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Bounds for the Berezin number inequalities of 2 X 2 operator matrices
and applications
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Abstract. In this paper, we give several upper bounds for the Berezin number for 2 X 2 off-diagonal
operator matrices. These upper bounds refine and generalize some earlier existing ones. As an application
of one of our results, we give new upper bounds for the sum of Berezin numbers of two bounded operators.

1. Introduction

Let B(H) denote the C*- algebra of all bounded linear operators on a non trivial complex Hilbert space
‘H with inner product (.,.) and associated norm ||.||. Let ) be a nonempty set. A functional Hilbert space
H = H (Q) is a Hilbert space of complex valued functions, which has the property that point evaluations
are continuous, i.e., for each A € Q the map f + f(A) is a continuous linear functional on H. The
Riesz representation theorem ensues that for each A € Q there exists a unique element k), € H such that
f(A) = (f,ky) forall f € H. The set {k) : A € Q} is called the reproducing kernel of the space H. If {e,},o
is an orthonormal basis for a functional Hilbert space #, then the reproducing kernel of H is given by

+oo

ky(z) = Zo ex (AN)e, (z) (see [25, 28]). For A € Q, let k) = ”'ﬁ be the normalized reproducing kernel of H. Let

A abounded linear operator on H, the Berezin symbol of A, which firstly have been introduced by Berezin
[10, 11] is the function A on Q defined by
A (A) = <Ai€)\,i€)\> .
The Berezin set and the Berezin number of the operator A are defined respectively by:

Ber (A) := {(qu,fq) = Q}
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and

ber(A) := sup {|<Ai€}\/i€/\>

:AEQ}.

It is clear that the Berezin symbol A is the bounded function on Q whose value lies in the numerical range
of the operator A and hence for any A € B(H),

Ber (A) c W(A) and ber(A) < w (A),
where
W(A) = {(Ax, %) : x € H, [l = 1)
is the numerical range of the operator A and
w(A) = sup {l(Ax, x)| : x € H, [Ixll = 1}

is the numerical radius of A.
Moreover, the Berezin number of an operator A satisfies the following properties:
(i) ber (A) = ber (A*).
(ii) ber (uA) = |y|ber (A) forall u € C.
(iii) ber (A + B) < ber (A) + ber (B) for all A, B € B(H).
Ceralry,

ber(A) < ||A]|. )

Notice that, in general, the Berezin number does not define a norm. However, if H is a reproducing
kernel Hilbert space of analytic functions, (for instance on the unit disc D = {z € C : |z| < 1}), then ber(.)
defines a norm on B(H (D)) (see [26, 27, 30, 31, 34]).

The Berezin symbol has been studied in detail for Toeplitz and Hankel operators on Hardy and Bergman
spaces (see [33]). A nice property of the Berezin symbol is mentioned next. If A(A) =B (A)forall A € Q, then
A = B. Therefore, the Berezin symbol uniquely determines the operator. The Berezin symbol and Berezin
number have been studied by many authors over the years, a few of them are [1, 4, 7, 14, 16-18, 20, 24, 35, 36].

The direct sum of two copies of H is denoted by H?> = H e H. If A,B,C,D € B(H), then the operator
A B Ax1 + Bx,
CcC D Cxq + DJCQ)
for every vector x = (x1,x2) € H @ H. Recently, inspired by the numerical radius inequalities for operator
matrices in [8, 9, 12, 29]. Very recently, some inequalities for the Berezin number of operator matrices have
been presented in [5, 7, 13, 19, 23].

Our goal in this paper is to introduce several new upper bounds for the Berezin number of 2 X 2 block
matrices. More precisely, we prove some upper bounds for the the Berezin number of the off-diagonal

defined on H & H.

matrix [ can be considered as an operator in 8B (H ® H), which is defined by Tx = (

N tri 0 A
operator matrix | p

2. Main results

In order to prove our results, we need the following lemmas.

Lemma 2.1. [3] Let A, B € B(H). Then
(i) ber([ 0 ]) <max|ber (A),ber (B)}.

A
0 B
(ii) ber([ 1(3) ‘3 D < lALE]
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Lemma 2.2. [32] Let A € B(H) be a positive operator and let x € H with ||x|| = 1. Then
(Ax, x)" < (A'x,x) forall r > 1.

Lemma 2.3. [29] Let A € B(H), and let f and g be non-negative functions on [0, co) which are continuous and that
satisfy the relation f (t) g (t) =t for all t € [0, 00). Then

< |lFan | g 4aD y| foratt x,y € H,

|Ax, y
where |A| = (A*A)% is the absolute value of A.
In particular, if f (t) = g (t) = Vt, then
(A, ) < AT, 2 1A, v
Lemma 2.4. [15] Let x, y,z € H with ||z|| = 1. Then
23 (2 )] < 5 (el ol + e ).

Lemma 2.5. [2] Let x,y € H. Then for any a > 0,

1
[, )| <

a 2 2 211012
< X ” ” < X xl” -
o — Pyl < Il e

e ol 0]+
Lemma 2.6. [2] Let x,y,z € H with ||z|]| = 1 and let 0 < a < 1. Then

1
200+ 2

200+ 1
200+ 2

Lemma 2.7. [6] Let A, B € B(H). Then

%ber(A+B) Sber([ g 13 ])

x,2) ¢z )] < P [y + Il [y [, )]

Our first main result in this section reads as follows.

Theorem 2.8. Let A, B € B(H) and let f and g be non-negative functions on [0, co) which are continuous and that
satisfy the relation f (t) g (t) =t for all t € [0, 00). Then

berz([g ‘3]) < }Lmax{ber(f4(|B|)+ FH4A"D), ber (£ (AN + £ (1B'))]

+% max {ber (|AF), ber (BF)}.

Proof. Let X = [ g 13 ] For any (A1,1;2) € QX Q, let IAc(AMZ) = (ka,, k),) be the normalized reproducing

kernel in H & 9. Then, we have

‘(Xlz(/h,/\z)’ ’%(W\z>> 2

= ‘(Xlz(All/\z)’I%(Al/Az)> '(XI%(/\l,Az)/I}(/\l,/\z)>
= |<X’A‘<W2>"%(Mz>> [ Xk,

1 A A 2 .
< §(|<Xk(/\1,/\2),k(/\1,/\2)> +||Xk(/\1,A2)H2)




M. Guesba, M. Garayev / Filomat 39:25 (2025), 8635-8649 8638

)

(by the arithmetic-geometric mean inequality)

% (”f (1D k|l 03D iy |+ |<|X|2 koo K )
(by Lemma 2.3)

1 . .
- E '<f2 (|X|) k(/\erz)’ k(/\l,/\2)>
1 . .
+§ Klez k(/\erZ)’ k(/\1,/\2)>
L k k 2 . - 2
Z (<f2 (1) k(/\l’AZ), kMW\Z)) + <gz (XN k(/\l,/\z)/ k(?\l,/\z)> )

1 . .
+§ |<|X|2 ke n0), k(/hﬂz))

(by the arithmetic-geometric mean inequality)

y g q y

1 A A o p A

4 (<f4 (XD k1205 k(Al:A2)> + <g4 (XD ks 1), k(Alr/\Z)>)

1 R o
5 (X Rty B )
(by Lemma 2.2)

= (( (XD + g* (XD) ko ko) + %|<|X|2 Koo ko)

_ f*(BI) +g (1A*]) 0 .
) f*(AD + g* (1B) ko k0
‘ |B| )k(/\l A2)s k (A1, /\2)>

ber ( f4 (|B|> +g* (A% 0 ])
0 FAAD + g* (B

4

1 BP0
+§ber([ 0 |A|2 ])
3 max{ber (1* (B + g* (4D), ber (£* (4D + g* (BD))

+% max {ber (|A|2) ,ber (|B|2)}
(by Lemma 2.1(i)).

IN

|<92 XD ka1 Kty 1))

IA

IA

IA

IA

Consequently, we obtain

2

< }Lmax {ber (f*(IB) + g* (1A*))), ber (f* (1A + g* (1B')))}

|(X’2<A1,Az>/ k(z\1ﬂz>>
+% max {ber (|A|2) ,ber (|B|2)} :

Taking the supremum over all (11, ;) € Q X Q), we get

ber? ([ g 6‘ ]) < 411 max {ber (f* (1B|) + g* (1A))) , ber (£* (1A]) + 4* (1B'))}
+% max :ber (|A|2) ,ber (|B|2)= .
This completes the proof. [J

The following corollaries follow from Theorem 2.8.
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Corollary 2.9. Let A,B € B(H). Then

ber’ ([ g Ig D < lemax {ber(|B|2 + |A*|2),be1‘(|A|2 + IB*lz)}

+% max {ber (|A|2) ,ber (|B|2)} .
Proof. The result follows from Theorem 2.8 for the case f (t) = g (f) = t2. O
Corollary 2.10. Let A, B € B(H) and let f and g as in Theorem 2.8. Then
ber’ (A+B) < max{ber(f*(B|)+g* (1A")), ber (f* (1A + g* (1B'))}
+2 max {ber (lAlz) ,ber (lBlz)} .
Proof. Using Lemma 2.7 the result follows immediately. [J

If we take A = B in Corollary 2.10, then we get the following corollary.
Corollary 2.11. Let A € B(H) and let f and g as in Theorem 2.8. Then

2 1 4 4 * 1 2
ber® (A) < Zber(f (AD + g* (A"]) + Eber(lAl ).
Corollary 2.12. Let A € B(H). Then
1 2 ae2) L L 2
ber’ (A) < Zber(|A| +|A'F) + Eber(lAl ).

Proof. The result follows from Corollary 2.11 for the case f () = g () = t2. [

8639

Remark 2.13. We note that the inequality obtained in Corollary 2.12 refines the inequality (1). Indeed, by using the

fact bex (T) < ||T|| for every T € B(H), it follows that

A

ber’ (A) < }Iber(|A|2+|A*|2)+%ber(wz)

IA

1 2 2 1 2
7 AP +14°F]|+ 3 [liar]

IA

(bl + Joapl) + % e

_ 1 2 2 1 2
= 7 (14IF +1AI) + > 114
= llAP.
Therefore, ber® (A) < ||A|?, this implies that ber (A) < ||A]|.

In the next theorem, we obtain another upper bound for Berezin number of [

Theorem 2.14. Let A, B € B(H). Then

st ([ 55 ]) = Gros{Voerlo), Vo)
cmax oer (417), Joer ()

+% max {ber’ (AB),ber’ (BA)}

foranyr > 1.

0
B

A
0

|
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Proof. Let X = [ ]?3 Ig ] For any (A1,1;) € Q x Q, let ki, 1, = (ka,, k1,) be the normalized reproducing

kernel in H @ H. Then, we have

2r

’(XfC(Al,Az)r ’%(W\z>>

(‘(Xlz(/\l,/\z)/ I%(Al,/\z)>

)r

’(l%Ml,Az), X*%mﬁ

1 . N A . ,
< E (HXk(Al,/\z) | ”X k(?\l,/\z)“ + ‘(Xk(M,Az)/X k(A1,A2)> )
(by Lemma 2.4)
1 i r *7. r ~ o ,
< 3 (”Xk(m,)\z)” ([ o 00|| + |<Xk(;\1,/\2),X k()\l,/\z)> )
(by convexity of f () = ¢ forrx1)
1 k i 5 * 2~ ~ r
) E <|X|2 k(/\llAZ),k(Al’AZ))Z <|X |2 k(/\l,/\z)/ k(/h,/\z)>2
1 7 N r
+§ ‘(XZk(m oK)
2 S N 1
< 2 <|X| ko ko, /\z)>2 <|X+|zr k(AM2>’k<A1,AZ)>2
2 ~ r
+ '( zk(Al//\z)/k(/\l,AZ)>
1 :
- E <([ ])k(/\l A2)/k(/\1 /\2)>
Ax- 2r R . %
* <([ |B*| 27 :|) k(/\lr)\z)/ k(/\1,/\2)>
]' T
E <([ ]) k(’\b/\z)'k(m,/\z)>
Lper} IBIZ’ 0 AT o
< = 2
B Zber ([ 0 |A|2’ ber:? 0 |B*|2r

Lier ([ AB O
2%l 0o BA

< g max{ Joer(B7), yfoer(147)}
X max { \/ber (|A*|2r)/ \/ber (lB*|2r>}

+% max {betr’ (AB),ber” (BA)}.

Hence,

2r

< gmax{{oer(57). Joer 147)}
X max { \/ber (IA*|2r)/ \/ber ('B*lzr)}

+% max {ber’ (AB),ber” (BA)}.

|<XI%(A1 A2)r ]2(/\1')\2)>




M. Guesba, M. Garayev / Filomat 39:25 (2025), 8635-8649 8641

Taking the supremum over all (11, A;) € Q X Q), we get

ver([ 5 5 ) < gmx{ oerf), Joer(a®)
xmax{ Jber (W), yfoer ()}

+% max {ber’ (AB),ber” (BA)}.

This completes the proof. [J

From Theorem 2.14, we get the following estimate for Berezin number of the sum of two bounded
operators.

Corollary 2.15. If A, B € B(H), then

ber’ (A+B) < 221 max{\/ber(lBlzr), \/ber(|A|2’)}max{\/ber(|A*|2r), \/ber(lB*|2r)}

+2% " max {ber” (AB), ber’ (BA)}

foranyr>1.
Proof. The result follows immediately from Lemma 2.7. [J

In particular, considering A = B in Corollary 2.15, we get the following corollary.

Corollary 2.16. Let A € B(H). Then

ber? (A) < % JJber (AP ber (jA°F) + %ber’ (42)
foranyr>1.

Remark 2.17. It is not difficult to check that the inequality in Corollary 2.16 is an improvement of the inequality (1).

Next, we state now another upper bound for Berezin number of [ g Ig ]

Theorem 2.18. Let A, B € B(H). Then for anyr > 1,

(56 )

}Lmax {ber (1B + A7), ber (|AP" + B7)}

IA

1 Rt * T AT
+5 {ber (1A' [BI), ber (BT |AI).

Proof. Let X = 0 13

B ] For any (A1,1;) € QX Q, let IAc(Alr,\z) = (ky,, k),) be the normalized reproducing
kernel in ‘H & H. Then, we have
|<Xi<(/\1//\z)/f{(?\1,/\z)>

< (|<|X| i%(/h,/\z)/ IA((/M//\Z)>

2r

|<|X*| IA((/\l,/\z)/ IA{(M«/\Z)>

)r
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(by Lemma 2.3)

|<|X|r kou koo )
(by Lemma 2.2)

= |<|X|r ki) IA{(M,/\2)> |<IA((A1,/\2)/ X IAC(M,/\Z)>

% (”|X|r ko[ 1T K| + |<|X|r ko), 1X°1 ffw,m) )
(by Lemma 2.4)

1 X X 1 . .
1 (”ler k|l + |||X*|rk<A1,Az>H2) +5 |<|X*|’ IXI" K 10y, Koo 1)

(by the arithmetic-geometric mean inequality)

= 31 <(|X|27 + |X*|2r) i%(/\l,}\z), ],(\,'(/\1,/\2)> + % ’<|X*|r |X|r I%(Al,/\z)/ ]%(/\1,)\2)>

/([ 1B + 1A 0 R A
Z 0 |A|27 + |B=¢|2r k(All/\z)’k(Al,Az)
1 |A*["|BI 0 - .
2 0 Briar ||Ra Ko
1ber B+ AP 0
4 0 |A|2"+ |B>e|2r

1 fATBr o
+§ber([ 0 BT IAr

}Lmax {ber (1B + A7), ber (|AP" + B”)}

IN

|<|X*|r ]2(/\1,/\2)' ]A((/\l,/\z)>

IA

IA

+

IA

IA

1 =7 R|T 7 AT
+5 {ber (A" B'), ber (IB']" JAI')}

Thus,

I(Xi%<m,m,l%</\m>>2r < max [ber (1B +|A""), ber (AP + B))

1
1 r r *|1 r
+5 (ber (A"I'[BI"), ber (B |AI)}.

Taking the supremum over all (11, A;) € Q x (), we get

IA

berm([g 6‘])  ma foer (B + 14°F), ber (4P + |5F))

1 7 (Rl AT
+§ber{(|A ["1Bl"), ber (IB|"|Al")} .
This completes the proof. [J

By considering r = 1 in Theorem 2.18, we get the following corollary.

Corollary 2.19. Let A, B € B(H). Then

ber’ ([ 1(; g D < }Imax{ber(mlz+|A*|2),ber(|A|2+|B*|2)}

+3 max [ber (A°|IB), ber (B'114)).

8642
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Remark 2.20. In [13] the authors showed the following inequality:

ber ([ g Ig D < %max {ber(|B|2 + |A*|2),ber(|A|2 * |B*|2)}’ ?

10 0 0 0 A
If we take, A = [ 0 0 ] and B = [ 01 ], then from Corollary 2.19, we get ber([ B 0 D < 0.5,
whereas the inequality (2) gives ber ([ 0 13 ] < 0.7. Hence the bound obtained in Corollary 2.19 is better
than that given in (2).
Remark 2.21. We observe that the inequality obtained in Corollary 2.19 refines the inequality Lemma 2.1 (ii). Indeed,
we have
0 A
o5 3 )
1 2 2 2 o2
<y max{ber (B + |A"F), ber (JAP + B}
1 . .
+5 {ber (IA"||Bl), ber (1B |A}
1 * *
< Zmax{“|B|2 + AP AP + 1B}
1 . .
+5 max {[[IA" Bl 1B 1A}
1 * *
< g max{[IBE|+ AP [lar] + B}
1 * *
+5 max {[[IATIIBII MB7IIHIAIN
= Z(VAI + IBIR) + = LAl BI
4 2
_ 1 2 2
= 3 (AP +1BIF + 21111181
_ 1 2
= 7 (Al 1BI)".
Therefore,
0 A Al + 1Bl
ber([ B 0 ])S —

Corollary 2.22. Let A,B € B(H) and let r > 1. Then

ber’ (A+B) < 2*max(ber(IB + A7), ber(JAP + |B'P))
+27 ' max {ber (JA*|" |BI"), ber (|B|" |A")} .

Proof. By using Lemma 2.7, the result follows directly. [J

Remark 2.23. If we take A = B in Corollary 2.22, then we get the following inequality
r 1 2r *12 1 *r r
ber” (A) < Zber(lAl + A7) + Sber (A711AT),

which is obtined in [14].



M. Guesba, M. Garayev / Filomat 39:25 (2025), 8635-8649 8644

In the next theorem, we establish an upper bound of ber* ([ g g ])

Theorem 2.24. Let A, B € B(H). Then

ber* ([ g 61 ]) < 11_6 max {ber(lBl4 + |A"|4),ber (IAI4 + IB*|4)}

+% max {ber(|A*|2 |B|2),ber (1B |A|2)}
+411 max {ber(lBlz + |A*|2),ber(|A|2 + |B*|2)}
x max {ber (AB) ,ber (BA)} + 411 max {ber2 (AB), ber’ (BA)} .

0 A
B 0
kernel in ‘H & H. Then, we have

Xi((/\l,ﬁz)uz |
- |<|X|2 i%(}\h/\z)’ 12(/\1’)\2)>

L
= (X ko Ko

Proof. Let X = . For any (A1,4,) € Q x Q, let IQ(AMZ) = (ka,,k,) be the normalized reproducing

X*’A<<A1,Az>||2
(X R, Ko )

KIA(()\W\Z)/ X Ko )

= % (11 Fa 156" R |+ (1F Fiy 0y, 1P i 1))
(by Lemma 2.4)
< 31 (”le2 ’A%,Az)”z +[|Ix? IA{(M//\Z)”z) + % (IXP X kw10, Koo 1)

(by the arithmetic-geometric mean inequality)
1 e ) 1) n e .
< 7 <(|X|4 +1X |4) k(m,Az)/k(A1,Az)> +3 <|X P Ix? k(Al,/\z)/k()\1,Az)>-

Therefore, we infer that

[[XEa, 00 ’ ||X*12(A1,A2)||2 < 111 <(|X|4 + |X*|4)IA<(/\1,A2)/lA{(/h,/\g)) + % <|X*|2 IXP? i((/\l,)\z)/i{()tl,/\z)>‘ 3)
On the other hand, we have
|<X’A<<A1,A2>JA<<A1,A2)>

A N 2
(|<Xk(m,Az>/k<A1,Az)> )

1 A A A N
< ;1( X, | [1X Fr, 0| + <Xk(A1,Az>rX*k<m,Az>>)2
(by Lemma 2.4)

(X’%mmz)”z ”X*’AC(ALA»HZ

4

l(’%(m,m X*’%Mw\z»

1
4

1.4 A A A 1 o o 2
+5 (15K, | X K 20| <X2k(A1,A2>/k(/\1,A2>> +1 szk(Al,Az)/k(Al,Az))

1 Xf((m,Az)”z HX*ff(m,Az)Hz

IN
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1 {)on X . R 11/ nn R 2
+1 (“Xkul,Az)”Z + ||X*k(A1,Az>||2) <X2k(A1,/\z>fk<A1,Az>> +7 |<X2k(/\1,/\2)fk(/\1,/\2)>

(by the arithmetic-geometric mean inequality)

1 N ~
= gkl xRl

+411 <(|X|2 + |X*|2)’A<(A1,AZ)IIA<<A1,A2>> <X2’A<(A1,AZ)IIA<(A1,A2>> + 411 ’(XZIAC(Al,Az)r’%(Al,Az))

2

1 * X T 1 % ~ A

< _6 <<|X|4 + |X |4) k(/\l,)\z)/ k(/\l,/\z)> + g <|X |2 |X|2 k(/\ll/\2>,k(/\ll/\2)>
1 e . ) ) R A 2

+ZL <<|X|2 " |X |2)k(/\1,)\2),k(/\1//\2)> <X2k(/\1/}\2)’k(/\1,/\2)> + Z |<X2k()\1,/\2)/ k(/\l,)\2)>

(by the inequality (3))
_ 1] Bt +1AT 0 : ;

16 0 A+ Bt )T )

L/ 1AFBF 0 . )
P e oo
1 |B|2 + |A"|2 0 R .
+4 <( 0 A + B k20 ka,1)
2
AB O . AB O A )

X ’<(|: 0 BA ]) k Al AZ)/ k(/\l A2)> 4 ‘<([ O BA ])k(/\lf)\z)’k(/\l,/\z)>

L B +lA” 0 1 AP 1B
< 16 p—
< 16ber([ 0 |A|4 + |B*|4 + 8ber 0 B |2 |A|2

|B| + |A* 0 AB 0
([ AP + B ) 8 ber([ 0 BA ]) i ([ ])
4 wid 1 ) ) ,

< —max{ber(IBl + |A7| ) ber(IAI + |BY| )} + gmax{ber(m 1 |B| ),ber(|B 21A] )}

+= max{ber(lBl +|A'?), ber (JA + B'’)} x max {ber (AB) , ber (BA)}

+411 max {ber2 (AB), ber’ (BA)} .

Therefore,
[(XE o Fo)| < 5 max{ber(BI* + IAT), ber (AT + ")
+% max {ber(|A*|2 |B|2) ,ber(IB*lz |A|2)}

1 2 %2 2 %12
+7 max {ber (1B + A7), ber (JAP + BF)}
1
X max {ber (AB) ,ber (BA)} + 1 max :ber2 (AB), ber’ (BA)} .
Taking the supremum over all (11, A;) € Q X (), we get the desired result. [

Remark 2.25. Very recently in [21, Theorem 4] the authors showed the following inequality:
bert (| & 4|} < Lmax {ber(1B* + |A"*), ber (JAI" + |B'|*)} (4)
B 0 T 4 !

+% max {ber (|A*|2 |B|2) ,ber (|B*|2 |A|2)} .
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If we take, A = [ 3 8 ] and B = [ 8 g ], then from Theorem 2.24, we get ber([ g g ]) < 1.5

whereas the inequality (4) gives ber ([ 0 ) < 2.12. Hence the bound obtained in Theorem 2.24 is better

B 0
than that given in (4).
The following corollaries are immediate consequences of Theorem 2.24.

Corollary 2.26. If A, B € B(H) are normal operators, then

aff 0 A 1 4 2y, 1 2 o2 20412
ber ([ B 0 D < Eber(|A| +|B] )+§max{ber<|A| IB| ),ber(|B| A| )}
+31ber (AP + B) max {ber (AB) , ber (BA)}
+411 max {ber2 (AB), ber’ (BA)} .

Corollary 2.27. Let A,B € B(H). Then
ber' (A+B) < max{ber (Bl +|A""), ber (JA' + |B'[")]
+2max {ber (JA' |B), ber (|B[* |AP)}
+4max {ber (|Bf + |AF), ber (|AP + |B[*) max (ber (AB), ber (BA)}
+4 max {ber2 (AB), ber’ (BA)} .

Proof. By using Lemma 2.7, the result follows directly. [J
If we take A = B in Corollary 2.27, then we get the following corollary.
Corollary 2.28. Let A € B(H). Then
4 1 4 a4y, 1 21412
ber(4) < Teber(|A]' +|AT) + gber (JA°F |AP)
1 2 *2 2\, 1y o040
+ber (AP +1A4°F) ber (A%) + Tber’ (4%).

Remark 2.29. It is not difficult to check that the inequality in Corollary 2.28 is an improvement of the inequality (1).
. af| 0 A
In the next theorem we obtain another upper bound of ber B ol

Theorem 2.30. Let A,B € B(H)andlet 0 < a < 1. Then

bert ([ 0 A D < 2a+1 max {ber(|B|4 + IA*|4),bEI‘ (|A|4 + |B*|4)}

B 0 4o + 4

4a1+ 7 max {ber(lBlz + |A*|2),ber(|A|2 + |B*|2)}
X max {ber (AB),ber (BA)}.

+

Proof. Let X = B 0

kernel in ‘H & H. Then, we have

|<X7<<A1,Az)r ’%(W\z>> '

0 A4 ] For any (A1, A5) € QX Q, let ki, 1,) = (ka,, ky,) be the normalized reproducing
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2

i |<Xi%(}\1,/\2)/ 12(/\1,}\2)>

204 .
Kk(Al,Az)rX Kao10)
1
200+ 2

|<Xi€()h,/\2)’ i%(AlfAZ)>

= ‘(XIAC<A1,A2)J%(AMZ>>

20+1 ., .
zz i 2 Xk aoll* X R aoll+

(by Lemma 2.6)

20+ 1 27 A o2 2 A
= (IXP oy Ko ) (IX°F Ry 1y, K )

200+ 2
1 27 7 3 %12 7. 7 3
57173 (IXP koa, oy, k1) (1P Rt o ki)

2a+1 27 A 2 a2 2 A 2
iasd ((le ko Kaan) + (X P R ko) )

2

IA

(1%, | X K 20| |<X’A<<A1,AZ)IX*’A<<A1,A2>>

+

<X212(A1,A2)r IA((/\1,A2)>

IA

+

1 a1+ 1 (1P Ko a0 Kins ) + (XF Kony i Kao 1)) '(Xszmmz)/ Kaoin)

(by the arithmetic-geometric mean inequality)

iz ;11 (P + 1T Koy Ko )

+Lﬁ (%P + 1) et Kt ) '(sz(Al,Az>/’A€<mz>>

(by Lemma 2.2)

_ 2a+1 /([ |B* +]A* 0 P D

T 4a+ 4 0 |A|4 + |B*|4 (A1,A2)7 (A1,A2)
1 IBI> + |A*]? 0 N 5

TIa+a <([ 0 AP+ B |)farkau
AB 0 |\» .

X <([ 0 BA ])k(Al,Az>/k(/\1,Az>>

2041, IBI* + |A** 0 el e IB]? + |A*? 0

4a +4 0 IA* + |B* 4a +4 0 AP + |B*]?
AB 0

xber([ 0 BA ])

200+ 1
4o+ 4

IA

IA

IA

max {ber(|B|4 + |A*|4),ber(|A|4 + |B*|4)}

+

4a1+ 7 max {ber (1B + |A"F), ber (JAP + |B[*)| max {ber (AB) , ber (BA)} .

Therefore,

4 20+ 1
<
4o +4

|(X12(A1,A2),12(M,A2)> max (ber ([B* +14°*), ber (|AI* + |B*)]

+

4a1+ J max {ber(|B|2 + |A*|2),l:>er(|A|2 + |B*|2)}
X max {ber (AB),ber (BA)}.

Taking the supremum over all (11, A;) € Q X ), we get the desired inequality. [

As applications of Theorem 2.30, we state the following two corollaries.
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Corollary 2.31. If A, B € B(H) are normal operators such that AB = BA and let 0 < o < 1, then

4 0 A 20+ 1 4 4 1 ) )
ber ([ B 0 ]) 5 4a+4ber(|A| +1BI*) + 4a+4ber(|A| + B[’ ber (AB).
Corollary 2.32. Let A,B € B(H) and let 0 < a < 1. Then

8a+4
+1

+% max {ber(|B|2 + |A*|2),ber(|A|2 + |B*|2)}
x max {ber (AB) ,ber (BA)} .

ber'(A+B) < max {ber (|B* + |A"*), ber (|Al + B'*)}

Proof. The result follows directly by Lemma 2.7. [J

Corollary 2.33. Let A € B(H) and let 0 < o < 1. Then

2a+1 1+ 4ber(|A|2 +|A°F) ber (42).

4
A) <
ber' (A) = 7003

ber (|A|4 + |A*|4) ‘o

Remark 2.34. If we take a = 1 in Corollary 2.33, then we get the following inequality
4 3 4 +14 1 2 *|2 2
ber* (A) < gber(|A| +IA) + gber(|A| +|A"F)ber(A2),
which obtined recently in [22].

Remark 2.35. We note that the inequality obtained in Corollary 2.33 refines the inequality (1). Indeed, we have

ber*(4) < iZIiber(lAl4+|A*|4)+ 4a1+ 4ber<|A|2+|A*|2)ber<A2)

2 +1 . 1 X

< g At et g AP + 147 47
2a+1 . 1 X

< g (hAr ) + = (el + s nare

= 20 A1)+ gy (1A AR

_ 4da+2 o, 2 .

Ty LA IRrewie

= JIAI*.

Therefore,

ber* (4) < ||A|I*.
This implies that
ber(A) < ||A]l.
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