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On the generalization of orthogonality and parallelism in C∗-algebras
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Abstract. In this paper, a new norm ∥ · ∥λ is defined on a C∗-algebraA. Some basic results of ∥ · ∥λ are given.
We also give characterizations of parallelism and orthogonality of operators with respect to ∥ · ∥λ. Finally,
we obtain some upper bounds of ∥ · ∥λ.

1. Introduction

LetA be a C∗-algebra with unit e. An element a ∈ A is positive, denoted by a ≥ 0, if a is self-adjoint with
spectrum σ(a) ⊂ [0,∞). LetA′ denotes the space of all continuous linear functionals onA. A positive linear
functional ofA is a map φ ∈ A′ such that φ(a) ≥ 0 whenever a ≥ 0. The set S(A) of all states ofA is the set
of all positive linear functionals ofAwith norm 1. The algebraic numerical range of a ∈ A is defined as

V(a) = {φ(a) : φ ∈ S(A)}.

The algebraic numerical radius v(a) of a is the maximum modulus of V(a), i.e.,

v(a) := sup{|z| : z ∈ V(a)}.

The algebraic numerical radius v(·) : A → R defines an norm on A and satisfying 1
2∥a∥ ≤ v(a) ≤ ∥a∥ for

every a ∈ A. We referred to [1, 5, 6, 13, 18, 19] for more results on algebraic numerical radius.
Birkhoff orthogonality is one of the most important orthogonality defined on normed linear spaces [4].

Two vectors x and y in a normed linear space X are said to be Birkhoff orthogonal, denoted by x ⊥B y, if
∥x + λy∥ ≥ ∥x∥ for any λ ∈ C.

A. Seddik introduced the parallelism relation of vectors [17] in 2006. Two vectors x and y in a normed
linear space X are said to be parallel, denoted by x∥y, if ∥x + λy∥ = ∥x∥ + ∥y∥ holds for some λ ∈ T = {z ∈
C, |z| = 1}.

There are many extensions of Birkhoff orthogonality and parallelism such as the orthogonality and
parallelism in C∗-algebras, Birkhoff orthogonality in Hilbert C∗-modules and so on (see [3, 8, 10, 12, 14, 16, 18–
21]).
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In particular, a new semi-norm which generalizes simultaneously the A-operator semi-norm and the
A-numerical radius for operators on semi-Hilbertian spaces was defined in [9] and characterizations of
Birkhoff orthogonality and parallelism were also given.

Inspired by results in [9], we are interested in the following generalization of Birkhoff orthogonality and
parallelism in C∗-algebra.

Definition 1.1 LetA be a C∗-algebra and λ ∈ [0, 1]. For a ∈ A, let

∥a∥λ = sup{
√
λφ(a∗a) + (1 − λ)|φ(a)|2 : φ ∈ S(A)}.

Now we give the definitions of Birkhoff orthogonality and parallelism about ∥ · ∥λ.

Definition 1.2 LetA be a C∗-algebra and λ ∈ [0, 1]. Given a, b ∈ A.
(1) We say a ⊥λB b, if ∥a + µb∥λ ≥ ∥a∥λ for every µ ∈ C.
(2) We say a∥λb, if ∥a + µb∥λ = ∥a∥λ + ∥b∥λ for some µ ∈ T.

Now, we present specific examples about Birkhoff orthogonality and parallelism with respect to the new
norm ∥ · ∥λ.

Example 1.3 Note that by Theorem 2.2 in section 2, we have v(a) = ∥a∥λ = ∥a∥ when a is normal. Let M2(C)
be the C∗-algebra consisting of all 2 × 2 complex matrices.

(i) For every µ ∈ C, let a =
[

2 0
0 0

]
, b =

[
0 0
0 1

]
. Then

∥a + µb∥λ =

∥∥∥∥∥∥
[

2 0
0 µ

]∥∥∥∥∥∥
λ

= max{2, |µ|} ≥ 2 = ∥a∥λ

and therefore we have a ⊥λB b.

(ii) Let a =
[

1 0
0 0

]
, b =

[
−1 0
0 0

]
and µ = −1. Then we have

∥a + µb∥λ =

∥∥∥∥∥∥
[

2 0
0 0

]∥∥∥∥∥∥
λ

= 2 = ∥a∥λ + ∥b∥λ

and therefore a∥λb.

The organization of this paper is as follows. In Section 2, we prove that ∥ · ∥λ also defines a norm onA
and v(a) ≤ ∥a∥λ ≤ ∥a∥. Especially, we present the characterizations of parallelism and orthogonality about
∥ · ∥λ. In Section 3, we obtain some upper bounds of ∥ · ∥λ.

2. Main results

LetA be a C∗-algebra and λ ∈ [0, 1].

Theorem 2.1 The function ∥ · ∥λ : A→ [0,∞) defines a norm onA.

Proof. The nonnegativity follows easily from the definition of ∥ · ∥λ. ∥ · ∥λ is the supremum of a nonnegative
valued function. If ∥a∥λ = 0, then

λφ(a∗a) + (1 − λ)|φ(a)|2 = 0

for all φ ∈ S(A). Hence φ(a∗a) = 0 and |φ(a)| = 0 for all φ ∈ S(A). Then we have a = 0.
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Let a, b ∈ A. Then ∀φ ∈ S(A), we have

λφ((a + b)∗(a + b)) + (1 − λ)|φ(a + b)|2

= λ(φ(a∗a) + φ(b∗a) + φ(a∗b) + φ(b∗b)) + (1 − λ)(|φ(a)|2 + |φ(b)|2 + φ(a)φ(b) + φ(a)φ(b))

≤ (λφ(a∗a) + (1 − λ)|φ(a)|2) + (λφ(b∗b) + (1 − λ)|φ(b)|2) + 2(λ|φ(a∗b)| + (1 − λ)|φ(a)||φ(b)|)

≤ (λφ(a∗a) + (1 − λ)|φ(a)|2) + (λφ(b∗b) + (1 − λ)|φ(b)|2) + 2(λ
√
φ(a∗a)φ(b∗b) + (1 − λ)|φ(a)||φ(b)|)

≤ (λφ(a∗a) + (1 − λ)|φ(a)|2) + (λφ(b∗b) + (1 − λ)|φ(b)|2)

+ 2
√
λφ(a∗a) + (1 − λ)|φ(a)|2

√
λφ(b∗b) + (1 − λ)|φ(b)|2

≤ ∥a∥2λ + ∥b∥
2
λ + 2∥a∥λ∥b∥λ

= (∥a∥λ + ∥b∥λ)2.

Therefore √
λφ((a + b)∗(a + b)) + (1 − λ)|φ(a + b)|2 ≤ ∥a∥λ + ∥b∥λ.

Taking supremum over all φ ∈ S(A), we have

∥a + b∥λ ≤ ∥a∥λ + ∥b∥λ.

Finally, for every µ ∈ C,

∥µa∥λ = sup{
√
λ|µ|2φ((µa)∗(µa)) + (1 − λ)|φ(µa)|2 : φ ∈ S(A)}

= sup{
√
λ|µ|2φ(a∗a) + (1 − λ)|µ|2|φ(a)|2 : φ ∈ S(A)}

= |µ| sup{
√
λφ(a∗a) + (1 − λ)|φ(a)|2 : φ ∈ S(A)}

= |µ|∥a∥λ.

This completes the proof.□

Theorem 2.2 LetA be a C∗-algebra and a ∈ A. Then the function f : [0, 1]→ [0,∞) defined as f (λ) = ∥a∥λ is
monotonically increasing and

v(a) ≤ ∥a∥λ ≤ ∥a∥.

Proof. Let λ, µ ∈ [0, 1] be arbitrary such that λ ≤ µ. Then, for all φ ∈ S(A),

µφ(a∗a) + (1 − µ)|φ(a)|2

= (λ + µ − λ)φ(a∗a) + (1 − λ − (µ − λ))|φ(a)|2

= λφ(a∗a) + (1 − λ)|φ(a)|2 + (µ − λ)(φ(a∗a) − |φ(a)|2)

≥ λφ(a∗a) + (1 − λ)|φ(a)|2.

Taking supremum over allφ ∈ S(A), we have ∥a∥λ ≤ ∥a∥µ. Since ∥a∥0 = v(a) and ∥a∥1 = ∥a∥, v(a) ≤ ∥a∥λ ≤ ∥a∥.□

Corollary 2.3 LetA be a C∗-algebra and a, b ∈ A. Suppose a is normal. Then for λ, µ ∈ [0, 1], λ ≤ µ,

a ⊥λB b⇒ a ⊥µB b.

Proof. Let λ, µ ∈ [0, 1] and λ ≤ µ. Since a is normal, v(a) = ∥a∥. By Theorem 2.2, v(a) ≤ ∥a∥λ ≤ ∥a∥µ ≤ ∥a∥ =
v(a). Thus for every t ∈ C,

∥a∥µ = ∥a∥λ ≤ ∥a + tb∥λ ≤ ∥a + tb∥µ
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and a ⊥µB b.□

Now we can give characterizations of parallelism and orthogonality about ∥ · ∥λ. We first recall the
following lemma.

Lemma 2.4 ([2]) Let φ ∈ S(A). Then there exist a Hilbert space H , a representation π : A → B(H) and a
unit vector ξ ∈ H such that φ(a) = ⟨π(a)ξ, ξ⟩ for all a ∈ A.

Theorem 2.5 LetA be a C∗-algebra and λ ∈ [0, 1]. Given a, b ∈ A. The following statements are equivalent.

(i) a ∥λ b;
(ii) There exists a φ ∈ S(A) such that

|λφ(a∗b) + (1 − λ)φ(a∗)φ(b)| = ∥a∥λ∥b∥λ.

(iii) There exist a Hilbert spaceH , a representation π : A→ B(H) and a unit vector ξ ∈ H satisfying
(1) λ∥π(a)ξ∥2 + (1 − λ)|⟨π(a)ξ, ξ⟩|2 = ∥a∥2λ;
(2) |λ⟨π(a∗b)ξ, ξ⟩ + (1 − λ)⟨π(a∗)ξ, ξ⟩⟨π(b)ξ, ξ⟩| = ∥a∥λ∥b∥λ.

Proof. (i)⇒(ii) If a ∥λ b, then there exists µ ∈ T such that ∥a + µb∥λ = ∥a∥λ + ∥b∥λ. There exists φ ∈ S(A) such
that

λφ((a + µb)∗(a + µb)) + (1 − λ)|φ(a + µb)|2 = (∥a∥λ + ∥b∥λ)2.

Therefore

(∥a∥λ + ∥b∥λ)2 = λφ((a + µb)∗(a + µb)) + (1 − λ)|φ(a + µb)|2

= λ(φ(a∗a) + µφ(b∗a) + µφ(a∗b) + φ(b∗b))

+ (1 − λ)(|φ(a)|2 + |φ(b)|2 + µφ(a∗)φ(b) + µφ(a)φ(b∗))

= (λφ(a∗a) + (1 − λ)|φ(a)|2) + (λφ(b∗b) + (1 − λ)|φ(b)|2)
+ 2ℜ(λµφ(a∗b) + (1 − λ)µφ(a∗)φ(b))

≤ (λφ(a∗a) + (1 − λ)|φ(a)|2) + (λφ(b∗b) + (1 − λ)|φ(b)|2)
+ 2|λφ(a∗b) + (1 − λ)φ(a∗)φ(b)|

≤ (λφ(a∗a) + (1 − λ)|φ(a)|2) + (λφ(b∗b) + (1 − λ)|φ(b)|2)
+ 2(λ|φ(a∗b)| + (1 − λ)|φ(a)||φ(b)|)

≤ (λφ(a∗a) + (1 − λ)|φ(a)|2) + (λφ(b∗b) + (1 − λ)|φ(b)|2)

+ 2(λ
√
φ(a∗a)φ(b∗b) + (1 − λ)|φ(a)||φ(b)|)

≤ (λφ(a∗a) + (1 − λ)|φ(a)|2) + (λφ(b∗b) + (1 − λ)|φ(b)|2)

+ 2
√
λφ(a∗a) + (1 − λ)|φ(a)|2

√
λφ(b∗b) + (1 − λ)|φ(b)|2

≤ ∥a∥2λ + ∥b∥
2
λ + 2∥a∥λ∥b∥λ

= (∥a∥λ + ∥b∥λ)2.

Thus, we can get there exists φ ∈ S(A) such that

|λφ(a∗b) + (1 − λ)φ(a∗)φ(b)| = ∥a∥λ∥b∥λ.

(ii)⇒(i) Suppose there exists φ ∈ S(A) such that

|λφ(a∗b) + (1 − λ)φ(a∗)φ(b)| = ∥a∥λ∥b∥λ.
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Then

∥a∥λ∥b∥λ = |λφ(a∗b) + (1 − λ)φ(a∗)φ(b)|
≤ λ|φ(a∗b)| + (1 − λ)|φ(a)||φ(b)|

≤ λ
√
φ(a∗a)φ(b∗b) + (1 − λ)|φ(a)||φ(b)|

≤

√
λφ(a∗a) + (1 − λ)|φ(a)|2

√
λφ(b∗b) + (1 − λ)|φ(b)|2

≤

√
λφ(a∗a) + (1 − λ)|φ(a)|2∥b∥λ

≤ ∥a∥λ∥b∥λ

and we have √
λφ(a∗a) + (1 − λ)|φ(a)|2 = ∥a∥λ.

Similarly, we also have √
λφ(b∗b) + (1 − λ)|φ(b)|2 = ∥b∥λ.

Further, there exists µ ∈ T such that

µ(λφ(a∗b) + (1 − λ)φ(a∗)φ(b)) = ∥a∥λ∥b∥λ.

Thus

∥a + µb∥2λ ≥ λφ((a + µb)∗(a + µb)) + (1 − λ)|φ(a + µb)|2

= λ(φ(a∗a) + µφ(b∗a) + µφ(a∗b) + φ(b∗b))

+ (1 − λ)(|φ(a)|2 + |φ(b)|2 + µφ(a∗)φ(b) + µφ(a)φ(b∗))

= (λφ(a∗a) + (1 − λ)|φ(a)|2) + (λφ(b∗b) + (1 − λ)|φ(b)|2)
+ 2ℜ(λµφ(a∗b) + (1 − λ)µφ(a∗)φ(b))

= ∥a∥2λ + ∥b∥
2
λ + 2∥a∥λ∥b∥λ

= (∥a∥λ + ∥b∥λ)2.

Since ∥a + µb∥λ ≤ ∥a∥λ + ∥b∥λ, we have ∥a + µb∥λ = ∥a∥λ + ∥b∥λ, i.e., a ∥λ b.
(ii)⇒(iii) By (ii)⇒(i), we have

λφ(a∗a) + (1 − λ)|φ(a)|2 = ∥a∥2λ.

By lemma 2.4, we can get

∥a∥2λ = λφ(a∗a) + (1 − λ)|φ(a)|2

= λ⟨π(a∗a)ξ, ξ⟩ + (1 − λ)|⟨π(a)ξ, ξ⟩|2

= λ∥π(a)ξ∥2 + (1 − λ)|⟨π(a)ξ, ξ⟩|2

and

∥a∥λ∥b∥λ = |λφ(a∗b) + (1 − λ)φ(a∗)φ(b)|
= |λ⟨π(a∗b)ξ, ξ⟩ + (1 − λ)⟨π(a∗)ξ, ξ⟩⟨π(b)ξ, ξ⟩|
= |λ⟨π(b)ξ, π(a)ξ⟩ + (1 − λ)⟨ξ, π(a)ξ⟩⟨π(b)ξ, ξ⟩|.

(iii)⇒(ii) Suppose (iii) holds. Let φ : A→ C be the state associated to π by φ(c) = ⟨π(c)ξ, ξ⟩, c ∈ A. Then

∥a∥λ∥b∥λ = |λ⟨π(b)ξ, π(a)ξ⟩ + (1 − λ)⟨ξ, π(a)ξ⟩⟨π(b)ξ, ξ⟩|
= |λ⟨π(a∗b)ξ, ξ⟩ + (1 − λ)⟨π(a∗)ξ, ξ⟩⟨π(b)ξ, ξ⟩|
= |λφ(a∗b) + (1 − λ)φ(a∗)φ(b)|.
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This completes the proof.□

Remark 2.6 When λ = 1 in Theorem 2.5, we get [20, Corollary 4.4]. When λ = 0 in Theorem 2.5, we get the
characterization of numerical radius parallelism in C∗-algebras in A. Zamani [18].

Theorem 2.7 Let A be a C∗-algebra and λ ∈ [0, 1]. Given a, b ∈ A. Then the following statements are
equivalent.

(i) a ⊥λB b;
(ii) For each θ ∈ [0, 2π), there exists φθ ∈ S(A) such that the following two conditions hold.

(1) λφθ(a∗a) + (1 − λ)|φθ(a)|2 = ∥a∥2λ;
(2) ℜ(eiθλφθ(a∗b) + eiθ(1 − λ)φθ(a∗)φθ(b)) ≥ 0.

Proof. (i)⇒(ii) If a ⊥λB b. Then for every t ∈ C, ∥a + tb∥λ ≥ ∥a∥λ. We may assume ∥a∥λ , 0, since when
∥a∥λ = 0, we have a = 0 and (ii) is trivial. Let θ ∈ [0, 2π). For all n ∈N, we have∥∥∥∥∥∥a +

eiθ

n
b

∥∥∥∥∥∥
λ

≥ ∥a∥λ > ∥a∥λ −
1
n2 .

Therefore there exists φθn ∈ S(A) such that

λφθn

((
a +

eiθ

n
b
)∗ (

a +
eiθ

n
b
))
+ (1 − λ)

∣∣∣∣∣∣φθn
(
a +

eiθ

n
b
)∣∣∣∣∣∣2 =

∥∥∥∥∥∥a +
eiθ

n
b

∥∥∥∥∥∥2

λ

>
(
∥a∥λ −

1
n2

)2

.

Hence for all n ∈N, we have

∥a∥2λ +
1
n4 −

2
n2 ∥a∥λ < λφ

θ
n

((
a +

eiθ

n
b
)∗ (

a +
eiθ

n
b
))
+ (1 − λ)

∣∣∣∣∣∣φθn
(
a +

eiθ

n
b
)∣∣∣∣∣∣2

= (λφθn(a∗a) + (1 − λ)|φθn(a)|2) +
1
n2 (λφθn(b∗b) + (1 − λ)|φθn(b)|2)

+
2
n
ℜ(λeiθφθn(a∗b) + (1 − λ)eiθφθn(a∗)φ(b)).

This implies
n
2

(∥a∥2λ − (λφθn(a∗a) + (1 − λ)|φθn(a)|2))

<
1
n
∥a∥λ −

1
2n3 +

1
2n

(λφθn(b∗b) + (1 − λ)|φθn(b)|2) +ℜ(λeiθφθn(a∗b) + (1 − λ)eiθφθn(a∗)φ(b))

and therefore

0 <
1
n
∥a∥λ −

1
2n3 +

1
2n

(λφθn(b∗b) + (1 − λ)|φθn(b)|2) +ℜ(λeiθφθn(a∗b) + (1 − λ)eiθφθn(a∗)φ(b)).

Since the set S(A) is weak∗-compact, we may assume that φθn
w∗
−→ φθ for some φθ ∈ S(A) as n → ∞. Now,

letting n→∞, we have
ℜ(eiθλφθ(a∗b) + eiθ(1 − λ)φθ(a∗)φθ(b)) ≥ 0.

We also have

∥a∥λ ≥

∥∥∥∥∥∥a +
eiθ

n
b

∥∥∥∥∥∥
λ

−
1
n
∥b∥λ

=

√
λφθn

((
a +

eiθ

n
b
)∗ (

a +
eiθ

n
b
))
+ (1 − λ)

∣∣∣∣∣∣φθn
(
a +

eiθ

n
b
)∣∣∣∣∣∣2 − 1

n
∥b∥λ

≥ ∥a∥λ −
1
n
∥b∥λ −

1
n2 .
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Taking limit as n→∞ in the above inequality, we have

λφθ(a∗a) + (1 − λ)|φθ(a)|2 = ∥a∥2λ.

(ii)⇒(i) Given t ∈ C. There exists θ ∈ [0, 2π) such that t = |t|eiθ. By assumption, there exists φθ ∈ S(A)
satisfying conditions in (ii). Then

∥a + tb∥2λ ≥ λφθ((a + tb)∗(a + tb)) + (1 − λ)|φθ(a + tb)|2

= (λφθ(a∗a) + (1 − λ)|φθ(a)|2) +
|t|2

n2 (λφθ(b∗b) + (1 − λ)|φθ(b)|2)

+
2|t|
n
ℜ(λeiθφθ(a∗b) + (1 − λ)eiθφθ(a∗)φθ(b))

≥ λφθ(a∗a) + (1 − λ)|φθ(a)|2 = ∥a∥2λ.

Thus a ⊥λB b. This completes the proof.□

The following result is an immediate consequence of Theorem 2.7.

Corollary 2.8 LetA be a C∗-algebra. For every a, b ∈ A, the following statements are equivalent.

(i) a ⊥B b;
(ii) For each θ ∈ [0, 2π), there exists φθ ∈ S(A) such that

φθ(a∗a) = ∥a∥2 and ℜ(eiθφθ(a∗b)) ≥ 0;

(iii) There exists φ ∈ S(A) such that

φ(a∗a) = ∥a∥2 and φ(a∗b) = 0.

Proof. Let λ = 1 in Theorem 2.7, we get (i)⇔ (ii). (i)⇔ (iii) follows from [3, Theorem 4.1].□

Finally, let λ = 0 in Theorem 2.7, we can get the following result which was proved in [21].

Corollary 2.9 LetA be a C∗−algebra. For every a, b ∈ A, the following statements are equivalent.

(i) a ⊥v
B b;

(ii) For each θ ∈ [0, 2π), there exists φθ ∈ S(A) such that

|φθ(a)| = v(a) and ℜ(eiθφθ(a∗)φθ(b)) ≥ 0.

3. Some upper bounds of ∥ · ∥λ

In this section, we will give some upper bounds for ∥ · ∥λ. Firstly, we need the following lemmas.

Lemma 3.1([11]) Let f , 1 be nonnegative continuous functions on [0,∞) which satisfy the relation f (t)1(t) = t
for all t ∈ [0,∞). Then

|⟨Ax, y⟩| ≤ ∥ f (|A|)x∥∥1(|A∗|)y∥

for all A ∈ B(H) and x, y ∈ H . In particular,

|⟨Ax, y⟩|2 ≤ ⟨|A|x, x⟩⟨|A∗|y, y⟩

for all A ∈ B(H) and x, y ∈ H .
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Lemma 3.2([15]) Let A ∈ B(H) be positive and x ∈ H with ∥x∥ = 1. Then

⟨Ax, x⟩p ≤ ⟨Apx, x⟩, p ≥ 1;
⟨Apx, x⟩ ≤ ⟨Ax, x⟩p, p ∈ [0, 1].

Theorem 3.3 LetA be a C∗-algebra and λ ∈ [0, 1]. For every a ∈ A,

∥a∥2λ ≤
∥∥∥∥∥ (1 + λ)

2
a∗a +

(1 − λ)
2

aa∗
∥∥∥∥∥ .

Proof. Let φ ∈ S(A) and let π be the representation as in Lemma 2.4. Then

λφ(a∗a) + (1 − λ)|φ(a)|2 = λ⟨π(a∗a)ξ, ξ⟩ + (1 − λ)|⟨π(a)ξ, ξ⟩|2 (Lemma 2.4)
≤ λ⟨π(a∗a)ξ, ξ⟩ + (1 − λ)⟨|π(a)|ξ, ξ⟩⟨|π(a∗)|ξ, ξ⟩ (Lemma 3.1)

≤ λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

2
(⟨|π(a)|ξ, ξ⟩2 + ⟨|π(a∗)|ξ, ξ⟩2)

≤ λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

2
(⟨|π(a)|2ξ, ξ⟩ + ⟨|π(a∗)|2ξ, ξ⟩) (Lemma 3.2)

= λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

2
⟨π(a∗a + aa∗)ξ, ξ⟩

=
〈
π

(1 + λ
2

a∗a +
1 − λ

2
aa∗

)
ξ, ξ

〉
≤

∥∥∥∥∥1 + λ
2

a∗a +
1 − λ

2
aa∗

∥∥∥∥∥ .
Therefore, taking the supremum over all φ ∈ S(A), we have

∥a∥2λ ≤
∥∥∥∥∥1 + λ

2
a∗a +

1 − λ
2

aa∗
∥∥∥∥∥ .□

Remark 3.4 Taking λ = 0 in Theorem 3.3, we have for a in a C∗-algebraA that v2(a) ≤ 1
2 ∥a

∗a + aa∗∥ .

Lemma 3.5 ([7]) Let x, y, e ∈ H with ∥e∥ = 1. Then |⟨x, e⟩⟨e, y⟩| ≤ 1
2
(
∥x∥∥y∥ + |⟨x, y⟩|

)
.

Theorem 3.6 LetA be a C∗-algebra and λ ∈ [0, 1]. For every a ∈ A,

∥a∥2λ ≤
∥∥∥∥∥1 + 3λ

4
a∗a +

1 − λ
4

aa∗
∥∥∥∥∥ + 1 − λ

2
v(a2).

Proof. Let φ ∈ S(A). Then

λφ(a∗a) + (1 − λ)|φ(a)|2

= λ⟨π(a∗a)ξ, ξ⟩ + (1 − λ)|⟨π(a)ξ, ξ⟩|2 (Lemma 2.4)
= λ⟨π(a∗a)ξ, ξ⟩ + (1 − λ)|⟨π(a)ξ, ξ⟩⟨ξ, π(a∗)ξ⟩|

≤ λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

2
(∥π(a)ξ∥∥π(a∗)ξ∥ + |⟨π(a)ξ, π(a∗)ξ⟩|) (Lemma 3.5)

≤ λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

4
(∥π(a)ξ∥2 + ∥π(a∗)ξ∥2) +

1 − λ
2
|⟨π(a2)ξ, ξ⟩|

= λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

4
⟨π(a∗a + aa∗)ξ, ξ⟩ +

1 − λ
2
|⟨π(a2)ξ, ξ⟩|

=
〈
π

(1 + 3λ
4

a∗a +
1 − λ

4
aa∗

)
ξ, ξ

〉
+

1 − λ
2
|⟨π(a2)ξ, ξ⟩|

= φ
(1 + 3λ

4
a∗a +

1 − λ
4

aa∗
)
+

1 − λ
2
|φ(a2)|

≤

∥∥∥∥∥1 + 3λ
4

a∗a +
1 − λ

4
aa∗

∥∥∥∥∥ + 1 − λ
2

v(a2).
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Therefore, taking the supremum over all φ ∈ S(A), we have

∥a∥2λ ≤
∥∥∥∥∥1 + 3λ

4
a∗a +

1 − λ
4

aa∗
∥∥∥∥∥ + 1 − λ

2
v(a2).□

Remark 3.7 Note that let λ = 0 in Theorem 3.6, we have

v2(a) ≤
1
4
∥a∗a + aa∗∥ +

1
2

v(a2)

for a in a C∗-algebraA.

Theorem 3.8 LetA be a C∗-algebra and λ ∈ [0, 1]. For every a ∈ A,

∥a∥2λ ≤
1 − λ

4
(v2(|a| + i|a∗|) + v(|a||a∗|)) +

∥∥∥∥∥1 + 7λ
8

a∗a +
1 − λ

8
aa∗

∥∥∥∥∥ .
Proof. Let φ ∈ S(A). Then we have

λφ(a∗a) + (1 − λ)|φ(a)|2

= λ⟨π(a∗a)ξ, ξ⟩ + (1 − λ)|⟨π(a)ξ, ξ⟩|2 (Lemma 2.4)
≤ λ⟨π(a∗a)ξ, ξ⟩ + (1 − λ)⟨|π(a)|ξ, ξ⟩⟨|π(a∗)|ξ, ξ⟩ (Lemma 3.1)

≤ λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

4
(⟨|π(a)|ξ, ξ⟩ + ⟨|π(a∗)|ξ, ξ⟩)2

= λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

4
(⟨|π(a)|ξ, ξ⟩2 + ⟨|π(a∗)|ξ, ξ⟩2 + 2⟨|π(a)|ξ, ξ⟩⟨|π(a∗)|ξ, ξ⟩)

= λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

4
(|⟨π(|a|)ξ, ξ⟩ + i⟨π(|a∗|)ξ, ξ⟩|2 + 2⟨π(|a|)ξ, ξ⟩⟨π(|a∗|)ξ, ξ⟩)

≤ λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

4
(|⟨π(|a| + i|a∗|)ξ, ξ⟩|2 + ∥π(|a|)ξ∥∥π(|a∗|)ξ∥ + |⟨π(|a|)ξ, π(|a∗|)ξ⟩|)

≤ λ⟨π(a∗a)ξ, ξ⟩ +
1 − λ

4
(|⟨π(|a| + i|a∗|)ξ, ξ⟩|2 +

1
2
⟨π(a∗a + aa∗)ξ, ξ⟩ + |⟨π(|a||a∗|)ξ, ξ⟩|)

=
1 − λ

4
(|⟨π(|a| + i|a∗|)ξ, ξ⟩|2 + |⟨π(|a||a∗|)ξ, ξ⟩|) +

〈
π

(1 + 7λ
8

a∗a +
1 − λ

8
aa∗

)
ξ, ξ

〉
=

1 − λ
4

(φ2(|a| + i|a∗|) + |φ(|a||a∗|)|) + φ
(1 + 7λ

8
a∗a +

1 − λ
8

aa∗
)

≤
1 − λ

4
(v2(|a| + i|a∗|) + v(|a||a∗|)) +

∥∥∥∥∥1 + 7λ
8

a∗a +
1 − λ

8
aa∗

∥∥∥∥∥ .
Therefore, taking the supremum over all φ ∈ S(A), we have

∥a∥2λ ≤
1 − λ

4
(v2(|a| + i|a∗|) + v(|a||a∗|)) +

∥∥∥∥∥1 + 7λ
8

a∗a +
1 − λ

8
aa∗

∥∥∥∥∥ .□
Remark 3.9 Taking λ = 0 in Theorem 3.8, we have

v2(a) ≤
1
4

(v2(|a| + i|a∗|) + v(|a||a∗|)) +
1
8
∥a∗a + aa∗∥ .
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