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Abstract. The present article aims to explain and investigate the concept of rough lacunary statistical
convergence of sequences through ideals within £-fuzzy normed spaces. We introduce key concepts such
as rough lacunary ideal statistical limit points and rough lacunary ideal cluster points in £-fuzzy normed
spaces. Additionally, we examine the theory of boundedness, convexity, and closedness related to rough
lacunary ideal statistical limit points.

1. Introduction

The evolution of mathematical structures allow more flexibility and realism in modeling problems
where uncertainty and imprecision are inherent. The study of £-fuzzy normed spaces [10] brings novel
aspects in the field of functional analysis, particularly in areas involving lattice-valued logic, fuzzy topology,
and the general theory of fuzzy sets. The foundation of this theory builds upon Zadeh’s [30] fuzzy sets
introduced in 1965 which also led to subsequent developments in fuzzy analysis. While classical fuzzy sets
assign membership degrees from the unit interval [0,1], many real-world situations demand more complex
structures for expressing degrees of membership or uncertainty. The introduction of L-fuzzy sets [13],
where membership degrees are taken from a complete lattice .£, has provided this additional flexibility
and generality. In £-fuzzy normed spaces a complete lattice L is considered instead of the unit interval
[0, 1] which make it a profound generalization of fuzzy normed spaces. This generalisation offers a more
flexible and comprehensive framework for examining problems where uncertainty and ordered structures
co-exist. First, the lattice structure allows for more nuanced representations of uncertainty and imprecision.
Second, the framework accommodates various special cases, including classical fuzzy normed spaces and
intuitionistic fuzzy normed spaces, making it a unifying theory. Recent research has demonstrated the
potential of £-fuzzy normed spaces in various domains([15, 23, 28, 29]), particularly where classical fuzzy
approaches prove insufficient. The lattice-valued approach provides additional degrees of freedom in
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modeling uncertainty, making it especially suitable for problems involving multiple criteria or hierarchical
structures.

The convergence of sequences is an important part of real analysis and functional analysis. However, in
many practical situations, which involves experimental data or approximate computations, sequences may
not converge in the traditional sense due to irregular fluctuations or noise. To address such limitations,
the concept of statistical convergence has been introduced as a generalized summability approach to usual
convergence, which was established by Fast [11] in 1951. A sequence y = {y;} in R is statistical convergence
to yo € Rif to each € > 0, set {i € IN : |[y; — yo| > €} has natural density zero. The natural density of set K,

K
| nn , where |K,| indicates elements present in K,, = {m € IN : m < n}. Statistical

characterized as d(K,;) = lim
n—oo

convergence’s notion has been extended by many researchers for the development of new methodologies
by considering various mathematical structures, like normed spaces, topological spaces, and in fuzzy and
probabilistic settings.

Kostryko et al. [18] has proposed the idea of ideal convergence (Z-convergence) by generalizing the
concept of statistical convergence in 2000. This convergence has inspired researchers to explore in this
direction, including extending ideal convergence from sequences of real numbers to sequences of functions,
broadening its scope for sequences, and various other related advancements [5, 6, 17, 19].

On the other hand, Phu [25] introduced the concept of rough convergence in 2001 for sequences for the
finite-dimensional normed linear spaces, which was later extended to infinite-dimensional normed linear
spaces [26]. In 2008, Aytar [4] further advanced the field by proposing rough statistical convergence as a
generalized form of convergence. The concept of rough convergence has since inspired extensive research
on various sequence spaces, including double sequences [20, 21], triple sequences [9], lacunary sequences
[16], and ideals [22, 24], among others [1-3, 7, 8, 14].

The notion of statistical convergence in £-fuzzy normed spaces was explored by Yapali [28]. Subse-
quently, Yapali et al. [29] expanded this concept by studying lacunary statistical convergence sequences, a
refined version of statistical convergence, within the framework of L-fuzzy normed spaces, which extend
traditional fuzzy spaces. Their work introduced definitions of lacunary statistical Cauchy sequences, com-
pleteness in .L-fuzzy normed spaces, and relevant theorems. Aykut et al. [23] explored rough convergence
and rough statistical convergence in L-fuzzy normed spaces, introducing new concepts such as rough
statistical limit points and rough statistical cluster points for sequences in these spaces. Additionally, Khan
et al. [15] investigated ideal convergence within the context of £-fuzzy normed spaces.

The goal of this article is to define and investigate the fundamental properties of rough ideal lacunary
statistical convergence within the framework of £-fuzzy normed spaces, offering a novel perspective for
analyzing sequences in environments characterized by both imprecision and irregularity. Compared to
previous studies, the results are presented in a more generalized form. The initial section will include basic
definitions and concepts relevant to this study.

2. Preliminaries

The essential terminology and concept for ideals and £-fuzzy normed spaces are reviewed in the present
section.

Definition 2.1. [18] Let Y # 0. A family I C P(Y) of subsets from Y is called an ideal in Y provided, (i) 0 € I, (ii)
ifA,Be I then AUB € I,and (iii) if A€ I,BC AthenB e 1.
Here, P(Y) represents the power set of Y, which is the collection of all the subsets of Y.

An admissible ideal in Y is defined as non-trivial ideal (I # P(Y)) that is a proper subset of P(Y) and
encompasses all the singleton sets. This ideal must be distinct from P(Y) itself.
Consider I as non-trivial admissible ideal in the set of natural numbers throughout the article.

Definition 2.2. [18] Let Y # 0. A non-empty family ¥ C P(Y) is said to be a filter in Y provided, (i) 0 ¢ F, (ii) if
A,BeF then ANB e F,and (iii) if Be F,ACBthenBe¥F.

Every ideal 7 is connected with a filter #(7) defined by # (/) = {M CY: M° € 7} where M =Y - M.
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Definition 2.3. [18] A sequence y = {y,u} € Y is said to be ideal convergent (I -convergent) to C* if for every € > 0,
we have A(e) = {n € N : |y,, — C'| > €} € I. Here, C" is termed as I-limit of the sequence y = {y/,}.

Example 2.4. The minimal ideal of N is T = {0}. A sequence y = {y,,} is Io-convergent iff it is constant.

Now we discuss the lacunary convergence which can detect the patterns in sequences that might be missed
by other forms of convergence. It is particularly useful when dealing with the sequences that exhibit
irregular behaviour or when studying a phenomena that occur over sparse sub-sequences. There are
several types of lacunary convergence, each with its own characteristics and applications.

Definition 2.5. [12] The sequence 6 = 0,, = {i,} is said to be lacunary sequence if there is a sequence of integers

satisfying ip = 0, hy, =1, — iy—1 — o0 asu — oo. Let z, = iy, and 0, is determined by ¢, = {i : i,-1 <1 <1y, }, u =
ill

i,-1°

Definition 2.6. [12] A sequence y = {y} is said to be lacunary statistically convergent (Sto-convergent) to a number
C if for each € > 0,

.1 .
lim h—){megu:lym—CIZS})zo,

ie do({meN: |y, —C|>¢))=0.

It is denoted by y,, Sto, C or Stg — lim y,, = C".

Further, we would like to highlight the concept of rough convergence, which can be delineated as follows:

Definition 2.7. [25]Let (Y, ||.|l) be a normed linear space. A sequence y = {y,,} € Y is said to be rough convergent
(r-convergent) to C* € Y for some non-negative real number r if there exists mg € IN for every ¢ > 0 such that
lym = Ell < 7+ € for all m > my.

It is denoted by y,, — C* or r — lim y,, = C', where r is called roughness degree of rough convergence of sequernce
Yy = {Yml.

Definition 2.8. [24] A sequence y = {y,,} is said to be rough ideal convergent (v — I-convergent) to C*, where r is a
non-negative real number, if for every € > 0,

melN:|y,-Cl2r+elel.

We will discuss £-fuzzy normed spaces and convergence of sequences in these spaces through the various
setups.

Definition 2.9. [27] Consider a complete lattice L = (L, <) and set A referred as universe. A L-fuzzy set on A is
characterized by the mapping X : A — L. The collection of all the L-sets for a given set A is represented by L.
The intersection and union of two L-sets S1 and S, on A can be depicted as follows,

(510 52)(y) = S1(y) A Sa(y),

(S1US)(y) = S1(y) V Sa(y),

foreach y € A.
In a complete lattice L, Or and 1; represent the minimum and maximum elements, respectively. For the given lattice
(L, <), we use symbols >, > and < with their conventional meanings.

Definition 2.10. [27] Let L = (L,<) be a complete lattice. A function Q : L X L — L is t-norm if satisfies the
following for all p,q,1,s € L:

@) Qp,q9) =Q@,p),
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(ii) QUQ(p,q),1) = Up, Q(q,7)),
(i) Q(p, 1) = Q1L p) =p,
(iv) p<gandr <s, then Qp,r) < (g, s).

Definition 2.11. [27] A function N : L — L is said to be a negator on L = (L, <) if,
() N(OL) =1z,
(ii) N(1r) = O,
(iii) p < qimplies N(q) < N(p) forall p,q € L.
If in addition,
(iv) NIN(p)) =pforallp € L.
Then, N is known as an involutive negator.
Definition 2.12. [27]Let L = (L, <) be a complete lattice and Y be a real vector space. ) be a continuous t-norm on
Land p be a L-set on'Y X (0, oo) satisfying
(i) u(,s)>0pforallpeY,s>0,
(i) u(p,s) =1y foralls > 0ifand onlyifp =0,
(iii) u(ap,s)=u (p, le)for allpeY,s>0and a € R - {0},
iv) Qup,s), u(qt) <ulp+q,s+t), forallp,geYands,t >0,
(v) im p(p,s) = 1 and lin(} u(p,s) =0y forallp € Y — {6},
S—00 5>
(vi) Functions f, : (0,00) — L such that f,(s) = u(p,s) are continuous.
Then, triplet (Y, u, Q) is called a L-fuzzy normed space or L-normed space.

Example 2.13. [23]Let (R, |.|) be a normed space, (3 be a continuous t-norm given by (Nay, ay) = aya, foray,a; € L,
and p be a L-fuzzy set on R x (0, o) defined by p(a,s) = 3 for all s > 0 and a € R. Then, triplet (R, 1, Q) is a
L-fuzzy normed space.

Definition 2.14. [27] Let (Y, u, Q) be a L-fuzzy normed space. A sequence y = {y,,} € Y is said to be convergent to
C* € Y with respect to fuzzy norm u if for every ¢ € L — {0r} and s € R*, there exists mg such that p(y, — C';s) >
N(¢e) forall m > my.

Definition 2.15. [28] Let (Y, u, Q) be a L-fuzzy normed space. A sequence y = {y,} € Y is said to be sta-
tistically convergent to C* € Y with respect to fuzzy norm p if for every ¢ € L — {0} and s € R*, we have
d({m € N : u(y, — C;s) # N(e)}) = 0.

It is denoted by y,, ﬁ£—> Cor Sty = lim y,, = C".
Definition 2.16. [29] Let (Y, 1, Q) be a L-fuzzy normed space. A sequence y = {y,,} € Y is said to be lacunary

statistically convergent to C* € Y with respect to fuzzy norm y if for every ¢ € L — {01} and s € R,

1
lim h—l{m € 0u: U(ym —T58) # N(e)}| =0,

U—00

ie do({m e NN : u(y, — C;s) # N(e)}) = 0.
L
It is denoted by y,, =, Cor Sté: - lim y, = C".
m— o0

Example 2.17. [29] Let Y = R and L = (P(R*), C), the lattice of all subsets of the set of non-negative real numbers.
Q be a continuous t-norm defined by (a1, a2) = aay for a1, a; € L. Take a function p : R X (0, 00) — P(R*) such
that u(a,s) = {r € R* : |a| < 3}. As fuzzy norm u satisfies the above conditions, then triplet (R, u, Q) becomes a
L-fuzzy normed space. Consider a sequence y = {y,,} such that

1 me@,—-1Inhy),i]
Ym = { 0 otherwise. yuelN

In(h,,)

u

=0.

Then, lim

U—00
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Definition 2.18. [23] Let (Y, u, Q) be a L-fuzzy normed space. A sequence y = {y,,} € Y is said to be rough
convergent to C* € Y for some r > 0 with respect to fuzzy norm u if for every € € L — {0} and s € R*, there exists my
such that u(y, — C;r+s) > N(¢) forall m > my.

Definition 2.19. [23] Let (Y, i, Q) be a L-fuzzy normed space. A sequence y = {y,,} € Y is said to be rough
statistically convergent to C* € Y for some r > 0 with respect to fuzzy norm i if for every ¢ € L — {0} and s € R*, we
have d({m € N : u(y,, — C;r+5) # N(e)}) = 0.

It is denoted by y,, ok, Corr—Stp—limy, =C.

Definition 2.20. [15] Let (Y, p, QQ) be a L-fuzzy normed space. A sequence y = {ym} € Y is said to be ideal convergent
to C* € Y with respect to fuzzy norm y if for every e € L—{0p}ands € R*, wehave{m < n: u(y, — C;s) # N(e)} € 1.

It is denoted by v, L coor Ip—limy,=C.

3. Main Results

In this section, we will discuss rough lacunary ideal statistical convergence in a £-Fuzzy normed space
and demonstrate some of its important properties.

Definition 3.1. Let (Y, u, Q) be a L-fuzzy normed space. A sequence y = {y} € Y is said to be ideal statistically
convergent to C* € Y with respect to fuzzy norm  if for every e € L — {0}, 6 > 0 and s € R¥,

{ne]N:%|{m$n:y(ym—c*;s);‘N(e)}(>6}eI.

It is denoted by Y, RN CorI—Sty— limy, =C.
m—00

Definition 3.2. Let (Y, u, Q) be a L-fuzzy normed space. A sequence y = {y,,} € Y is said to be lacunary ideal
statistically convergent to C* € Y with respect to fuzzy norm y if for every ¢ € L — {0z}, 6 > 0and s € R*,

{ue]N: hl|{megu:y(ym—C*;s)}N(s)}| 26}6[.

. I-st5 r . .
It is denoted by y, — " or I — Sty — lim y,, = C".

Definition 3.3. Let (Y, 1, Q) be a L-fuzzy normed space and r > 0. A sequence y = {y,} € Y is said to be rough
ideal statistically convergent to C* € Y with respect to fuzzy norm i if for every ¢ € L —{0g}, 6 > 0and s € R,

{nelN:%|{mSn:,u(ym—C*;r+s)}N(s)}|26}6].

It is denoted by yy, ISt Corr—1—Sty—lim y, =C.

Remark 3.4. For r = 0, notion of rough ideal statistical convergence agrees with ideal statistical convergence in a

L-fuzzy normed space.

Definition 3.5. Let (Y, 1, Q) be a L-fuzzy normed space and v > 0. A sequence y = {y,} € Y is said to be rough
lacunary ideal statistical convergent to C* € Y with respect to fuzzy norm u if for every ¢ € L — {0}, 6 > 0 and
s € RY,

{ue]N: hl){megu:y(ym—C*;r+s)}N(s)}( 26} el.

u

. r—I—Stﬁ . I A .
It is denoted by y,y —— C'orr—1 — Sty — lim y, = C".

m—o0
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In general, r—7 -5 tg limit of a sequence may not be unique. Therefore, we consider the set 7 — Stg —LIM(y)

which represents the set of all rough lacunary ideal statistical limit points of a sequence y = {y,,} with respect
to fuzzy norm u in L-fuzzy normed space (Y, p1, ) as

r—I-St§
T - Stg — LIM;(y) = {c* D Yy > (;} )

Moreover, sequence y = {y,,} is C*-convergent, provided that 7 — Stg — LIM[(y) # 0. For a sequence y = {y}
of real numbers, the set of rough limit points is observed as

I - St — LIMy(y) = {I ~ St§ —limsup y,, — 7, T = St§ —lim nf y,, + r}.

m—oo

Example 3.6. Let (R, |.|) be a normed space, Q2 be a continuous t-norm defined by (X(aq,a,) = may for aj,a; € L,
and p be a L-fuzzy set on R X (0, o) defined by pi(a, s) = i for all s > 0 and a € R. As  satisfies above conditions
then triplet (R, u, Q) is a L-fuzzy normed space. Consider ideal in IN which consists of sets whose natural density
are zero. Take a sequence y = {yy,} such that

D =V 41 <m <y
ym_{ m otherwise. JueN

Then,

1] r<l

_ oL _ T _
I -5t LIMV(y) - { [1—-7,r—1] otherwise.

Definition 3.7. Asequencey = {y,} in a L-fuzzy normed space (Y, u, Q) is I —Stg—bounded if for every e € L—{0r}
and 6 > 0, there exists H > 0 such that

{u eN: hl—u|{m € 0y : W(ym; H) # N(s)}| > é} el.

Next, we demonstrate some of the important properties of lacunary rough ideal statistical convergence in
the L-fuzzy normed spaces.

Theorem 3.8. Let (Y, u, Q) be L-fuzzy normed space. A sequence y = {y,} in Y is lacunary ideal statistically
bounded or 1 — Stg—bounded ifand only if T — Stg — LIM,(y) # 0 for some r > 0.

Proof. Necessary Part:
Consider a sequence y = {y,,} which is lacunary ideal statistically bounded or 7 — Sté:—bounded on L-fuzzy
normed space. Then, for every ¢ € L — {0}, 6 > 0and s € R*

1

{ue]N:hu

|{m € 0y U(Ymss) # N(s)}| > 6} el.
Since 1 is an admissible ideal, then M = N \ G # 0, where
1
G= {u eN: W ({m € 0u : U(Ym;s) # N(e)}| > 6}.

Choose m € M, then
1
{u eN: ™ |{m € 0u: W(Ym;S) # N(S)}l} <o
u

= {ue]N:hl({megu:y(ym;s)>N(€)}|}Zl—6. (1)
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Let K = {m € g, : u(ym;s) > N(e)}.
Also,

t(Wm; 7 +8) = Q (O, 7), (Y, s))

= Q 1z u(Ymss))
> N(e).

Thus, K C {m € g, : u(ym; v +5) > N(e)}.
Using (1), this implies that 1 — 6 < ”K‘ < hl |{m € oy Y(Ymsr +5) > N(e)}| )

u

Therefore,
1
- |tm € 04 u(ymsr +5) ¥ N} <1-(1-06) <.
Which gives
{ue]N i ({megu.y(ym,r+s)}N(€) |>6}CG€I

Hence, 0 € T — St5 — LIM,(y). Therefore, T — St5 — LIM,(y) # 0.

Sufficient Part:
Let I — StQL - LIML(y) # ( for some r > 0. Then, there exists some & € Y such that £ € 7 — Stg - LIML(y).
Hence, forall e € L —{0,}, 6 > 0 and s € R*, we have

{u eN: hll{m € 0u: U(Ym — &) F N = 6} el.

Therefore, almost all y,,’s are enclosed in some ball with a centre £ in the £-fuzzy norm space, which imply
that y = {y,}is 7 - Stﬁ-statistically bounded in a L-fuzzy normed space. [

The algebraic characterization of r — 1 — Stg—convergence provides a useful tool for analyzing and
understanding the behavior of sequences in £-fuzzy normed space.
Next, we discussar — 71 — Stg—convergent sequence ¥ = {y,} C Y can be characterized algebraically by the
following results in L-fuzzy normed spaces.

Theorem 3.9. Let {y,,} and {z,,} be sequences in a L-fuzzy normed space (Y, u, Q) and 1 be an admissible ideal, then
following results holds:

r—I-Stt r-I-St:
(i) If Yim iR yo and a € R then ay, ——> ayo.
L

. r—I-Sts r—I-St§ r—I-Sts
(ii) If Y =, Yo and z, 7, 2o, then (Y, + z,) — (Yo + 20).

Proof. (i) Assume a # 0; otherwise, we would encounter with a zero sequence, then no proof left to establish.
I-stf
Since y = {y,,} is a lacunary ideal statistically convergent to y with respect to fuzzy norm i i.e y,, — Yo,
then for e € L —{0,}, 6 > 0and s € RT,
ofer.

1
B—{MGN.E

e g (= o =) # M| >

Since 7 is an admissible ideal so G = IN \ B # 0, then for m € G,

{mEQu:y(ym yo; — )»‘N(E)}

{megu:y(ym yo, )>N(€)}
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Now,

r+s
wayy, —ayo;r+s)=pu (ym — Yo, 7)
> N(e).

This implies that

1

1-6< h—|{m € 0y : u(aym — ayo;r +5) >N(e)}(.
Therefore, hl |{m € 0yt p(aym —ayo;r+5) # N(e)}| <1-(1-06)=6.
Then,
{u eN: hl|{m € 0y : u(aym — ayo;r +s) }N(e)}| > 6} cBel,

. r—1 —St‘g
which shows that ay,, —— ay,.

—I-St5 —I-St~
(if) If ym 7, Yo and zy, =, zo, then for ¢ € L — {0}, 6 > 0 and s € R*, consider

+
Ao={m€@u:/u(ym—yo;rz—s)%N(S)},

and N
Al = {m €0y y(zm _Zo;rz_s) F# N(e)}.

For 6 > 0, we have

{megu:hl({meguzmeAOUAl}(Zé}GI.

Now, choose 0 < §; < 1suchthat0 <1 -08; < 6. Then
1
A:{ue]N:h—){megu:meAOUAl})zél}eI.

Now, foru ¢ A

1
h—|{megu:meA0UA1}|<1—61.

1
h—'{meQu:miAOUA1}|21—(1—51)=51-
u

Thus, {m € g, : m & Ag U A1} # 0. Let j € (Ag U Ay)° = AJ N AS.
Then,

r+s r+s
i (yj+2i— (o + 207 +5) zﬂ(y(ymo _yO;T)/IJ(ZmU 20, ))

> N(e).

This implies Af N A{ € B,“ where B, = {m € g, : 4 ((ym + zm) — (Yo + 20); 7 +5) ¥ N(e)}.
Foru ¢ A,
1

O <
"= h,

‘{megu:meEAoUAl}lshl|{megu:m§£Bu}|
or

hl){m6g1,:m631,}|<1—51<5-

Hence, A C {uelN: %|{megu:m€Bu}| <6}.
Since A€ € ¥ (), then {u eIN: hl“ |{m €oy:me Bu}) < 6} € ¥ (1), which implies that

r—I-St&
{u eN: hl“ |{m €0,:mE€ Bu}‘ > 6} € I. Therefore, (Y + zm) — (Yo +20). O

8348
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In the next theorem, we will show the set 7 — S t§ — LIM(y) is closed.

Theorem 3.10. Let y = {y,,} be a sequence and r is some non-negative real number. Then, the set of rough lacunary
ideal limit pointsi.e I — Stg — LIM(y) of a sequence y = {ym} in a L-fuzzy normed space (Y, u, Q) is a closed set.

Proof. If r = 0 then the result is obvious as 7 — St§ — LIM[(y) is either empty set or singleton set.
Let 7 - Sté — LIM(y) # 0 for some r > 0.

Let x = {x,,} be a convergent sequence in (Y, y, Q) with respect to fuzzy norm p, which converges to xo € Y.
For e € L — {0y} and s € R* then there exists my € IN such that

y(xm — Xo; 2) > N(¢) for all m > my.
Let us take x,,, € 7 — Sté: - LIML(y) and 6 > 0 then

1
A—{MEN.h—

u

}I.

{m €0u: y(ym Xy 7+ )> N(e)}

Since 7 is an admissible ideal so G = IN \ A # 0. Choose m € G, then

megu. — Xy 7+ )J‘N(e)}

l
hy

>1-6.

{mEQu' ( — Xy T+ )>N(e)}

1
hu
PutB, = {m €0yl (ym — Xy 7+ %) > N(e)} . Then, for j € B,, j > mp, implies that

s s
p(yj = xo; 1 +5) = Q(u(y Xony; 7+ 2) u(xml —xo;g))
= N(e).
Therefore,
je{me gy p(ym —x0;7+5) > N(e)}.
Hence, B, € {m € N : pu (Y, — xo;7 +5) > N(e)}, which implies

By

1- 6_hu

h, “meé)u u(Ym — xO;r+s)>N(e)}|.

Therefore, ,} |{m € 0y - ,u(]/m —Xo; 1 +5) # N(E)}| <o.
Then,

1
" |tm € 0u + 1 (ym — x0;7 +5) # N(e)}| > 6} c A e T.

Hence, xg € 7 — sty — LIML(y) in(Y,u,Q). O

{uelN:

The convexity of the set I — st — LIM] (y) is explained in the next result.

Theorem 3.11. Let y = {y,,} be any sequence in a L-fuzzy normed space (Y, u, Q) then the set 1 — Stg — LIM(y)
is a convex set for some number r > 0.

Proof. Let 1,92 € 1 — StGL — LIM|(y). For convexity we will show that (1 — w)p1 + wp, € 1 — Sté: — LIM}(y)
for any real number w € (0, 1).
As @, €1 - St§ — LIM,(y), then there exists m € g, for every ¢ € L {0} and s € R* such that

A0={meguzy(y (PL%)?‘N(E)}
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and
Al = {me Ou: ,u(ym (pz, )*N(€)}
For 6 > 0, we have
{megu:hl({mEQu:meAOUAl}(Zé}eI.

Now, choose 0 < 61 < 1such that0 <1 - 061 < 6. Then
1
A:{ue]N:h—){megu:meAOUAl})zél}eI.

Now, foru ¢ A
hl|{megu:meA0uA1}|<1_5l‘

1

h_’{meé’u1m¢AoUA1}|21—(1—51)=51_

Thus, {m €o,:mé Ao UA1} # 0. Let mg € (Ag U Ay)* :AB ﬂAi
Then,

t (Ymo = [(1 = @)p1 + wpa]; 7 +5) = pl(1 = @)Yy, — 1) + @Yy — P2); 7 + 5]
> 011 = )y, — 9 52 ) 1 (s = 925 5 )

r+e¢ r+e
(Au' (ymo (Pll 2(1 )) (ymo (PZ’ ))
> N(e).

This implies Aj N A{ € B, where B, = {m € g, : tt (ym, — [(1 — @)p1 + wp2];7 +5) # N(e)}.

Foru ¢ A,

61<—|megu.m¢A0UA1}| hl|{megu:m§£Bu}|

or

hl’{mEQuZMEBu}|<1—(51<(S.

Hence, A° C {u eIN: |{m € Qu me Bu}| < 5}.
Since A° € F(J), then {u eIN: |{m €g,:me Bu}) < 6} € ¥ (Z), which implies that
{u eN: |{m €Eoy:mME Bu}( > 6} € I. Therefore, 1 — St‘é: - LIML(y) is a convex set. [

Theorem 3.12. A sequence y = {ym} in a L-fuzzy normed space (Y, 1, €d) is rough lacunary ideal statistically
convergent to C* € Y with respect to the norm u for some r > 0 if there exists a sequence z = {z,,} in Y such that
I - Stg - lim z,, = C"in Y and for every e € L — {0z} and s € R have u(ym — zm; v +s) > N(¢) for all m € N.

Proof. Consider z = {z,,} be a sequence from Y, which is a lacunary 7-statistically convergent to C* and
U(Ym — zm; 7+ 5) > N(e).
Fore € L—{0s},0 > 0and s € R* the set

M:{uelN:hl({megu:y(zm—C*;s)}N(e)}IZ(S el.

u

——

Define
Ay ={m € gy : u(zm —T5s) # N(e))
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Ag = {m € g : (Ym — zm;7) # N(©)} .
For 6 > 0, we have
{ue]N:hl({mEQu:meAlqu})Zé}e],

Now, choose 0 < 61 < 1such that0 <1 —06; < 6. Then
A:{MENI%){MEQHZH’ZEA1UA2}|251}EI.

Now, foru ¢ A

hl|{mepu:meA1UA2}|<l—61

1

h_|{m€Qu:m¢A1 UAz}‘ > 01.
Thus, {m € g, : m & A1 U Ay} # 0.
Letm € (A1 U Ap)" = A N AS.
Then,

1 (Ym = 51 +8) = QuYm — 205 1), zm = C55))
> N(e).
Which gives A] N A5 C Bj, where
By ={m € gy : pu(ym—C;r+s)# N(e)}.
So, foru ¢ A,
1 1
01 < —’{meguzmaéAl UAZ})S h—|{megu:m¢Bu}|

hll
or .
h—){meguzmeBu}|<1—61<6.
Therefore,ACC{ue]N:%|m69u:meBu|<5}. SinceAceT(I)then{ueN:hi” mepuzmeBu|<6}e

. 1 r—I-St&
T(I),z.e{ueIN: h—”(mEQu:meBu| 26}€I.Hence,ym — . O

Theorem 3.13. Let y = (.} be a sequence in a L-fuzzy normed space (Y, u, n) then there does not exist two elements
Bi,B2el - Stﬁ — LIM(y) for r > 0 and ¢ € L — {02} such that u(B1 — Ba; cr) > N(e) for c > 2.

Proof. We shall use contradiction to support our conclusion. Assume there exist two elements 1, €
I - Sté: — LIM,(y) such that

»
u

u(B1 — Pa;cr) + N(e) for c > 2. ()
Aspi,pre 1 - Sté: - LIML(y) then for every ¢ € L — {0y} and s € R*. Define,

A ={me@u:y(ym—ﬁl;r+§)>4/v(s)}

Ay = {m € o y(ym B+ %) ¥ N(e)}.
Then,

l|{m€pu:meA1UA2}|S

1 1
hy, ZHmEQuIm€A1}|+h—u({megu:meA2}|.
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By the property of 7-convergence,

I—limhl|{m€@,:meA1UA2}|§I—limhl|{m€Qu:m€A1}|

U—00 uU—00

+I—limhl|{megu:meA2}|:0.

u—00

Thus,
{ue]N:hl|{m€gu:meA1UA2)}26}€I, for all 6 > 0.
u

Now, choose 0 < 6; < 1suchthat0<1-06; <.
Let

K:{ue]N:hll{megu:meAlqu}|261}€I.
Now, foru ¢ K
1
h—|{megu:m€A1UA2}|<1—61,
1
h—’{megu:me_fAlUAz}l21—(1—51)=51.

This implies {m € g, : m ¢ A; U Ay} # 0. Then, for m € Af N Aj the following holds

H (P = p2i2r+s) > Q(H(ym —pair+ %)'H(ym ~ BT+ %))
> N(e).
Hence,
t(B1 — B2; 2r +8) > N(e). 3)

Then, from (3) implies that u (81 — B2;cr) > N(e) for ¢ > 2. which is contradiction to (2). Therefore, there
does not exist two elements such that u(B; — 2;cr) # N(e) forc > 2. O

Definition 3.14. Let (Y, i1, Q) be a L-fuzzy normed space. Then y € Y is said to be lacunary rough I-statistical
cluster point of the sequence y = {ym} € Y with respect to fuzzy norm y for some r > 0 if for every ¢ € L —{0g},
0>0ands e R*

1
{ue]N: h—|{megu:y(ym—y;r+s)>‘N(e)}| <6}¢I.
In this case, y is known as lacunary rough ideal statistically cluster point of a sequence y = {y}.

Let I’ ;;f( H)(y) denotes the set of all lacunary rough ideal statistically cluster points of a sequence y = {y,}
€]

with respect to fuzzy norm u of a sequence y = {y,,} in a L-fuzzy normed space (Y, i, Q). If r = 0, then
we get lacunary ideal statistically cluster point with respect to fuzzy norm y in a L-fuzzy normed space

(Y, u,Q)iel ’Sjg(m(y) =T ;ﬁw@n.

Theorem 3.15. Let (Y, u, Q) be a L-fuzzy normed space. Then I ;;f( y)(x), the set of all r-1-statistical-cluster points
0

with respect to fuzzy norm u of a sequence x = {x,,} is closed for some r > 0.

Proof. IfT"~L (x) = 0, then we have nothing to prove.

StEw)
Assume, I' E;LI( 0 (x) # 0. Take a sequence y = {y,,} €T ’S;{( H)(x) such that y,, LN Yo. It is sufficient to show that
0 0

-7
Yo € F;(#)(X).
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As yp, LN Yo, then for every ¢ € L — {0} and s € R*, there exists m, € IN such that
y(ym - Yo; %) > N(¢) for m > m,.

Let us choose some mg € N such that mg > m,. Then, we have u (ymo - Yo, %) > N(¢).
Againasy ={y,} CT ;;(ﬁ ,(x) which implies that y,, € I ;t’(i)(x).

1
- {MGN.h—M

{megu:y(xm—ymo;r+%)>4N(e)} <6}¢I. 4)

Consider G = {m € 0u W(Xm = Yo T+ 5) # N(e)} . Choose j € G° such that u(x; — ym,; 7+ 5) > N(e).
Now,
5 s
y(xj —yo;r+s) = Q(y(xj — Yms T+ E),y(ymo - Yo, 7+ 5))
> N(e).

Hence,
{m € Ou : U = Ymys 7+ 5) > N(e)} Ci{me gy pulxm—yo;v+s) > N(e)}.

= {meg,: pulxy—yo;r+s)# N} C {m S U = Ymgs 7+ 5) F N(e)}.
Thus,

1
{uE]N:h—|{m€@u:y(xm—y0;7’+5)9‘N(€)}|<5}
u

1
- N:—
_{ue -

<o)

{ue]N:hl({megu:y(xm—yo;r+e);‘N(e)})<6}¢I.

Therefore, yo € I’ :f‘{y)) (x). Hence, the result proved. [

{m € Ou: U(Xm = Yy 7 + %) F# N(e)}

From (4), we have

Theorem 3.16. Let y = {y,,} be a sequence in a L-fuzzy normed space (Y, u, Q), which is lacunary ideal statistically
convergent to C* and B(C', e,1) ={y € Y: u(y — C;r) # N(e)} is a closed ball for somer > 0 and e € L —{0} then
B(C,¢,1) C I —Sts — LIMI(y).

Proof. Since y = {y,} is a lacunary ideal statistically convergent to C* with respect to fuzzy norm p i.e

I-Stf
Ym — ', then for e € £L—{0,},6 > 0and s € R*

A:{ue]N: hl|{megu:y(ym—C*;S)}N(e)H >6}€I.
Since 7 is an admissible ideal then G = IN \ A # 0, then for m € G¢,

1
i ){m € 0u : U(Yym — C;s) # N(e)}| < 6.
= hl [ € gu s uym = C59) > Nl 2 1.

PutB, ={me g, : u(ym —C;s) > N(e)} for j > m. For j € By, y(yj - C";s) > N(e).
Lety € B, (C*, A, r). We will prove y € T — Stg - LIM;. As

uyj = yir+9) = Quly; ~ 9, uly - )
- N(e).
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Hence, B, C {m € g, : tt(ym — y; 7 +s) > N(¢)}, which implies that

|Bul

1-6<
=

1
< h_|{m €ou tt(Ym—yir+5) > N(o)}|-

Therefore, hi“ |{m €0u:U(Ym—yr+s)# N(e)}| <1-(1-06)=0.
Then,

{ue]N:hl|{meQu:y(ym—y;r+s);‘N(€)}|26}CA€I.

which shows that y € 7 — Stg - LIML(y) in(Y,u,Q). O
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