set
in Gv. Suppose that Dvztxu is a dominating set in Gv for some x P Dv. Then by Proposition 3.1, we see that
Dztxu is a dominating set in G as each Dw is dominating in Gw for w P M0.We get a contradiction and hence
Dv is a minimal dominating set in Gv.
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Now, we will prove that for each u P M�, the set Du is singleton. Suppose not, there exists u P M� such
that tx, yu � Du. Then by Proposition 3.1, Dztyu is a dominating set of G as each Dw is dominating in Gw for
w P M0 and πpDztyuq � M, which is a contradiction. Hence, for each u P M�, the set Du is singleton.

Suppose that v P M�.We have to prove that there exists a vertex w of Npvq X M with de1Mpwq � 1 such
that Dw is a non-dominating set of Gw. Suppose not, for every vertex w in NpvqXM with de1Mpwq � 1, Dw is
a dominating set of Gw.We claim that DzDv is a dominating set in G. First, observe that πpDzDvq � Mztvu
is a dominating set in H as v P M�. By Proposition 3.1, it is enough to prove that for all u P pMztvuq0, the
set Du is dominating in Gu. As v P M�,we see that pMztvuq0 � M0 Y pNpvq XM1q.Now, by Proposition 3.1,
for all u P M0, the set Du is dominating in Gu.Moreover, by our assumption Dw is a dominating set of Gw,
for all w P Npvq X M1. Hence DzDv is a dominating set in G. This is a contradiction to the minimality of D.
Hence the proof of p3q completes.

Conversely, suppose that M is a dominating set in H that does not have a vertex satisfying property
P, and there exists a family of vertex subsets Dv of Gv, for v P M that satisfies p1q to p3q. We show that
D � YvPMDv is a minimal dominating set in G. It follows from Proposition 3.1 that D is a dominating set in
G. Suppose that D is not a minimal dominating set in G. Then there exists a vertex x of Gu such that Dztxu is
a dominating set in G, for some u P M.We claim that de1Mpuq ¡ 0. Suppose not, then by hypothesis p1q, Du
is a minimal dominating set in Gu, and hence Duztxu is not a dominating set in Gu. But by Proposition 3.1,
Duztxu is a dominating set of Gu if Duztxu � H. If Duztxu � H, then πpDztxuq � Mztuu is a non-dominating
set of H. This is a contradiction. Hence, de1Mpuq ¡ 0.

Since u P M�, Du � txu. Now, it follows that u P M� as Dztxu is a dominating set in G. Then, by
hypothesis there exists a vertex w P M X Npuq such that de1Mpwq � 1 and Dw is a non-dominating set of
Gw. But by Proposition 3.1, Dw is a dominating set of Gw as de1Mztuupwq � 0. This is absurd. Hence, D is a
minimal dominating set in G.

4.2. The minimal domination polynomial of H�join graphs:
Now, we have the following remarks that we need for writing the minimal domination polynomial of

H�join graphs.

Remark 4.4. Suppose that M is a dominating set of a graph H. Then, we have

M � M0 \M1 \M¥2

� M0 \NM \N1
M \M¥2,

where NM �
§

vPM�

Npvq XM1 and N1
M �

§
vPM�zM�

Npvq XM1.

Remark 4.5. For each v P VpHq, let WpGvq and UpGvq be the set of all non-dominating vertices and the set of all
dominating vertices of Gv respectively. For any subset L of VpHq,we define AL to be the set of all pxvqvPL P

±
vPL VpGvq

such that at least one of xv must be a non-dominating vertex of Gv. It is clear that

AL �
�¹

vPL

VpGvq
�
zp
¹
vPL

UpGvqq.

Let KL �
�

vPL K|VpGvq| be a disjoint union of complete graphs, where K|VpGvq| is the complete graph with vertex set
VpGvq. For a subset S of L, consider the induced subgraph KS

L �
�
\vPS K|WpGvq|

���
\vPLzS K|UpGvq|

�
of KL.We make

the following observations.

1. If UpGvq � H for some v P L then AL �
±

vPL VpGvq.Moreover, there is a one-to-one correspondence between
the set of all minimal dominating sets of the graph KL and the set AL.

2. If UpGvq � H for all v P L then there is a one-to-one correspondence between the set AL and the union of all
the set of minimal dominating sets of the graph KS

L, where the union runs over all nonempty subsets S of L such
that WpGvq � H for all v P S.
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As a consequence of Proposition 4.3, we have the following theorem.

Theorem 4.6. Let G �
�

H G be a H�join graph. Then, the number of minimal dominating sets of size k in G is
given by

mkpGq �
ķ

s�1

¸
MPDomPpHq
|M|�s

¸
aM�k

� ¹
vPM0

mavpGvq
¹

vPM�

|ANpvqXM1 |

¹
vPN1

M\M¥2

|VpGvq|

�
,

where DomPpHq consists of all dominating sets M of H such that M does not have a vertex that satisfies property P,
the third sum is over all possible sums k � aM � |M�

|�
¸

vPM0

av of positive integers and mavpGvq denote the number

of minimal dominating sets in Gv of size av.

Proof. The proof follows from Proposition 4.3, Remark 4.4, Remark 4.5, and by a similar approach of the
proof of Theorem 3.2.

Corollary 4.7. Let G �
�

H G be a H�join graph. Let MVDPpH; Xq �
°

M�VpHqrMsXM be the multivariate
domination polynomial of H forDP :� DomPpHq. Then,

1. The minimal domination polynomial of G is

PMpG; xq �
¸

M�VpHq

rMsΛMpxq,

where

• ΛMpxq �
¹
vPM

�
χM0pvqPMpGv; xq � χM�pvqRvpxq � χN1

M\M¥2pvqPMpK|VpGvq|; xq
	
,

• Rvpxq �
±

wPNpvqXM1 PMpK|VpGwq|; xq i f UpGuq � H f or some u P NpvqXM1 andRvpxq �
°
H�S�NpvqXM1

�±
wPSPMpK|WpGwq|; xq

±
wPSPMpK|UpGwq|; xq

	
i f UpGuq �

H f or all u P Npvq XM1, where the sum runs over all nonempty subset S of L such that WpGwq � H for
all w P S.

2. The multivariate minimal domination polynomial of G is given by

MVMpG; Zq �
¸

M�VpHq

rMsΛ�MpZq,

where

• Λ�MpZq �
±

vPM

�
χM0pvqMVMpGv; Xvq � χM�pvqRvpXq � χN1

M\M¥2pvqMVMpK|VpGvq|; Xvq
	
,

• RvpXq �
±

wPNpvqXM1MVMpK|VpGwq|; Xwq if UpGuq � H for some u P Npvq X M1 and RvpXq �°
H�S�NpvqXM1

�±
wPSMVMpK|WpGwq|; Xwq

±
wPSMVMpK|UpGwq|; Xwq

	
if UpGuq � H for all u P

Npvq XM1, where the sum runs over all nonempty subset S of L such that WpGwq � H for all w P S.

Proof. The proof of the corollary follows from Theorem 4.6 and Remark 4.5.
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4.3. Minimal dominating sets of H�generalized join graphs

Now, we calculate the minimal domination polynomial of H�generalized join graphs by characterizing
minimal dominating sets of H�generalized join graphs.

Proposition 4.8. Let G �
ª
H,S

G be a H�generalized join graph. Let D be a minimal dominating set in G. Then, the

set L :� tv P VpHq : DX Sv � Hu does not have a vertex that satisfies property P.

Proof. Suppose that v P L satisfies property P. Since v satisfies property P, we see that pLztvuq0 � L0,
pLztvuq� � L�ztvu, NpLztvuqzpLztvuq �

�
NpLqzL

�
Y tvu, and NrLztvus � NrLs. As Sv � H and v P

NpLztvuqzpLztvuq, if we take Dv � H and Dw � D X VpGwq for all w � v, it follows that from Proposi-
tion 3.4 that DzDv is a dominating set in G. This is a contradiction to the minimality of D in G. Hence, the
result follows.

Let G �
ª
H,S

G be a H�generalized join graph and let v P VpHq.We say that M � VpGvq is minimal among

all the GrSvs�dominating sets in Gv that intersect Sv if

1. M is a GrSvs�dominating set in Gv such that MX Sv � H,

2. if D is any other GrSvs�dominating set in Gv such that MX Sv � H, and D � M then D � M.

In other words, M is a minimal element of the pre-ordered set pD
DS
,�q, where D

DS
is the set of all

GrSvs�dominating set in Gv that have nonempty intersection with Sv.

Lemma 4.9. Let G �
ª
H,S

G be a H�generalized join graph and let v P VpHq. If a vertex subset M of Gv is minimal

among all the GrSvs�dominating sets in Gv that intersect Sv then either M is a minimal GrSvs�dominating set of Gv

that intersect Sv or M � MzSv Y tpointu and MzSv � Sv is a minimal dominating set of GrSvs.

Proof. Suppose that M � VpGvq is minimal among all the GrSvs�dominating set in Gv that intersect Sv.

Assume that M is not a minimal GrSvs�dominating sets in Gv. Then, there exists a vertex x P M such that
Mztxu is a GrSvs�dominating set in Gv. It follows that Mztxu � Sv and x P Sv.Hence, M � pMzSvqY txu and
MzSv � Sv is a minimal dominating set of GrSvs.

Remark 4.10. A notion of the minimal among all the dominating sets in Gv that intersect Sv can be defined similar
to the definition of the minimal among all the GrSvs�dominating sets in Gv that intersect Sv. Also, a lemma similar
to Lemma 4.9 holds for the minimal among all the dominating sets in Gv that intersect Sv.

Now, we describe the minimal dominating sets of H�generalized join graphs.

Proposition 4.11. Let G �
ª
H,S

G be a H�generalized join graph. Let D be a vertex subset of G. Then, D is a

minimal dominating set in G if and only if there exists a subset L (possibly empty) of VpHq that does not have a vertex
that satisfies property P and there exists a family tDv � VpGvquvPVpHq such that D � YvPVpHqDv and satisfies the
following properties:

p0q Dv � H if and only if v P NpLqzL and Sv � H.

p1q If v P NpLqzL and Sv � H, then Dv � Sv and Dv is a minimal dominating set in GrSvs.

p2q If v P NrLs then Dv � Sv and Dv is a minimal dominating set in Gv.
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p3q If v P L0 then the set Dv is minimal among all the dominating sets in Gv that intersect Sv. Moreover, if Dv is
not a minimal dominating set in Gv then there exists w P Npvq such that w is adjacent to no vertex of L other
than v for which Dw is a non-dominating set in Gw.

p4q The following statements holds for all v P L�.

paq The set Dv is minimal among all the GrSvs�dominating set in Gv that intersect Sv.

pbq If v satisfies P.1 but not P.2 and if Dv is not a minimal GrSvs�dominating set in Gv then there exists a
vertex w P Npvq X L with de1Lpwq � 1 for which Dw is a non-dominating set of Gw.

pcq If v satisfies P.2 but not P.1 and if Dv is not a minimal GrSvs�dominating set in Gv then there exists a
vertex w P NpvqzL such that w is adjacent to no vertex of L other than v for which Dw is a non-dominating
set of Gw.

pdq If v does not satisfies both P.1, P.2 and if Dv is not a minimal GrSvs�dominating set in Gv then there exists
a vertex w P Npvq such that w is adjacent to no vertex of L other than v for which Dw is a non-dominating
set of Gw.

peq If v satisfies P.1 and P.2 but not P.3 then Dv must be a minimal GrSvs�dominating set of Gv that intersect
Sv.

Proof. Suppose that D is a minimal dominating set in G. Let L � LpDq :� tv P VpHq : DXSv � Hu. It follows
from Proposition 4.8 that L does not have a vertex that satisfies property P.

For each v P VpHq, set Dv � VpGvq X D. Note that by Proposition 3.4, the family tDv � VpGvquvPVpHq

satisfies properties p1q � p5q of Proposition 3.4. Observe that D is a dominating set of G and no vertex of Sv

is adjacent to any other vertex of Gu for all u P VpHqztvu implies that Sv � NrDvs for each v P VpHq.
The proof of p0q is immediate from p3q of Proposition 3.4. Now, we will prove p1q. If v P NpLqzL and

Sv � H, then the domination of Dv in GrSvs follows from p4q of Proposition 3.4. The minimality of Dv

follows from the fact that if Dvztxu is a dominating set in GrSvs for some x P Dv � Sv, then by Proposition
3.4 Dztxu is a dominating set in G. This proves that Dv is a minimal dominating set in GrSvs. The proof of
p2q is similar to that of p1q.

Now, we show that for each v P L0, the set Dv is minimal among all the dominating sets in Gv that
intersect Sv. Note that Npvq � H as H is connected. By Proposition 3.4, it remains to prove that Dv is
minimal among all such sets. Suppose not, then there exists a vertex x P Dv such that Dvztxu is a dominating
set in Gv that intersect Sv. By Proposition 3.4, it follows that Dztxu is a dominating set in G, which is a
contradiction. Hence, Dv is minimal among all the dominating sets in Gv that intersect Sv.

For u P L, let
Npuqr1s :� tw P Npuq : Npwq X L � tuuu.

Suppose that Dv is not a minimal dominating set in Gv for some v P L0. By Remark 4.10, DvzSv is a minimal
dominating set in Gv and Dv � pDvzSvq Y txu for some x P Sv. Suppose that Npvqr1s � H. Then, if z P VpGwq
is adjacent to x for some w P Npvq, z is adjacent to a vertex of Su for some u P Lztvu. This implies that, by
Proposition 3.4, Dztxu is a dominating set of G which is a contradiction to the minimality of D in G.Hence,
Npvqr1s � H.Now, we claim that there exists a vertex w P Npvqr1s such that Dw is not a dominating set in Gw.
Suppose not, then for every vertex w P Npvqr1s, Dw is a dominating set in Gw.Observe that LpDztxuq � Lztvu,
pLztvuq0 � L0ztvu, pLztvuq� � L�, NpLztvuqzpLztvuq � NpLqzpL Y Npvqr1sq and Lztvu � L Y tvu Y Npvqr1s.
By Proposition 3.4, we get Dztxu � DzSv is a dominating set in G which is a contradiction. Hence, the proof
of p3q follows.

The proof of p4.aq follows from the fact that if D1
v � Dv is a GrSvs�dominating set in Gv such that D1

v X Sv
is nonempty then D1

v Y pYu�vDuq is a dominating set that contained in D.
Assume that the hypothesis of p4.bq is true. Since v does not satisfy P.2, there exists a vertex w P NpvqXL

such that de1Lpwq � 1. Suppose that for each vertex w of NpvqXL with de1Lpwq � 1, the set Dw is a dominating
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set of Gw.Using a similar arguments given in proof of p3q, we see that DzSv is a dominating set in G, which is
a contradiction. Hence, the proof of p4.bq follows. Similarly, the proof of p4.cq and p4.dq follows in a similar
line of proof of p3q.

Suppose that v satisfies P.1, P.2 but not P.3. Then, Sv � H and Npvqr1s � H.We have to prove that Dv

must be a minimal GrSvs�dominating set of Gv. Suppose not, then by Lemma 4.9, Dv � pDvzSvq Y txu for
some x P Sv and DvzSv is a minimal GrSvs�dominating set of Gv. Then, Dztxu is a dominating set in G.
Because if z P VpGwq such that z is adjacent to x for some w P Npvq then z is adjacent to a vertex of Du � Dztxu
for some u P Lztvu as Npvqr1s � H. This is a contradiction. Hence the proof of p4.eq completes.

Conversely, suppose that L is a subset of VpHq that does not have a vertex that satisfies property P and
there exists a family tDv � VpGvquvPVpHq such that D � YvPVpHqDv and satisfies properties p0q to p4q. We
show that D is a minimal dominating set in G. It follows from Proposition 3.4 that D is a dominating set in
G. Suppose that D is not a minimal dominating set in G. Then there exists a vertex x of Du such that Dztxu
is a dominating set in G for some u P VpHq.

Suppose that u P NrLs. Since Du � Su is a minimal dominating set in Gu, the set Duztxu is not a dominating
set in Gu. But by Proposition 3.4, Duztxu is a dominating set in Gu as Dztxu is a dominating set of G, which
is a contradiction. Therefore, u R NrLs. Similarly we can prove that u R NpLqzL.

Suppose that u P L0. Assume that Duztxu is not a dominating set in Gu. If pDuztxuq X Su � H, then
LpDq � LpDztxuq. By Proposition 3.4, Duztxu is a dominating set in Gu, which is a contradiction. If
pDuztxuq X Su � H, then u P NpLztuuq � NpLpDztxuqq. Again we get a similar contradiction by Proposition
3.4. Therefore, Duztxu is a dominating set in Gu. By Remark 4.10, Du is not a minimal dominating set in Gv

and Duztxu � Su. Now by p3q, there exists w P Npuq X Npuqr1s such that Dw is not a dominating set in Gw.

Hence, w P NpLztuuq � NpLpDztxuqq and it gives a similar contradiction by Proposition 3.4. Hence, the case
u P L0 is not possible.

Finally, we prove that u R L�. Suppose that u P L�. Then, by a similar argument given in the last
paragraph Duztxu is a GrSvs�dominating set in Gu. Hence, by Lemma 4.9, DuXSu � txu and Duztxu � DuzSu.
It follows that the vertex u appears in any one of the cases from p4.bq to p4.dq. Suppose that u satisfies P.1 but
not P.2. By p4.bq, there exists a vertex w P Npuq X L with de1Lpwq � 1 such that Dw is a non-dominating set of
Gw. Note that LpDztxuq � Lztuu and w P pLztuuq0. Hence, by Proposition 3.4, Dw is a dominating set of Gw.
This is absurd. Therefore, the case u P L�, and u satisfies P.1 but not P.2 is not possible. The non-possibility
of other cases can be dealt with in a similar way. Hence, if Dztxu is a dominating set in G for some x P VpGuq
then u R VpHq. This is absurd. Hence, D is a minimal dominating set in G.

4.4. The minimal domination polynomial of H�generalized join graphs:

Let G �
ª
H,S

G be a H�generalized join graph. Let E � tv P VpHq : Sv � Hu.

For a subset L of VpHq,we define the following notations.

• EL :� VpHqzpEX pNpLqzLqq.

• For v P L, let Npvqr1s :� tw P Npvq : Npwq X L � tvuu.

• Let L0
1 � tv P L0 : Npvqr1s � Hu and L0

2 � L0zL0
1.

• LP1P2 {P3 � tv P L� : v satifies P.1 and P.2 but not P.3u.

• NpLqr1s �
�

vPL Npvqr1s.

• L̃� � L�zNpLqr1s � tw P L� : de1Lpwq ¡ 1u.

• ÑpLqzL �
�
NpLqzL

�
zNpLqr1s.
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We see that VpHq is a disjoint union of the sets L0
1,L

0
2,NpLqr1s, L̃

�, ÑpLqzL and NrLs.We denote the number
of minimal among all the dominating sets (resp. GrSvs�dominating sets) in Gv that intersect Sv of size av by

m̂avpGvq (resp. m̂Sv
av
pGvq).

For L � VpHq and a tuple of non-negative integers aH � pavqvPVpHq, we define the following functions
on the vertex subset of H, by keeping Proposition 4.11 in mind, that we needed for writing the minimal
domination polynomial of G.

• m1
L : VpHq ÑNY t0u

m1
Lpvq �

$''''&
''''%

mavpGvq �m�
av
pGvq i f v P L0

mSv
av
pGvq �mavpGrSvsq i f v P L�

mavpGrSvsq i f v P NpLqzL
m�

av
pGvq i f v P NrLs.

• m2
L : L ÑNY t0u

m2
Lpvq �

#
m̂avpGvq �m1

Lpvq i f v P L0

m̂Sv
av
pGvq �m1

Lpvq i f v P L�

• v1
L : L� YNpLqzL ÑNY t0u

v1
Lpvq �

$''''''&
''''''%

the number of subsets of VpGvq that intersect Sv of size av which
are both minimal GrSvs�dominating and dominating set in Gv i f v P L�

the number of subsets of Sv of size av that are both minimal
dominating set in GrSvs and dominating set in Gv i f v P NpLqzL

• v2
L : L� ÑNY t0u

v2
Lpvq �

$'&
'%

the number of subsets of VpGvq of size av that are both dominating
set in Gv and minimal among all the GrSvs�dominating sets in Gv

that intersect Sv but not a minimal GrSvs�dominating set in Gv i f v P L�

• n1
L : L� YNpLqzL ÑNY t0u

n1
Lpvq � m1

Lpvq � v1
Lpvq, i f v P L� Y pNpLqzLq

• n2
L : L� ÑNY t0u

n2
Lpvq � m2

Lpvq � v2
Lpvq, i f v P L�

Remark 4.12. Observe that
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• if v P L� X E then m1
Lpvq � 0, v1

Lpvq � 0, and n1
Lpvq � 0.

• if v P L0 X E then m2
Lpvq � 0.

• If v P pNpLqzLq X E and av � 0 then m1
Lpvq � 1, v1

Lpvq � 0, and n1
Lpvq � 1.

For B � L � VpHqwith non-negative integers av, v P VpHq,we define m1
LpBq �

±
vPB m1

Lpvq. Similarly one
can define m2

LpBq,n
1
LpBq and etc. We fix the convention that if a summation or a product runs over a subset

A of a set B then we simply denote BzA as Ac. For v P L,we define

• f 0
1 pvq � m1

LpNpvqr1sq

• f 0
2 pvq �

¸
H�K�Npvqr1s

n1
LpKqv

1
LpK

cq

• f�1 pvq � m1
LpNpvqr1s XNpLqzLq m1

LpNpvqr1s X LP1P2 {P3q

�
¸

B�Npvqr1sXpL�zLP1P2 {P3q

�
m1

LpBq m1
LpNpBqr1sq

¹
wPBc

m2
Lpwq f 0

2 pwq
	

• f�2 pvq �
¸

H�Q�Npvqr1s

�
n1

LpQXNpLqzLq n1
LpQX LP1P2 {P3q

�

� ¸
B�QXpL�zLP1P2 {P3q

�
n1

LpBq m1
LpNpBqr1sq

¹
wPBc

n2
Lpwq f 0

2 pwq
	�

v1
LpQ

c XNpLqzLq

� v1
LpQ

c X LP1P2 {P3q

� ¸
B1�QcXpL�zLP1P2 {P3q

�
v1

LpB
1q m1

LpNpB
1qr1sq

¹
wPB1c

v2
Lpwq f 0

2 pwq
	��

For an independent edge tu, vu in L�,we define

• f̃ 0
2 pvq �

¸
H�K�Npvqr1sztuu

n1
LpKqv

1
LpK

cq

• SLpu, vq � m1
Lpvqm

1
LpNpvqr1sztuuqm

1
Lpuqm

1
LpNpuqr1sztvuq �m2

Lpvq f̃ 0
2 pvqm

1
Lpuqm

1
LpNpuqr1sztvuq

�m2
Lpvqv

1
LpNpvqr1sztuuqn

1
Lpuqm

1
LpNpuqr1sztvuq �m2

Lpuq f̃ 0
2 puqm

1
Lpvqm

1
LpNpvqr1sztuuq

�m2
Lpuqv

1
LpNpuqr1sztvuqn

1
Lpvqm

1
LpNpvqr1sztuuq �m2

Lpvq f̃ 0
2 pvqm

2
Lpuq f̃ 0

2 puq

�m2
Lpvqv

1
LpNpvqr1sztuuqn

2
Lpuq f̃ 0

2 puq �m2
Lpuqv

1
LpNpuqr1sztvuqn

2
Lpvq f̃ 0

2 pvq

� n2
Lpvqv

1
LpNpvqr1sztuuqn

2
Lpuqv

1
LpNpuqr1sztvuq.

Theorem 4.13. Let G �
ª
H,S

G be a H�generalized join graph. The number of minimal dominating sets of size k in

G is given by

mkpGq �
ķ

s�0

¸
L�VpHq
|L|�s

¸
apH,ELq�k

�
m1

LpL
0
1q
¸

T�L0
2

�¹
uPT

m1
Lpuq f 0

1 puq
¹
uPTc

m2
Lpuq f 0

2 puq

�
m1

LpL
P1P2 {P3zNpLqr1sq

¸
A�L̃�zLP1P2 {P3

�¹
vPA

m1
Lpvq f�1 pvq

¹
vPAc

m2
Lpvq f�2 pvq

�� ¸
tu,vuPIndpL�q

SLpu, vq
	�

m1
LpÑpLqzLqm

1
LpNrLsq

	�
.

where
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• the second sum is over all subsets in VpHq of size s that does not have a vertex that satisfies property P,

• the third sum is over all possible sums k � apH,ELq �
°

vPVpHq av of non-negative integers such that av � 0 if
and only if v P VpHqzEL,

• IndpL�q denote the set of independent edges of L�.

Proof. The proof of the theorem follows by Figure 1 and by the following observations from Proposition
4.11:

• For L � VpHq,we can choose nonempty Dv’s if and only if v P EL.

• Note that for v P L�, Npvqr1s � H if and only if v P LP1P2 {P3.

• u P Npvqr1s implies Npuqr1s � NpLqzL.

• MDompGrSvsq �
�
MDompGrSvsq XDompGvq

���
MDompGrSvsqzDompGvq

�
.

• If v P L0 then Npvqr1s � NpLqzL.

• If v P L� then Npvqr1s can intersect the disjoint sets NpLqzL,LP1P2 {P3 and L�zLP1P2 {P3.

Note that
¸

K�Npvqr1sztuu

n1
LpKqv

1
LpK

cq � f̃ 0
2 pvq � v1

LpNpvqr1sztuuq. Now, for an independent edge tu, vu of

L�,we describe all possible choices of Du,Dv and Dw for w P Npuqr1s YNpvqr1s as follows:

m1
Lpvqm

1
LpNpvqr1sztuuqm

1
Lpuqm

1
LpNpuqr1sztvuq

�m2
Lpvq

�
f̃ 0
2 pvq � v1

LpNpvqr1sztuuq
	

n1
Lpuqm

1
LpNpuqr1sztvuq �m2

Lpvq f̃ 0
2 pvqv

1
Lpuqm

1
LpNpuqr1sztvuq

�m2
Lpuq

�
f̃ 0
2 puq � v1

LpNpuqr1sztvuq
	

n1
Lpvqm

1
LpNpvqr1sztuuq �m2

Lpuq f̃ 0
2 puqv

1
Lpvqm

1
LpNpvqr1sztuuq

� v2
Lpvq f̃ 0

2 pvqv
2
Lpuq f̃ 0

2 puq � v2
Lpvq

�
f̃ 0
2 pvq � v1

LpNpvqr1sztuuq
	

n2
Lpuq f̃ 0

2 puq

� v2
Lpuq

�
f̃ 0
2 puq � v1

LpNpuqr1sztvuq
	

n2
Lpvq f̃ 0

2 pvq

� n2
Lpvq

�
f̃ 0
2 pvq � v1

LpNpvqr1sztuuq
	

n2
Lpuq

�
f̃ 0
2 puq � v1

LpNpuqr1sztvuq
	
.

By combining terms in the above expression using the equation mi
Lpvq � ni

Lpvq � vi
Lpvq for i � 1, 2, we

can see that the above expression is equal to SLpu, vq. The remaining possible choices for Dv, v P VpHq follow
from Figure 1.

Now, we have an immediate corollary.

Corollary 4.14. Let G �
ª
H,S

G be a H�generalized join graph. The minimal domination polynomial of a graph G is

given by

PMpG; xq �
|VpGq|¸

k�γpGq

mkpGq xk,

where mkpGq is as defined in Theorem 4.13.
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v ∈ L+

L̃+ \ LP1P2 /P3 LP1P2 /P3 \N(L)[1]
N(L)[1] ∩ L+

Dv ∈ MDomSv (Gv) TAKE CARE BY
N(v)[1], v ∈ L̃+ \ LP1P2 /P3

Dv is minimal G[Sv]–dominating
set in Gv that intersect Sv

Dv is non-minimal G[Sv]–dominating
set in Gv that intersect Sv

w ∈ N(v)[1] ∩N(L) \ L

w ∈ N(v)[1] ∩ LP1P2 /P3

w ∈ N(v)[1] ∩ (L+ \ LP1P2 /P3)

Dw ∈ MDom(G[Sw])

Dw ∈ MDomSw(Gw)
such that Dw ∩ Sw �= ∅

such that Dv ∩ Sv �= ∅

Dw is non-minimal G[Sw]–dominating
set in Gw that intersect Sw

Dw ∈ MDomSw(Gw)
such that Dw ∩ Sw �= ∅

Du ∈ MDom(G[Su])

u ∈ N(w)[1] ⊂ N(L) \ Lu ∈ N(w)[1] ⊂ N(L) \ L

Du ∈ MDom(G[Su]) ∩Dom(Gu) Du ∈ MDom(G[Su]) \ Dom(Gu)

w ∈ N(v)[1] ∩N(L) \ L

w ∈ N(v)[1] ∩ LP1P2 /P3

w ∈ N(v)[1] ∩ (L+ \ LP1P2 /P3)

Dw ∈ MDomSw(Gw) \ Dom(Gw)
such that Dw ∩ Sw �= ∅

Dw ∈ Dom(Gw) and is
non-minimal G[Sw]–dominating such that Dw ∩ Sw �= ∅

Du ∈ MDom(G[Su])

u ∈ N(w)[1] ⊂ N(L) \ L
u ∈ N(w)[1] ⊂ N(L) \ L

Du ∈ MDom(G[Su]) ∩Dom(Gu) Du ∈ MDom(G[Su]) \ Dom(Gu)

Dw ∈ MDom(G[Sw]) ∩Dom(Gw)

Dw ∈ MDom(G[Sw]) \ Dom(Gw)

Dw ∈ MDomSw(Gw) ∩Dom(Gw)
such that Dw ∩ Sw �= ∅

such that Dw ∩ Sw �= ∅

Dw ∈ MDomSw(Gw) ∩Dom(Gw)Dw ∈ MDomSw(Gw) \ Dom(Gw)

set in Gw that intersect Sw

Dw /∈ Dom(Gw) and is
non-minimal G[Sw]–dominating
set in Gw that intersect Sw

v ∈ L0

Dv is minimal dominating
set in Gv that intersect Sv.

Dv is non-minimal dominating
set in Gv that intersect Sv.

N(v)[1] �= ∅
w ∈ N(v)[1]

N(v)[1] = ∅ N(v)[1] �= ∅
w ∈ N(v)[1]

Dw ∈ MDom(G[Sw]) Dw ∈ MDom(G[Sw]) \ Dom(Gw) Dw ∈ MDom(G[Sw]) ∩Dom(Gw)

v is a vertex of an

v is not a vertex of
an independent edge

independent edge

REFER PROOF
FOR POSSIBILITIES

Figure 1: A schematic diagram of choices for Dv, v P VpHq.
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5. Illustration using examples

Now, we illustrate our theorems using some examples.

5.1. Join of graphs
The join G1 �G2 of two graphs G1 and G2 is a K2�join of graphs G1 and G2, i.e., G1 �G2 �

�
K2
tG1,G2u.

Let |Gi| � ni for i � 1, 2.
By Theorem 3.2, we get

dkpG1 � G2q � dkpG1q � dkpG2q �
¸

a1�a2�k
ai¥1

�
n1

a1


�
n2

a2



.

Hence, the domination polynomial of G1 � G2 is given by

PDpG1 � G2; xq � PDpG1; xq �PDpG2; xq � pp1� xqn1 � 1qpp1� xqn2 � 1q.

Now, we calculate the minimal domination polynomial of G1 � G2.Write VpK2q � tv1, v2u. Let UpGiq be
the set of dominating vertices of Gi and WpGiq be the set of non-dominating vertices of Gi for i � 1, 2. Let
|WpGiq| � wi.

Case p1q : Suppose that for i � j, UpGiq � H, UpG jq � H and WpG jq � H, i.e., G j is not complete. By
using Remark 4.5 and Theorem 4.6, we have

mkpG1 � G2q �

#
mkpG1q �mkpG2q if k � 2
mkpG1q �mkpG2q � |Atviu||Atv ju| if k � 2

i.e., mkpG1 � G2q �

#
mkpG1q �mkpG2q if k � 2
mkpG1q �mkpG2q � |VpGiq||WpG jq| if k � 2.

Case p2q : By a similar argument in Case p1q, if UpGiq � H for all i � 1, 2, we have

mkpG1 � G2q �

#
mkpG1q �mkpG2q if k � 2
mkpG1q �mkpG2q � |VpGiq||VpG jq| if k � 2

Case p3q : Suppose that WpG jq � H, for some j � 1, 2, i.e., G j is a complete graph. Then by Proposition
4.3, there does not exist a minimal dominating set D of G1 � G2 such that πpDq � VpK2q. Therefore, by
Theorem 4.6

mkpG1 � G2q � mkpG1q �mkpG2q,

Case p4q : By a similar argument in Case p1q, if UpGiq � H with WpGiq � H for all i � 1, 2 we have

mkpG1 � G2q �

#
mkpG1q �mkpG2q if k � 2
mkpG1q �mkpG2q � |WpGiq||WpG jq| if k � 2

Hence by Corollary 4.7,

PMpG1 � G2; xq �

$'''&
'''%
PMpG1; xq �PMpG2; xq � niw jx2 if UpGiq � H, UpG jq � H and WpG jq � H,
PMpG1; xq �PMpG2; xq � n1n2x2 if UpGiq � H, for all i � 1, 2,
PMpG1; xq �PMpG2; xq if WpG jq � H, for some j � 1, 2,
PMpG1; xq �PMpG2; xq � w1w2x2 if UpGiq � H with WpGiq � H for all i.
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5.2. Complete multipartite graph

Let G be a complete multipartite graph. We can write G as Km�join of empty graphs Gvi � Kni ’s, i.e.,
G �

�
Km
G, where G � tKni : i � 1, 2, ...,mu and VpKmq � tv1, v2, ..., vmu for some integers m,n1, ...,nm. Note

that every vertex subset of Km is a dominating set. By using Corollary 3.3, we get

PDpG; xq � xn1 � ...� xnm �
¸

J�VpKmq
|J|¥2

¹
v jPJ

pp1� xqn j � 1q.

Now, we calculate the minimal domination polynomial of G �
�

Km
G. Note that the set DomPpKmq of all

dominating sets M in Km such that M does not have a vertex that satisfies the property P is given by

tM � VpKmq : 0   |M| ¤ 2u.

Note that each vertex of Gvi are non-dominating vertex of Gvi � Kni , if ni ¡ 1 and there is no minimal
dominating set D in G such that πpDq � tvi, v ju with |VpGviq| � 1, refer Proposition 4.3, where π is the
canonical projection. LetW � tv P VpKmq : |Gv| � 1u. It follows from Remark 4.5 that |Atvu| � |VpGvq|, if
v RW.

Then, by using Remark 4.5 and Theorem 4.6, we can see that mkp
�

Km
Gq has the term mkpGviq if and only

if k � ni � |VpGviq|. Also, mkp
�

Km
Gq � 0 if and only if k � 2 and k � ni for i � 1, ...,m.Note that m2p

�
Km
Gq

has the term¸
M�VpKmqzW
|M|�2

¹
vPM

|ANpvqXM1 | �
¸

tvi,v ju�VpKmqzW

p|Atviu||Atv ju|q

�
¸

tvi,v ju�VpKmqzW

p|VpGiq||VpG jq|q

Hence,

PMp
ª
Km

G; xq �
m̧

i�1

PMpKni ; xq �
¸

tvi,v ju�VpKmqzW

PMpK|VpGiq|; xqPMpK|VpG jq|; xq

�
m̧

i�1

xni �
¸

tvi,v ju�VpKmqzW

nin jx2.

5.3. Corona Product of graphs
Let H1 be a connected graph with vertex set tv1, ..., vnu and G1 be a graph. The corona product H1 � G1 of

H1 and G1 is obtained by taking a disjoint union of a copy of H1 with n � |VpH1q| copies of G1 and joining the
vertex vi of H1 to all the vertices of the ith copy of G1, for each i.We can view the corona product H1 � G1 of
graphs as a H�join graph as follows: Let H � H1 � K1 and G1 � tK1 � tu11u, ...,K1 � tu1nu,G1, ...,G1u, where
H�join decomposition of H1 � G1 is obtained by replacing each vertex of H1 (in H) by K1 and each vertex of
K1 (in H) by G1. Then, we see that

H1 � G1 �
ª

H

G
1.

The domination polynomial of H1 � G1:
Let us describe dominating sets of H � H1 � K1. We write VpH1 � K1q � tv1, ..., vn,u1, ...,unu, where the

vertex set of i�th copy of K1 is tuiu and vi is adjacent to ui for each i � 1, ...,n.Note that any dominating set
of H1 �K1 contains at least one of ui or vi for all i � 1, ..,n. For n ¤ m ¤ 2n, let M be a dominating set of H1 �K1
of size m. Then, M must contains a subset Mp which consists of m � n pair of vertices ui, vi and contains a
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subset Ms which consists of 2n � m vertices either u j or v j but not both such that M � Mp \ Ms. It follows
that the domination number of H1 � K1 is n and its domination polynomial isDpH1 � K1q � xnpx� 2qn.

Let D be a dominating set of H1 � G1 and M � πpDq, where π : H1 � G1 Ñ H1 � K1 be the canonical map.
Note that if a vertex ui P Ms then it is an isolated vertex of HrMs and if u j P Mp then it is a nonisolated vertex
of HrMs. Then, by using Proposition 3.1, we see that

1. Dvi � DX Gvi � tu1iu and Dui is a nonempty vertex subset of G1 if tui, viu � Mp.

2. Dv j � tu1ju if v j P Ms.

3. Du j is a dominating set of G1 if u j P Ms.

Now by Corollary 3.3, given a dominating set M of size m in H,

ΓMpxq �
¹
vPM

�
χM0pvqPDpGv; xq � p1� χM0pvqq

�
p1� xq|VpGvq| � 1

�	

�
¹

u jPMs

PDpGu j ; xq
¹

v jPMs

PDpGv j ; xq
¹

tvi,uiu�Mp

�
p1� xq|VpGvi q| � 1

��
p1� xq|VpGui q| � 1

�

�
�
PDpG1; xq

�|tu jPMsu|�x�|tv jPMsu|�x�p1� xq|VpG
1q| � 1

��m�n

Let Ppxq � xpp1� xq|VpG1q| � 1q, Qpxq � x and Rpxq � PDpG1; xq.
Hence, the domination polynomial of Corona product H1 � G1 is given by

PDpH1 � G1; xq �
2ņ

m�n

nCm�nPpxqm�n
� 2n�m̧

i�0

p 2n�mCiQpxq2n�m�iRpxqiq
	

�
2ņ

m�n

nCm�nPpxqm�npQpxq � Rpxqq2n�m

�
2ņ

m�n

nCm�npxpp1� xq|VpG
1q| � 1qqm�npx�PDpG1; xqq2n�m

�
�

x p1� xq|VpG
1q| �PDpG1; xq

	|VpH1q|

.

The minimal Domination polynomial of H1 � G1:

Now, we describe the minimal dominating sets of H � H1 � K1.

Proposition 5.1. The minimal dominating sets of the corona product H1 � K1 are exactly those of dominating sets of
H1 � K1 of cardinality n � VpH1q.

Proof. Write VpH1 � K1q � tv1, ..., vn,u1, ...,unu as before. We have observed that the domination number
of H1 � K1 is n, it follows that the dominating set of H1 � K1 of size n is minimal. Suppose that M is a
dominating set of size more than n in H1 � K1. Then by above discussion, there exists a j P t1, 2, ...,nu such
that tv j,u ju � M. Since Mztu ju is a dominating set in H1 � K1, the set M is not a minimal dominating set of
H1 � K1.

Theorem 5.2. The minimal domination polynomial of the corona product H1 � G1 is given by

PMpH1 � G1q � px�PMpG1; xqq|VpH
1q|.
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Proof. Let D be a minimal dominating set in H1 � G1.We claim that M � πpDq is a minimal dominating set
in H � H1 � K1. Suppose not, then by the previous proposition, the set M is a dominating set of size more
than n. Then, there exists a j P t1, 2, ...,nu such that tv j,u ju � M. Note that M X Npu jq � Npu jq � tv ju and
de1Mpv jq ¥ 1. Since Gvi � tu1iu, Dvi � tu1iu for each vi P M. But by p3q of Proposition 4.3, the set Dv j must be a
non-dominating set of Gv j � tu1ju. This is a contradiction and hence M must be a minimal dominating set in
H.

Now by Corollary 4.7, given a dominating set M of size n in H,

ΛMpxq �
¹
vPM

�
χM0pvqPMpGv; xq � χN1

M\M¥2pvqPMpK|VpGvq|; xq
	

�
¹

u jPMs

PMpGu j ; xq
¹

v jPM0

PMpGv j ; xq
¹

v jPN1
M\M¥2

PMpK|VpGvj q|
; xq

�
¹

u jPMs

PMpGu j ; xq
¹

v jPM0

x
¹

v jPN1
M\M¥2

x

Let R̃pxq � PMpG1; xq. Hence, the minimal domination polynomial of Corona product H1 � G1 is given by

PMpH1 � G1; xq �
ņ

l�0

nCl Qpxqn�lR̃pxql � pQpxq � R̃pxqqn

Thus, the minimal domination polynomial of H1 � G1 is

PMpH1 � G1q � px�PMpG1; xqq|VpH
1q|.

5.4. Kn�generalized join graph

Suppose that H is a complete graph. Let G :�
ª
Kn,S

G be a Kn�generalized join graph. Let E � tv P

VpKnq : Sv � Hu. For L � VpKnq,we define EL :� VpKnqzpEX pNpLqzLqq.

The domination polynomial of
ª
Kn,S

G.

For L � V pKnq, we observe the following:

• If L � H, then NpLq � VpHq.

• If L � tvu for some v P VpKnq, then L0 � L, L� � H and NpLqzL � L � VpKnqzL.

• If |L| ¡ 1 then L� � L and NpLqzL � L � VpKnqzL.

Then by Theorem 3.5, the number of dominating sets of size k in G is given by

dkpGq �
¸
aKn�k

¹
vPVpKnq

d�av
pGvq �

¸
vPVpKnq

¸
aEtvu�k

��
davpGvq � d�av

pGvq
� ¹

uPVpKnqzpEYtvuq

daupGrSusq

�

�
¸

L�VpKnq
|L|¥2

¸
aEL�k

�¹
vPL

dSv
av
pGvq

¹
vPVpKnqzpLYEq

davpGrSvsq

�
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Hence by Corollary 3.7,

PDpG; xq �
¹

vPVpKnq

PD�pGv; xq �
¸

vPVpKnq

��
PDpGv; xq �PD�pGv; xq

� ¹
uPVpKnqzpEYtvuq

PDpGrSus; xq

�

�
¸

L�VpKnq
|L|¥2

�¹
vPL

P
DS
pGv; xq

¹
vPVpKnqzpLYEq

PDpGrSvs; xq

�

The minimal domination polynomial of G �
ª
Kn,S

G.

Let us calculate the minimal domination polynomial of G. One can see that L � VpKnq does not have a
vertex that satisfies property P if and only if either |L| ¤ 2 or L � VpKnqzE. Now, for L � VpKnq that does
not have a vertex that satisfies property P, we observe the following:

• If L � H then NpLq � VpKnq.

• If L � tvu for some v P VpKnq then L0 � L0
2 � L, L� � H and Npvqr1s � NpLqzL � VpKnqzL.

• If L � tu, vu � VpKnq then L0 � H, Npuqr1s � tvu, Npvqr1s � tuu, L̃� � H and ÑpLqzL � VpKnqzL.

• If |L| ¥ 3 then L � VpKnqzE, L0 � H, Npuqr1s � H for all u P L, L� � L̃� � LP1P2 {P3 � L, ÑpLqzL �
VpKnqzL.

By Theorem 4.13, the minimal domination polynomial of G is given by

PMpG; xq �
|VpGq|¸
k�1

mkpGq xk,

where

mkpGq �
¸

apH,EHq�k

m1
HpVpKnqq �

ņ

i�1

¸
apH,Etviu

q�k

�
m1
tviu

pviqm1
tviu

pVpKnqztviuq �m2
tviu

pviq f 0
2 pvq

	

�
¸

L�VpKnq
L�tvi,v ju

¸
apH,ELq�k

SLpvi, v jq m1
LpVpKnqztvi, v juq �

¸
L�VpKnqzE
|L|¥3

¸
apH,ELq�k

m1
LpLqm

1
LpVpKnqzLq.

5.5. Kn1,...,nm�generalized join graph

Suppose that H is a complete multipartite graph Kn1,...,nm with n1 ¤ n2 ¤ ... ¤ nm. Let G �
ª

Kn1 ,...,nm ,S

G.

Write VpHq � \m
i�1Vi with |Vi| � ni. Let E � tv P VpHq : Sv � Hu. For L � VpHq, we define

EL :� VpHqzpEX pNpLqzLqq.

The domination polynomial of G �
ª

Kn1 ,...,nm ,S

G.

Now for L � VpHq,we observe the following:

• If L � H then NpLq � VpHq.
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• If L � Vi for some i, then L0 � L, L� � H, NpLqzL � VpHqzVi and NpLq � VizL.

• If LX Vi � H for at least two i then L0 � H, NpLq � H, L� � L and NpLqzL � L.

Let ρV1,...,VmpVpHqq � ρpVpHqqz
�m

i�1 ρpViq,where ρpAq is the power set of a set A.
Then by Theorem 3.5, the number of dominating sets of size k in G is given by

dkpGq �
¸
aH�k

¹
vPVpHq

d�av
pGvq �

m̧

i�1

¸
H�L�Vi

¸
aEL�k

�¹
vPL

�
davpGvq � d�av

pGvq
� ¹

vPVpHqzpViYEq

davpGrSvsq

¹
vPVizL

d�av
pGvq

�
�

¸
LPρV1 ,...,Vm pVpHqq

¸
aEL�k

�¹
vPL

dSv
av
pGvq

¹
vPLzE

davpGrSvsq

�

Hence by Corollary 3.7,

PDpG; xq �
¹

vPVpHq

PD�pGv; xq �
m̧

i�1

¸
H�L�Vi

�¹
vPL

�
PDpGv; xq �PD�pGv; xq

� ¹
vPVpHqzpViYEq

PDpGrSvs; xq

¹
vPVizL

PD�pGv; xq

�
�

¸
LPρV1 ,...,Vm pVpHqq

�¹
vPL

P
DS
pGv; xq

¹
vPLzE

PDpGrSvs; xq

�

The minimal domination polynomial of G �
ª

Kn1 ,...,nm ,S

G.

Let us calculate the minimal domination polynomial of G �
ª

Kn1 ,...,nm ,S

G. One can see that if L � VpGq has

a vertex that satisfies property P if and only if LX E � H and one of the following holds.

• LX Vi � H for at least three i P t1, ...,mu.

• If L X Vi � H for exactly two i P t1, ...,mu, say i1, i2 then either |L X Vi| � 1 for all i � i1, i2 or |L| ¥ 3
with |LX Vi1 | � 1 and EX pLzVi1q � H.

Hence, if L � VpGq does not have a vertex that satisfies property P if and only if L satisfies one of the
following:

• L � Vi for some i.

• |L| ¤ 2

• |L| ¥ 3 and L intersect exactly two Vi such that L X Vi � tvu for some i. Moreover if E X L � H then
EX L � tvu.

• L X E � H and either L intersect at least three Vi or L intersect exactly two Vi with |L X Vi| ¥ 2 for
both i.

Now, we observe the following:

1. If L � H then NpLq � VpHq.

2. If L � tvu for some v P Vi � VpHq then L0 � L0
2 � L, L� � H, NpLqzL � NpLqr1s � VpHqzVi and

NpLq � Viztvu.
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3. L � Vi for some i P t1, ...,mu with |L| ¥ 2 then L0 � L0
1 � L, L� � H, NpLqzL � ÑpLqzL � VpHqzVi and

NpLq � VizL.

4. If L � tui1 ,ui2u � VpHq, where ui j P Vi j then L0 � H, L� � L, Npui1qr1s � Vi2 , Npui2qr1s �
Vi1 , Npui jqr1s X L � Lztui ju and ÑpLqzL � VpHqzpVi1 Y Vi2q.

5. LXVi � H for exactly two values, say i1, i2, with |L| � 2 such that LXVi1 � tvu and LXE � H implies
LX E � tvu then L0 � H,L� � L, Npvqr1s � Vi2 , L̃� � tvu, LP1P2 {P3 � Lztvu, ÑpLqzL � VpHqzpVi2 Y Lq,
Npvqr1s X pNpLqzLq � Vi2zL, Npvqr1s X LP1P2 {P3 � Lztvu, and NpLq � H.

6. L � VpHqzE and either L intersect at least three Vi or L intersect exactly two Vi with |L X Vi| ¥ 2 for
both i then L0 � H, L� � LP1P2 {P3 � L, ÑpLqzL � VpHqzL, NpLq � H.

By Theorem 4.13, we have

mkpGq �
¸

apH,EHq�k

m1
HpVpHqq �

m̧

i�1

¸
vPVi

¸
apH,Etvuq�k

��
m1
tvupvqm

1
tvupVpHqzViq �m2

tvupvq f 0
2 pvq

	�
m1
tvupViztvuq

�	

�
ņ

i�1

¸
L�Vi
|L|¡1

¸
apH,ELq�k

�
m1

LpLqm
1
LpVpHqzViqm1

LpVizLq
	
�

¸
tvi,v ju�VpHq

viPVi, i� j

¸
apH,ELq�k

�
Stvi,v jupvi, v jq

m1
tvi,v ju

pVpHqzpVi Y V jq
	
�

¸
L is as in 5

¸
apH,ELq�k

��
m1

Lpvqm
1
LpVi2zLq m1

LpLztvuq �m2
Lpvq f�2 pvq

	

m1
LpVpHqzpVi2 Y Lqq

	
�

¸
L�VpKnqzE

as in 6

¸
apH,ELq�k

�
m1

LpLqm
1
LpVpHqzLq

�
,

where f 0
2 pvq �

°
H�K�VpHqzVi

n1
tvupKqv

1
tvupK

cq and

f�2 pvq �
°
H�Q�VpHqztvu

�
n1

LpQX Vi2zLq n1
LpQX Lztvuqv1

LpQ
c X Vi2zLq v1

LpQ
c X Lztvuq

	
.
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