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Abstract. The subject of this paper is the existence, uniqueness and stability of solutions for fractional
hybrid problem with two sequential fractional Caputo derivatives. The uniqueness of solutions for the
proposed sequential hybrid problem is proved by applying Banach’s fixed point theorem. Then, the
existence of at least one is established by employing Leray-Schauder nonlinear alternative. The Gronwall’s

inequality is used to show the Ulam stability results. Example is constructed for the illustration of the main
results.

1. Introduction and fractional calculus

The quadratic perturbations of nonlinear differential equations have attracted much attention. The
equation is referred to as the hybrid differential equations. In recent years, many researchers have exposed
attention in the theory of hybrid differential equations, see for example [2, 22, 23, 25]. Also, fractional-
type hybrid differential equations have been extensively studied by several authors, for instance, see
[9, 13, 15, 28] and the references cited therein. In recent times, many interesting results concerning the
existence and stability of solutions for hybrid differential equations with fractional calculus were obtained,

we recommend reading works [1, 5, 13, 14, 27]. The standard expression of the hybrid differential equation
[6] is given by:

Dl[ w(t)

m] Zh(t,ZU(t)), teQ, Q= [O,T],

under initial values w (tp) = wo, wp € R, where g € C(Q X R,R — {0}) and & € C(Q2 X R — R). In quite recent

times, some scientific researchers have studied fractional version of the above hybrid differential equation
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and some results have been obtained, for more details, see [10, 14, 16, 21, 29] and the references cited therein.
In [29], the authors have examined the fractional hybrid differential equations of the following form:

M] =h(t,w(®), teQ,

with initial value w(0) = 0, where g € C(QXR,R-{0}),h € C(QXR,R) and D®,0 < 9 < 1, is the
Riemann-Liouville fractional derivative. Also, in [10], the researchers considered the following fractional
hybrid differential equations with boundary conditions involving Caputo’s derivative:

9 w(t) _
D [m] —h(t,ZU(t)),O <Jd<1,teq,
under conditions
w (0) w(T)

@ @ =w3,0;€R,i=1,2,3,
"9 0,w©0) " PgTuw)

where g € C(QXR,R-{0}),h € C(Q2x R, R) and D?, is the Caputo fractional derivative. Several scholars
have recently studied sequential hybrid differential equations involving fractional calculus, for instance,
see [4, 12, 17-19]. Also, some scholars have studied the existence, uniqueness and stability in Ulam sense
of solutions of fractional sequential hybrid problems, we refer the reader to the papers [3, 11, 19, 24] and
the references cited therein. So, in this present work, we discuss the existence, uniqueness and stability of
solution for fractional sequential hybrid problem involving Caputo-type fractional derivative given by:

T_wo .
D?® |:D‘ [m:” = I’l(t,ZU(t)), teQ,

w(O)zﬁfoéw(s)ds,DH[ w(© ] 0 (1)

g0,wO) ]|~

0<d9u<1,0<6<T pER,

where, DV, v € {9, u} are the Caputo fractional derivatives, g : Q X R? > R-{0)and h: QxR?> - R, are
continuous functions. The operator D" is the fractional derivative in the sense of Caputo [26], defined by

D[] = 1" [i], n = [v] +1,

and the Riemann-Liouville fractional integral [26] of order u > 0, defined by

t
Flh()] = % fo (t—s)"h(s)ds,t >0,

where I (.) is the Euler gamma function given by

+00
T'(e) = f 2 e %dz,e > 0.
0
We recall the following lemmas [20, 26].
Lemma 1.1. Let v,e > 0and h € LY([0, 1]). Then I? [I¢ [h(t)]] = I°*€ [h(t)] and D° [I° [W(H)]] = h (t).
Lemma 1.2. Let v > € > 0and h € L'([0,1]). Then D¢ [I” [h(t)]] = I"~€ [h(t)] .

To study the fractional sequential hybrid problem (1), we need the following lemmas.
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Lemma 1.3. [20] For v > 0, the general solution of the fractional differential equation D? [w (t)] = 0 is given by
w(t) = co+cit, +0ot® + oo + a7,
forsomec; € R,i=0,1,2,..,n-1,n-1<v<n.
Lemma 1.4. [20] Let v > 0. Then
IP[DY [w(H)]] = w () + co + c1t, +Cot® + oo + Cug "7,
forsomec;€R,i=0,1,2,..,.n-1,n-1<v<n.
In what follow, we need the Gronwall inequality [8].

Lemma 1.5. Let z(t) and y(t) be non-negative, continuous functions on A = [0, oo] for each inequality

t
z(t) < zp + f P(s)z(s)ds, t € A,
0
hold, where z is a non-negative constant. Then

f
z(t) < zoefo VEMs pe A,

Definition 1.6. The sequential hybrid problem (1) is Ulam-Hyers stable if there exists a real number ay, > 0 such
that for each 0 > 0 and for each solution y € W of the inequality

S 1 y(t) ]] _
0 |0ty |- e

there exists a solution w € W of the sequential hybrid problem (1) with

<6, teQ. ()

ly®O-w®|<mb, teQ.

Definition 1.7. The sequential hybrid problem (1) is Ulam-Hyers-Rassias stable with respect to f € C(A,Ry) if
there exists a real number ay, > 0 such that for each 0 > 0 and for each solution y € W of the inequality

b* [D” [g(iy,(ytit))“ ~hty®)

there exists a solution w € W of the sequential hybrid problem (1) with
ly() —w®)|<m0f (), teQ.

<Of(), teqQ, 3)

We need the following auxiliary result.

Proposition 1.8. Suppose that ¢ € C(Q,R) and g € C((Q2 X R,R — {0}) . Then, the problem

w(t) _
D‘9 |:ID‘u [m]] = (p(t),t e ),
o 4)
5 w (0
w(0) = [, w(s)ds, D#[m] =0,
where QO :=1[0,T],0< 3,4 <1,0 <0 < Tand B € R, admits the following solution:
_ gGw(®) t S+u-1
w(t) = 1"(\9—4-;1) ; (t—5)"""@(s)ds @)
+ ;Bg (t, w (t)) f g (S, w (S)) 18+y [(P (S)] dS,

70,0 (0) - [ g(s,w(s)ds Jo
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Proof. Let w be a solution for the problem, by using Lemma 4 , we get

w(t)
gt w(t)

where ey, e, real constants. Using the boundary conditions, we can obtain

= I [ ()] + I* [e1] + ea, (6)

er = 0,
O
0 = P [ oswerrripels
gO,w(©)=p f; g(s,w(s)ds Jo

substituting the values of ¢; and e; in (6), we get (5). O

The rest of the work is organized as follows. In Section. 2, we discuss the existence and uniqueness
of solutions for the proposed problem. The stability of solutions is fineded and studed in Section. 3. In
Section. 4, we present an example to illustrate the main results. In the last section a conclusion is presented.

2. Existence results for fractional quantum sequential hybrid problem

We will use the standard fixed point theorems, to study the above fractional sequential hybrid problem.
Let W = C(Q),R) denote the Banach space of all continuous functions from Q to R, with the norm
defined by:

llwll = sup {[w (t)] : t € Q}.

In view of Proposition 8, we can define the operator T : W — W by:

t
Tw(t) = f,((té—ui(z)) fo (t =) h(s, w(s)) ds 7)
N Py (t,w(®)
70,0 (©0) B [ g(s,w(s))ds
O S
X fo g(s,w(s)) [ fe (s—T)Sﬂ'1h(T,w(T))dT]ds.
We set the following
I Pn 8)

@ +pt )]y w) - [ g6 ws)ds|

To prove the main results, we impose the following hypotheses:
(H7) The function /1 : QX R — R is continuous and there exists constant A > 0 such that for all t € Q and
w,y € R, we have

| (t,w)—h(ty)| <Aw-y

7

(H2) The function g : Q X R — R — {0} is continuous and there exist constants 7 > 0 such that for each
teQandw € R,

gtw) <.

In the following, we prove the existence and uniqueness of solutions of the fractional sequential hybrid
problem (1) by applying Banach’s fixed point theorem.
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Theorem 2.1. If (H;) and (H,) are satisfied and if

T T 1
_— < —
FrS+u+1) An’

where I is given by (8). Then, the considered hybrid problem admits a unique solution.
Proof. Define sup, , [l (t,0)] = M < co where

n (TS + I16°*)
<e
T(®+u+1)—nA (Tsﬂ’ +T15%H) ©

We proceed to prove that TB, C B,, where B, = {w € W : ||w|| < €}. For w € B., we have

t
o) < 26O f (F— 8" i (s, (s) | ds + blo (t’u;(tm
T+ Jo IO INIIONE
O
x f Ig(s,w<s>>|[ f (s - ) |h(r,w<r>>|dr]ds
0 0
peo®| ¢
< l"(S—er)fO(t_S) [l (s, (s)) — h(s,0)| + |1 (s, 0)|] ds

Bla(t,w )

+ 0
90,0 0) g [ 9 w()ds]

O
x f |g<s,w<s)>|[ f (s — )™ [|h(r,w<f)>—h<f,0)|+|h<f,o>|]dr]ds.
0 0

Now, using (H;) and (H;), we get

[Tw (#)]
nTo prro”t
= (Allwll + M) + - (Aloll + M)
TE+u+1) T+ u+2) |70 w) - ) 6w ds|
T+ pro™t —
. ; ol
EF(S“‘[J"'D 1‘(8+p+2)|g(0,w(0)) —,Bfoéy(srw(s))d5|_
[ TS+[1 ‘BT]68+H -
+ + M,
IO Dt w2000 -5 [ oG oE)d]

which implies that

nA (TS 4 TI5%) (T + 116
Ir+u+1) er FrS+u+1)

IT (w)l| <

which implies that TB. C B..
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Now, we shall show that T is a contraction. For w, y € B, and for each t € A, we have

|Tw ()~ Ty ()

1 ! e
< r]sup[r(s—_'_u)‘f0 (t —s) 1|h(s,w(s))—h(s,y(s))|ds
p

teQ

+ 0
90,0 @)~ [ 905, () ds]

X f )g(s,w(s))|[ f (s—1)*H ! |h(T,w(T))—h(T,y(T))|dT]ds}.
0 0

By (Hj), we can write

I @) - T )|
T+ pnd™™
< A + - w =y,
1 IFG+u+1) r(9+y+2)|g(0,W(0)) —/3f069(5rw(5))d5|‘” .
which implies that
A (TS + T15°)
IT@) -1l < T -l

A (TS+ + T15%++)
FrS+u+1)
Hence, by the Banach fixed point theorem, there exists a unique fixed point which is a solution of problem

(1). This completes the proof.
0

Therefore, it follows from condition < 1, we conclude that T is a contraction mapping.

Now, we present the existence of solutions of the fractional sequential hybrid problem (1) by using
Leray-Schauder nonlinear alternative [7].

Lemma 2.2. (Leray-Schauder alternative). Let T : E — E be a completely continuous operator (i.e..a map that
restricted to any bounded set in E is compact). Let

W(T)={weT:w=vT(w) forsome0 <v<1}.
Then either the set \V (T) is unbounded, or T has at least one fixed point.

Now we are in a position to prove the next existence theorem for the studied fractional sequential hybrid
problem. We introduce the following hypothesis:

(H3) : The function /& : Q X R — R is continuous and there exist constants x; > 0 and xy > 0 such that
forallt € A and w € R, we have:

h(t,w) < xg+ 171 |w|.
Theorem 2.3. Suppose that hypotheses (H,) and (H3) are satisfied. If
T(S+u+1)- (TW + Hé“f‘)mq <1, (10)

where I1 is given by (8). Then the hybrid problem (1) has at least one solution on Q).
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Proof. We begin by showing that T : W — W is completely continuous. By continuity of the functions g, i,
it follows that the operator T is continuous.
Let © ¢ W be bounded. Then we can find positive constant N such that

|h(t,w ()] <N, forany w € L.

Then for all w € X, we have
|Tw(t)] < |g;((9 +( ))))f $)PH (s, w (5))| ds
Blg(t,w @)
0wy [ oo

X f |g(s,w(s))|[ f (s—7)*! |h(T,w(T))|dT]ds
0 0

Using (H,) and (H3), we can obtain

TS+nN TINpS +#
IT @)l <
O+u+1) F(S+y+1)
which yields
(1o + 115+
L i
IT @ < “Fg gy N <+

Hence, we deduce that T is uniformly bounded.
Next, let t1, t, € ), where t; < t,, then for any w € X. We demonstrate that T is equicontinuous

]

which does not depend on w and tends to 0 as t; — t,. Thus, T is equicontinuous. Thus, by using the
Arzela-Ascoli theorem, T : W — W is completely continuous.

Lastly, it will be demonstrate that the set ® = {w e W,w = &T (w),0 < & < 1} is bounded. Let w € ®.
Then, for each t € Q), we can write

[Tw (t1) — Tw ()]

nN 9+
r(s+y+1)([(l_t2) e

S+u S+u

b 2

—t

w(t) = T (w) (b).

Then

S+u S+
w0 () < [ i 1o

T(S+u+1) * r(9+”+1)](’<0+7<1||wll),

which imply that
(T4 + 115"
T+u+1) !

(T9+y 4 H69+p> (Ts+y " H68+p)
TE+a+D) " TR+

llwll - < (10 + 11 [|eol])

nicy ||| -
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Consequently,

(T + 167 ) mcg
T(8+u+1) = (T%# + TI6%) ey

llwl| <

This implies that @ is bounded. According to Lemma 10, this indicates that the operator T contains at least
one fixed point. The sequential hybrid problem (1) on Q has hence at least one solution in this case. Hence
the proof is completed. [

3. Stability analysis

In the following section, we will prove the Ulam-Hyers stability and Ulam-Hyers-Rassias stability of
the fractional sequential hybrid problem (1).

Theorem 3.1. If (H1) and (H,) are satisfied. Then the fractional sequential hybrid problem (1) is Ulam-Hyers stable.

Proof. For 6 > 0 and all y € W solution of the inequality

b* [Dy [g(i/, (yt)«))H ~hby @)

let w € W be unique solution of the problem

<0, teQ,

D? [Dy[g(:v—z(j)(t))” =h(tbw(t),0<d,u<1,teQ,

~ _w©® || v©@
w(0) = y(O), D# [g(olw(o))] = D¥ [g(o,y(O))]

(11)

Then w (t) is given by

w(t) =gt wt) (18+u [(Pw (t)] + e ] + 62), eLer€R,
such that

@, (1) =h(t,w(t).
Then, we have

[y = g (0 ) (17 [, (0] + ¥ [e3] + es)|
o1+ oT
TO+up+1) = FrO+u+1)

By using (H;) and (H>), we can write

ly® -
< |y -g@uwo) (I o, 0] + 1 [e] + es)|
+lo @)1 o, 0 -9, )

QTSﬂl S+u—-1
T@+p+1) r(sﬂl)f(t )"y () - w(s)|ds.
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by applying Lemma 5, it becomes
OTS+# F(\;]—er)f(f(f—s)”‘”ds
— < -
ly®-wo|< 5y e

So, we obtain

17/\T‘9+“
dE+WIE+p+1)g

S+y

|y(t w(t)| < m

if we set

T]ATS-H'!

S
™ TE+w)I@+u+1)
FrS+u+1)

ap =

The inequality
v -w®)| <m0, teQ.
hold, then the fractional sequential hybrid problem (1) is Ulam-Hyers stable. [

Theorem 3.2. Suppose that (H;), (Hy) and
(Ha4) The function f € C(Q, Ry) is increasing and there exist & 7> 0such that, foreach t € O3, we have

IHIF O] < E6f), (12)
valid, then the fractional sequential hybrid system (1) is Ulam-Hyers-Rassias stable with respect to f.

Proof. Let y € W be a solution of the inequality

S Il y (t) ]] _
0 |0ty | e

Denote by w € W be the unique solution of the problem (11), that is

<Of(), teQ

w(®) =gt w®) (I [p, O] + I [a] +e2), e1,02 € R,
On the other hand, for each t € (3, we have
[y - ¢, @) (17 [, (O] + 1 es] + )|

N To+u 3
< O [f (D] < me(f) =05:f (1),
Also, we have
ly () -w )
< |y -g@uwo) (I o, 0] + 1 [e] + es)|
+memwﬂkw—%wﬂ
< 05 f () + o — f (t— )" |y (s) —w(s)| ds.

(s
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Now, using Lemme 5, we get

AT
ly®) —w®)] <05 f Bl C+WTE+p+1)

which yields that

nA]@+y
ly () —w () < nger(s"‘ﬁ)r(s"'#“‘l)f(t).

Consequently,

ly(t) - w ()] < O f(t), teQ.

Then the fractional sequential hybrid problem (1) is stable in Ulam-Hyers-Rassias sense.

4. Application
To illustrate our main results, we treat the following example.

Example 4.1. Consider the following fractional sequential hybrid problem:
n2 w(t) _coslw(t) 2+

D73 =
et tan~' w (t) N 1 35¢!+! 3
5 13

NS

D

/te[oll]l

_2 (¥ w|_w@ |_
w(0) = £ b w(s)ds, D [g(O,w(O))]_O'

and the following inequalitiesand

Di |D*% ettangsit) 1 _cc;)sgzg)l_z;ezt oo 0reloal
5 13
and
e | ym2 y () cos(y(t)| 2 4 o2
prbe etsiny(®) 1| 5t 3 <0f(t0>0,te[0,1].
s

Forw,y € Rand t € [0,1], we have

8
< —.
— 15

1
|h ty) - h(t,w)l < 350 |y —w|, |g(t,w)|
So, we take A = éand IT =~ 35195 x 102. Hence, we obtain

S+u S+
T AT ) 8682 < - = 25484,
T(S+u+1) An

9166

(13)
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by Theorem 9, we conclude that the hybrid problem (13) has a unique solution. And from Theorem 12 we deduce that
(13) is Ulam-Hyers stable with

|y () —w (1) < 1.07630,t € [0,1], 6 > 0.

Let f(t) = t5, then

e In2 e In2 F(@)

“~t 5 “—t 5 e 3 e e

4 3 =14 3 3 3 = 3

I [Fl=1 EHE r(213+121n2+36)t Jis
36

Thus, the condition (12) of Theorem 13 is satisfied with f (t) = t5 and & 5 = 0.56688. Hence from Theorem 13 the
problem (13) is Ulam-Hyers-Rassias stable with

ly () —w(®)| < 05890303, t € [0,1], 6 > 0.

5. Conclusion

In this paper, the existence and Ulam stability type of solutions have been established for fractional
sequential hybrid problem with two sequential fractional Caputo derivatives. We have proved the existence
and uniqueness results by using the Banach contraction principle. Also, the existence of at least one
solutions has been demonstrated via Leray-Schauder’s alternative. Moreover, the Ulam stability have been
established by employing Gronwall’s inequality. We have given an example to illustrate our main results.
In the future, we will continue to study the above mentioned hybrid problem by using fractional quantum
calculus to obtain new results, also we will continue to study the Ulam-Hyers-Mittag-Leffler stability for
the above proposed problem by using generalized singular Gronwall’s inequality.
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