Filomat 39:25 (2025), 8761-8775
https://doi.org/10.2298/FIL.2525761K

Published by Faculty of Sciences and Mathematics,
University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2 S
) @
b, &
Ty xS’

5
TIprpor®

Modified Rota-Baxter Lie triple systems with higher derivations

Yuanyuan Ke**, Dingguo WangP

#School of Artificial Intelligence, Jianghan University, Wuhan 430056, P. R. China
bDepartment of General Education, Shandong Xiehe University, Jinan 250109, P. R. China
€School of Mathematical Sciences, Qufu Normal University, Qufu 273165, P. R. China

Abstract. In this paper, we consider modified Rota-Baxter Lie triple systems with higher derivations. A
pair consisting of a modified Rota-Baxter Lie triple system and a higher derivation is called a modified
Rota-Baxter LieTHDer pair. We investigate cohomologies of modified Rota-Baxter LieTHDer pairs with
coefficients in a suitable representation. As applications, we study abelian extensions and formal one-
parameter deformations of modified Rota-Baxter LieTHDer pairs.

1. Introduction

Lie triple systems first appeared in Cartan’s research on Riemannian geometry and were developed
for symmetric spaces and related spaces. Building on Jordan theory and quantum mechanics, Jacobson
[11] introduced the concepts of Lie triple systems and Jordan triple systems, which can be regarded as
subspaces of an enclosed ternary Lie algebra. Lister [13] gave a complete structure theory for Lie triple
systems. Simpler axioms were given by Yamaguti [21]. More results on Lie triple systems are referred to
[1,9,10,17,18, 20, 23].

Deformation serves as a method for analyzing mathematical objects by transforming them into param-
eterized families of similar structures. Algebraic deformation theory was introduced by Gerstenhaber for
rings and algebras [5]. Kubo and Taniguchi in [12] introduced deformation theory for Lie triple systems.
Various linear operators like relative Rota-Baxter operator(also called O-operator) [3, 14], Rota-Baxter op-
erator [2], generalized Reynolds operator [16], modified Rota-Baxter operator [6], crossed homomorphism
[8], derivation [7, 15, 19], higher derivation [4] and their induced cohomology, extensions and deformations
are studied.

Recently, the authors have established the cohomology of modified Rota-Baxter Lie triple systems and
analyzed the relationship among modified Rota-Baxter Lie triple systems, Rota-Baxter Lie triple systems,
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and Nijenhuis Lie triple systems in [6]. It would be particularly meaningful to investigate modified Rota-
Baxter Lie triple systems endowed with higher derivations (termed modified Rota-Baxter LieTHDer pairs),
as higher derivations play a crucial role in the theory of automorphisms of complete local rings. Drawing
on the prior work, we can proceed with this study, and the subsequent sections of the paper are organized
as follows. In Section 2, we recall some basic definitions about modified Rota-Baxter Lie triple systems and
their cohomology. Section 3 explores the cohomologies of modified Rota-Baxter LieTHDer pairs, with a
focus on representations endowed with suitable coefficients. Section 4 then investigates abelian extensions
of these pairs, analyzing their structural implications within the algebraic framework. Finally, Section 5
delves into the formal one-parameter deformations of modified Rota-Baxter LieTHDer pairs, examining
their foundational properties in detail.
All vector spaces and linear maps in this paper are over a field IF.

2. Modified Rota-Baxter Lie triple systems

We commence by recalling the fundamental concepts of modified Rota-Baxter Lie triple systems essential
for our study, with primary reference to the foundational work in [6, 12, 22].

Definition 2.1. A Lie triple system is a vector space T equipped with a trilinear map [-,-,-] : T® T®T — T satisfying

(T1)  [xxyl=0,
(T2)  [xyzl+ly,zx]+[zxy] =0,
(T3) [u,v,[x,y,211 = [[u,v,x], y,z] + [x,[w,0,y], 2] + [x, y, [u,0,z]],

forallx,y,z,u,veT.

Example 2.2. Let (T, [, -]) be a Lie algebra. We define [-,-,-] : T®T®T — T by
[x,y,z] = [Ix y],z], Vx,y,z€T.

Then (T, [, -,-]) becomes a Lie triple system.

Definition 2.3. A representation of a Lie triple system T is a pair (M, 0) consisting of a vector space M and a bilinear
map 0 : T ® T — End(M) satisfying the following conditions:

0(z, u)0(x, y) — O(y, u)0(x,z) — O(x, [y, z, u]) + D(y,z)0(x,u) =0,
0(z, u)D(x, y) — D(x, )O(z, u) + O([x, y,z], u) + 6(z, [x,y,u]) = 0,

where D(x,y) = 0(y,x) — O(x, y), forall x,y,z,u € T.
By direct computation, we get
[D(x,v), D(z,w)] = D([x, y,z],u) + D(z, [x, y, u]).

Definition 2.4. Let T be a Lie triple system. A modified Rota-Baxter operator on T is a linear map R : T — T
satisfying

[Rx, Ry, Rz]
= R([Rx, Ry, z] + [x, Ry, Rz] + [Rx, y, Rz] + [, y,2]) — [Rx, y, 2] - [x, Ry, 2] - [x, y, Rz,
forany x,y,z€T.

A modified Rota-Baxter Lie triple system is a Lie triple system T equipped with a modified Rota-Baxter
operator R : T — T. For simplicity, a modified Rota-Baxter Lie triple system is often abbreviated as (T, R).



Y. Ke, D. Wang / Filomat 39:25 (2025), 8761-8775 8763

Definition 2.5. Let (T, R) and (T’,R’) be two modified Rota-Baxter Lie triple systems. A morphism of modified
Rota-Baxter Lie triple systems is given by a Lie triple system homomorphism ¢ : T — T’ satisfying R o p = ¢p o R.

Definition 2.6. Let (T,R) be a modified Rota-Baxter Lie triple system and M be a vector space. We define a
representation of modified Rota-Baxter Lie triple system as a triple (M, 0, S), where (M, 0) is a representation of the
Lie triple system T and S is a linear map on M satisfies the following condition

O(Rx, Ry)S(m) = S(O(Rx, Ry)m + O(Rx, y)S(m) + O(x, Ry)S(m) + O(x, y)m)
- O(Rx, y)ym — O0(x, y)S(m) — O(x, Ry)m,
forany x,y € T and m € M.

When the action map 0 is evident from the context, the representation described above can be succinctly
denoted by (M, S).

Let (M, 0) be a representation of a Lie triple system T. Denote the (21 + 1)-cochains group of T with
coefficients in M by C**1(T, M), where f € Hom(T?"*!, M) satisfies

f(xl/ cee sy Xpn=2,X, X, y) = 0/
f(xll crcy xZn—Zz xl ]// Z) + f(xll crcy x2n—2/ ]// Z/ x) + f(xll ety x2n—2/ Z/ x/ }/) = O/
for all x;,x,y,z € T, and CY(T, M) = Hom(T, M).
The differential operator di’l’;Tl : C2Y(T, M) - C*"*{(T,M), n > 1 is given by:

di’fe_Tlf(xl, oo X2n41)

= O(xn, Xon41) f (X1, - -, X2n-1) — O(X2n—1, X2n41) f (X1, - - ., X20-2, X2n)

n
+ 3 (1" Do, 20 fx1, -, T T o)

k=1
n 2n+l
1 —_—
+ Z Z (_1)H+k+ f(xl/ o /@/xﬂ(/ ey [x2k—1rx2k/ xj]/ . /x2n+1)/
k=1 j=2k+1

for any f € C*""(T,M), n > 1, where the signindicates that the element below must be omitted.
Next, let (T, R) be a modified Rota-Baxter Lie triple system and (M, S) be a representation of it. Then
there is another cochain complex {C*(T, M), d*} on the same cochain groups with differential

82”_1f(x1, e, Xons1)
= O(R(x2n), R(x2n+1)) f(x1, %2, - - ., Xan-1) = S(O(R(x2n), X2u+1) f (X1, X2, - -+ , X20-1)
+ 0(x2n, R(x2u41)) f (1, X2, - -+, Xon-1)) + O(X2n, X2u+1) f (X1, %2, - - -, X20-1)
= O(R(x20-1), R(x2n41)) f(x1, X2, - . ., Xon—2, X2u) + S(O(R(X20-1), Xous1) f (X1, X2, . . ., X202, X21)

+ 0(x2n-1, R(xons1)) f (X1, X2, . . ., Xou—2, X21)) — O(X20-1, Xons1) f (X1, X2, - . ., Xou-2, X2
n
+ Z(—l)i+"(D(R(x2i_1),R(xZi))f(xl, e X211, %21, Xons1) — S(D(R(x2i-1), X24)
=1
f(xlr R r-x"ZlTll JZEi/ “ee 1x271+1) + D(x2i—1rR(x2i))f(x1/ .. 19(/21:1/ Eir o /x2n+1))

+ D(x9im1, X20) f (X1, - -+, X2ic1, X2y -+« ) Xop1)

n  2n+l

Y Y CO fe, d, B - [R (i), RO, 2] + [aio1, R(xa), R(x,)]
i=1 j=2i+1

+ [R(x2i-1), x2i, R(x)] + [x2i-1, X2i, Xj], - - -, X2n+1),
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for any x1,%2,...,%+1 € T. Combining the above two complexes, the authors in [6] introduced a new

cochain complex {C} . (T, M), dmvier}, where

Chier(T, M) = CHT, M), Ctl (T, M) = C*"*{(T,M) ® C*""{(T,M), VYn>1.

_1 sl 1
Forn =1, 0y o1 * Cyppier

611\/[LieT(f ) = (al(f ), —q)l(f N

for any f € CY(T, M).
Forn > 2,60« il (T, M) — CRptl (T, M) is given by

Stier(f:9) = @iy (), =07 (9) - @' (),
for any f € C*"*(T, M) and g € C**"{(T, M), where ®*'~1 : C>*"|(T, M) — C*'"1(T, M) is given by

(T,M) - C3

mLier(T, M) is given by

n

(@ f)(x1, ..., Xonm1) = Z( Z fGea, ..o, Rxjy, oo Ry e Xono1)

i=1 1<j<<joi-1<2n—1

_ Z Sf(xt,- . RXjy, o Ry, Xono1)).

1<j1< <o <2n-1

The cohomology of the cochain complex {C},,.(T, M), mvier} is called the cohomology of the modified
Rota-Baxter Lie triple system (T, R) with coefficients in (M, S). Denote by Hy, . (T, M).

3. Cohomology of modified Rota-Baxter LieTHDer pairs

In this section, our focus is on defining representations of modified Rota-Baxter LieTHDer pairs and
exploring their cohomological structures.

Definition 3.1. Let T be a Lie triple system. A higher derivation (of rank N) on T is a tuple d = (d, ..., dn) of linear
maps on T satisfying the following identities

dilx,y,2) = Y| [di00), di(y), d(@)], (3.1)

i+j+k=1
forl=1,..,Nand x,y,z € T, with the convention that dy = idr.
It follows from (3.1) that d; is a derivation on T.
Example 3.2. Ifd is a derivationon T, then d = (d; =0, ..., d; = d, ...,dn = 0) is a higher derivation of rank N.
Example 3.3. Let d be a derivation on T. Then d = (d, ‘;—2!, .y dﬁNI) is a higher derivation of rank N.
Example 3.4. Let d = (dy,...,dn) be a higher derivation on T. For any 1 < g < N, we define a new tuple
0 if gtl,

d’ = (d, ..., dy) of linear maps by d; = Qi Then, d" = (d}, ..., d};) is a higher derivation of rank N.
5, if [ =sq.

Within the context of this paper, the term ‘higher derivation’ is uniformly defined as a higher derivation
of fixed rank N.

Definition 3.5. A modified Rota-Baxter LieTHDer pair consists of a modified Rota-Baxter Lie triple system (T, R)
equipped with a higher derivation d; : T — T such that

ROdl:dloR, lzl,...,N.
We shall denote it by (T, R, d).
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Example 3.6. Let (T, R) be a modified Rota-Baxter Lie algebra with a higher derivation d = (d, ..., dn). By Example
3.2, (T, R, d) is a modified Rota-Baxter LieTHDer pair.

Example 3.7. Consider the 2-dimensional Lie triple system T given with respect to a basis {e1,e2} whose non-zero
products are given as follows:

[e1,e0,2] = e1.

-1 0
1

By direct calculation, R = ( 0

) is a modified Rota-Baxter operator, and d = (d1,d,) is a higher derivation,
where
di(er) =e1, di(er) =—e1, daler) =e;,  daer) = —e&1
Obviously,
Rody=dioR, Rod,=dyoR.
Thus, (T, R, d) is a modified Rota-Baxter LieTHDer pair.

Example 3.8. Consider the 4-dimensional Lie triple system T given with respect to a basis {ei, e, e3,es}, whose
non-zero products are given as follows:

[e1,€2,€1] = es.

Through straightforward computation, R = is a modified Rota-Baxter operator,and d = (d1,da, ds, ds)

SO ST
SO O
SO O
o o oo

is a higher derivation, where

di(er) = e, di(ex) =ex, di(es) =e3, di(es) = 3es,
daer) = e1, da(ex) = ez, da(e3) =e3, da(es) = bey,
ds(er) =e1, di(ex) = e, ds(es) =e3, ds(es) = 10e4,
di(er) =e1, da(er) = e, da(es) =e3, da(es) = 15e4.
Obviously,
Rodi=d;oR,  i=1,2,34.
Thus, (T, R, d) is a modified Rota-Baxter LieTHDer pair.
Definition 3.9. Given modified Rota-Baxter LieTHDer pairs (T, R, d) and (T’, R’, d"), a homomorphism of modified

Rota-Baxter LieTHDer pairs from (T, R, d) to (T, R’, d") is a modified Rota-Baxter Lie triple system homomorphism
@:T — T suchthat pod =dop, I=1,..,N.

Definition 3.10. (i) Let (T, R, d) be a modified Rota-Baxter LieTHDer pair, and let M be a vector space equipped
with linear maps & = (@, ..., d¥) : M — M. The triple (M, 0, d™) is referred to as a representation of (T, R, d) if
two conditions are satisfied: first, (M, 0) serves as a representation of T, second, for each | = 1, ...,N, the following
equation holds:

a0, yym) = Z O(di(x), dj(y)dy (m),
i+j+k=I

Hence, we adopt the convention that dy = idr and dgd = idy.

(ii) Let (U, Op1, dM) and (N, Oy, dN) be two representations of a modified Rota-Baxter LieTHDer pair (T,R,d), a
homomorphism from (U, Op, dM) to (N, Oy, dN) is a homomorphism of representations over modified Rota-Baxter Lie
triple system f : U — V such that

defwzdeOf, I=1,..,N.
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In the next, we introduce a cohomology for a modified Rota-Baxter LieTHDer pair with coefficients in
a representation.
Let (T, R, d) be a modified Rota-Baxter LieTHDer pair and (M, S, d™) be a representation of it. For any

n > 1, we define a new map A" : CYLEL (T, M) — CYLEL (T, M), for [ = 1,...,N, by

AP ) = AT DA ED) (Fur f) € Chifien(T, M),

where

2n+1

A12n+1fn = Z Z fuo(dy®-- - ®dy,,,) - dﬁw ° fu.

i=1 dy+tipyer =l

The subsequent lemmas serve as a foundation for constructing the coboundary operator in the coho-
mology of modified Rota-Baxter LieTHDer pairs.

Lemma 3.11. The map A; commutes with @, i.e., Po Ay =Ajod, forl=1,..,N.

Proof. For n > 1, for any f, € Ci~ (T,M) and x1,...,x24-1 € T,1 = 1,...,N, we have

P1o Alzn_lfn(xl, ey Xon-1)

n

= < Z Alz”_l(fn(xl,...,ijl,...,ijZi_l,...,xzn_l))

i=1  1<j1<+<jr1<2n-1

- Z SA]zn_l(fn(xl,...,RX]'I,...,RX]'ZFZ,...,XQn,l)))
1<j1<<Jria<2n-1

n 2n—-1

(), (), ), A d (R, de, (R ), dig, (Y1)

i=1  1<j1<<jois1<2n=1 k=1 ky+--+koy—1=I

M
—d" o fu(x1,...,Rxj, ..., Rxj, ... ,xz,,_l))
2n—1

— an(dk1 (xl), ey dk] (ijl), ey dk/' g (RJC]'ZF2 ), ey deH_l (sz_l))
Y, (L X 1 .

1<j1<<Jpia<2n=1 k=1 ki+-+kpp1=l

— Sdf”fn(xl,. ..,ijl,. . 'IRfoi—zf' . .,xzy,,l)))

n

- AIZH—l(Z( Z fulxy, ..., Rxjy, ..., Rxjy oo X2n1)

i=1  1<ji<<jois1<2n~1
— Z an(xl,...,Rx]-l,...,ijZifz,...,xZn_1)))
1<j1<<Jri-a<2n-1

= Alzn_l © (Dzn_lfn(xlr Ry x2n—1)‘

This shows that ®?*~1 o A,z”_l = Alz”_l o ®?"1 forl=1,..,N. And the proof is finished. ]
Recall that, from the cohomology of LieTHDer pair [7], for [ = 1, ..., N, we have

driet © A = Ay o dpjer.

Also since (T, R) is a Lie triple system and d is its coboundary with respect to the new representation and
(T, R, d) is a modified Rota-Baxter LieTHDer pair, then we get

8OAl=AIOa.

Lemma 3.12. The map A; commutes with Omuiet, i.€., OMLieT © A1 = A 0 Omrier, for I =1, ..., N.
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Proof. This is obviously true when n = 1. For n > 2, for any (fy, f,) € Ci,’[’L‘ileT(T, M), we have

Oiier © A7 (fus £)

= Suer (A (Fa), AT (F,))

= (PN APT (), P AP () — DPHAZTN(f))
= (A7 @ ), ~A7 TN O (F,)) = AFTH@ T (f)
— A12n+1 (aZn—l (fn ), _aZn—S (711) _ q)Zn—l (fn))

= AP o e (fu £

That s, 63 L o A7 = A#* o 530l for 1 =1,..,N. And the proof is finished. O

Equipped with the preceding results, we are ready to define the cohomology of the modified Rota-Baxter
LieTHDer pair. Define the space

Cg/[LieTHDer(T’ M) = O’ Cll\/ILieTHDer(T’ M) = Cll\/ILieT(T’ M)’

forn>1,

Chitiertper (T, M) := Coifi (T, M) X CHELL(T, M).

We define a map ® : C3fL o n (T, M) —» Citl o (T, M), for = 1,...,N, by

Df = (Omuierf, —Aif), forany f € Cll\/[LieTHDer(T’ M),
D((fur fu)) G, T)) = Omrier (s fr), e, Tn) + (1) Al fo, f)),

forany (fy, f,) € C¥L (T, M) and (g,,7,) € C¥73 (T, M).

Proposition 3.13. The map D satisfies © o D = 0.

Proof. For any f € Cll\/[LieTHDer(T’ M), forl=1,.., N, we have

(Do D)f = D(Omuier(f), —Ai(f)) = ((OmLiet © OMLieT) f, —(OMLier © Ap) f + (A © Omier) f) = 0.

Similarly, for any (f,, f,) € Crl (T,M) and (g4, 7,) € CH2 (T, M), we get

(® 0 D) (fur fu)r (9 T0))
= DOmuier(fur fn), OMLieT (G, Tn) + (1) Ai(fo, f)
= (et fr fi) i@ Gn) + (1) OmtrierArf + (=1 Adnvier (fos fr)

=0.
Therefore, this completes the proof. a
Denote the set of all (2n1+1)-cocycles by ZYHL o (T, M) and all (2n1+1)-coboundaries by BifL .. (T, M).

Define the corresponding (21 + 1)-cohomology group by
Hitertner (T M) = Z3ernpe (T M)/ B iertiper (T M),

which is called the (21 + 1)-cohomology group of the modified Rota-Baxter LieTHDer pair (T, R, d) with
coefficients in the representation (M, 9, dM).
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4. Abelian extensions of modified Rota-Baxter LieTHDer pairs

Within this section, we investigate abelian extensions of modified Rota-Baxter LieTHDer pairs and
demonstrate that their classification is given by the third cohomology, a result that aligns with the expecta-
tions of a well-behaved cohomology theory.

Let (T, R, d) be a modified Rota-Baxter LieTHDer pair and (M, S, dM) be an abelian modified Rota-Baxter
LieTHDer pair, that is, the Lie triple system bracket of M is trivial.

Definition 4.1. An abelian extension (T',R’,d’) of (T, R, d) by (M, S, d™) is defined as follows: if there exists a short
exact sequence of morphisms of modified Rota-Baxter LieTHDer pairs

0 (M, dM) i (T, d") —~ (T,d) ————0
0 (M, dM) ’ (T,d) —— — (T,d) ————>0.

A section of an abelian extension (1”,R’,d’) of the modified Rota-Baxter LieTHDer pair (T, R, d) by
(M, S, dM) consists of a linear maps: T — T such thatp os = idr.
For any section s, we defineamap 0 : T® T — End(M) by

O(x, yym := [m,s(x),s(y)]r, Vx,y e T,me M.
Moreover,
D(x, y)m := 0(y, x)m — 0(x, y)m = [s(x), s(y), m]r.

Lemma 4.2. With the above notations, (M, 6, S, d™) is a representation of the modified Rota-Baxter LieTHDer pair
(T,R,d).

Proof. It has been observed in [7] that (M, 0) is a representation of Lie triple system T, for any x,y € T and
meM,l=1,.. N,wehave

Y, 0ix), diy)dyom)

i+j+k=I

= Z [dﬁd(m)/S(dl(x))ls(d](y))]

i+j+k=I

= Y [d¥m), d)(5(x), di(s())]

i+j+k=1
= d([m, s(x), s(y)])
= & (0(x, yym),
and
O(Rx, Ry)S(1m)
= [S(m), s(R(x)), s(R())]
= [S(m), R'(s(x)), R'(s(y))]
= S([m, R'(s(x)), R’ (s(y)] + [S(m), R’ (s(x)), s(y)] + [S(m), s(x), R (s(y))] + [m,S(X),S(y)])
= [S(m), R (s(x)), s(y)] = [S(m), s(x), s(y)] = [m, s(x), R'(s())]
= S([m, s(R(x)), sRYN] + [S(m), sR()), s()] + [S(m), s(x), sRYN] + [m, 5(x), 5()])
= [S(m), s(R(x)), s(y)] = [S(m), s(x), s(y)] = [m, 5(x), s(R(y))]
= S(O(Rx, Ry)m + O(Rx, y)S(m) + O(x, Ry)S(m) + O(x, y)m)
— O(Rx, y)ym — 0(x, y)S(m) — O(x, Ry)m.
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Hence, the proof is thereby accomplished. ]
Foranyx,y,z€e Tandme M, for/=1,..,N,define ¢ : T®T®T - M, x: T - Mand £: T - Mby

1;b(x/ Y, Z) = [S(.’X), S(y)/ S(Z)]T’ - S([X, Y, Z]T)/
x(x) = dj(s(x)) = s(di(x)),
&(x) = R'(s(x)) = s(R(x))-

Further, for any x € T and m € M, the linear maps on T ® M are given by
Re(x +m) = R(x) + S(m) + &(x),
d) (x +m) = dy(x) + dM(m) + x(x).

Proposition 4.3. With the above notations, the triple (T & M, Re, d™®M), where

[((x +m), (v +n),z+p)y =[x, y,2]r + Y(x, y,2), Vx,y,z€T,

is a modified Rota-Baxter LieTHDer pair if and only if (¢, x, &) is a 3-cocycle in the cohomology of the modified
Rota-Baxter LieTHDer pair (T, R, d) with coefficients in the trivial representation M.

Proof. If the pair (T ® M, [+, ,*]y) is a Lie triple system, we have

[(x, m), (x, m), (y, )]y =0,
[(x, m), (y, m), (2, p)]y + [(y, 1), (z,p), (x, M1y + [(z,p), (x,m), (y, m]y =0,
[(x, m), (y, n), [(z, p), (v, k), (w, D]yly
= [[(x, m), (y, 1), (z, P)ly, (. k), (w, D]y + [(z,p), [(x, m), (y, 1), (v, K)]y, (w, D]y +
[z, p), (©, k), [(x,m), (y, m), (w, D]yly,

forallx®m, y®n,z®&p,v®&k, wdl € T ®M. Through direct computation, it follows that
VX y) =0, Py, 2) + 9y, zx) + Pz xy) =0, (4.1)
l;b(-x/ Y, [Zr [ ZU]T) = ED([X/ Y, Z]T’ 0, w) + 11b(:2:/ [x/ Y, U]T/ w) + IP(Z/ [ [x/ }// w]T) (42)
We establish the equivalence between (4.1) and (4.2) with respect to
diieT(llb) =0. (4.3)
For R; to be a modified Rota-Baxter operator on (T @ M, [, -, -]y) necessitates that
[Re(x + m),Re(y + 1), Re(z + )]y
= Re([Re(x + m), Re(y + ),z + ply + [x + m, Re(y +n), Re(z + p)ly,
+[Re(x+m),y+n,Rez+p)ly +[x+my+n,z+ p]w) —[Re(x+m),y +n,z+ply
=[x, Re(y +n),z+ply =[x +m,y+n,Re(z+p)ly.

By the direct calculation, R; is a modified Rota-Baxter operator on (T ® M, [+, -, -]) if and only if

P(R(x), R(y), R(2)) = SY(R(x), R(Y), 2) = S(x, R(y), R(2)) = SY(R(), y, R(2)) = S¢(x, ¥, 2)
+P(R(X), v,2) + P(x, R(y), 2) + Y (x, y, R(2)) — E([R(x), R(y), 2] + [x, R(y), R(2)]
[R(x), ¥, R@@)] + [x, y,2]) = 0,

which is exactly

(&) + DY) = 0. (4.4)
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And d* is a higher derivation on the Lie triple system (T @ M, [+, -,-],) if and only if
d;([(xl m)/ (yr 7’1), (Zr P)]¢ = 2 [di((xr m)/ d;((yr 1’1), d])(((Z, p)]yb
i+j+k=I

By means of direct calculation, we derive d* is a higher derivation on the Lie triple system (T & M, [, -, -]y)
if and only if

& (Y(x, y,2)) + x([x, y, 21r) = Z P(di(x), dj(y), dx(2))-

i+j+k=1

This is the same as

d r(X) + A% = 0. (4.5)
Finally, for/ =1,...,,N, we get

dy o Re(x +m) — Rg o d} (x +m)

= d} (R(x) + S(m) + &(x)) = Re(di(x) + d}" (m) + x(x))

= di(R()) + d"(S(m)) + d}"(£(x)) + x(R(x)) = R(di(x)) — S(d}" (m)) — S(x(x)) — E(di(x))

= A (E(x) - E(@(¥)) + X(R(x) = S((x)),

then Rs and df commute if and only if

4" (£(x)) = E@i(0) + X(R(¥)) = S(x(x)) =0,

which is exactly
A& = ¢'(x) = 0. (4.6)

Therefore, the triple (T & M, Ry, d’®™) is a modified Rota-Baxter LieTHDer pair if and only if equations
(4.3), (4.4), (4.5), (4.6) hold.

On the other hand, (¢, x, &) is a 3-cocycle in the cohomology of the modified Rota-Baxter LieTHDer pair
(T, R, d) with coefficients in the trivial representation M if and only if equations (4.3), (4.4), (4.5), (4.6) hold.
The proof is thereby accomplished. O

Definition 4.4. Let (Ty, Ry, d") and (T, Ry, d?) be two abelian extensions of a modified Rota-Baxter LieTHDer pair
(T,R,d) by (M, S, dM). They are said to be equivalent if there is a homomorphism of modified Rota-Baxter LieTHDer
pairs

T: (TllRl/ dl) - (TZ/ RZr d2)

such that the following diagram commutes:

0 (M, S, dM) ———~ (T}, Ry, d") ——— (T,R,d) ———0

0 (M, S, dM) ——= (T}, Ry, d?) —— (T, R, d) 0.
Theorem 4.5. Abelian extensions of a modified Rota-Baxter LieTHDer pair (T, R, d) by (M, S, dM) are classified by
the third cohomology group Hy . .. (T, M).

Proof. Let (T;,R;,d") and (T, Ry, d?) be two abelian extensions of a modified Rota-Baxter LieTHDer pair
(T,R,d) by (M, S, dM). Let s be a section of it, where s : T — T’, we obtain a 3-cocycle (1, &, x) according to
Proposition 4.3.
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First, we prove that the cohomological class of (i, &, x) does not depend on the choice of sections. Let
51,52 be two sections of p. Define amap u : T — M by u(x) := s1(x) — sp(x), for [ = 1,...,, N, we have
1%, Y, 2) =[s1(x), 51(y), 51(2)] — s1([x, y, z]7)
=[s2(x) + u(x), 52(y) + u(y), $2(2) + u(2)¢ = s2(Ix, y, zlr) — w(lx, y, 21r)
:lPZ(x/ ]// Z) + dLieT(u)(x/ ]// Z)/

&1(x) = R'(s1(x)) = s1(R(x))

= R'(u(x) + s2(x)) — u(R(x)) — 52(R(x))
= &(x) + S(u(x)) — u(R(x))

= &%) - ¢'u(x),

and

x1(x) = di(s1(x)) — s1(di(x))
= dj(s2(x) + u(x)) — s2(di(x)) — u(di(x))
= x2(x) + d) (u(x)) — w(dT(x))
= Xxa(x) = Alu(x).
This shows that (1, &1, x1) — (Y2, &2, X2) = OmLieTHDerd. Hence they correspond to the same cohomology

class.

. . . . . . 3
Next, we show that equivalent abelian extensions give rise to the same element in Hy, . 111pe, (T, M).

Let (T1, Ry, d!) and (T», Ry, d?) be two equivalent abelian extensions and the isomorphism is given by
T:T; = T,. Lets: T — Tj be a section of p. Then
p2o(tos)=(p2ot)os=pios=idr.
This confirms that s, := 7 0 51 is a section of p,. Since 7 is a morphism of modified Rota-Baxter LieTHDer
pairs, we have 7|y = idpy, for/ = 1,...,N. Thus,
P2(x, Y, 2) = [52(x),52(), 52(2)]1, = s2([x, 7, zl 1)
= 1([s1(x),51(y), 5111, = [x, v, 2l7) = Ya(x, Y, 2),

&2(x) = Rasa(x) — s2(R(x))
= Ro(7(s1(x))) — 7(51(R(x)))
= T(Ry(s1(x)) — 51(R(x)))
= &1(x),

and

Xa(x) = dlz(Sz(x)) - Sz(dl(x))
= df(t 0 51(x)) = T 0 51(d)(x))
= 1(d (51(1) — s1(di(x))) = ¥1(x)-
Therefore, equivalent abelian extensions give rise to same 3-cocycle. Hence, correspond to same element

-3
in Hyy iorppe (T M).

Conversely, let (1,&1, x1) and (12, &2, x2) be two cohomologous 3-cocycles. Then, there exists a map
1 : T — M such that

(W1, &1, x1) — (P2, &2, X2) = DMLieTHDer1]-

Definet: T&M — T ® M by 7(x + m) = x + m + 1(x). Thus 7 is a homomorphism of these two abelian
extensions. Hence the proof is completed. o
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5. Deformations of modified Rota-Baxter LieTHDer pairs

In this section, we study a one-parameter formal deformation of modified Rota-Baxter LieTHDer pair.

A formal one-parameter deformation of the modified Rota-Baxter LieTHDer pair (T, R, d) is a triple of
power series, for/ =1, ..., N,

pe = Z t'u; € Hom(T®3, T)[[#]] with o = g,

i=0
m:z}%eHmﬂﬁmmmmm:R
i=0
dyy = Z tid,; € Hom(T, T)[[#]] with d}o = dj,

i=0

such that (T[[t]], R, d;) is a modified Rota-Baxter LieTHDer pair.

Therefore, for I = 1,...,N, (ut, Ry, d;;) will be a formal one-parameter deformation of a modified Rota-
Baxter LieTHDer pair (T, y, R, d;) if and only if the following conditions are satisfied: for any x,y,z € T

ue(x,x,v) =0, (5.1)
ue(x, y,2) + ey, z,x) + ez, x,¥) = 0, (5.2)
(X, y, ez, 0,w)) = piue(x, y,2), 0, w) + iz, we(x, y,0), w) + iz, 0, p(x, y, w)), (5.3)
pe(Re(x), Re(y), Re(2)) = Ri(pe(Re(x), Re(y), 2) + pe(x, Re(y), Re(2)) + pe(Re(x), y, Re(2))
+ w(x, y,2)) — w(Re(x), y,2) — pe(x, Re(y), 2) — pe(x, v, Ri(2)), (5.4)
d(ue,y,2) = Y| peldip(0), djs(y), des(2). (55)
i+j+k=I

Equalities (5.1) and (5.2) are equivalent to the following equations:

tn(x,x,y) =0,
wn(x, Y, 2) + un(y, z,%) + pu(z,x,y) = 0,

respectively, forn = 0,1, 2,.... Conditions (5.3), (5.4) and (5.5) are equivalent to the following equations:

Z pi(x, y, pi(z,0,w)) = Z pipj(x, y,2),0,w) + wilz, wix, Y, 0), w) + iz, 0, 14X, y, w)),

i+j=n i+j=n
Y R RO RN = Y RulanRe(), Ra(w),2) + s(x, Rey), Raf2)
a+b+c+d=n a+b+c+d=n
+ ,ub(RC(x)/ Y, Rd(z))) + Z Ra‘ub(x/ Y, Z) - Z (‘ua(Rb(x)/ Y, Z) + Ha(x/ Rb(y)/ Z) + #a(x/ v, Rh(z)))/
a+b=n a+b=n

YAy = Y, Y i), diey), dea(z),

i+j=n a+b+c+d=n i+j+k=I

Z Rl‘ o d]/j = Z dl,i o} R]‘.

i+j=n i+j=n
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All the identities hold for n = 0 as (T, R, d) is a modified Rota-Baxter LieTHDer pair. For n = 1, we have

iy, [z,0,w]) + [x, v, wi(z, v, w)]
= w(lx, vzl 0,w) + [ (x, v, 2), 0wl + [z, 11 (x, v, 0), w] + pa (z, [x, y, 0], w)

+ [z, 0, pi(x, y, w)] + w(z, 0, [x, y,wl), (5.6)
t1(R(x), R(y), R(z)) + [Ri(x), R(y), R(2)] + [R(x), Ri(y), R(z)] + [R(x), R(y), R1(2)]
= Ri([R(x), R(y), z] + [x, R(y), R(2)] + [R(x), ¥, R(2)]) + R(p1 (R(x), R(y), 2) + p1 (x, R(y), R(2))

+ w1 (R(), y, R(2))) + R([R1(x), R(y), z] + [x, Ri(y), R(2)] + [Ri(x), y, R(2)]) + R([R(x), Ri(y), z]

+[x, R(y), Ri(2)] + [R(x), y, Ri(@)]) + pa(x, ¥, 2)) + Rpa(x, y, 2) + Ra([x, v, 2]) — pa(R(x), y, 2)

— (%, R(y), 2) — pa(x, y, R(2) = [Ri(x), y, 2] = [x, Ra(y), z] = [x, y, Ri(2)], (57)
dia(lx, y, z]) + di(ua (x, y, 2))

= Z (y1(di(x), dj(y), di(2)) + [dix (x), d(y), di(2)] + [di(x), d;1(y), di(2)]

i+j+k=I
+ [di(x), di(y), dia (2)]), (5.8)
Rodj; +Ryodi=djyoR+doR;. (5.9)

The condition (5.6) is equivalent to

a3 (1) = 0. (5.10)
Condition (5.7) can be rephrased as

' (Ry) + @ (u1) = 0. (5.11)
Condition (5.8) translates to the requirement that

d} p(dig) + Ay = 0. (5.12)
For condition (5.9), an equivalent formulation is

A'Ry) - ¢p'(d) =0, 1=1,..,N. (5.13)
Therefore, we have

DmrietHDer (M1, R1, d1,1, ..., dnj) = 0.

Hence, we have the following proposition.

Proposition 5.1. Let (i, R¢, d1y, ..., dnyt) be a formal one-parameter deformation of a modified Rota-Baxter LieTHDer
pair (T, R, d). Then the linear term (u1, R1,d11, ..., dn,1) is a 3-cocycle in the cohomology of the modified Rota-Baxter
LieTHDer pair (T, R, d) with coefficients in itself.

Definition 5.2. The 3-cocycle (11, R1,d1,1, ..., dn 1) is called the infinitesimal of the formal one-parameter deformation
(e, Ry, diy, ..., dn ) of the modified Rota-Baxter LieTHDer pair (T, u, R, d).

Definition 5.3. Let (ut, Ry, dvs, ..., dny) and (ug, Ri,d’ ..., dy ) be two formal one-parameter deformations of a
modified Rota-Baxter LieTHDer pair (T, R, d). A formal isomorphism between these two deformations is a power

series Wy = Y200 t'W; : T[[H]] — T[] with Wy = idr such that the following conditions are satisfied:

\yto‘lt Z[,lgo(\yt®\yt®\yt), \ytORt ZR;O\yt, \Iltodl/t Zd;,to\pt, forl=1,...,N.
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Now expanding previous three equations and equating the coefficients of " from both the sides we get

Z Wiopuj= Z y;o(\yq@)\l],@‘yl),

i+j=n p+q+r+l=n
2 WioRi= ) oW,
i+j=n i+j=n
’ —_ —_
Z dl,l. oW, = Z W, odl,q/ forl=1,...,N.
i+j=n p+q=n

Now putting n = 1 in the above equations, we get
p+Wiop=pj+po(W®ideid) +po (id®id® W) + po (id® ¥; ®id),
Ry +W, ORZRi +R10\y1,
d; oW, + dl,,l = dl,l + ¥, Odl, forl=1,..,N.

Therefore, we obtain

(11, Ry, dr1, e dn) — (pt, RE Yy e dy ) = MLierrper (W)
Thus, we have the following proposition.

Proposition 5.4. The infinitesimals of two equivalent one-parameter formal deformations of a modified Rota-Baxter
LieTHDer pair (T, u, R, d) are in the same cohomology class.

Definition 5.5. A modified Rota-Baxter LieTHDer pair (T, u, R, d) is called rigid, if every one-parameter deformation
is trivial.

Theorem 5.6. Let (T, i, R, d) be a modified Rota-Baxter LieTHDer pair. Then (T, u, R, d) is rigid if and only if

Hi/[LieTHDer(T’ T)=0.

Proof. Let (i, Ry, diy, ..., ;) be a deformation of the modified Rota-Baxter LieTHDer pair (T, R, d). From
Proposition 5.1, (u1, R1,d1 1, ..., dn,1) is a 3-cocycle and H3 (T, T) = 0. Therefore, there exists a 1-cochain

MLieTHDer
Y, e Cll\/ILieTHDer(T’ T) such that
(1, R1,dv1, . dn) = Durierper(W1).

Then setting W; = idr + tWy : T[[t]] — TI[[t]], for = 1,...,N, we have a deformation (u;, R}, d;,), where

£t
g = owo (¥ @V, ®W), R =W 'oR oW d,=W"ody,oW. (5.14)

Hence, (u;, R;, di/t, ey d;\u) is equivalent to (uy, R¢, diy, ..., dnt). Moreover, by (5.14), we have

M=
R =R+ R+
d),=dj+#d,+---, forl=1,.,N.

Finally, by repeating the arguments, we can show that (u, Ry, d1y, ..., dn;) is equivalent to the trivial defor-
mation. Hence, (T, u, R, d) is rigid. O
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