
Filomat 39:24 (2025), 8303–8314
https://doi.org/10.2298/FIL2524303S

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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On HRB solitons and their submanifolds
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Abstract. In this article we introduce hyperbolic Ricci-Bourguignon solitons, stationary solutions of hyper-
bolic Ricci-Bourguignon flow. We study hyperbolic Ricci-Bourguignon solitons with different vector fields
and consider immersed submanifolds as hyperbolic Ricci-Bourguignon solitons. Further, we characterize
the hyperbolic Ricci-Bourguignon solitons on sequential warped product manifolds.

1. Introduction

Nowadays, soliton theory bears its prime position in the research field of differential geometry as
well as in the arena of non-linear partial differential equations. The topic covers some fundamental
aspects of geometric topology. It is well known that Hamilton introduced the notion of Ricci flow using
methodologies of non-linear partial differential equations in order to solve the century long open problem
Poincare Conjecture [20]. Like second generation of Ricci-flow, the notion of Yamabe flow came in the
literature to solve the famous Yamabe problem [19]. The Ricci-Bourguignon flow interpolates between the
Ricci flow and the Yamabe flow. This flow contains several special cases like Einstein flow, Traceless Ricci
flow, Schouten flow etc. Ricci-Bourguignon flow was first proposed by Jean-Pierre Bourguignon [9] , based
on some unpublished work of Lichnerowicz in the sixties and a paper of Aubin [2]. In 2011, Lu, Qing and
Zheng also proved some results on the conformal Ricci-Bourguignon flow [22]. Some results concerning
solitons of the Ricci-Bourguignon flow (called gradient ρ-Einstein solitons) can be found in [10–12]. A.
Ghosh [18] and S. Dwivedi [16] also worked on Ricci-Bourguignon solitons and almost solitons. Recently
the second author of the present article has studied Ricci-Bourguignon solitons on three-dimensional quasi-
Sasakian manifolds [24]. In 2021 S. Azami introduced the hyperbolic Ricci-Bourguignon flow [3, 17]. Again,
A. M. Blaga and C. Özgür worked on hyperbolic Ricci soliton in 2023 [7] and hyperbolic Yamabe solitons in
2024 [8] respectively and they established various results related with these solitons. However, the aspects
of hyperbolic Ricci-Bourguignon solitons remained uninvestigated. This is why we are motivated to study
hyperbolic Ricci-Bourguignon solitons.

The present paper is organized as follows. In Section 2 we get some properties of hyperbolic Ricci-
Bourguignon solitons assuming second Lie derivative of the metric is divergence free or trace less. In
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Section 3 we derive some results of hyperbolic Ricci-Bourguignon solitons with different vector fields and
in Section 4 we consider isometrically immersed sub-manifolds as hyperbolic Ricci Bourguignon solitons
having potential vector fields as the tangential components ϑT of certain vector fields ϑ on the ambient
manifold. In the last section we worked on hyperbolic Ricci-Bourguignon solitons on Sequential warped
product manifolds.

2. Hyperbolic Ricci-Bourguignon Flow and Solitons

We consider an n-dimensional compact smooth Riemannian manifold M and introduce the notion of
hyperbolic Ricci-Bourguignon flow on M with a family of metrics 1(t) satisfing the following evolution
equation :

∂21

∂t2 = −2Ric + 2ϱr1; 1(0) = 10(x);
∂1

∂t
|t=0 = k(x),

where Ric is the Ricci tensor, r is the scalar curvature, k(x) is a symmetric tensor on M and ϱ is real constant.
A hyperbolic Ricci-Bourguignon soliton (HRB soliton in short) is a Riemannian manifold (Mn, 1) en-

dowed with a smooth vector field ϑ on M that satisfies

1
2

£ϑ£ϑ1 + λ£ϑ1 + Ric = (µ + ϱr)1, (1)

for two real scalars λ and µ, where £ϑ1 is the Lie derivative of the metric 1 into the direction ϑ and
£ϑ£ϑ1 = £ϑ(£ϑ1).

Proposition 2.1. Let (M, 1, ϑ, λ, µ, ϱ) be a compact HRB soliton. If the second Lie derivative of 1 in the direction ϑ
is trace less then, ∫

M
(nµ + (nϱ − 1)r) = 0.

Moreover, if ϱ , 1
n , then the scalar curvature r is constant.

Proof. Taking the trace of the soliton equation (1), we have

1
2

tr(£ϑ£ϑ1) + 2λdiv(ϑ) + r = (µ + ϱr)n. (2)

If trace of (£ϑ£ϑ1) = 0, equation (2) gives

2λdiv(ϑ) + r = (µ + ϱr)n,

which, by integration over the compact manifold M, gives∫
M

(nµ + (nϱ − 1)r) = 0,

by means of the divergence theorem.
Thus nµ + (nϱ − 1)r = 0.
Hence, the scalar curvature r is constant if ϱ , 1

n .

Proposition 2.2. Let (M, 1, ϑ, λ, µ, ϱ) be a compact HRB soliton. If Ric(ϑ, ϑ) ≤ 0, r ≥ nµ
1−nϱ , ϱ <

1
n , then ϑ is a

parallel vector field, i.e., ∇ϑ = 0.
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Proof. We know [6] that

trace(£ϑ£ϑ1) = 2(||∇ϑ||2 + div(∇ϑϑ) − Ric(ϑ, ϑ)), (3)

and taking trace of (1), we get

trace(£ϑ£ϑ1) = 2nµ + 2(nϱ − 1)r − 4λdiv(ϑ). (4)

Equating (3) and (4) and by integration over M, we obtain∫
M
||∇ϑ||2 =

∫
M

Ric(ϑ, ϑ) +
∫

M
nµ + (nϱ − 1)r ≤ 0,

hence ∇ϑ = 0.

Proposition 2.3. Let (M, 1, ϑ, λ, µ, ϱ) be a compact HRB soliton with λ , 0 and ϱ , 1
2 . If the second Lie derivative

of 1 in the direction ϑ is divergence free then,

∇r =
λ

2ϱ − 1
(∇(div(ϑ)) +Qϑ).

Proof. We know [5] that

(div(£ϑ1))(ϑ) = 2ϑ(div(ϑ)) + 2Ric(ϑ, ϑ), (5)

for any tangent vector field ϑ on M.
If div(£ϑ£ϑ1) = 0, by taking the divergence of (1), we get

λdiv(£ϑ1) +
dr
2
= ϱdr. (6)

Using (6), we obtain

(ϱ −
1
2

)1(∇r, ϑ) = 2λ(1(∇(div(ϑ)), ϑ) + 1(Qϑ, ϑ)),

for any tangent vector field ϑ to M. Thus we have

∇r =
λ

2ϱ − 1
(∇(div(ϑ)) +Qϑ). (7)

Proposition 2.4. Let (M, 1, ϑ, λ, µ, ϱ) be a compact HRB soliton with λ , 0 and ϱ , 1
2 . If the second Lie derivative

of 1 in the direction ϑ is divergence free then, the scalar curvature is harmonic if and only if

∆r =
λ

2ϱ − 1
(∆(div(ϑ)) + div(Qϑ)).

Proof. Taking the divergence of (7), we get

∆r =
λ

2ϱ − 1
(∆(div(ϑ)) + div(Qϑ)).

Hence the scalar curvature is a harmonic function if and only if λ = 0 or ∆(div(ϑ)) = −div(Qϑ).
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Proposition 2.5. Let (M, 1, ϑ, λ, µ, ϱ) be a compact HRB soliton with λ , 0. If the second Lie derivative of 1 in the
direction ϑ is divergence free and n = 2 then, the dual 1-form η of ϑ is a solution of the Ricci-Schrodinger equation.

Proof. If div(£ϑ£ϑ1) = 0, trace (£ϑ£ϑ1) is a constant.
By taking the divergence of the soliton equation (1) and div(Ric) = dr

2 , we get

div(£ϑ1) =
2ϱ − 1

2λ
dr. (8)

Now, taking the trace of (1), we obtain

1
2

tr(£ϑ£ϑ1) + 2λdiv(ϑ) = nµ + (nϱ − 1)r,

which, by differentiation, gives

2λd(div(ϑ)) = (nϱ − 1)dr. (9)

We know that
div(£ϑ1) = (∆ + Ric♯)(η) + d(div(ϑ)),

where ∆ is the Laplace-Hodge operator on differential forms with respect to the metric 1 and Ric♯(η)(X) =
Ric(ϑ,X) for X ∈ χ(M). From (8) and (9), we obtain

(∆ + Ric♯)(η) = 0,

for n = 2. Hence η is a solution of the Schrodinger-Ricci equation.

Proposition 2.6. A compact HRB soliton (M, 1, ϑ, λ, µ, ϱ) with ϑ(Ric) vector field [21] satisfying ∇ϑ = aQ, a ∈ R∗,
and trace(£ϑRic) = 0, such that 2aλ + 1 , nϱ is a Ricci-flat manifold and ϑ is a parallel vector field.

Proof. Since
div(ϑ) = ar; £ϑ1 = 2aRic; £ϑ£ϑ1 = 2a£ϑRic,

the soliton equation (1) becomes

a£ϑRic + 2aλRic + Ric = (µ + ϱr)1.

Since tr(£ϑRic) = 0, we get (2aλ + 1 − nϱ)r = nµ. It follows that r is a constant and since M is compact, we
deduce that r = 0 due to the divergence theorem. From (3), we obtain

||∇ϑ||2 + div(∇ϑϑ) − Ric(ϑ, ϑ) = 0,

and from (5) we get
Ric(ϑ, ϑ) = 0.

Since
||∇ϑ||2 = a2

||Q||2; div(∇ϑϑ) = adiv(Qϑ),

we infer

a2
||Q||2 + 2adiv(Qϑ) = 0. (10)

By integrating (10) we get Q = 0, then ∇ϑ = 0. Hence the conclusion.
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3. Different Vector fields on HRB solitons

In the Riemannian geometry of differentiable manifolds, vector fields play the central role to determine
the nature of the manifold. So, it is natural to study geometric properties using vector fields. In the
following we do so.

A vector field ϑ on a Riemannian manifold M is said to be torse-forming vector field if it satisfies
∇Uϑ = mU + φ(U)ϑ, for any vector field U on M, m is a smooth function defined on M, φ is a 1-form and ∇
is the Levi-Civita connection on M. When the 1-form is identically zero on the manifold, the vector field ϑ
is called concircular. If m = 1 and φ = 0, then the vector field ϑ is called concurrent. If m = 0 and φ , 0, the
vector field ϑ is called recurrent. In the following we prove some important results.
Proposition 3.1. If (M, 1, ϑ, λ, µ, ϱ) is a HRB soliton with concurrent vector field ϑ, then the Ricci tensor is given
by Ric(U,V) = (µ + ϱr − 2 − 2λ)1(U,V), and (M, 1) is an Einestein manifold.

Proof. For any U,V ∈ χ(M),

(£ϑ1)(U,V) = ϑ(1(U,V)) − 1([ϑ,U],V) − 1(U, [ϑ,V])
= 1(∇Uϑ,V) + 1(U,∇Vϑ)
= 21(U,V) (11)

and

(£ϑ£ϑ1)(U,V) = 41(U,V). (12)

Using (11) and (12), we get from (1),

Ric(U,V) = (µ + ϱr − 2 − 2λ)1(U,V).

Hence M is an Einestein manifold.

Corollary 3.1. If (M, 1, ϑ, λ, µ, ϱ) is a HRB soliton with concurrent vector field ϑ, then the scalar curvature r is
constant if ϱ , 1

n .
Proposition 3.2. If (M, 1, ϑ, λ, µ, ϱ) is a HRB soliton with concircular vector field ϑ, then

Ric(U,V) = (µ + ϱr − 2mλ − ϑ(m) − 2m2)1(U,V).

Proof. For any U,V ∈ χ(M),

(£ϑ1)(U,V) = ϑ(1(U,V)) − 1([ϑ,U],V) − 1(U, [ϑ,V])
= 1(∇Uϑ,V) + 1(U,∇Vϑ)
= 2m1(U,V), (13)

and

(£ϑ£ϑ1)(U,V) = (2ϑ(m) + 4m2)1(U,V). (14)

By virtue of (13) and (14), we get from (1),

Ric(U,V) = (µ + ϱr − 2m2
− 2mλ − ϑ(m))1(U,V).

So, M is an Einestein manifold.
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Remark 3.1. If ϑ is conformal vector field i.e. £ϑ1 = 2m1, for a smooth function m on M, then we get the same result
as before.
Proposition 3.3. If (M, 1, ϑ, λ, µ, ϱ) is a HRB soliton with torse forming vector field ϑ, then

Ric(U,V) = (µ + ϱr − 2m2
− ϑ(m) − 2mλ)1(U,V) − ||ϑ||2φ(U)φ(V)

− (2m +
1
2
φ(ϑ) + λ)(φ(U)η(V) + η(U)φ(V))

−
1
2
η(V)(£ϑφ)U −

1
2
η(U)(£ϑφ)V. (15)

Proof. For any U,V ∈ χ(M),

(£ϑ1)(U,V) = ϑ(1(U,V)) − 1([ϑ,U],V) − 1(U, [ϑ,V])
= 1(∇Uϑ,V) + 1(U,∇Vϑ)
= 2m1(U,V) + φ(U)1(ϑ,V) + φ(V)1(U, ϑ), (16)

and

(£ϑ£ϑ1)(U,V) = 2(2a2 + ϑ(m))1(U,V) + 2||ϑ||2φ(U)φ(V) + (4a + φ(ϑ))(φ(U)η(V)
+ φ(V)η(U)) + η(V)(£ϑφ)U + η(U)(£ϑφ)V. (17)

With the help of (16) and (17), from (1), we obtain the result.

Proposition 3.4. If (M, 1, ϑ, λ, µ, ϱ) is a HRB soliton with torse forming vector field ϑ, and if £ϑφ = lφ with l as a
smooth function M, then (M, 1) is a generalized quasi-Einstein manifold.

Proof. Putting £ϑφ = lφ in (15) we have

Ric(U,V) = (µ + ϱr − 2m2
− ϑ(m) − 2mλ)1(U,V) − ||ϑ||2φ(U)φ(V)

− (2m +
1
2
φ(ϑ) + λ +

l
2

)(φ(U)η(V) + η(U)φ(V)).

Thus, it follows that (M, 1) is a generalized quasi-Einstein manifold.

Proposition 3.5. If (M, 1, ϑ, λ, µ, ϱ) is a HRB soliton with torse forming vector field ϑ, given by ∇Uϑ = mU+η(U)ϑ
and η is dual to ϑ then the manifold is quasi-Einstein manifold of infinite scalar curvature for ϱ = 1

n .

Proof. Putting φ = η, we get from (15)

Ric(U,V) = (µ + ϱr − 2m2
− ϑ(m) − 2mλ)1(U,V) − 2(2||ϑ||2 + 3m + λ)η(U)η(V). (18)

In other words (M, 1) is a quasi-Einestein manifold.
Contracting the equation (18) with respect to an orthonormal basis {u1,u2, ...., ϑ}, we obtain

r = (µ + ϱr − 2m2
− ϑ(m) − 2mλ)n − 2(2||ϑ||2 + 3m + λ).

Therefore

r =
(µ − 2m2

− ϑ(m) − 2mλ)n − 2(2||ϑ||2 + 3m + λ)
1 − nϱ

. (19)

Hence the result.
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4. Submanifolds as HRB Solitons

According to theory of shape analysis, a submanifold provides prime information of the ambient
manifolds. So, the study of submanifold is complementary to the investigation of the ambient manifold.
Hence, it is urgent to study immersed submanifolds besides analyzing ambient manifolds. The following
section revolves around submanifolds possessing soliton character. Here we establish some informative
and analytical results after stating the required formulas.

Let (M̄, 1̄) be smooth Riemannian manifold and M be an isometrically immersed submanifold of it with
induced metric 1. Let ∇̄ and ∇ be the Levi-Civita connection of (M̄, 1̄) and (M, 1) respectively. Then for any
tangent vector fields U,V ∈ χ(M) and any normal vector field N, the Gauss and Weingarten equations are

∇̄UV = ∇UV + σ(U,V); ∇̄UN = −ANU + ∇⊥UN,

where σ is the second fundamental form and A is the shape operator and ∇⊥ is the normal connection. The
shape operator A is defined by 1(ANU,V) = 1̄(σ(U,V),N) for U,V ∈ χ(M) [13].

Now we assumeϑ is a torse-forming vector field of (M̄, 1̄). So, ∇̄Uϑ = mU+φ(U)ϑ.Then for any U ∈ χ(M),
we have

∇Uϑ
T + σ(U, ϑT) − Aϑ⊥U + ∇⊥Uϑ

⊥ = mU + φ(U)ϑ,

hence
∇Uϑ

T = mU + φ(U)ϑ + Aϑ⊥U.

Theorem 4.1. Let M be a submanifold that is isometrically immersed into a Riemannian manifold (M̄, 1̄), and let ϑ
be a torse forming vector field on M̄. Then (M, 1, ϑT, λ, µ, ϱ) is a HRB soliton if and only if the Ricci tensor field of M
satisfies

RicM(U,V) = (µ + ϱr − 2mλ − ϑT(m) − 2m2)1(U,V) − 2(4 + λ)1(AϑT U,V)
− (3m + φ(ϑT) + λ)(φ(U)η(V) + φ(V)η(U)) − η(V)(£ϑTφ)U
− η(U)(£ϑTφ)V − 2φ(U)φ(V)1(ϑT, ϑ) − 41(A2

ϑ⊥U,V)

− 21((∇ϑT Aϑ⊥ )U,V) − φ(U)(m1(ϑT,V) + 21(Aϑ⊥V, ϑ))
− φ(V)(m1(ϑT,U) + 21(Aϑ⊥U, ϑ)).

Proof. For any U,V ∈ χ(M),

(£T
ϑ1)(U,V) = 1(∇Uϑ

T,V) + 1(U,∇Vϑ
T)

= 2a1(U,V) + 21(Aϑ⊥U,V) + φ(U)η(V) + φ(V)η(U), (20)

and

(£T
ϑ£T

ϑ1)(U,V) = (2ϑT(a) + 4a2)1(U,V) + (3a + φ(ϑT))(φ(U)η(V) + φ(V)η(U))

+ η(V)(£ϑTφ)U + η(U)(£ϑTφ)V + 2φ(U)φ(V)1(ϑT, ϑ) + 41(A2
ϑ⊥U,V)

+ 81(Aϑ⊥U,V) + 21((∇ϑT Aϑ⊥ )U,V) + φ(U)(m1(ϑT,V) + 21(Aϑ⊥V, ϑ))
+ φ(V)(m1(ϑT,U) + 21(Aϑ⊥U, ϑ)). (21)

In view of (20) and (21), from (1), we conclude the result.

Proposition 4.2.(i) If the vector field ϑT is concircular then φ = 0 and

RicM(U,V) = (µ + ϱr − 2mλ − ϑT(m) − 2m2)1(U,V) − 2(4 + λ)1(Aϑ⊥U,V)
− 41(A2

ϑ⊥U,V) − 21((∇ϑT Aϑ⊥ )U,V). (22)

(ii) If ϑT is concurrent vector field then m = 1 and φ = 0 and hence

RicM(U,V) = (µ + ϱr − 2λ − 2)1(U,V) − 2(4 + λ)1(Aϑ⊥U,V)
− 41(A2

ϑ⊥U,V) − 21((∇ϑT Aϑ⊥ )U,V). (23)
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(iii) If ϑT is recurrent vector field then m = 0 and φ , 0 and hence

RicM(U,V) = (µ + ϱr)1(U,V) − 2(4 + λ)1(AϑT U,V)
− (φ(ϑT) + λ)(φ(U)η(V) + φ(V)η(U)) − η(V)(£ϑTφ)U
− η(U)(£ϑTφ)V − 2φ(U)φ(V)1(ϑT, ϑ) − 41(A2

ϑ⊥U,V)
− 21((∇ϑT Aϑ⊥ )U,V) − 21(Aϑ⊥V, ϑ)φ(U)
− 21(Aϑ⊥U, ϑ)φ(V).

Proposition 4.3. A totally geodesic HRB soliton (M, 1, ϑT, λ, µ, ϱ) which is isometrically immersed into a Riemannian
manifold (M̄, 1̄) with concurrent vector field ϑ is an Einestein manifold provided that dim(M) > 2.

Proof. Since M is totally geodesic Aϑ⊥ = 0. Then from (23), we get

RicM(U,V) = (µ + ϱr − 2λ − 2)1(U,V).

Hence the conclusion.

Proposition 4.4. A totally umbilical HRB soliton (M, 1, ϑT, λ, µ, ϱ) that is isometrically immersed into a Riemannian
manifold (M̄, 1̄) with concircular vector field ϑ is an Einestein manifold provided dim(M) > 2.

Proof. If M is totally umbilical, then Aϑ⊥ = f I, where f is a smooth function on M and I is the identity map.
Therefore

1(Aϑ⊥U,V) = f1(U,V),

1(A2
ϑ⊥U,V) = f 21(U,V),

1(∇ϑT (Aϑ⊥U),V) = ϑT( f )1(U,V) + f1(∇ϑT U,V).

Now from (4.3), we have

RicM(U,V) = (µ + ϱr − 2mλ − ϑT(m) − 2m2
− 2 f (4 + λ) − 4 f 2

− 2ϑT( f ))1(U,V).

Hence the conclusion.

5. HRB solitons on Sequential warped product manifolds

Warped product maanifolds were defined by O’Neil and Bishop [4] to construct Riemannian manifolds
with negative sectional curvature. They have an important role in both differential geometry and physics
because they are used in general relativity to model the spacetime. Doubly and multiply warped product
manifolds are generalizations of warped product manifolds [14, 25, 26]. There are several works in which
Ricci solitons on some warped product manifolds [1, 15, 23] or Yamabe solitons on doubly and multiply
twisted warped product manifolds [8]. Motivated by the above studies, in this section, we consider Ricci-
Bourguignon solitons on sequentional warped product manifolds which is generalization of the warped
product manifolds.

The following proposition and lemmas on sequential warped manifolds are necessary to prove our
results.

We use the notation ∇, ∇i; Ric,Rici; Hess,Hessi; ∆, ∆i; £, £i for the Levi-Civita connections, Ricci tensors,
Hessians, Laplacians and the Lie derivatives of M and Mi respectively. Hessian of M̄ is denoted by H̄ess.

Let M = (M1 × f M2) ×h M3 be a sequential warped product manifold furnised with the metric 1 =
((11 ⊕ f 212) ⊕ h213). Here the functions f , h are called the warping functions and let Ui,Vi ∈ χ(M) for any
i = 1, 2, 3.

Proposition 5.1. The Levi-Civita connection ∇ on (M, 1) are specified by:
(1)∇U1 V1 = ∇

1
U1

V1,
(2)∇U1 U2 = ∇U2 U1 = U1(ln f )U2,
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(3)∇U2 V2 = ∇
2
U2

V2 − f12(U2,V2)1rad1 f ,
(4)∇U3 U1 = ∇U1 U3 = U1(lnh)U3,
(5)∇U2 U3 = ∇U3 U2 = U2(lnh)U3,
(6)∇U3 V3 = ∇

3
U3

V3 − h13(U3,V3)1radh.

Proposition 5.2. The non-zero components of the Riemannian curvature (M, 1) are provided by:
(1)Ric(U1,V1) = Ric1(U1,V1) − n2

f H f
1 (U1,V1) − n3

h Hh(U1,V1),
(2)Ric(U2,V2) = Ric2(U2,V2) − f 212(U2,V2) f⋆ − n3

h Hh(U2,V2),
(3)Ric(U3,V3) = Ric3(U3,V3) − h213(U3,V3)h⋆,
(4)Ric(Ui,Vi) = 0, i , j,
where f⋆ = ∆

1 f
f + (n2 − 1) |1rad f |2

f 2 and h⋆ = ∆h
h + (n1 + n2 − 1) |1radh|2

h2 .

Lemma 5.3. For a vector field ϑ ∈ χ(M), the following equation holds:

(£ϑ1)(U,V) = (£1
ϑ1
11)(U1,V1) + f 2(£2

ϑ2
12)(U2,V2) + h2(£3

ϑ3
13)(U3,V3)

+ 2 fϑ1( f )12(U2,V2) + 2h(ϑ1 + ϑ2)(h)13(U3,V3). (24)

Lemma 5.4. For a vector field ϑ = ϑ1 + ϑ2 + ϑ3 ∈ χ(M), the following is true:

£ϑ£ϑ1(U,V) = (£1
ϑ1

£1
ϑ1
11)(U1,V1) + f 2(£2

ϑ2
£2
ϑ2
12)(U2,V2) + 2ϑ1( f 2)(£2

ϑ2
12)(U2,V2)

+ ϑ1(ϑ1( f 2))12(U2,V2) + h2(£3
ϑ3

£3
ϑ3
13)(U3,V3)

+ 2(ϑ1 + ϑ2)(h2)(£3
ϑ3
13)(U3,V3)

+ (ϑ1 + ϑ2)((ϑ1 + ϑ2)(h2))13(U3,V3) (25)

for all vector fields U = U1 +U2 +U3 and V = V1 + V2 + V3.

Theorem 5.1.Let (M, 1, ϑ, λ, µ, ϱ) be a HRB soliton with potential vector field ϑ = ϑ1 + ϑ2 + ϑ3, where (M =
(M1 × f M2) ×h M3, 1 = (11 ⊕ f 212) ⊕ h213) is a sequential warped product manifold. Then
(i) If H f = ς1 and Hh = ψ1 then (M1, 11, ϑ1, λ1, µ1, ϱ1) becomes a HRB soliton, where µ1+ϱ1r1 = µ+ϱr+ n2

f ς+
n3
h ψ.

(ii) If ϑ2 is a 2-killing vector field and H f = ψ1 then (M2, 12, ϑ2, h2, λ2, ϱ2) is an h2 almost Ricci Bourguignon soliton,
where h2 = λ f 2 + ϑ1( f 2), λ2 + ϱ2r2 = µ f 2 + f 2ϱr + f 2 f⋆ + n3

h ψ − 2λ fϑ1( f ) − 1
2ϑ1(ϑ1( f 2)).

(iii) If ϑ3 is conformal vector vield with factor ρ3 then (M3, 13) is an Einstein manifold.

Proof. For any two vector fields U,V such that U = U1 + U2 + U3,V = V1 + V2 + V3 equation (1) can be
written as

1
2

£ϑ£ϑ1(U,V) + λ£ϑ1(U,V) + Ric = (µ + ϱr)1(U,V). (26)

Using Proposition 5.2, Lemma 5.3 and Lemma 5.4, we have

1
2

[(£1
ϑ1

£1
ϑ1
11)(U1,V1) + f 2(£2

ϑ2
£2
ϑ2
12)(U2,V2) + 2ϑ1( f 2)(£2

ϑ2
12)(U2,V2)

+ ϑ1(ϑ1( f 2))12(U2,V2) + h2(£3
ϑ3

£3
ϑ3
13)(U3,V3) + 2(ϑ1 + ϑ2)(h2)(£3

ϑ3
13)(U3,V3)

+ (ϑ1 + ϑ2)((ϑ1 + ϑ2)(h2))13(U3,V3)] + λ[(£1
ϑ1
11)(U1,V1) + f 2(£2

ϑ2
12)(U2,V2)

+ h2(£3
ϑ3
13)(U3,V3) + 2 fϑ1( f )12(U2,V2) + 2h(ϑ1 + ϑ2)13(U3,V3)] + Ric1(U1,V1)

−
n2

f
H f

1 (U1,V1) −
n3

h
Hh(U1,V1) + Ric2(U2,V2) − f 212(U2,V2) f⋆ −

n3

h
Hh(U2,V2)

+ Ric3(U3,V3) − h213(U3,V3)h⋆

= (µ + ϱr)11(U1,V1) + f 2(µ + ϱr)12(U2,V2) + h2(µ + ϱr)13(U3,V3). (27)
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Let U = U1,V = V1 Then equation (27) gives

1
2

(£1
ϑ1

£1
ϑ1
11)(U1,V1) + λ(£1

ϑ1
11)(U1,V1) + Ric1(U1,V1) −

n2

f
H f (U1,V1)

−
n3

h
Hh(U1,V1) = (µ + ϱr)11(U1,V1).

If H f = ς1 and Hh = ψ1, we have

1
2

(£1
ϑ1

£1
ϑ1
11)(U1,V1) + λ(£1

ϑ1
11)(U1,V1) + Ric1(U1,V1)

= µ111(U1,V1) + [−µ1 + µ + ϱr +
n2

f
ς +

n3

h
ψ]11(U1,V1)

= mu111(U1,V1) + ϱ1r111(U1,V1).

Hence (M1, 11, ϑ1, λ1, µ1, ϱ1) is a HRB soliton.
Now put U = U2 and V = V2. Then equation (27) reduces to

1
2

[ f 2(£2
ϑ2

£2
ϑ2
12)(U2,V2) + 2ϑ1( f 2)(£2

ϑ2
12)(U2,V2) + ϑ1(ϑ1( f 2))12(U2,V2)]

+ λ[ f 2(£2
ϑ2
12)(U2,V2) + 2 fϑ1( f )12(U2,V2)] + Ric2(U2,V2) − f 212(U2,V2) f⋆

−
n3

h
Hh(U2,V2)

= f 2(µ + ϱr)12(U2,V2).

Since ϑ2 is 2-killing vector field, so £2
ϑ2

£2
ϑ2
12 = 0. Putting H f = ψ1 in the above equation one obtains

Ric2(U2,V2) + (λ f 2 + ϑ1( f 2))(£2
ϑ2
12)(U2,V2)

= λ212(U2,V2) + [−λ2 + µ f 2 + f 2ϱr + f 2 f⋆ +
n3

h
ψ − 2λ fϑ1( f )

−
1
2
ϑ1(ϑ1( f 2))]12(U2,V2).

Ric2(U2,V2) + h2(£2
ϑ2
12)(U2,V2) = λ212(U2,V2) + ϱ2r212(U2,V2).

Let U = U3,V = V3, then from (5.2), we infer

1
2

[h2(£3
ϑ3

£3
ϑ3
13)(U3,V3) + 2(ϑ1 + ϑ2)(h2)(£3

ϑ3
13)(U3,V3)

+ (ϑ1 + ϑ2)((ϑ1 + ϑ2)(h2))13(U3,V3)] + λ[h2(£3
ϑ3
13)(U3,V3) + 2h(ϑ1 + ϑ2)13(U3,V3)]

+ Ric3(U3,V3) − h213(U3,V3)h⋆

= h2(µ + ϱr)13(U3,V3).

If ϑ3 is a conformal vector field on M3 with factor ρ3 then we get £3
313 = ρ313 and £3

3£3
313 = (ϑ3(ρ3)+ρ2

3)13.
From the above equation we can easuly conclude that

Ric3(U3,V3) = [h2µ + h2ϱr −
h2

2
(ϑ3(ρ3) + ρ2

3) − (ϑ1 + ϑ2)(h2)ρ3

− (ϑ1 + ϑ2)((ϑ1 + ϑ2)(h2)) − λh2ρ3 − 2hλ(ϑ1 + ϑ2) + h2h⋆]13.

Hence (M3, 13) is an Einstein manifold.
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Theorem 5.2. Let M = (M1× f M2)×hM3 be a sequential warped product manifold with metric 1 = (11⊕ f 212)⊕h213).
Then (M, 1, ϑ, λ, µ, ϱ) will be a HRB soliton with potential vector field ϑ = ϑ1 + ϑ2 + ϑ3, if
(i) (M1, 11, ϑ1, λ1, µ1, ϱ1) is a HRB soliton,
(ii) ϑi is concircular vector field on Mi for i = 2, 3 satisfying ∇Uiϑi = miUi where mi are smooth function on Mi.
(iii) M2,M3 are Einstein manifold i.e. Ric2 = µ212 and Ric3 = µ313.
(iv) If H f = ς1 and Hh = ψ1.
(v) µ⋆1 = µ1−

n2
f ς−

n3
h ψ, ϱ2r2 = f 2(2ϑ2(m2)+4m2

2)+2ϑ1( f 2)2m2+ϑ1(ϑ1( f 2))+λ f 22m2+2 fϑ1( f )− f 2 f⋆− n3
h ψ,

ϱ3r3 = h2(2ϑ2(m3) + 4m2
3) + 2(ϑ1 + ϑ2)(h2)2m3 + (ϑ1 + ϑ2)((ϑ1 + ϑ2)(h2)) + λh22m3 + 2λh(ϑ1 + ϑ2) − h2h⋆.

(vi) f 2[µ⋆1 + ϱ1r1] = [µ2 + ϱ2r2] and h2[µ⋆1 + ϱ1r1] = [µ3 + ϱ3r3].

Proof. If (M1, 11, ϑ1, λ1, µ1, ϱ1) is a HRB soliton we have

1
2

(£ϑ1 £ϑ111)(U1,V1) + λ(£ϑ111)(U1,V1) + Ric1(U1, v1) = (µ1 + ϱ1r1)11(U1,V1). (28)

Since ϑi is concircular vector field for i = 2, 3

£2
ϑ2
12 = 2m212, £2

ϑ2
£2
ϑ2
12 = (2ϑ2(m2) + 4m2

2)12, (29)

and

£3
ϑ3
13 = 2m313, £3

ϑ3
£3
ϑ3
13 = (2ϑ2(m3) + 4m2

3)13. (30)

We have from Lemma 5.3 and Lemma 5.4,

£ϑ1(U,V) = (£1
ϑ1
11)(U1,V1) + f 2(£2

ϑ2
12)(U2,V2) + h2(£3

ϑ3
13)(U3,V3)

+ 2 fϑ1( f )12(U2,V2) + 2h(ϑ1 + ϑ2)13(U3,V3). (31)

and

£ϑ£ϑ1(U,V) = (£1
ϑ1

£1
ϑ1
11)(U1,V1) + f 2(£2

ϑ2
£2
ϑ2
12)(U2,V2) + 2ϑ1( f 2)(£2

ϑ2
12)(U2,V2)

+ ϑ1(ϑ1( f 2))12(U2,V2) + h2(£3
ϑ3

£3
ϑ3
13)(U3,V3)

+ 2(ϑ1 + ϑ2)(h2)(£3
ϑ3
13)(U3,V3)

+ (ϑ1 + ϑ2)((ϑ1 + ϑ2)(h2))13(U3,V3). (32)

Now

1
2

£ϑ£ϑ1(U,V) + λ£ϑ1(U,V) + Ric

=
1
2

[(£1
ϑ1

£1
ϑ1
11)(U1,V1) + f 2(£2

ϑ2
£2
ϑ2
12)(U2,V2) + 2ϑ1( f 2)(£2

ϑ2
12)(U2,V2)

+ ϑ1(ϑ1( f 2))12(U2,V2) + h2(£3
ϑ3

£3
ϑ3
13)(U3,V3) + 2(ϑ1 + ϑ2)(h2)(£3

ϑ3
13)(U3,V3)

+ (ϑ1 + ϑ2)((ϑ1 + ϑ2)(h2))13(U3,V3)] + λ[(£1
ϑ1
11)(U1,V1) + f 2(£2

ϑ2
12)(U2,V2)

+ h2(£3
ϑ3
13)(U3,V3) + 2 fϑ1( f )12(U2,V2) + 2h(ϑ1 + ϑ2)13(U3,V3)] + Ric1(U1,V1)

−
n2

f
H f

1 (U1,V1) −
n3

h
Hh(U1,V1) + Ric2(U2,V2) − f 212(U2,V2) f⋆ −

n3

h
Hh(U2,V2)

+ Ric3(U3,V3) − h213(U3,V3)h⋆.
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Using (28), (29), (30), (31), (32), we obtain

1
2

£ϑ£ϑ1(U,V) + λ£ϑ1(U,V) + Ric = [µ1 + ϱ1r1 −
n2

f
ς −

n3

h
ψ]11(U1,V1)

+ [ f 2(2ϑ2(m2) + 4m2
2) + 2ϑ1( f 2)2m2 + ϑ1(ϑ1( f 2))

+ λ f 22m2 + 2 fϑ1( f ) + µ2 − f 2 f⋆ −
n3

h
ψ]12(U2,V2)

+ [h2(2ϑ2(m3) + 4m2
3) + 2(ϑ1 + ϑ2)(h2)2m3

+ (ϑ1 + ϑ2)((ϑ1 + ϑ2)(h2)) + λh22m3

+ 2λh(ϑ1 + ϑ2) + µ3 − h2h⋆]13(U3,V3). (33)

1
2

£ϑ£ϑ1(U,V) + λ£ϑ1(U,V) + Ric = [µ⋆1 + ϱ1r1]11(U1,V1)

+ [µ2 + ϱ2r2]12(U2,V2)
+ [µ3 + ϱ3r3]13(U3,V3). (34)

Using condition (v), the equation (33) yields (M, 1, ϑ, λ, µ, ϱ) is a HRB soliton.

Acknowledgement. The authors are thankful to the referee for his/her valuable suggestions towards the
improvement of the paper.
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[1] Acikgoz Kaya, A., Özgür, C., Ricci-Bourguignon solitons on sequential warped product manifolds, arXiv: 2303. 01257v1
[math.DG] 25 Feb 2023.

[2] Aubin, T., Metriques Riemanniennes et courbure, J. Differ. Geom., 4(1970), 383-424.
[3] Azami, S., Hyperbolic Ricci-Bourguignon flow, Comput. Methods for Differential Equn., 9(2) (2021), 399-409.
[4] Bishop, R.L., O’Neil, B., Manifolds of negative curvature, Trans. Amer. Mat. Soc. 145 (1969), 1-49.
[5] Blaga, A. M., Characterizing the 2-Killing vector fields on multiply twisted product spacetimes,

https://doi.org/10.48550/arXiv.2310.19423.
[6] Blaga, A. M., On warped product gradient η-Ricci solitons, Filomat, 31(2017), 5791-5801.
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