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The eigenvalues of some elliptic operators on cigar soliton
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Abstract. In the context of a bounded domain Q within the framework of cigar solitons, we investigate the

estimation of eigenvalues associated with certain elliptic operators. Our findings yield universal inequalities
pertaining to these eigenvalues.

1. Introduction

Ricci solitons, which can be regarded as generalized Einstein metrics, represent self-similar solutions
to the Ricci flow and were first introduced by Hamilton [8]. A Riemannian manifold denoted as (M", g)
is classified as a Ricci soliton if there exists a vector field X and a constant p such that the equation
Ric+ %LXg = pg holds, where Ric refers to the Ricci tensor and Ly signifies the Lie derivative in the direction
of X. In cases where X is expressed as Vi) for some smooth potential function 1 defined on M, the Ricci
soliton simplifies to the form Ric + Hessy» = pg, thereby being categorized as a gradient Ricci soliton.
Furthermore, the classification of Ricci solitons into expanding, steady, and shrinking types is determined
by the value of p, specifically when p < 0, p =0, and p > 0, respectively. All compact steady Ricci solitons
are Ricci flat. Hamilton [9] introduced a complete non-compact manifold which is a steady gradient soliton
and this manifold is called a cigar soliton.

Let the local coordinates of R? be denoted as {z!, z2}. The metric and potential function associated with a
cigar soliton are expressed as g = % and ¢ = —log(1+z/?), respectively, where |z|* = (z')*+(z?). Fur-
thermore, the cigar soliton is referred to as the Euclidean-Witten black hole in the context of the first-order
Ricci flow of the world-sheet sigma model within closed string theory, specifically in a two-dimensional
target space. It is important to note that the cigar soliton exhibits positive curvature and approaches a
cylinder of finite circumference as it extends to infinity. Numerous researchers have explored the properties
of the cigar soliton, as referenced in works such as [5, 7, 14, 16].

In the fields of mathematics and physics, acquiring accurate estimates for the eigenvalues of a geometric
operator is of significant importance. This discussion will center on this particular issue.
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Payne, Polya, and Weinberger [13] derived the Dirichlet eigenvalues of the Laplacian on a domain
Q) c R*, which adhere to the following inequality:

k
4
Gn=Ge< -G k=120 W
i=1

Numerous intriguing generalizations of the equation presented in (1) have been established over recent
years. For example, Harrell et al. [11] expanded upon Yang’s inequality concerning the Dirichlet eigenval-
ues of the Laplacian, applying it to bounded domains () within an n-dimensional complete Riemannian
manifold M" that is isometrically immersed in RN, Additionally, Wang and Xia, in their work [15], adapted
Yang’s methodology to derive universal inequalities for the eigenvalues associated with the clamped plate
problem, which is defined by the following system of equations:
2 .
{A Ua—va in Q, 2
v=2%=0 ondQ,

which pertains to a bounded domain Q featuring a smooth boundary within a complete Riemannian
manifold M". Further references can be found in [2, 4, 8, 12, 13].

Let (M", g) represent a complete non-compact Riemannian manifold, and let Q denote a bounded domain
within M. Consider (; as the i-th eigenvalue associated with the elliptic operator defined by the system of
equations

{Lv Cov, inQ, 3)

v:%:O, on 0Q),

where L = aAlzp — bAy, with parameters a,b > 0 and (a,b) # (0,0). Here, v represents the outward unit
normal vector at the boundary dQ, while A, = A —(V1), V.) denotes the bi-drifting Laplacian, with A being
the standard Laplacian and V the gradient operator corresponding to the metric g. In their work, Li et al.
[6] derived two eigenvalue inequalities for the bi-drifting Laplacian expressed as

Afbv ={v, inQ,
v= % =0, ondQ,

within the context of a bounded domain Q situated in a cigar soliton (IR?, g,1). Inspired by the aforemen-
tioned studies and the findings presented in [1], this paper investigates the Dirichlet eigenvalues associated
with the problem (3) on a cigar soliton. We establish universal inequalities pertaining to the eigenvalues of
the problem (3) within the context of cigar solitons.

In this paper, we prove the validity of the subsequent theorems:

Theorem 1.1. Let us consider that Q) represents a bounded domain within the context of the cigar soliton (R?, g, ).
Furthermore, let C;, wherei=1,2,...,k, denote the i-th eigenvalue associated with the problem (3). then we get

1

k k i ;
1 1+0) .1 24 16
Z(Ck+1 - Ci)z < ! {Z(Ck+1 - Ci)z 6 \/ﬁ( + )Ciz _ Y4 + ﬂ]}

= 2 = 1+y 1+y
-2 1
y i((:m—ci) Dy eyedl|] ”
— 5 1+y 77 1+y

forb=0and

Z":(C P < (16 Va(1+T) 1 24ya+16a
k+1 — Gi =
i=1

k
g L
{i:1(Ck+1 R T

N~
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8a(1+1)  4b(1+T) :
b(1+y) ' 1+y

k 3
G =G| 2 6y +4
X{; 5 [b(1+y)(1+mi_ 1+y]} ©)

for b # 0 and any 6 > 0 where y = min |z|* and T = max |z|*.
zeQ) zeQ

Theorem 1.2. Let us consider that Q represents a bounded domain within the context of the cigar soliton (R?, g, ).
Furthermore, let C;, fori =1,2,...,k, denote the i-th eigenvalue associated with the problem (3). We arrive at

y 1 4 Ik 1+T) 1)?
;(Caﬂ -G1)2 < T+y {_3‘17_11+2\/1;(1+r)612} {—3]/—2+ \/ﬁ Cf} (6)
forb =0and

1

2 =
1 1 2a(1+T 1 2
a§:1(ca+l -G)?2 < T+ {—6ay —4a + %cl +2Va(1 +T)C +b(1 + r)}

20+1), }%
1¢ -

X {—6)/ -4+ 5 (7)

for b # 0 where y = min |z and T = max |z[>.
zeQ) zeQ)

2. Proofs of results

In this section, we establish the validity of Theorems 1.1 and 1.2. To achieve this, we will initially present
and demonstrate the following proposition.

Proposition 2.1. Let (M, {, )) represent an n-dimensional non-compact complete Riemannian manifold, and let Q be a
bounded domain within M. We denote the outward unit normal vector on the boundary dQ by v. The eigenvalues of the
associated problem are denoted as C; for i = 1,..., with v; representing the orthonormal eigenfunction corresponding
to each eigenvalue C;. This relationship is expressed through the following equations:

Lo; = G; in Q
v = % =0 on 0Q (8)
fQUind[l:(Sijz Vi,jzl,...,k.

For any smooth function h : Q — R, any positive integer k, and any 6 > 0, the following inequality holds:

k

k
) (Gt = 0P < ) (Gt = TP, ©9)
i=1

i=1

k
Y (= 02 [ oAvfd
i=1 Q

k K
<o Z(Ck+1 - 0)qi+ Z @
im1 im1

Z),'Alﬂ’l 2
2

((Vh, Vu;) + du, (10)

Q



S. Azami, A. Abolarinwa / Filomat 39:25 (2025), 8801-8815 8804

k
Y G = OF [ <Py a
i=1 Q

k k _ iA h 2
<0 (G~ ColniP + } 4 [ (comvon + 257

fhvipidM, Sij:fvjpid[’l’
o) 0

a( Ay () Ay (1) + 2V, VA (0)) + Ay (0idy () + 285 ((Voy, VRY)) = b(0:Ay () + 2V, Voy)).

where

qi

pi

Proof. For each integer i ranging from 1 to k, let us define the functions ¢; : M — R as ¢; = hv; — 2];-:1 1ij0j,
where 7;; is expressed as 7;; = fQ phvv;du. It is important to note that the boundary conditions are satisfied,

specifically ¢iloq = %L}Q = (0. Furthermore, the integral condition

fviqb]-dy=0, Vi,jzl,...,k,
Q

leads us to conclude, based on the Rayleigh-Ritz inequality, that

(12)

o f 2y < f &1 Lbidp. (13)
Q Q

k
Alp(¢i) = hAw(ZJi) + ZJiAd,(h) + 2(Vv;, Vh) — Z rijAlp(Uj)/

=1
Afy(ci)i) = Ap(MAy(vi) + hAi(Ui) +2(Vh, VAy(0) + Ay (vily(h))

k
+2Ay((Vo;, Vh)) — ri]-Ai(v i),

j=1
and
k
V(pi = hVU,‘ - Z Ti]'VUj,
j=1
we have
Lo = a(Ap()Ay(@) + 2V, VA (0:)) + Ap(0idg () + 20y ((Voi, VI)))
k
—b(viAy () + 2(VI, Vo)) + hAiw; = Y riiCio;.

j=1
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Letting
pi = a(Ag()Ay(©) + 2V, VA ©:) + Ay (@i () + 28y ((Vo;, VIY)) = b(0iAy () + 2(VI, Vo3)),
we have

k
f oiLpidy = f oipidu + G; f hqbivfdu—zrijCj f Pivjdu
Q Q Q Q

=1

k k
fopi[hvl Z rijoildu + G f pPildi + Z rijojldu
j=1

j=1

k
f Pihvidu—zru f piojdu +Gi f o7y
Q M Q

=1
Therefore
k

fﬂbi-L(Pid}lZCibeide_Zrijsij"'%/ (14)

Q Q =1
where

qi = f hopidy,  sij = f vjpidp. (15)

Q Q

By applying the method of integration by parts, we can derive that

afUjA¢((Vh,Vvi>)dy+afvj(Vh,VA¢(vi)>dy—bfvj(Vh,Vvi)dy

Q Q Q

—ufA¢(v,-)(Vh,Vvi)dy—afAll,(vi)(Vh,ij)dy—afvjA¢(h)A¢(vi)dy
Q Q o)

+bf vi(Vh,Vojdu + bf 00 Ay (h)dp. (16)
Q Q
On the other hand

awa(vj)(Vh,Vvody—afAw(vi)(Vh,Vv]->dy+bfvi(Vh,Vv])dy
Q Q Q
—afhV(Aw(vj)Vvi)dy+afhV(Aw(vi)Vv]-)dy—bfhV(vinj)dy
Q Q Q
—af(hVAw(Uj),Vv,-)dy+af<hVA¢(U,-),VUj>dy—bfh(Vv,-,ij)dy
Q Q Q
_bfhviAlp(vj)dH
M
=afviV(hVA¢(vj))dy—afvjV(hVAw(v,-))d‘u+bfv]- (Vh,Vu)du
Q Q Q
+bfhvjA¢(v,«)dy—bfhviAw(vj)dy
Q
- fo [ h(ad3 (v)) = bAy(0))) - vih(ah? (07) - bAy(v; ))] du

+a f [@iVh, VAL(0))) = 0]V, VAy(0:))] du + b f 0; (Vh, Voy)dp
Q Q
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= (G- C)rij— ﬂf Ay(©j){Vh,Vo))du + ﬂf Ay(©i){Vh, Vo;)du
M Q
—af viAy (V) Ay(h)dy +a f viAy (Vi) Ay (h)du — bf vv;Ay(h)du
Q Q Q

—bf U,‘(V]’l, VUj)d[.l,
Q

therefore

2afAlp(vj)<Vh,Vvi))dy—2ufA¢(01)(Vh,ij>d,u+2bfv,-(Vh,Vv])dy (17)
Q Q Q

=(C-Cyrij—a L viAy (V) Ay(h)du +a L viAy (Vi) Ay (h)dy — bf 00 Ay (h)du.

Q
Inserting (17) into (16), it follows that

ZafvjAw((Vh,VvQ)d‘quZafm(Vh,VAw(v,-))dy—bevj(Vh,Vv»dM
o) Q o)
+afvjAw(h)Aw(v,-)dy—bfvivjAw(h)d[Lt (18)
Q Q

=(Cj-C)rij—a L viAy (V) Ay ()d .

Moreover
L v Ay (ViAy(h))dp = L viAy(0)) Ay (h)dp, (19)
combining (18), (19) and s;; = fM pivjdu, we can write
(Cj — Cirij = sij. (20)
It can be deduced from equations (13), (14), and (20) that the following inequality holds:
k
Q-0 [ o <aie Y G- e
Q -
j=1

Additionally, we utilize the fact that fQ pvidu = 0 to get

(f - [op-£ )

]

k
Il {npinz - Zs%j].

=1

IN

Since

(Ck+1—Ci)f(P,-Zdﬁlﬁfqﬁiﬁ(ﬁidu—@f(b?d#ﬁf(PiPid}l/
0 0 Q Q

then

K
(Cke1 = C) (fQ ¢ipz'du) < lpil* - Z 5,2] (22)
=1

]
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By multiplying equation (22) by the term (i1 — C;) and subsequently summing over the index i from 1 to
k, we derive the following expression:

k
Z(%—C) ( f ¢Pzd}l) ) (G = C Mpd? = Y (Cen = T = G (23)

ij=1

Furthermore, by multiplying the expression fQ Qipidp = q; + vk i=1(Gi—C ])r by (Ck+1 — ;)? and summing over
i from 1 to k, while noting that r;; i = i, we infer

k
;(Ckﬂ -Gy (L ¢iPidu)

X@kﬂ—cmﬁZ(ckﬂ—m(C, o)

i,j=1
= Z(Cm - G)gi— Z(Ck+1 -GG - Cj)zrizj' (24)
=1 by}
Then (23) and (24) result that
Z(cm -G < Z(ckﬂ - C)lipdP. (25)

The evidence presented indicates the validity of (9). To establish the truth of (10), we define t;; as the integral
jﬂ‘) 0](<Vh, VUZ.> + viAyh

5—)du. We have t;; = —t;;. Observe that
-2 f hvi(Vh, Vujdu = f vfthIzdy + f vthlphdy
Q Q Q

and

h
Y )y = f ZIVhIZdy+ZZr,]t,] (26)

j=1

v;A
f —=2¢i({(Vh,Vu;) +
Q

By multiplying equation (26) by ({41 — Ci)* and applying the Schwarz inequality for any 6 > 0, we obtain
k
(Ces1 — Ci)? f O \VAPdu +2 ) ity
k+1 o S ; jHij

= (G =G f( 2)pi [((Vh Vop) + -

i

((Vh, Vo;) +

2

k
) Y tioy| d 27)

j=1

2 k
=6(ck+1—ci)3||¢i||2+@[ f (<Vh Vi) + - ) dy - Zt%]]

Hence (21) implies that

k
(Ces1 — Gi)? [L o?|VhPdy + 2 Z rijtij]
=1

< 8(Cisr = C)lIil? + (G = Gi) f
0 Q
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k 1A I 2 k
s@(CkH—ci)z[qi+2(ci—c,~)r§j] + o) C)[ | (<Vh,w>+v . ) du—Zt%j].
j=1 = j=1

By summing over the index i from 1 to k and observing that r;; = rj; and t;; = —t;;, we arrive at

k k
Z(Ck+1 - ) L o?|VhPdy - 2 Z(Ck+1 = GG = Cyrijti (28)
P b=
<6Z<ck+1 -0) ql+6Z<ck+1 -GGG
i,j=1
k
+Z (Ck+1 Gi) f ((Vh Vor) L ) Z (Ck+15_ Ci)tlgj’

ij=1

which leads to

k
Z(Ck+1 -Gy f o?|Vh*du
i=1 Q

y S (G = G Aghy?
= 5Z(Ck+1 - 0)qi+ Z (C’”lé—c’) ((Vh, Vo) + UT) du

Q

- +1 — \/_ 1 1
”chkl GV — Cj)rij — «/5

k k e A\
<o) G- Y, S [ (qon v+ 0 g
i=1 i=1

thus (10) is true. Substituting (25) into (29), we obtain

tij)? (29)

k
Y (G - G f o IVhdu (30)
i=1 0

k k g iAgph)?
<5 Y (G - Ol + Y 827 L(W’%Wf” 5 ) .
i=1 i=1

which implies (11). O

Proof. [Proof of Theorem 1.1] Suppose that i = z%, where z* is the i-th local coordinate of p € Q c IR? and
a=1,2. We get

k
Z(Ck+1 - Ci)zfvfIVz“de

2
<6Z(Ck+1—C)2% Z et — C)f(Wz Vo 1)+ ) du, (31)
where
qi = fz“vjp,'dy,
Q
pi = a(Ag()Ay(0) + AV2", VAY©)) + Ay(0idy(2%) + 284 (Voy, V2*)) = b0idy(2%) + 2(Vz*, Vo)),
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)2 +dE2)

Wehave = —log(1+|z|*) where |z|* = |z!|*+|z2]>and g = . Direct computation gives [Vz4? = 1+|z]?,

(Vz!,Vz2) = 0 and Az! = Az? = 0. We also have e
Ayz" =277,
and
(Vz*, Vo) = (1 + |z|2)%,
Therefore

2
Y (V24 Vo)t = (1+ [2P) Vol

a=1

Taking h = z% and the last equations in (10), we get

k
Z(Ck+1 - Ci)zfvfIVz“de
i=1 Q

k k
2 e, (G — G) C O a2
= 6;(@“1 -G LZ vipidy + ; B f(; (Vz*, Vo) + v;z%)" dy, (32)
where
pi = a(2x“A¢(vi) +2(Vz", VA (01)) + 28y (viz") + 20y ({Vo;, vza») _ b(Zuiz“ + 2V, Vvi>).

Summing over « from 1 to 2, we infer

k
2} (Gor - 0 f (1 + [2P)du
— Q

k
< 52(% — )P fQ {a
i=1

+4(1 + 2P| Vi + 4u(z| - b

2
—4(1 +|zP)oiAyo; + Z 8u;z%(Vz®, Vo;) (33)
a=1

S (G = ) 2
okl T Si) 2 12 -5- Q0 a ) 212
" ; 0 .[) [(1 * |Z| )|VUZ| + pot 2u;z <VZ ,VU,> + U; |Z| ldy

Since ¥ = —log(1 + |z*) and du = e™¥dov = (1 + |z|*)dv, we have
2
Z f viz*(Vz®, Voujdu
a=1 Y0
2
Z f 0:i2%(V2®, Vo)(1 + |zI2)do
a=1 Q
2 2 2
= —Zf |Vz“|2|71i|2dy—vaiz“(Vz“, Vv»dy—vafz“(Vz“, V(1 + |z]))dv
a=1 V4 a=1vQ a=1v4
2
= —4 f oYzl dy - Z f 0;z°(Vz*, Vo, du - 2,
Q ~ Jo

2
Zuflzl2 + Z 2u;z%(Vz*,Vu;)

a=1
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which yields

2
Y. f 0,2%(V2%, Vorydy = 2 f PlzPdy - 1. (34)
a=1vQ Q

Using Cauchy-Schwarz inequality, we deduce

—af(1+|z|2)viA¢vidy < (f a(1+|z|2)zvfdy) (f a(vai)zdp)
Q Q Q

( fQ a(1+|z|2)20?dy)2( fQ (a(A¢vi)2+b|VviI2)dy)

Va( +T)Z;. (35)

- f viAyvidp
o}
([ (o)
Q Q

1
2

IA

IA

Also, if b = 0 then

| voikda
Q

<
= L(f a(Ayv)*d )é
\/E a Yl H
< L( f (a(va')2+b|Vv'|2)dy)%
< Vila
e, (36)
= o
and if b # 0 then
fIVU,-Izdy = 1j‘bIVUilZd‘u
Q b Ja
<

% f (a(Ayoi)? + bIVOP) du
Q
1
= G (37)

On the other hand, we have
k k
2(1+y) Z(Ckﬂ -Gy < ZZ(CkH -Gy f or (1 + |zP)dp.
i=1 i=1 Q
Hence, if b = 0 then

k
201 +7) Y (o1 = G

i=1

<5Zk:(c - '2{ 3 _ _ - (Cr1 — C) L .
< k= G2 {8 Va1 + )T —12ya—8ap+ )| e \/5(1 +T)C —3y -2
=1 i=1
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and if b # 0 then
k
201+7) ) G = 0
i=1
L 1 4a
<5 Y (G~ 0P {8 VA(L+ T)C] = 12ya —8a -+ 1 (1+ )G + 26(1 + r)}
i=1
k
(Ck+1 - Cz) [1 L _ ]
+Z;‘ S (14 TG - 3y - 2.
Therefore, for b = 0, by taking

5= {Zf:l(ckﬂ -G) [%(1 + F)Ci% 3y 2]};

7

[NTE

(£ (G = 2[R+ 1)} - 12y - 8a]|

we obtain (4). For b # 0, by taking

. (LG - @ [ + D6 -3y~ 2]}

7

(T8 @ - 2 [8 a0 + 10 - 1270 - 80+ (14 DG + 200 +T) |}
we arrive at (5). O
Remark 2.2. Notice that ifa =1 and b = 0 then Theorem 1.1 reduces to Theorem 1.1 of [6].

Now using method of [3], we prove Theorem 1.2.

8811

Proof. [Proof of Theorem 1.2] We consider a 2 X 2-matrix A as A := (asp) where a,3 = J;)z“vlvﬁﬂdy. By
applying the orthogonalization of Gram and Schmidt, we can obtain an upper triangle matrix B = (b,g) and

an orthogonal matrix C = (cag) such that B = CA. Then b,g = fQ 2)2:1 Cayz'010gdu = 0for1 < B <a < 2.
Let y* = Y2  cyyz’ and y = (', 17, then |yl = |z and fQ Y 0vpadu = 0. Also, we have [Vy*> = 1+ [z,

r=1
Y2_(Vy*, Vo2 = (1 + |zP)|Vo, 2, and Apy® =2y* fora =1,2. Let

n* = —z%v, z%:= f yoldy, a=1,2.
Q
Then fQ n*vgs1du = 0 for 0 < B < a < 2. Using the Rayleigh-Ritz inequality, we obtain

Jo, n* Lntdu X
Jom2du

By a direct computation, we obtain
f " Lntduy = f "Ly o1 = z%v1)du
Q 0

a f 0" [0182 " + 284y Ayor + 2(Vor, VAyy®) + A", VA1)
Q

Ca+1 S = 1/2

+2Ay(Voy, Vy“)] du — bf n” [01A¢y“ + 2(Vvy, Vy“)] du
Q

(38)
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+C1 f Ny ody
Q
= a f ' [4vly“ +4y* Ayor + Vo, Vi) + 2Vy*, VAyv1)
Q

+2Ay(Voy, Vy“)] du — bf n* [201y* + 2(Voy, Vy*)] du
Q

+( f (n*)’dp.
Q
By (38), we conclude
€= [ orPdu<a [ gpau-2o [ rdn (39)
Q Q Q
where

P =4v1y" + 4y“ Ayor + KVoy, Vy*) + 2(Vy*, VAyv1) + 2A4(Voy, Vi)

and
Q =v1y" + (Voy, Vy*).

Using the integration by parts, we obtain the following equations
f Z)lpdy = fledy = 0,
Q Q
f yoi(Vy*, VAyoydu = —f IVy*[Po1 Ayordu — f Ayvi(Vy?, Vor)du
Q Q Q
-2 f(y“)zle¢v1du,
Q
f YAy VY, Vorydu = 2f yro1(Vy*, Vo )du + f Y Ayoi(Vy, Vo ydu
Q Q Q
+2 f(Vya,Vvl)zdy.
Q
Therefore, we have
f Yy Pdy = 4f dey - 2f |Vy“|201A¢vldy (40)
o} Q Q
and

(Car1 = G1) f (*dy < 4a f Q%du —2a f IVy*Poi Ayordu — 2b f 01y Qdu.
Q Q Q Q

On the other hand,

1 1
f (y*Yordp = 5 f Yo Ay dp = f jor Vy* Py — f Y or(Vy*, Vor)dy
Q 2 Q 2 Q Q
and

1
fn"‘Qdy = fy“vl (01y* +(Voy, Vy*))du = —§f|01Vy“|2dy.
Q Q Q

For any positive constant denoted as 6, we deduce

(Cart — T} f o1V Py
Q
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~ -2Cen - * [ Qi
Q
0 2

< 3=t [rpu+ [

Q Q
< (2a6 + z)f Q*du - aéf IVy*Por Ayordu — béf u1y*Qdu.

0" Ja Q Q

Summing over « from 1 to 2, we get

2
Y (Con - G f o1 Vy* P
a=1 Q
2

2 2
2

< (2ad+ 3) szd —ad fIV“|ZUAUd - bd fv *Qdyu.
6;Qu ;lewlu ;Qlyu

Therefore,

2
Y Con =)t [ fonPC0 + e
a=1 Q

2
< a5+ 2 f [vﬂzﬁ + ) 2my (Vy®, Vor) + (1 + [2) Vor
0" Jo

a=1

-2a f (1 + [zl*)o1Ayordu — b6 f
Q Q

Similar to (34), (35), and (36), we deduce

2
valy"‘(Vy“,Vvl)dy:—2fv%|z|2dy—1,
a=1vQ Q

du

2
v%lzl2 + Z v1y(Vy*, Vo) | du.

a=1

—a f (1+ 2Py Ayondy < Va(l + D),
Q
and for b =0,

1 1
\Voq Pdu < —C2,
fo A=

and for b # 0,

1
f VouPdp < G,
Q

Using above equations for b = 0, we can write

2
(1+7) ) (Car = C)?

a=1

2
< Y (Cart - Q) fo o121 + [2f)dy

a=1

2 1+T 1 1
< (2ad + 3)[—3;/ -2+ 7@;] +2Vad(1 + 1)

8813

(41)

(42)

(43)

(44)
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2(1 + F)C%

=6Gﬁw—2a+4val+Dé)+l(ﬁy—4+ 76
a

0

Taking

NI=

. -3y -2+ L2

—3ay —a+2a(l + )C:
we infer (6). Also, for b # 0, we arrive at
2
(1+7) ) (Cant - Q)
a=1

1+
b

IA

(m&+%ﬂ4@-2+ rg]+2wba+rmf+wu+r)

=5G@W—4a+%i%ﬂzg+zva1+rmf+M1+D
1 200 +T
+5(—6y—4+ (b )C1).
Taking
1
5 —6y — 4+ ¢,

—6ay — 4a + ZED 0 L2 \a(1 + T + (1 +T)
we find (7). O

Remark 2.3. Notice that ifa = 1 and b = 0 then Theorem 1.2 reduces to theorem 1.2 of [6].
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