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On the generalization of orthogonality and parallelism in C*-algebras

Zhenquan Wang?, Liguang Wang™*

?School of Mathematical Sciences, Qufu Normal University, Qufu, Shandong, 273165, China

Abstract. In this paper, a new norm || - ||, is defined on a C*-algebra A. Some basic results of || - || are given.
We also give characterizations of parallelism and orthogonality of operators with respect to || - ||,. Finally,
we obtain some upper bounds of || - |l,.

1. Introduction

Let Abe a C*-algebra with unit e. An elementa € A is positive, denoted by a > 0, if a is self-adjoint with
spectrum o(a) C [0, ). Let A’ denotes the space of all continuous linear functionals on A. A positive linear
functional of A is a map ¢ € A’ such that p(a) > 0 whenever a > 0. The set S(A) of all states of A is the set
of all positive linear functionals of A with norm 1. The algebraic numerical range of a € A is defined as

V(@) = (p@) : ¢ € SA).

The algebraic numerical radius v(a) of a is the maximum modulus of V(a), i.e.,
v(a) == supilz| : z € V(a)}.

The algebraic numerical radius v(-) : A — R defines an norm on A and satisfying %Ilall < v(a) < |la|| for
every a € A. We referred to [1},5] (6} [13} [18] [19] for more results on algebraic numerical radius.

Birkhoff orthogonality is one of the most important orthogonality defined on normed linear spaces [4].
Two vectors x and y in a normed linear space X are said to be Birkhoff orthogonal, denoted by x L3 y, if
lx + Ayll > ||x]| for any A € C.

A. Seddik introduced the parallelism relation of vectors [17] in 2006. Two vectors x and y in a normed
linear space X are said to be parallel, denoted by x|y, if ||x + Ayl| = [|x]| + [lyl| holds for some A € T = {z €
Gzl =1}

There are many extensions of Birkhoff orthogonality and parallelism such as the orthogonality and

parallelism in C*-algebras, Birkhoff orthogonality in Hilbert C*-modules and so on (see [3}/8,[10}[12}14}16} 18-
210).
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In particular, a new semi-norm which generalizes simultaneously the A-operator semi-norm and the
A-numerical radius for operators on semi-Hilbertian spaces was defined in [9] and characterizations of
Birkhoff orthogonality and parallelism were also given.

Inspired by results in [9], we are interested in the following generalization of Birkhoff orthogonality and
parallelism in C*-algebra.

Definition 1.1 Let A be a C*-algebra and A € [0, 1]. Fora € A, let

lally = supl \Ap(@a) + (1 - Dip(@P : ¢ € S(A).
Now we give the definitions of Birkhoff orthogonality and parallelism about || - ||5.

Definition 1.2 Let A be a C*-algebra and A € [0,1]. Givena, b € A.
(1) We say a L} b, if [la + ubl|y > |lall, for every u € C.
(2) We say allpb, if |la + ubl|y = llally + |bll) for some p € T.

Now, we present specific examples about Birkhoff orthogonality and parallelism with respect to the new
norm [ - [|;.

Example 1.3 Note that by Theorem 2.2 in section 2, we have v(a) = |||y = ||a|| when a is normal. Let M(C)
be the C*-algebra consisting of all 2 X 2 complex matrices.

(i)ForeveryyeC,letaz[ 2 0 ],bz[ 00 ] Then

0 0 0 1
2 0
||a+ub||A—H[0 y]

and therefore we have a J_g b.

= max{2, |ul} =2 = |lallx
A

(ii)Letaz[ 1o ],bz[ _01 (O) ]andyz—l. Then we have

=2 = lallx +11blla

and therefore al|,b.

The organization of this paper is as follows. In Section 2, we prove that || - ||x also defines a norm on A
and v(a) < [lallx < |lall. Especially, we present the characterizations of parallelism and orthogonality about
Il - llr. In Section 3, we obtain some upper bounds of || - [|;.

2. Main results

Let A be a C*-algebra and A € [0, 1].
Theorem 2.1 The function || - ||, : A — [0, o) defines a norm on A.

Proof. The nonnegativity follows easily from the definition of || - ||. || - |[x is the supremum of a nonnegative
valued function. If |ja||, = 0, then
Ap(a‘a) + (1 - /\)l(p(a)l2 =0

for all ¢ € S(A). Hence ¢(a*a) = 0 and |p(a)| = 0 for all ¢ € S(A). Then we havea = 0.
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Leta,b € A. Then Vo € S(A), we have
Ap((a+b)'@@+b) + (1 - Dlpa + b)P
= Mep(a'a) + p(ba) + p(a'b) + p(H'D)) + (1 = D(lp@P + lp®)F + p@ep(b) + p@)p(b))
< (Ap@'a) + (1 = Vlp@P) + Ap(®'b) + (1 = Vip®)P) + 2Alp@'b)| + (1 - Dle@e®))
< (Ap@'a) + (1 = Vlp@P) + Ap®'b) + (1 - Vip®)?) + 20 Vo@a)p®™b) + (1 - Vip@)lp®))
< (Ap@'a) + (1 = Vlp@P) + (Ap(b'b) + (1 - Vlp(®)P)
+2[Ap(@a) + (1 - Dlp@P \Ap(rb) + (1 - V()P
< [lal? + 1b1? + 2llall1 1612

= (lally + [1Bl1r)*.

Therefore

\//\(P((ﬂ +b)(a+D)) + (1 - Mg+ b)> < llally + 11Dl

Taking supremum over all ¢ € S(A), we have
lla + bllx < llallx + 1Bl

Finally, for every u € C,

Il = sup{ yAuPp((pa) (ua) + (1 = Vip(ua)P : ¢ € S(A)
= supl \MuPp(a'a) + (1 = DIgPlp@F : ¢ € SEA)

= |u| sup{ \/A(p(a*a) + (1= Mlp@)? : ¢ € S(A)}
= |ulllallz.-

This completes the proof.O

8681

Theorem 2.2 Let A be a C*-algebra and a € A. Then the function f : [0, 1] — [0, o) defined as f(A) = [lal|, is

monotonically increasing and
0(a) < llally < llall.

Proof. Let A, u € [0,1] be arbitrary such that A < p. Then, for all ¢ € S(A),

pgaa) + (1 - wlp@)

= (A +p=Np@a)+ (1 -1 - (u-2)p@r

= Ap@a'a) + (1 = Vlp@P + (u = A)(pa'a) - o))
> Ap(a‘a) + (1 - )\)I(p(a)lz.

Taking supremum over all ¢ € S(A), we have |||, < [all,. Since|lallo = v(a) and |lally = [lall, v(a) < [lallx < [lall.O

Corollary 2.3 Let A be a C*-algebra and a,b € A. Suppose a is normal. Then for A,y € [0,1], A <y,

A i
aLBbﬁaLBb.

Proof. Let A, u € [0,1] and A < p. Since a is normal, v(a) = |la||. By Theorem 2.2, v(a) < |lallx < llall, < llall =

v(a). Thus for every t € C,
llally = llallx < lla + tbllx < lla + tbll,



Z. Wang, L. Wang / Filomat 39:25 (2025), 8679-8688 8682
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Now we can give characterizations of parallelism and orthogonality about || - [|. We first recall the
following lemma.

Lemma 2.4 ([2]) Let ¢ € S(A). Then there exist a Hilbert space H, a representation = : A — B(H) and a
unit vector £ € H such that ¢(a) = (n(a)&, &) for alla € A.

Theorem 2.5 Let A be a C*-algebra and A € [0,1]. Given a,b € A. The following statements are equivalent.

@) allrb;
(ii) There exists a ¢ € S(A) such that

IAp(@b) + (1 = V@ )p(@)] = llallrlblla-

(iii) There exist a Hilbert space H, a representation 7 : ‘A — B(H) and a unit vector & € H satisfying
@) Alr@EIP + (1 = Hn(@)E, HF = llall3;
@) K r(@d)é, &) + (1 = A)(m(@)E, EXr(b)E, E)I = llallallbllz-

Proof. (i)=(ii) If a ||, b, then there exists u € T such that ||la + ubl|y = lallx + [|bllx. There exists ¢ € S(A) such
that

Ap((a+ ub) (@ + ub)) + (1 = Vi@ + ub)P = (lallx + l1bl2).

Therefore

(llally + 116l12)* = Ap((@ + b (@ + ub)) + (1 - Dlp(a + ub)
= A(p(a‘a) + Fp(b'a) + pp(@'b) + p(b'D))
+ (1= D(p@F + lp®)F + up@)pb) + fp@e®))
= (Ap(@'a) + (1 - Dlp@P) + (Ap(b'b) + (1 = Vip®)P)
+ 2R (App(@'d) + (1 - Dup@)p(b))
< (Ap(@'a) + (1 - Dlp@P) + (Ap(b'b) + (1 = Dlp®)P)
+2|Ap(@’b) + (1 - Mp(@)p(b)|
< (Ap(@'a) + (1 - Dlp@P) + (Ap(b'b) + (1 = Dlp(®)P)
+ 2@ b + (1 - Dlg@llp(®))
< (Ap(@a) + (1 - Dlp@P) + Ap(b'b) + (1 — Dip®)P)
+2A @ a)pE'b) + (1 - Dlp@le®))
< (Ap(@a) + (1 - Dlp@P) + (Ap(b'b) + (1 = Dip®)P)

+2\JAp@a) + (1= Dip@P \Ap(bh) + (1~ Dip(b)?
< llalf; + 1117 + 2lall o]
= (lally + 16l

Thus, we can get there exists ¢ € S(A) such that
IAp(ab) + (1 = Mp@)p(b)l = llallrlibll-
(ii)=(i) Suppose there exists ¢ € S(A) such that

IAp(@b) + (1 = M@ )p®)| = llallalblla-
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Then

llallallbllx = [Ap(a’d) + (1 = Mp(a)p (D)l
< Alp@b)l + (1 = Dlp@)lip®)|

< ANe@a)pbrb) + (1 = Alp@)llp®)l

< \/)\qo(a*a) + (1= D)lp@)lIblix
< llall7l1bllA

and we have

JAo@a) + (1 = Dip@)P = lall.

Similarly, we also have

JApb) + (1= Dip®)P = ).
Further, there exists y € T such that

u(Ap@d) + (1 = A)e@)p(b)) = llallrliblla-
Thus
lla + pbl[z > Ap((a + ub)'(a + ub)) + (1 — D)lp(a + ub)?
= AMo(aa) + pp(b'a) + up(a’d) + p(b'D))
+ (1= Alp@P + lp®) + p@)p(b) + ge@e(b")
= (Ap(@'a) + (1 = Dlp@)P) + (Ap(®'b) + (1 = Dlp®)P)
+2R(Aup(@’d) + (1 - Dup(a)p(b))
= llallf + 16113 + 2llall2l1bll2
= (llallx + 11b112)>.
Since |la + pbllx < llallx + lIblla, we have [la + pblly = llallx + [Ibllr, ie., ally b.
(ii)=(iii) By (ii)=(i), we have
Ag(@aa) + (1= V@) = llall}.-
By lemma 2.4, we can get
lall; = Ap(a'a) + (1 = Dlp@)
= Mn@a)&, &) + (1 - DKnr(@)E, EHF
= AIn@E|P + (1 = Dr(@)E, EF
and
llallallblly = [A@(a™d) + (1 — A)p(a)p(b)l
= |Mn@b)E, &) + (1 — A n(@")&, EX(b)E, &)
= [Mr(b)E, m(@)E) + (1 = AXE, n(@)EXm(b)<, E)I.

8683

(iif)=(ii) Suppose (iii) holds. Let ¢ : A — C be the state associated to 7 by @(c) = (n(c)&, &), ¢ € A. Then

lallallblly = 1A ()&, m(@)&) + (1 — ANE, m(@)EXm(B)E, E)I
= |Xn(@b)E, &) + (1 — An(@)E, EXm(b)E, E)
= Ap(@b) + (1 = Mp@)p(®)l.
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This completes the proof.00

Remark 2.6 When A = 1 in Theorem 2.5, we get [20, Corollary 4.4]. When A = 0 in Theorem 2.5, we get the
characterization of numerical radius parallelism in C*-algebras in A. Zamani [18].

Theorem 2.7 Let A be a C*-algebra and A € [0,1]. Given a,b € A. Then the following statements are
equivalent.
(i) a L3 b;
(ii) For each 0 € [0,2m), there exists g € S(A) such that the following two conditions hold.
1) Apo(aa) + (1 = Dlpe@)V* = llall;
(2) R(ePApo(ab) + (1 — A)pg(a* )(pg(b)) > 0.
Proof. (i)=(ii) If a J_g b. Then for every t € C, |la + tb||y = |lall,. We may assume |||y # 0, since when
llallx = 0, we have a = 0 and (ii) is trivial. Let 6 € [0,2mn). For all n € IN, we have
i0
a+ b
n

1
2 llallx > llallx — —-
A n
Therefore there exists ¢ € S(A) such that
60 \* 00 £i0
/\(pg ((a + —b) (a + —b)) +(1-24) (pg (a + —b)
n n \
Hence for all n € N, we have
) 1 2 0 19 * eiG 19
llally + i EIIaIIA < Ag, (( + —b) (a + 7b)) +(1-A)|p,|a ( + —b)

= (Agy(@a)+ (1~ /\)prn(a)l)+ ()\%(b*b)+(1 Mlpn®)P)

2 i0

e
=(a+—b
n

1 2
> (||a||/\ - ;) .

2

+ 2RO + (1 - D @) ().
This implies
2 el ~ (Apa'a) + (1~ Dig@P)
< Sl = 5+ 5 (APYED) + (L= VIO + ROACab) + (1~ Neplap(t)

2n3
and therefore

0< ~lally = 55 + 5= (AgfD) + (1= Vipl(OIF) + RAQIaE) + (1 - Ve p(a)p(b),

2n3
Since the set S(A) is weak*-compact, we may assume that ¢/ BN Qo for some @g € S(A) as n — co. Now,
letting n — oo, we have
R(Apo(ab) + (1 — V)po(a)po(b)) = 0
We also have

i0
a+ Sl - ol

nol, n

- (<) £+ -

1
2 llalla =~ 1l = —-

llallx =

io \[* 1
oo+ S|l -2
<pn(a+ : )‘ bl
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Taking limit as n — oo in the above inequality, we have
Apo(a'a) + (1 = Mlpo(@)* = llall5.

(ii)=(i) Given t € C. There exists 0 € [0,27) such that t = [t|e'. By assumption, there exists pg € S(A)
satisfying conditions in (ii). Then

lla + tblli > Apg((a + th)*(a + th)) + (1 — D)lpe(a + th)]?

2
= (Apo(a*a) + (1 — Dlpo(@)*) + |:l—|2(A<pe(b*b) +(1 = Dlpo®)P)
+ %%(/\eie(p@(a*b) + (1= A)e®pg(a’)pe(b))

> Apo(a’a) + (1 = Vpo(@)* = llalf3.
Thus a L} b. This completes the proof.o
The following result is an immediate consequence of Theorem 2.7.

Corollary 2.8 Let A be a C*-algebra. For every a,b € A, the following statements are equivalent.

(i) a Lp b;
(ii) For each 0 € [0,2m), there exists @y € S(A) such that

po(aa) = lal> and  R(“po(a’)) > 0;
(iii) There exists ¢ € S(A) such that
@(aa) = |lal* and  @(a*b) = 0.
Proof. Let A = 1 in Theorem 2.7, we get (i) & (ii). (i) & (iii) follows from [3| Theorem 4.1].0
Finally, let A = 0 in Theorem 2.7, we can get the following result which was proved in [21]].

Corollary 2.9 Let A be a C*—algebra. For every a,b € A, the following statements are equivalent.

(i) a Ly b;
(ii) For each 0 € [0,2m), there exists @y € S(A) such that

lpo(@)l = v(a) and  R(eCpo(a*)pe(b)) = 0.

3. Some upper bounds of || - ||

In this section, we will give some upper bounds for || - ||5. Firstly, we need the following lemmas.

Lemma 3.1([11]) Let f, g be nonnegative continuous functions on [0, co) which satisfy the relation f(¢)g(t) = ¢
forall t € [0, ). Then

IKAx, I < 1IF(ADlllg(A Dyl
forall A € B(H) and x, y € H. In particular,

KAX, )P < (1Al x)A"lY, y)
forall A € B(H)and x,y € H.
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Lemma 3.2([15]) Let A € B(H) be positive and x € H with [|x|| = 1. Then
(Ax, x)V < (APx,x), p=1;
(APx,x) < (Ax,x), pel0,1].
Theorem 3.3 Let A be a C*-algebra and A € [0, 1]. For every a € A,
1+A 1-A
'( ; )a*a+( )aa* .

2
Proof. Let ¢ € S(A) and let 7 be the representation as in Lemma 2.4. Then

Ap@aa) + (1 = Mlp@P = Mr(@a)é, &) + (1 = HKn@éE, EF  (Lemma 2.4)
< Mn@a)é, &) + (1 - An@)E, EXIn@)IE, &) (Lemma 3.1)

< Mr(@a)t, €) + T (m(@IE, £ + (i@, £)

2
llally < '

< M@ ), & + T (@PE &) + In@)PE, &) (Lemma 32)

1-A
= Mn(@a)s, &) + T(?'f(ﬂ*ﬂ +aa’), &)
= <n (#a*a + 1 ; Aaa*) £,£>

1+A, 1-4
aa-+

<

aa*

Therefore, taking the supremum over all ¢ € S(A), we have

1+A, 1-A
——ad'a+

lall?> < H aa*|| .00

Remark 3.4 Taking A = 0 in Theorem 3.3, we have for a in a C*-algebra A that v*(a) < % lla*a + aa”|| .
Lemma 3.5 ([7]) Let x, y,e € H with |le|| = 1. Then |{x, e)e, y)| < % (xllyll + 1Kx, 1) -

Theorem 3.6 Let A be a C*-algebra and A € [0, 1]. For everya € A,
1+3Aa*a+1_)\ 1-
4 4

*

A
llally, < o(a®).

+

Proof. Let ¢ € S(A). Then
Ap(@a) + (1 = @)
= Mn@a), &) + (1 = DKr@)&, E)F  (Lemma 2.4)
= Mn(@a)é, &) + (1 - Dn@)é, EXE, n@)E)]

1-A
< M@ )z, & + 5 (r@Eli@)El + (@), 7@)E)) (Lemma 35)
1-A 1-A
< M@ a)s, & + - (@A + I@)lP) + 5 m(a)E, £
1- 1-
= M@ )z, & + - (n(a'a + '), &) + o (m(@)E, )
1+3A 1-A 1-A
= <n( +4 a‘a+ 1 aa*)é, €> + TI(RW)&E)I
1+3A 1-A 1-A
= (p( +4 a‘a+ 1 aa*) + Tl(p(az)l
1430, 1-A || 1-4_,
SH 1 aa+ 1 + > v(a®).




Z. Wang, L. Wang / Filomat 39:25 (2025), 8679-8688 8687

Therefore, taking the supremum over all ¢ € S(A), we have

1431 . 1-4
4 4

%

aa

+

2
P < H

Remark 3.7 Note that let A = 0 in Theorem 3.6, we have
1 1
v*(a) < 1 la*a + aa*|| + Ev(az)
for a in a C*-algebra A.

Theorem 3.8 Let A be a C*-algebra and A € [0, 1]. For everya € A,

1-A
4

Proof. Let ¢ € S(A). Then we have

Ag(a'a) + (1 = A)lg(a)?
= M@ a)e, &) + (1 - Y@, EF  (Lemma 2.4)
< Ma@a)é, &) + (1 = ANn@)E, EXIm(@)IE, &) (Lemma 3.1)

< M@t €) + T (r(@IE, &) + (@ )E, €))
1-A
4

R (), € + K D, P + 2ma)é, EXn(laDE, &)

*

1+70 , 1-A
aa-+

2 <
llall} < 8 3

(@ (lal + ila’l) + olalla’D)) + ”

= Mn(@a)é, &) + ((@)IE, )% + (Im(@)IE, € + 2(Im(@)|E, EXIm(@)lE, £))

= Mn(@a)é, &) +
< Mr(@a)g, &) + %(I(ﬂ(lal +ila e, OF + limn(lahéllin(a el + Kr(la)E, m(a’DEN)

1-A . 1
< Mn(a'a)é, &) + T(I(ﬂ(lal +ila')é, EF + §<n(a*ﬂ +aa*)&, &) + Kn(lalla™)E, E)I)
1+7A , 1-A
3 a‘a+ 3 aa )£,<§>
1+7A, 1-A |
3 a‘a + g aa )

1—
= L2 il + 1D OF + el D, €0 + (

= LA 2l + i) + pallal) + (P(

4
1-A 1+7A 1-A
< L2 @ (] + ila*]) + o(lalla’l) + H dat LM

*

T4 8 8

Therefore, taking the supremum over all ¢ € 5(A), we have

1+74, 1-4
3 aa+

*

aa

1 - A o % *
llallf < T(Uz(lal +ila’l) + v(lalla’])) + H o

Remark 3.9 Taking A = 0 in Theorem 3.8, we have
2 1 2 o % * 1 % %
vi(a) < 7w (lal + dla’]) + o(lalla’)) + 5 lla’a + aa’l].
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