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About the uniqueness of generalized Drazin T-Riesz inverses
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BO 1796 Fes-Atlas, 30003 Fez Morocco

Abstract. For two complex unital Banach algebras A and B and a homomorphism algebra T : A — B
having the strong Riesz property, we propose a new formula for generalized Drazin T-Riesz inverses, and
we give a new Laurent expansion for the resolvent of a given generalized Drazin T-Riesz invertible element.

Most importantly, necessary and sufficent conditions to have the uniqueness of generalized Drazin T-Riesz
inverse are given.

1. Introduction

Throughout this paper, A and B denote complex infinite dimensional Banach algebras with respective

units 14 and 1g. We denote by A, QN(A), and Idemp(A) the sets of all invertible, quasinilpotent, and
idempotent elements of A, respectively.

For a € A, the set of all elements commuting with a is defined as follows:
comm(a) = {x € A : xa = ax}.

We define the spectrum and the resolvent of an element a € B related to the closed unital subalgebra B
of A respectively by

1. op(a) = {A € C : (Alp —a) ¢ B7}, if B = A, then we write o(a) instead of 0.#(a).

2. pg(a)={A €C : (AMlp—a) € B™Y} = C\ 0p(a), if B = A, we simply write p(a) rather than pa(a).
In the case where p € Idemp(A), we have that pAp is a Banach algebra of unit p. We recall that for a
complex subset K, the set of accumulation points of K, the set of isolated points of K and the frontier of K

are respectively denoted by acc K, iso K, and dK. We denote the disk and the circle of the center y € C and
of the radius r > 0 by D(y, ¥) and C(u, r) respectively.

The concept of Drazin invertible elements was introduced by M.P. Drazin in 1958 [9] in the context of

semigroups and associative rings. An elementa € A is said to be Drazin invertible if there exists b € comm(a)
such that

bab = b, and aba — a is nilpotent.
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If such an element b exists, then it is unique and is called the Drazin inverse of a.

A non-invertible element a is Drazin invertible if and only if 0 is a pole of finite order of the resolvent
map of a.

The notion of generalized Drazin invertible elements was introduced by ].J. Koliha [14]. An element
a € A is generalized Drazin invertible if there exists b € comm(a) such that

bab = b, and aba — a is quasinilpotent.

If b exists, then it is unique, and is called the generalized Drazin inverse of a, we denote it by a/". As a
characterization of non-invertible generalized Drazin invertible elements, a is generalized Drazin invertible
if and only if 0 € iso o(a) [14].

In what comes next, we focus our study on non-invertible elements of the given Banach algebra A. Recall
that a linear operator T : A — B is called a homomorphism if T(ab) = TaTb for alla,b € Aand T(1z) = 1s.
Let H and K be two subsets of A, following [22], we define and denote the subset of the sum of commuting
elements of H and K by

H+omm K=1{h+k : (h,k)e HxK, hk = kh}.

For a given homomorphism of Banach algebras T : A — B, we recall the following definitions (see [18, 24]):

1. a € Ais T-Fredholm if a € T-Y(B7).
2. The T-Fredholm spectrum is defined and denoted by

or.(a) ={A € C : AMg—T() ¢ B} = og(Ta).

3. The T-Fredholm resolvent set is defined and denoted by pr.(a) = C \ o7.(a);

4. a € Ais T-Browder if a € A +.opm T71(0), the class of T-Browder elements is denoted by Br(A).

5. The T-Browder spectrum is defined by or,(a) = {A € C : Alg —ais not T-Browder}, In the case where
A is a semi-simple Banach algebra, we use the notation o(a).

6. The T-Browder resolvent set is defined by pry(a) = C\ ors(a).

7. We say that d € A is a T-Riesz element if T(d) € QN(B), i.e, o1.(a) = {0}.

8. We say that the homomorphism T has the Riesz property if for an arbitrary a € A, we havea € T1(0) =
acco(a) C {0}.

9. We say that T possesses the strong Riesz property if the following inclusion holds for an arbitrary a € A,
da(a) C are(a) Uisoo(a).

Obviously, T has the strong Riesz property implies that T has the Riesz property. If T has the Riesz
property, we have by Corollary 3.6 [18] that o7;(a) = ot.(a) U acc o(a), hence we can define a T-Riesz point
u of o(a) as follows u € pr.(a) Nisoo(a)(= o(a) \ orp(a)). The set of all T-Riesz points of a is denoted by
r00(a) := 0(a) \ o7,(a).

Let a € A, we recall that a complex subset ¢ C o(a) is a spectral set of a if it is both open and closed
(clopen) in ¢(a) following the induced topology on o(a) of C.
Now, assume that there exists a spectral set o of a. Then the spectral idempotent p,, of a corresponding to o is

— 1 -1
pg,a - 27ti ﬁ+ (A a) dA/

where I'" is a positive (counter clockwise) oriented Cauchy contour surrounding ¢ and its exterior is
containg o(a) \ 0, when there is no confusion, we simply write I instead of I'*. Also, I'" is meant to be the
negative (clockwise) oriented Cauchy contour I'. We easily remark that p,, commutes with each element
which commutes with a.

Recently, S. C. Zivkovié-Zlatanovi¢ introduced the concept of generalized Drazin T-Riesz invertible elements
in a Banach algebra A.
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Definition 1.1. [24, Definition 4.4] Let T : A — B be a homomorphism of Banach algebras. An element a € A is
generalized Drazin T-Riesz invertible if there is b € comm(a) such that

bab = b, and a — aba is T-Riesz.
In this case, p = 1 — ab is called the idempotent related to the generalized Drazin T-Riesz inverse b of a.

The concept of generalized Drazin T-Riesz invertibility generalizes the one of generalized Drazin-Riesz
invertibility introduced in [23] for bounded operators and in [2] for elements lying on a semisimple Banach
algebra. For a semi-simple Banach algebra A, we denote by S# the socle of A, in the case of a given
semi-simple Banach algebra A, the homomorphism T is the canonical projection 7 : A — A/S#. In this
case, generalized Drazin T-Riesz invertible elements are simply called generalized Drazin-Riesz invertible
elements.

Generalized Drazin T-Riesz invertible elements are characterized as follows.

Theorem 1.2. [24, Theorem 4.10] Let T : A — B be a homomorphism having the strong Riesz property, and a € A.
The following statements are equivalent:

(i) ais generalized Drazin T-Riesz invertible;

(ii) There exists an idempotent p € comm(a)such that a + p is T-Browder and ap is T-Riesz;
(iii) There exists an idempotent p € A such that a + p is invertible in A and ap is T-Riesz;
(iv) 0 ¢ accorp(a).

Definition 1.3. [2, Definition 4.1] Let a € A be a non invertible element with a spectral set o which contain 0. The
Drazin inverse of a relative to ¢ is defined by

aD/U = (IZ - Ep(r,u)_l(l - p«r,a)r

for some & € C such that |E| > 2r where ¥ = suplAl.

A€o

As witnessed for the Drazin inverse and the generalized Drazin inverse, their existence implies automati-
cally their uniqueness, this is not the case of generalized Drazin-Riesz inverses in the context of bounded
operators. Indeed, if a bounded operator A is generalized Drazin-Riesz invertible such that 0 € acco(A),
then A disposes automatically of infinitely many generalized Drazin-Riesz inverses by virtue of Theorem
2.3 [1]. Therefore, finding sufficient and necessary conditions to reach the uniqueness of generalized Drazin
T-Riesz inverses of an element a € A in the case where 0 € iso o(a) turns out to be of crucial importance.

The purpose of this paper is to show when the uniqueness of the generalized Drazin T-Riesz inverse
of a given generalized Drazin T-Riesz invertible element holds. Section 2 is devoted to generalize some
results of [1] and [2] in order to give a new formula for generalized Drazin T-Riesz inverses, and to make
tools which will enable us to treat the uniqueness of generalized Drazin T-Riesz inverses. Also, we give a
counterexample that shows the existence of a non-spectral idempotent related to a generalized Drazin-Riesz
invertible bounded operator. In Section 3, we focus our interest on the uniqueness of generalized Drazin
T-Riesz inverses. Section 4 is devoted to study the uniqueness of generalized Drazin-Riesz inverses in the
case of unital semisimple complex Banach algebras, this will be done using in one hand algebraic geometry
notions of connectedness, on the other hand, we will use functional analysis notions of the connectedness
of the character set. Examples are provided for practical understanding of these characterizations. Finally,
in the last section, we apply the characterizations found in sections 3 and 4 to give more specific character-
izations of the uniqueness of generalized Drazin-Riesz inverses in the case of bounded operators acting on
a Banach space or a Hilbert space.
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2. Preliminary results

Here and elsewhere, the homomorphism T : A — B has the strong Riesz property. Most of the results
lying in this section are a generalization of some results of [2] that are made in the context of semi-simple
Banach algebras.

Let a € A be generalized Drazin T-Riesz invertible, and 0 € acco(a). By [24, Corollary 4.13], we have
w(a) = {0} U {A, : n € N}isa closed set, where A, are non-zero T-Riesz points of 2, and 0 = 0(a) \ w(a) is a
spectral set of o(a).

Hence 0, = w(a) \ {A1,..., Ax} = {0, Ays1, Ansa, ...} and o0}, = 0 U {Ay,.., A} form two spectral sets of
o(a) = 0, U 0;,, where LI means a disjoint union.

Following the proof of [24, Theorem 2.2] and as Br(A) forms a regularity, we have a®" = (a—p,, ,)~}(1 -
Po,.a) is a generalized Drazin T-Riesz inverse of a.

We mean by appropriate np € N in the case where 0 € iso o7(a), that for a large enough ng, 0, will be

contained on a given disk D(0, #,,,) where r,,, < min(}l, m), and D(0, 7)) N oy, = 0.

Theorem 2.1. Let 0 € iso o1(a), and let a®°» be a generalized Drazin T-Riesz inverse of a with oy, is a spectral set
for some appropriate ng. Then, for all A € D(0,7) \ 0,,, we have

+00
(/\ _ 11)_1(1 _ Pono,a) = — Z /\k(anU’lo )k+1. (21)
k=0

Proof. Let p,, o be the spectral idempotent of a relative to o,,. Hence, by choosing & = —1 in Definition 1.3,
we get

aD,g"O = (ﬂ + pono,a)_l(l - Poy,o,a)'

Let A € D(0,7) \ 04, then (A — a) is invertible in \A. Also, it is easy to conclude that (1 — 1) € p(aps,, ) since
Al < % and o(aps, «) € D(O, %). Thus (A — 1) — ap,, . is invertible in A. From

A=(a+po,.q)=(A=1)=a)ps, o+ (A—-a)1l-ps, )
=((A-1- apo,,o,a)po,,o,a +(A—a)l- po,,o,ﬂ)r (%)

and according to [8, Lemma 2.1], it follows that A — (a + py, ) is invertible in A.
We have for all A € D(0,7) \ oy,

q
(1 - A(ﬂ + pano,a)_l) Z Ak(a + pano/a)_k

k=0

q q
= Z Ak(a + pﬁno,ﬂ)_k - Z Ak+1(a + pono/ﬂ)_k_l
k=0 k=0

=1-A"@a+ pg,,o,u)_q_l.
As [|Aa + Po,,o,a)_lﬂ < 1, it follows that

4@+ P, ) Il =, 0.
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From (%), we obtain for all A € D(0,7) \ gy,
(A =a)'(1 = po, ) = (A = @+ Po, )" (1 = Po, )

+00
= - Z /\k(a + p(fnorﬂ)_k(a + p(fnoru)_l(]‘ - pﬁno,ﬂ)
0

== 2 A¥((a + ponu,g)‘l(l - pgnwa))k+1
k=0

+00
_ Z /\k(aD'Uﬂo )k+1
k=0

O

Corollary 2.2. Let 0 € iso or(a) and let aP“" be a generalized Drazin T-Riesz inverse of some appropriate ny, with
its corresponding spectral idempotent p,, o of a, with 0 <y, < 1. Then

aD’G”U = hm (ﬂ - A)71(1 - pgngr”)'

—
A€D(0,rng) )\

Proof. As A — 0, we have || < @, - hence, Multiplying by (1 - pg, ) both sides of equality

Il(u+p

+00
(A - ‘Z)_1 =(@- apay,o,a)_lpay,o,a - Z Ak(aD’o”O )k+1/

we obtain
+00

A=) (1 = o, a) = = Y @)1 = o, ),

k=0
forall A € D(0,7) \ 0,,,. We deduce that

D,oy, — 3 — -1 —
a-r }gno @=2A)"(1=po,.a)-

A€D(0,1)\onqy

O

Remark 2.3. 1. The last theorem is a revision of [1, Theorem 2.12].
2. [1, Theorem 2.12] is valid as shown in the last corollary.

Theorem 2.4. Let 0 € iso ory(a), and let a0 be a generalized Drazin T-Riesz inverse of a. Then, for all
Ap € (04, \{0}) N D(0, 1), there exists ry, > 0 provided that D(A,, 2,) N ony = {Aph Then for all u € D(A,, r2,) \{Ap},
we have

(w-a)t= Z(u = ) @Pa, = A) P bty (22)

—Z(# A(@ =AYV po, Zu(a%o)k“

Proof. Let A, and ube two complex numbers satisfying the conditions of the theorem, following [15, Example
2.1], there exists a radius r,, provided that ((u — Ap) — (apgnoﬂ = Appire) and (p = Ap) — (pia,1a + APo,y0 ~ Ap)
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are invertible for all 0 < |4, — p| <7y, < min( 1||). We have

11
17 M@ a)-

(B - ”)P%,a = (- apano,a)Pcrno,a
= ((u —Ap) = @, 0 = Ap)P[/\pJ,u)p[/\yl+
((‘U - /\p) - (p{/\p},a + apo,,o,a - ) (P% a /\p})

Taking into account that u € D(A,, 1) \ {Ap}, Po,yaPirba = PiraPosa = Pidhar and (pw;,,Z + Pg, a0 — Ap) is
invertible , we obtain by virtue of [8, Lemma 2.1]

(l’l - a)_lpUnO PJHO ﬂ) PJHO

-1

=(u—

((H Ap) — (ﬂPanO a Ap)p[/\p],u) Pirtat
-1

((H Ap) = (Piayha + aPoa — /\p)) (Poy,o,a = Pir,ha)

= Z([J - /\p) k(apono,a - Ap)k_lpmp]’u

=Y (= A (@ = APV g,
k=0

Now, by Theorem 2.1 and as u € D(Ap, 7,) \ {A,}(C D(O, 1||) \ 0p,), We get

H(a+pg npa)”

+00

(=)' (1= po,ya) = = ) @)1,

k=0

Finally, another application of [8, Lemma 2.1] allows us to have

(=) =) (=4 @po,., = 1) P
k=1

0o +00
= D= A (@ = A po 0= Y k)
k=0 k=0

O

The next theorem states that if a is generalized Drazin T-Riesz invertible and 0 € acc g(a), a has infinitely
many generalized Drazin-Riesz inverses because there is infinite Riesz points of a lying in oy, .

Theorem 2.5. Let a € A be generalized Drazin T-Riesz invertible with 0 € acc o(a), and let ng,n1 € IN such that

1
ng < nyand ry, < 5. Then
[ZD’U”O i aD’U”I .

Namely, the generalized Drazin T-Riesz inverse of a is not unique.
Proof. 1t is a direct consequence of [24, Remark 2.4 and Corollary 4.13]. O

We give anew formula that expresses all the generalized Drazin T-Riesz inverses related to their idempotents
by virtue of the subclass of generalized Drazin T-Riesz inverses related to spectral sets. We start by the case
where 0 is a limit point of the spectrum of the generalized Drazin T-Riesz invertible element.

But first, we shall construct the spectral sets related to p. Suppose that p is an idempotent in A such that
ap = pa, a + p is invertible and ap is T-Riesz. Without loss of generalities, there exists 0 < € < 1 such that

D@0,e)Nac@a+p) =0,
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hence
(D(0,e) \ {0}) No(a(l —p)) = 0.
We put
o = (a(ap) N D(0,€)) \ (a(ap) N a(a(l —p)) = {0, p1, ttn, .-},

then o is a spectral set composed of 0 and a sequence of T-Riesz points of a converging to 0, hence for all
n € IN we consider the following spectral sets

on =0 \{t1, ..., in}-
The next theorem will consider the above spectral sets o,,.

Theorem 2.6. Let a € A be generalized Drazin T-Riesz invertible such that 0 € acco(a). For all p € comm(a) N
Idemp(A) such that a + p is invertible and ap is T-Riesz. Then for all n € IN, we have

@+p)'1-p)=a1-p).
Proof. For all A € p(a) we have by [8, Lemma 2.1]
A-a)'=A-a)'p+A-a)'(1-p).

Thus, taking into consideration [4, page 27], for a well chosen Cauchy countour I',, for every n we have

— 1 1
po,,,u - 27_(' f (A a) dA

ZRII(A a)” pd/\+—f(/\—a 11 -p)dar

= 5= f (A —a)'dAp + 5 fr ,(/\ —a(l-p) ' (1 -p)dA

-1
sz()\ a) " dAp

_ 1 |
= pZni frn(/\ a)"dA
= pglllap = ppgrnﬂ'

Thus, we have for alln € N

a+Po,a=a+p+Po,a—p)=@+p)1=psa+@+pPo,a+ Po,a—p)

Consequently
@+ po,a)1—p) =(a+p)d—-p)l-ps,a)

Therefore, for all n € IN we obtain

@+p)'A=p)=@+Ppo,a) (1= ps,a)l-p)=a""(1-p).
0

Question How about the existence of the limit lim g

n—+oo

? If it exists, then we can consider the following
expression in the last theorem

(@+p) (1= p) =  lim a7)(1 = p).

We close this section by giving an example that shows that the idempotent related to every generalized
Drazin T-Riesz inverse is not necessarily a spectral idempotent. Therefore, we conclude that the class of
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generalized Drazin T-Riesz inverses does not only contain generalized Drazin T-Riesz inverses related to
spectral sets that contain 0 and Riesz points of the given generalized Drazin T-Riesz invertible element.
Following [17], we recall that the quasinilpotent part of a bounded operator A is defined by

Ho(A):={re X : lim lA"x||" = 0}.
n—+oo

Example 2.7. We consider Ay the bilateral unweighted shift operator defined on *(Z.). We know that
o(A))={AeC : |Al=1)}.

Let ‘H be a complex Hilbert space and {e,},»o0 be an orthonormal basis in H. Let (A,) be a sequence of non-zero
complex numbers converging to 0, such that sup,, |A,| < 1. Consider As to be the operator defined by As(en) = Anen,
As is a compact operator, hence it is a Riesz operator.

Also, consider the operator As : Hy(AMI — Az) = Ho(MI — A3), As = (A3)Hy(\1-45)-

Hence, if we put A = (A1 ® Az) ® A; over the space X = (*(Z) ® Ho(MI — Az)) @ H, we obtain that A is
generalized Drazin-Riesz invertible, one of its inverses is

S=(A1®A4)  ®0y.

The projection related to S is P = 0p(zy ® Ox,y(1,1-4,) © I3, which is not a spectral projection of A, since 5(AP) = 0(A3),
and 6(A(I-P)) = {A € C : |A] = 1} U{A4}, with 6(AP) N a(A(I — P)) = {A1} # 0.
Exploiting Theorem 2.6, we obtain for all n € N

S =(A+P)'(I-P)= AP (I - P), with 6, = {0, Adps1, Apsa, ...}

3. Uniqueness of generalized Drazin T-Riesz inverses

The aim of this section is to prove when the uniqueness of generalized Drazin T-Riesz inverses holds in
the case of Banach algebras with a homomorphism T having the strong Riesz property using (topological)
functional analysis tools.

The following definitions represent the cornerstones of the topological tools used to characterize the
uniqueness of generalized Drazin T-Riesz inverses in this section, also to give a topological characterization
of the uniqueness of generalized Drazin-Riesz inverses in the context of semi-simple Banach algebras in
Section 4.

Definition 3.1. [16, Definition 7.1 and Definition 7.3] Let E be an algebra. Then, by a character of E, we mean a
non-zero (complex) morphism of E into C. The set of all characters of E is denoted by Char(E).

Also, the Gelfand transform of x denoted by % is defined to be the map % : Char(E) — C, f = £(f) = f(x).

Thus, if F(Char(E),C) denotes the set of all complex-valued maps on Char(E), the resulting map Gg : E +—
F(Char(E), C),x v Ge(x) = % is called the Gelfand transform of the given algebra E, and Gg(E) = E" is called the
Gelfand transform algebra of E.

The next theorem is an analogue of Theorem 2.6, in the case where 0 is not an accumulation point of the
spectrum of the given generalized Drazin T-Riesz invertible element.

Theorem 3.2. Let a € A be generalized Drazin T-Riesz invertible such that 0 € isoo(a). For all p € comm(a) N
Idemp(A) such that a + p is invertible and ap is T-Riesz. Then

(@+p) " (1-p)=a™(1-p).
Proof. For an idempotent p € A such that ap = pa, a + p is invertible and ap is T-Riesz, we have
o(a) = oa-paa-p(a(l = p)) U alap),

with o(ap) = {0, u1, ..., 4}
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As {0} is a spectral set of a, we show that ppjo. = pio}.«P = Pioja- For all A € p(a), we have
A-a) = - p+A-a) (1 -p)
With the same argument and for a convenient € > 0 allowing us to take the circle C(0, €) instead of I, in the

proof of Theorem 2.6, we get

1

_ _ 1
p[o},ﬂ = 27_(1, C(Ole)(/\ Cl) d/\

L (A —a)'pdA + = f (A —a)t(1 - p)dA
27-(1 C(O,e) 27-(1 C(O,E)

_ L (A—a)tdAp + 1 f (A —a(l-p) 11 -p)dA
27‘(1 C(O,e) 27-(1 C(O,e)

1

=5— (A —a)dA
27 C(0,€) P

_ 1 -1

= p2ni C(O,e)(A a)~dA

= Pioj.aP = PP0),a-

Now, as pp(o.« = P(o1.aP = Plo},a, We Obtain
a+pioja =a+p+po..—p)
= @+ ppoya + @+ p)1 = pioje) + (Proja — p)-
Therefore (a + pjo;4)(1 —p) = (@ + p)(1 — p)(1 — pjo},2)- Thus we conclude that
(@+p)(L-p)=a’(L~p).
O

Remark 3.3. Theorem 3.2 gives an important insight in the case where the generalized Drazin T-Riesz inverse may
be unique, it is sufficient to determinate when the idempotent p which satisfies conditions of Theorem 3.2 is equal to
Poye, in order to find the uniqueness of the generalized Drazin T-Riesz inverse.

Theorem 3.4. Let a € A be generalized Drazin T-Riesz invertible such that O € o(a). If a has a unique generalized
Drazin T-Riesz inverse, this implies that o(a) = orp(a) U {0}. In this case, the only generalized Drazin T-Riesz
inverse is the generalized Drazin inverse.

Proof. Suppose that a has a unique generalized Drazin T-Riesz inverse. By way of contradiction, suppose
that o(a) # orp(a) U {0}. Then mro(a) # 0.
Case 1. miro(a) U {0} is finite: then card(mroo(a) U {0}) > 2. Using [24, Theorem 4.10] 0 ¢ acc or(a), we have
niro(a) U {0} and o7(a) \ {0} are disjoint clopen sets in o(a), with

a(a) = (o1(@) \ {0}) U (1tr00(@) U {O}).

Therefore, taking into account that o, = mrg0(a) U {0} = {0, A1, A2, ..., Ay}, and o}, = (o74(a) \ {0}), we obtain
thata = ap,, . +apy, ., and the element s; = (a + pg”,,z)‘l(l —Po,q) is a generalized Drazin T-Riesz inverse of a.
Additionally, as 0 € iso 6(a), in light of Theorem 3.2, we have s; = a?P(1 - Po,a), set sy = afP.

Then

$1—8p = agD(l — Poya) — 9P
=a? (1 = pioja) + (P00 = Poa)) — 47°
= ayD + agD(p{O},a - pa,,,a) - agD

= agD(p{O]/’z - PO”,H) # 0
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Hence s1 # s, which is a contradiction.

Case 2. mroo(a) is infinite: If 0 € acc tro(a), then 0 € acc o(a). Since a is generalized Drazin T-Riesz invertible,
by Theorem 2.5, we conclude that the generalized Drazin T-Riesz inverse of a is not unique, which forms
a contradiction. Next, if 0 ¢ acc ir0(a), then we consider the following spectral sets 0, = {0, A1, A, ..., A4},
where (A;) is a finite family of non-zero T-Riesz points, and o}, = (o7;(a) \ {0}) U ((rtr00(2) U {0}) \ 0,,). Hence
we get the desired decompositions by manipulating ¢,, and o}, as in the case where 7t199(a) is finite, and we
obtain different generalized Drazin T-Riesz inverses for 4, which is a contradiction.

Finally o(a) = o7(a) U{0}. Subsequently, a is generalized Drazin T-Riesz invertible, then by [24, Theorem
4.10], 0 ¢ accotp(a) (= acc o(a)), thus a is generalized Drazin invertible. [

Remark 3.5. The last theorem is a revised version of [1, Theorem 2.10].

Notice that if 2 has a unique Drazin T-Riesz inverse, this is similar to say that the idempotent p related to
the Drazin T-Riesz inverse of a is unique and is equal to p = pjo} 4.
We have to search for necessary and sufficient conditions to find the uniqueness of p.

Lemma 3.6. Let a € A be generalized Drazin T-Riesz invertible such that
o(a) = orp(a) U {0}, and p is the idempotent related to a generalized Drazin T-Riesz inverse of a. Then, there exists
k € N, such that Vi € {1, ..., k}, u; € mroo(ap), such that

k
P =Pt Z Piuitap, and oa-pyaa-p@(l —p)) = orp(a) \ {0}.

i=1

Proof. We have o(a) = oq-paa-p @l —p)) U opap(ap). As a is generalized Drazin T-Riesz invertible and
o(a) = orp(a) U {0}, we get 0 € isoo(a). Hence 0 € iso o,4,(ap), and taking in account that ap is T-Riesz, we
conclude that there is no accumulation point in 6,4,(ap). Hence, there exists k € IN such that Vi € {1, ..., k},
pi € mreo(ap) and opap(ap) = olap) = {0, u1, ..., ux}. Since we have o(a) = orp(a) U {0}, it follows that
niroo(a) C {0}. Hence, y; & mroo(a), for alli € {1, ..., k}.

Now, if there exists ig € {1,...,k} such that u;, ¢ oq-pag—p(@(l —p)), then u; € pa-pag-p@l -p)) C
P1b,0-pA1-p @1 = p)), and wi; € prypay(ap), from which we obtain that y;, € prp(@) N o(@) = mreoa),
which is absurd. Therefore, for each i € {1,...,k}, ui € oa-paag-p@l - p)). This implies that o(a) =
O(l_p)ﬂ(l_p)(a(l - p)) U {0}, hence

I1-paa-p) @1 =p)) = 0(@) \ {0} = orp(a) \ {0}.

Finally, as opap(ap) = {0, u1, ..., ux}, then, it is straightforward to obtain the following

k
P = Piojap t+ Z Pluap-
=1

And since we have 0 € iso o(a), with 0 € 0,4,(ap) and 0 ¢ 01-p)a1-p)(@(1 —p)), we conclude that () 4y = pio}a-
Finally we get

O

Remarks 3.7. The following observations will be of wide use in the sequel.
(1) Foreachi€{1,...,k},

1 _
Pludap = 5 fr (A —ap)~'pdA.
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On one hand, since og(T(ap)) = {0}, we conclude that the Cauchy domain D; = D(u;, €;) surrounded by I'; = C(u;, €;)
is in the exterior of og(T(ap)), hence

% f(/\lg - T(ap))_lT(p)dA =0forallie{l,..,k}. (3.1)

rl
Indeed, consider the Cauchy domain K; = D(u;, 1;) \ D(u, €;) such that (D(u;, €;) \ {u:}) No(ap) = 0, and 0 € D(u;, 1;).
Hence, 0 € K;. Now, Considering C; = C(u;, )t U C(ui, €;)~, with Cui, €;)~ = I, then, on the Banach subalgebra

T(p)BT(p) of B, and in light of functional calculus applied on T(ap) through the constant holomorphic function 1, we
have

) = 1T = 575 [ (V1T ToMA

1 -1
= o C(ui,r[)+(M$ = T(ap))~ T(p)dA

1 1
-5 e (Alg — T(ap)) " T(p)dA

= T(p) - fc = T T
Hi/€i

forallie(l,..,k}, as desired.

On another hand, following the proof of Proposition 2.1 [11], let C.z and Cg be the respective maximal commutative
subalgebras of A and B such that ap € Cx, T(ap) € Cg, and T(Cx) C Cg. If @ is a multiplicative linear form on
Cg, then @ o T is a continuous multiplicative form on C. Therefore, for every Cauchy domain D; containing p; and
surrounded by T';, due to (3.1), we have

(@ o T)(Piupap) = P o T(i, f (A —ap)~'pdA)

f (A = ® o T(ap) @ o T(p)iA

= 2mi
= (g | (=T Tan = 00 =

Now, as Tpjy,)qp is an idempotent and from the calculcation made above, we find that Tpy,,) qp is in the radical of Cg,
this is equwalent by [19, Corollary 2.3.6] to say that

1 . %
T [Ty )11, = i (I Tpygapll, =0,

where ||.||c, is the norm induced by ||.||g in the subalgebra Cg. Therefore, Tpy,ap = 0. Hence, we conclude for every
ie{l, }thatpyzupeT 1(0).

Thus P =P = Yoy Piustap 15 in TH0). Also, pyyap € comm(a) and 1 —pa =1—p + Y, Piuit.ap With
A =p)p = pora) = (P = P11 =p) =0;
(2) We have Y, Piuitap = P = Pioja € (1 = p1oy,a) A = pioy,a). Thus,
P = Pioj.a € comm(a) N (1 = pio,a) AL = proja);
(3) comm(a) N (1 = pioy,a) A(L = pio),0) is both an algebra and a ring with unit 1 — pig)

The next theorem is a starting point to prove when the uniqueness of the generalized Drazin T-Riesz
inverse occurs.
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Theorem 3.8. Let p € A an idempotent related to a generalized Drazin T-Riesz inverse of a generalized Drazin
T-Riesz invertible element a € A. The following assertions are equivalent:

(i) pis unique;
(i) o(a) = orp(a) U {0} and Idemp(comm(a) N (1 — pio),.) A1 — pioy.0)) N T-1(0) = {0}

Proof. (i)=(ii) Suppose that p is unique, then by Theorem 3.4 p = 1 — aa’? = pyg),, because a’ is the
unique generalized Drazin T-Riesz inverse of a. For the sake of a contradiction, suppose that there exists
q € Idemp(comm(a) N (1 = pio},.) A1 — pioy.0)) N T~1(0) such that g is proper in comm(a) N (1 — pjo;2) A1 = pyo},4)
(different from 0 or 1 — p(o}4)-

We have 1 —pjo1s = g+ (1 — pioye —9)- As a and 1 — py, — g commute, by [8, Lemma 2.1], we have
a(l = pjoy4 — ) is invertible in (1 — pjo} o — )AL = pioy.« — q)- Also, by virtue of [3, R.1.2 Theorem)], as apjg; , and
aq commute and are T-Riesz elements, therefore, a(pjo}, +49) is a T-Riesz element. By uniqueness of p we have
P = Plo}a + G = Pioj,., which is absurd. Thus, Idemp(comm(a) N (1 = pio}.) AL = pioya)) N T7H0) € {0, 1 = pioyal-
Again, seeking for contradiction, suppose that 4 = 1 — pjg},+, and pjo» # 1. In this case, we have pjg,, is an
idempotent related to the following generalized Drazin T-Riesz inverse

_ -1 _ gD
(ﬂ(l P{O},ﬂ))(1_17(0)'“)}[(1_”0)42) =a of a,

and pyy, + 1 —g = 1 is related to the generalized Drazin T-Riesz inverse 0z of a. As a = aq + apjg;., we
conclude that a is T-Riesz which is a contradiction.
Hence, we conclude that Idemp(comm(a) N (1 — pjo,2)A(1 — pyo;,.)) N T~1(0) = {0}.
(if)=(i) Suppose that (ii) is satisfied. By way of contradiction, suppose also that there exists an idempotent
p related to a generalized Drazin T-Riesz inverse of a such that p # pyoy 4.

In light of Lemma 3.6, there exists k € IN such that for every i € {1,...,k}, u; € mroo(ap), and p =
Poe + X5 Plusap- Hence p — pioya € Idemp(comm(a) N (1 = pio;a) Al = pioya)) N T7H(0) = {0}. Therefore,
P — Piora € {0}, a contradiction with p # pjg) .. Finally, we conclude that p = pjg) 4, as desired. O

Remark 3.9. As comm(a) N (1=p;,.) A —pioy.) NT~(0) is an algebra, it may have a unit, let us denote it by e when
it exists. But in the case where a € A is generalized Drazin T-Riesz invertible and has a unique idempotent p = po)a
which is related to its generalized Drazin T-Riesz inverse a?®, we show that comm(a) N (1—pio},.) A1 — pioy..) NT1(0)
does not have a unit e. Indeed, suppose that p is unique, and for the sake of a contradiction, suppose also that
comm(a) N (1 = piopa) AL = pioya) N T71(0) has a unit e. We have 1 — pyoy. = (1 — e — poya) + ¢, it is easy to
verify that (1 — e — pjo),4) is an idempotent. Thus by Lemma 2.1 [8], as a(1 — pjo;q) is invertible, e and 1 — pyoy, — €
commute with a and are orthogonal, therefore, ae and a(1 — pjo) . — €) are invertible each in their respective subalgebras
eAe and (1 — pyoya — )AL — poja — ). Also, as e € T-1(0) N comm(a), therefore ae is a T-Riesz element in
A. Thus, by uniqueness of p we have e = p = pyoy4, a contradiction, due to e € (1 — pioy,) A — pioy), and
poye # 0 taking into accoun that 0 € isoo(a). The same reasoning can be done on the algebra generated by
Idemp(comm(a) N (1 = piopa) AL = proy,.) N T1(0)) to deduce that this algebra does not have a unit in the case where
a € Ais generalized Drazin T-Riesz invertible and has a unique idempotent p = pio) . related to its generalized Drazin
inverse a/C.

The next theorem describes when a has a unique generalized Drazin T-Riesz inverse.

Theorem 3.10. Let a € A be generalized Drazin T-Riesz invertible such that 0 € o(a). The following statements are
equivalent:

(i) a has a unique generalized Drazin T-Riesz inverse;
(ii) 0 € iso o(a) and Idemp(comm(a) N (1 — pjoy )AL = pioy,a)) N T7L(0) = {0};
(iii) a(a) = o1p(a) U {0} and Idemp(comm(a) N (1 — pio),a) AL — pioy.0)) N T~(0) = {0}.
Proof. (i)=(ii). Since a has a unique generalized Drazin T-Riesz inverse, and in light of Theorem 3.4, we get

o(a) = orp(a) U {0}. As 0 € isoo1y(a), therefore 0 € iso o(a). Also, the idempotent p related to the generalized
Drazin T-Riesz inverse of a is unique, because there is a unique generalized Drazin T-Riesz inverse of a
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which is the generalized Drazin inverse a’®. As o(a) = o1,(a)U{0} and a has a unique Drazin T-Riesz inverse,
the only idempotent related to a generalized Drazin T-Riesz inverse of a is pj,,. We have by Theorem 3.8
that

Idemp(comm(a) N (1 = pio,) A = pioy.a)) N T-(0) = {0}.
(if)=(). Suppose that (ii) is satisfied. As 0 € isoo(a) then a = a(1 — pjo}4) + apjo)+, and

-1 _ D
@ = pora)a—poAa-poy =¥ -

Seeking for a contradiction, suppose that there exists p € A which is related to a generalized Drazin T-Riesz
inverse of a and different from pjg) ..

We have o(ap) = {0, A4, ..., Ay} (otherwise, 0 € acco(ap), hence 0 € acco(a) and this is absurd with
0 € isoo(a)). Thus p = pioje + Licq Piagey and for every i € {1,...,n}, payap € T71(0), hence p — pjop. € T7H(0).
On the other hand, we have py.p = ppioys = Pioje and (1 = pio1.)(1 —p) = 1 = p)( = pio1.) = 1 — p, which
implies (p — pio})(1 = p) = (1 = p)(p — pioj.0) = 0 with (p — po.) is an idempotent.
Thus p — pioy, € Idemp(comm(a) N (1 = poy,) AL = piopa)) N TH(0) = {0}, a contradiction. Hence, the only
idempotent related to a generalized Drazin T-Riesz inverse of a is pjg) .. Consequently, the only generalized
Drazin T-Riesz inverse is a/P.
(iii)&(i). Suppose that o(a) = o1,(a) U {0} and Idemp(comm(a) N (1 — po},.) A1 — po},.)) N T~1(0) = {0} together
hold with the initial condition that a is generalized Drazin T-Riesz invertible, this is equivalent to say that
a possesses a unique idempotent p related to the generalized Drazin T-Riesz inverses of a by Theorem 3.8,
and having a unique idempotent p related to the generalized Drazin T-Riesz inverse of a is equivalent with
a having a unique generalized Drazin T-Riesz inverse. As desired. O

Corollary 3.11. Let A be an infinite dimensional Banach algebra with a one-to-one homomorphism T, and let a € A.
The following assertions are equivalent

(i) ais generalized Drazin invertible;
(ii) a has a unique generalized Drazin T-Riesz inverse.

Proof. Either a is generalized Drazin invertible or a has a unique generalized Drazin T-Riesz inverse, the
spectral idempotent pjg,, of 4 related to 0 exists. Also, as T is one-to-one, therefore T~1(0) = {0}. Hence

Idemp(comm(a) N (1 = pioya) AL = proya)) N T7(0) = {0},
we apply Theorem 3.10 to find the desired equivalence between (i) and (if). O

Remark 3.12. We shall say that a unital algebra E is strongly connected if the only idempotents lying in E are 0 and
1.

Corollary 3.13. Let A be an infinite dimensional unital complex Banach algebra. Let a be generalized Drazin T-Riesz
invertible in A, with comm(a) N (1 = pioy,a)A(L = pioy,.«) is a commutative and strongly connected Banach algebra, and
(1= pioya) & T7H0). The following assertions are equivalent:

(i) a has a unique generalized Drazin T-Riesz inverse;
(ii) a is generalized Drazin invertible;
(ii1) o(a) = orp(a) U {0}.

Proof. As(1-pjoy) ¢ T-1(0) and Q = comm(a) N (1—pjo},a)A(1 —pyo},4) is a commutative and connected Banach
algebra, therefore the only idempotents lying in Q are 0 and (1 — pjo) ), hence the only idempotent lying in
QN T7Y(0) is 0. Finally, in order to find all the equivalences between (i), (ii) and (iii), we apply Theorem
3.10. O
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For a generalized Drazin invertible element a € A, we consider the algebra Z generated by
Q; = Idemp(comm(a) N (1 = pjo),2) AL = pjoja) N T7(0)).

Zisnot unital in our case (if so, the generalized Drazin T-Riesz inverse of a will not be unique as shown

in Remark 3.9), so we have to consider Z¥ = Z x C with its respective laws for all x, y € Z, and for all
a,p, A € C such that

(x,a) + Ay, B) = (x + Ay, a + AB),
(x, ).y, p) = (ay + px + xy, ap).

Z is naturally embedded in Zﬁ, also zﬂ = z x C is a complex unital Banach algebra.

Theorem 3.14. Let a be a generalized Drazin invertible element in A. The following assertions are equivalent:

(i) a has a unique generalized Drazin T-Riesz inverse;

(ii) Z =1{0);
(iii) Char(zﬁ) is connected (i.e: does not split into two disjoint closed sets under the weak topology o((zﬁ)’,zﬁ));
(iv) Zﬁ is strongly connected (i.e: The only idempotents lying in Zﬂ are (0,0) and (0, 1)).

Proof. (i)=(ii). a has a unique generalized Drazin T-Riesz inverse implies by Theorem 3.8 that Q; = {0},
hence Z = {0}, therefore Z = {0}.

(ii)=(iii). As Z = {0}, therefore Char(zﬁ) is connected, by virtue of the negation of [12, (1) & (5) Theorem
3.121].
(iif)=(iv). By the negation of [12, (3) = (6) Theorem 3.12], we find the desired result.

(iv)=(). As (0,0) and (0, 1) are the only idempotents lying in zﬁ’ therefore the only idempotent lying in
Zis 0. Hence @ = {0}. So, by Theorem 3.10, we conclude that a has a unique generalized Drazin T-Riesz
inverse. [

Corollary 3.15. Let Abe a Banach algebra with a homomorphism T having the strong Riesz property. Leta
be generalized Drazin invertible in A, (1 —p(0)4)A(1 —p(0}.2) is a Banach space with Char((1 —p(0),2) AL = pio}.2))
is connected, and 1 — py, ¢ T~1(0) . Then we have

(i) a has a unique generalized Drazin T-Riesz inverse.
(ii) Char(zﬁ) is connected.

Moreover, (i) and (ii) are equivalent. Hence, under these conditions, every generalized Drazin invertible
element in A has a unique generalized Drazin-Riesz inverse which is its generalized Drazin inverse.

Proof. Since Char((1—pi0},.)A(1 —p(o),2)) is connected and (1 —pjg} «)A(1 —pjo}) is a Banach algebra, by applying
the negation of the implication (1) = (3) [12, Theorem 3.12], we find that (1 — p},.)A(1 — p(o}«) is connected
in the sense that the only idempotents are 0 and (1 — pjo;4)- As 1 — pjo,.. ¢ T~1(0), we conclude that Q; = {0},
hence Z = {0}. Therefore by applying Theorem 3.14 we find that a has a unique generalized Drazin T-Riesz
inverse.
The equivalence between (i) and (ii) is also found by applying Theorem 3.14.

Hence, under the conditions of this corollary, every generalized Drazin invertible element has a unique
generalized Drazin T-Riesz inverse which is of course its generalized Drazin inverse. [
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4. The case of semi-simple Banach algebras

This section is meant to show when the uniqueness of generalized Drazin-Riesz inverses holds in the case
of semisimple Banach algebras, using both algebraic geometry tools and functional analysis (topological)
tools. This will allow us to also construct non trivial examples.

Recall the following algebraic geometry notions.

Let R be an associative unital ring and Spec(R) be the set of all prime ideals of R, recall that a proper
(two-sided) ideal P is a prime ideal of R if for all a,b € R, aRb C P, implies thata € P or b € P. We say that a
commutative ring R is connected if its spectrum is connected under the Zariski topology [21].

An idempotent e in R is said to be clopen if e ¢ P implies 1 — e € P for any prime ideal P of R. In the case
where R is a commutative ring, every idempotent in R is a clopen idempotent [21].

In order to characterize the connectedness in an algebraic sense of a given associative ring, we shall use
the next theorem.

Theorem 4.1. [21, Theorem 3.11] Let R be an associative unital ring. The following statements are equivalent:

1. R is connected;
2. The only clopen idempotents in R are 0 and 1.

Remark 4.2. Theorem 4.1 allows us to define the connectedness of a given unital algebra E by saying that the only
clopen idempotents lying in E are 0 and 1, hence we do not need the Zariski Topology to define the connectedness of E.

The next theorem will enable us to construct several examples in the case of semi-simple Banach algebras.

Theorem 4.3. Let A be an infinite dimensional unital complex semi-simple Banach algebra. Let a be generalized
Drazin-Riesz invertible in A, with Q = comm(a) N (1 — pjoya) A — pioya) is an infinite dimensional commutative
and connected Banach algebra. The following assertions are equivalent:

(i) a has a unique generalized Drazin-Riesz inverse;
(ii) a is generalized Drazin invertible;
(iii) o(a) = op(a) U {0}.

Proof. As in the proof of Corollary 3.13, we conclude that Q has only 0 and (1 — pjp).) as idempotents, as Q
is an infinite dimensional Banach algebra, 1 — pyg;, is not therefore a minimal idempotent of A (otherwise
1 = pi0)a) A1 = pio1,a) = C(1 = pjo)4), absurd ). Hence

QNS4 =10}
Finally, taking into account that T = 1t, we apply Theorem 3.10 to find the desired equivalences. [

Remark 4.4. Staying in the case of semi-simplicity, we can say that if a is generalized Drazin-Riesz invertible and
has a unique generalized Drazin-Riesz inverse, this is equivalent to say that the only idempotent of finite rank lying
in (1 = p0),a) AL = pioy.a) which commute with a is 0. This is similar to have Scomm@n(1-pe)Al-po.) = (0}, since
Scomm(@)n(1-ppoy) A —p,a) 1S formed by the minimal idempotents of comm(a) N (1 — pio},a)A(L = pyoy,a) which form the
idempotents of finite rank that are in (1 — pi)a) Al — pioy,a) and that commute with a. Hence for X an infinite
dimensional Banach space, if A € L(X) has a unique generalized Drazin-Riesz inverse, this is equivalent to say that
the only finite rank operator on comm(A) N (I — Py, 4) L(X)I — Pyoy,a) is 0, where Py, 4 is the spectral projection of
A related to {0}.

The last remark combined with the negation of Theorem 3.10 allow us to state when a generalized Drazin
invertible element does have at least two generalized Drazin-Riesz invertible elements, notice that in the
case where an element a is not generalized Drazin invertible, 0 € acc o(a), and a is generalized Drazin-Riesz
invertible, then by virtue of Theorem 2.5, a has infinite generalized Drazin-Riesz inverses. We say that an
element f € Ais a finite rank element if f € S4.



O. Abad, H. Zguitti / Filomat 39:26 (2025), 9013-9033 9028

Theorem 4.5. Let A be an infinite dimensional complex unital semi-simple Banach algebra, and a € A such that
0 € isoo(a). The following statements are equivalent:

(i) a has at least a generalized Drazin-Riesz inverse that is different from the generalized Drazin inverse of a;
(ii) there exists a finite rank element f € (1 — pjo))A(L — pyoy,a) such that af = fa # 0;

Proof. (i)=(ii). Let a be generalized Drazin invertible having b as a generalized Drazin-Riesz inverse which
is different from a?P.

Hence, there exists an idempotent p € A different from pyg, , related with b.

We have

o(a) = G(l—ﬁw)/a)ﬂ(l—l’m),a)(a(l - p[O]ru)) U O 1010 AP (00 (aP{O],u)
= 0(-pAaa-pa(l —p)) U opay(ap),

where p = py;. + g, with g € Sz such that > = g # 0, ag = ga # 0, and pjo;.9 = qPi0},. = 0.

This implies that g € (1 — pyoy,a)A(1 — pjoy4) N Sa N comm(a), q is then a finite rank element that commutes
withaand ag = ga # 0.
(if)=(i). Now suppose that there exists a finite rank element f € (1 — p).)A(1 = pjo«) \ {0} such that
af = fa#0.
As f € SaN (1= pjo1a) Al = pioya), there exists minimal idempotents g1, ..., 4, € (1 = pjop,a) AL = pioya) such
that f = Z? Aigi.
Hence, as af = fa # 0, there exists k € {1, ..., n} such that agx = qa # 0.
Thus by the minimality of g and agx = gixa # 0O, there exists Ax € C \ {0} such that agix = gxa = Aigx.
We put p = pyoyq + gk to find that ap = pa, ap is a Riesz element, and by Lemma 2.1 [8], a(1 — p) is invertible
in (1-pAQ1 -p).

Finally, we have 0 € iso o(a) and Idemp(comm(a) N (1 — pi0,.) AL = pio14)) N Sa # {0}, and by applying the
negation of Theorem 3.10, we find that a has at least two different generalized Drazin-Riesz inverses, hence
7P is not the only generalized Drazin-Riesz inverse fora. [J

The last theorem gives a practical way to see if a does not have a unique generalized Drazin-Riesz inverse,
it suffices to find one finite rank element f in (1 — py},)A(1 — pjo},.) such thataf = fa # 0.

Example 4.6. Let a be a quasinilpotent element in A. a has a unique generalized Drazin-Riesz inverse which is 0.
We have py), = 1a, thus 1 — pioja = 0, hence comm(a) N (1 = pyo;0) AL = pioya) N S = (0}, with o(a) = {0}, as
desired.

We consider the algebra (it is also a ring) R = comm(a) N (1 = pjo},a)A(L — po},.«) N S, notice that Z = Rin this
case, because T = 7, and hence, S# = T~1(0).
Therefore, R does not have a unit. Then, we consider the unitization Rf = R x C of R as defined in the last
part of Section 3. Notice that Eﬂ = R x C is a complex semi-simple unital Banach algebra.
We can confuse every idempotent p € R with (p,0) € Rf ((p,0).(p,0) = (p,0)). Also if the only clopen
idempotents of R* are (0,0) and (0, 1), then the only clopen idempotent lying in R is 0.

The next result shows that for every minimal idempotent e of A in R, the idempotent (e, 0) is clopen in
R,

Lemma 4.7. Let e € A be a minimal idempotent such that e € R. Then (e, 0) is a clopen idempotent in RF.

Proof. Let(x,a) € R*, and e € R such that e is a minimal idempotent of A. Consider (e, 0) ¢ P¥foran arbitrary
two-sided prime ideal P¥ of R¥.
We have

(e,0).(x,a).(—e,1) = (¢,0).(—ae + x — xe, )
= (we — ae + ex — exe, 0)
= (ex — exe, 0)
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As x € S, there exists A; € C and ¢; minimal idempotents such that x = )./, Ae;, hence by minimality of e
and e;, as well as e;e; = 0 for i # j, it is easy to conclude that (e, 0).(x, @).(—e, 1) = (0,0) € P¥. As P¥is a two
sided prime ideal of Rf and (¢, 0) ¢ P¥, then (—e, 1) € P¥. Hence (¢,0) is a clopen idempotent of R O

The last lemma allows us to state that if R¥ is connected, this is equivalent to say, using Theorem 4.1, that
the only clopen idempotents of R* are (0,0) and (0, 1). Consequently, the only minimal idempotent of A in
Ris 0.

Thus Idemp(R) = {0} (this is equivalent to say that R¥ is connected in the sense that the only idempotents of
R*are (0,0) and (0, 1)) because R C S 4. The latter will enable us to give the next characterizations about the
uniqueness of generalized Drazin-Riesz inverse by mean of connectedness in the algebraic geometry sense
characterized in Theorem 4.1.

Theorem 4.8. Let A be an infinite dimensional unital complex semi-simple Banach algebra. Let a be generalized
Drazin-Riesz invertible in A with 0 € o(a). The following assertions are equivalent:

(i) a has a unique generalized Drazin-Riesz inverse;
(ii) a is generalized Drazin invertible and RY is connected;
(iii) o(a) = op(a) U {0} and R¥ is connected;
(iv) o(a) = op(a) U {0} and R = {0);
(v) ais generalized Drazin invertible and R ={0}.

Proof. (i)=(ii). as a has a unique generalized Drazin-Riesz inverse, then a is generalized Drazin invertible
and by Theorem 3.8 Idemp(R) = {0}, therefore, R* is connected since the only idempotents of R*are (0,0) and
0,1).

(if)=(ii). As a is generalized Drazin invertible and R* is connected, then a is generalized Drazin invertible
and Idemp(R) = {0}. Thus, we have by Theorem 3.10 o(a) = 0,(a) U{0} and Idemp(R) = {0}, which is equivalent
to say that o(a) = o4(a) U {0} and R* is connected.

(iii)=(iv). Since R¥ is connected, and since all the idempotents of R are a sum of minimal idempotents which
are clopen by Lemma 4.7, we conclude that the only idempotents of Rtare0 rt = (0,0)and 1 = (0, 1). Hence
the only idempotent of R is 0, therefore R = {0}, because every element of R is a finite linear combination of
minimal idempotents. Finally, R = {0}.

(iv)=(v). It suffices to see that 0 ¢ accoy(a), because a is generalized Drazin-Riesz invertible, hence
0 € iso o(a), because o(a) = o(a) U {0}, and by hypotheses of (iv), R ={0}.

(v)=(i). As ais generalized Drazin invertible and R = {0}, we get that a is generalized Drazin invertible
and Idemp(comm(a) N (1 = pyoy,a) AL — pioj.a)) N Sa = {0}. Hence, by virtue of Theorem 3.10 we conclude that
a has a unique generalized Drazin-Riesz inverse. []

The next Theorem gives characterizations of the uniqueness of generalized Drazin T-Riesz inverses follow-
ing notions that are topological using the connectedness of the set of Characters.

Theorem 4.9. Let A be an infinite dimensional unital complex semi-simple Banach algebra. Let a be generalized
Drazin-Riesz invertible in A with 0 € o(a). The following assertions are equivalent:

(i) a has a unique generalized Drazin-Riesz inverse;
(ii) a is generalized Drazin invertible and Char(ﬁﬂ) is connected (i.e: does not split into two disjoint closed sets
under the weak topology a((ﬁﬁ)’,ﬁ));
(iii) a is generalized Drazin invertible and (Eﬂ)’\ is strongly connected;
(iv) o(a) = op(a) U {0} and (Eﬁ)A is strongly connected.

Proof. (i) = (ii). By the equivalence (i) © (v) of Theorem 4.8, we have R = {0}, hence Eﬂ = {0} xCisa
semi-simple unital and finite dimensional algebra, therefore its Gelfand map Qﬁu is continuous (because
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Eﬁ is finite dimensional, also it is a unital semisimple Banach algebra and this is equivalent to say that Qﬁu
is one-to-one, for more details see [16, Definitions 3.2 and 6.2, Corollary 7.3]), and its Gelfand transform
algebra (Eﬁ)A is complete ( (Eﬁ)/\ c (Eu)’ and (Eﬁ)’ is finite dimensional, hence (Eﬁ)A is finite dimensional,
thus complete), we are then able to apply the negation of [12, (1) < (5) Corollary 3.14] to find that Char(ﬁﬁ)
is connected. ti

(if)=(ii). We apply on Char(R ) the negation of the implication (3) = (6) [12, Theorem 3.12] to find that

L
(R")" is strongly connected.
(iii)=(@v). As 0 € o(a) and a is generalized Drazin invertible, then 0 € iso o(a), also by assumptions of (iii),

(Eﬁ)A is connected, and by the negation of the implications [12, (1) = (3) © (4) Theorem 3.12], we conclude

that Eﬁ is strongly connected, which implies that Idemp(R) = {0}. Now, as 0 € isoo(a) and Idemp(R) = {0},
we conclude by Theorem 3.10 that o(a) = 04(a) U {0}, and by assumptions of (iii), we already have that a is
generalized Drazin invertible.

(iv)=(1). (ﬁﬁ)’\ is strongly connected implies through the negation of the implication (1) = (3) of [12,

Theorem 3.12] that I is strongly connected. This is equivalent to say that Idenp(R) = {0}, hence Idemp(R) =
{0} ( R does not possess a unit and (0, 0) is identified with 0), combined with o(a) = o4(a) U {0}, we get by
applying Theorem 3.10 that @ has a unique generalized Drazin-Riesz inverse. [

The importance of having these equivalences considering the connectedness of Char(ﬁﬁ) lies in the next
corollary.

Corollary 4.10. Let A be a semi-simple Banach algebra. Let a be generalized Drazin-Riesz invertible in ‘A such that
0 € isoo(a), and (1 — pio),a) AL = pioy.0) is an infinite dimensional Banach space with Char((1 — pjo),) AL — pioy.a)) s
connected. Then we have

(i) a has a unique generalized Drazin-Riesz inverse.
(ii) Char(ﬁﬁ) is connected.

Moreover, (i) and (ii) are equivalent. Also, every generalized Drazin-Riesz invertible element in A has a unique
generalized Drazin-Riesz inverse which is its generalized Drazin inverse.

Proof. Since Char((1 — p},.) Al — pio)a)) is connected and (1 — pyo}.)A(l — pjo).) is a Banach algebra, by
applying the negation of the implication (1) = (3) [12, Theorem 3.12], we find that (1 — po},.) AL — pio},0)
in the sense that the only idempotents are 0 and (1 — p(g)4), as (1 = pj0},a)A(1 = pyo},4) is infinite dimensional,
then 1 - p), ¢ Sa, hence Idemp(R) = {0}, hence R is connected, therefore by applying Theorem 4.8 we find
that 2 has a unique generalized Drazin-Riesz inverse.

The equivalence between (i) and (ii) is also found by applying Theorem 4.9. Hence, in this case, every
generalized Drazin-Riesz invertible element has a unique generalized Drazin-Riesz inverse which is of
course its generalized Drazin inverse. [J

Now, we propose some examples in the case of semi-simple Banach algebras that are generated by Theorem
43.

Example 4.11. Consider the commutative semi-simple Banach algebra Ea[—1, 1] called extremal algebra [5, Section
24 p. 53]. We have char(Ea[-1,1]) = [-1,1] (see [10]), hence it is connected, therefore the only idempotents of
Ea[-1,1] are 0 and 1g,-1,1).

Now consider the semi-simple Banach algebra A = Ea[-1,1] & L(¢*(IN)).

Tnke a = 1gs-1,1] @ B such that

X1 X2 X
B(xl/ X2,X3,.. ) = (O/ ?1/ 2_§/ 2_:21 . ')/ V('xll X2,X3,.. ) € gZ(N)



O. Abad, H. Zguitti / Filomat 39:26 (2025), 9013-9033 9031

a is generalized Drazin invertible, because 1gq-1 11 is invertible in Ea[—1,1] and B is quasinilpotent in L(€*>(N)),
thus it is generalized Drazin-Riesz invertible.

As the only idempotents of Ea[—1,1] are 0 and 1g,—1,1y and o(a) = {0;1} = orp(a) U {0}, also, 1g-1,1] € Sa,
because Ea[—1,1] is infinite dimensional, we have Idemp(Ea[-1,1]) N S# = {0}. Consequently, a has a unique
generalized Drazin-Riesz inverse which is b = 1g,—1,1] ® 0.

Example 4.12. We consider the infinite dimensional semi-simple commutative Banach algebra C([-1,1]) of all
continuous functions on [-1,1] over C, by [16, Corollary 1.2 p. 221], Char(C([-1, 1])) = [-1,1], thus Char(C[-1, 1])
is connected, as C([—1, 1]) is a commutative algebra, then for every a € C([-1, 1]), comm(a)NC([-1,1]) = C([-1,1]),
C([-1, 1]) being infinite dimensional, we conclude that 1¢(-1,17) does not belong to Sc(-1,17), hence the only idempotent
lying in Scq-1,1)) is O, therefore Sc(-1,17) = {0} ( this is already known, but we give a new demonstration using the
tools we have employed in the last theorem). Consider B the operator defined in the last example in L(¢'(IN)), and
consider A = C([-1,1]) & L({*(N)), and a = f & B where ¥x € [-1,1], f(x) # 0, a is generalized Drazin-Riesz
invertible, in particular it is generalized Drazin invertible.
Thus, by virtue of Theorem 4.8 considering that Scq-1,13) = {0} or by virtue of Theorem 4.9 taking into account that
Char(C[-1,1]) is connected, we have a has a unique generalized Drazin-Riesz inverse which is a’® = f1 & 0.

We also conclude by Corollary 4.10 that every generalized Drazin-Riesz invertible element on C([—1,1]) has a
unique generalized Drazin-Riesz inverse, that is f is generalized Drazin-Riesz invertible in C([-1,1]) if and only if
f is generalized Drazin invertible (this is easily seen without using Corollary 4.10, because Sc(-1,17 = {0}).

5. Application in the case of bounded operators

Theorem 5.1. Let X be an infinite dimensional Banach space, let A be bounded operator A : X — X, such that A is
generalized Drazin-Riesz invertible and 0 € o(A). The following assertions are equivalent:

(i) A has a unique generalized Drazin-Riesz inverse;
(i1) 0 € iso 0(A) and there exists no non-zero finite rank operator in L(R(I—P\0), 1)) which commutes with Ag-p, ,);
(iii) 0 € isoo(A) and there exists no non-zero finite rank idempotent in L(R(I — Pyoy,4)) which commutes with
A|(R(1_P(O),A);
(iv) 0 € isoo(A), dim(R(I—Pyy4)) = oo, and for every non-trivial idempotent P in L(R(I—Po},4)) which commutes
with A|(R([_p‘0),A), dim(R(P)) = dim(N(P)) = oo.

Proof. (i)=(ii). As A has a unique generalized Drazin-Riesz inverse and by virtue of Remark 4.4, we have
0p(A) U {0} = 6(A) and comm(A) N (I — Pyoy,a) LX) — Pio,a) N F (X) = {0}, hence (2) is satisfied.

(ii)=(iii) and (iii)=(iv) are obvious.

(iv)=(i). Suppose that (iv) holds. I — Py is not a finite rank projection because dim(R(I — Py 1)) = oo.
We have A = A(I = Pigja) + APjgja4 = AR(I-Pou) ® ARP0), With Ara-p,, ) is invertible, let P be an arbitrary
idempotent described in (iv). Hence

01,4)7

Ara-pg4) = (ARa=-Po 0)RP) B (ARA-Poy 0)INP),

as Ar(-p,,) is invertible, this implies that

A\_R}(I—P(OM) = (A\(R(I—Pm),A))FRl(P) ® (AI‘R(I—PmM))\;\}(p)'

Taking into account that din(R(P)) = dim(N(P)) = co, we conclude that (Ajr-py, .))ire) and (Ara-po.)INE)
cannot be Riesz operators, because if it is the case, consider for example that (Ari-p,.))irp) is a Riesz
operator, there exists y # 0 € o((Ar@-py,.)irp) such that (Pi g, , k) is a finite rank projection
which commutes with A¢-p, ,)-

Hence dim(R((P“,],(AWHMA))m(p)))) < o0, absurd with the assumption made in (iv). O

As an application of Theorem 4.5, we give its analogue in the case of L(X).
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Corollary 5.2. Let X be an infinite dimensional Banach space, let A be a bounded operator A : X — X, such that A
is generalized Drazin invertible. The following assertions are equivalent:

(i) A possesses at least two distinct generalized Drazin-Riesz inverses;
(ii) There exists a finite rank operator F such that AF = FA, and AF(I — Py 4) = FA(I — Pg,4) # 0.

Proof. (i)=(ii) we apply directly the implication (i) = (ii) of Theorem 4.5 by considering A = £L(X).
(ii)=(i) Taking into account that Pjo, 4 € comm?(A) and AF = FA, then Q = F(1 — Py,4) € (I — Pyo),a) L(X)(I -
Pyoy,4), and we have AQ = QA # 0, with Q a finite rank operator in (I — Pjo; 4) L(X)(I = Pio,4) = L(RUI—Pioy,4)).
Thus by applying the implication (ii) = (i) of Theorem 4.5, we obtain the desired result. ]

We give a specific characterization for the uniqueness of generalized Drazin-Riesz inverses of bounded
operators which act on a Hilbert space H. We denote by ¥ (H), the set of finite rank operators.

Theorem 5.3. Let H bea Hilbert spaceand A € L(H) such that A is generalized Drazin-Riesz invertibleand 0 € o(A).
T has a unique generalized Drazin-Riesz inverse if and only if A is generalized Drazin invertible and there exists no
non-zero eigenvalue A € o(A(I—Pyoy,4)) related to the projection I — Q defined to be R(I— Q) = N((AI-A)(I— Py .4))
and N(I — Q) = N((AI — A)(I — Pyoy4))* such that A(I — Py, a)(I — Q) is a finite rank operator.

Proof. Theorem 3.4 ensures that if A has a unique generalized Drazin-Riesz inverse, then A is generalized
Drazin invertible. By way of contradiction, we suppose that A(I — Pjo;4) has a non-zero eigenvalue A €
0(A(I = Pygy,4)) related to the projection I — Q defined to be R(I — Q) = N((AI = A)(I = Pjo,4)) and N(I - Q) =
N((AI = A)(I = Pyg),4))* such that A(I — Py, 4)(I — Q) is a finite rank operator. Without loss of generality, we
have AQ = QAso (I - P{O],A)Q =QU- P{O],A) and A =A(l - P{O],A)Q +A(l - P{O},A)(I -Q)+ AP{()],A. Hence, by
considering A1 = Ag(1-p,,)0), Which is invertible, Ay = Ag(1-p,, ,)1-0)) Which is invertible and of finite rank
at the same time, and A3 = Agp,, ) which is Riesz, we obtain A = A; ® A ® A3. From this reduction of A,
we get two distinct generalized Drazin-Riesz inverses 5 = A1_1 @ Agl @®0and S; = Al‘1 @00, which is a
contradiction.

Conversely, suppose that 0 € iso 6(A) and there exists no non-zero eigenvalue A € o(A(I — Pyg) 4)) related
to the projection I — Q defined to be R(I — Q) = N((AI - A)I—P},4)), and N(I-Q) = N((AI - A)I - Pyy))*,
such that A(I — Pyy4)(I — Q) is a finite rank operator. By way of contradiction, suppose that there exists
P # Pyy),4 a projection such that AP = PA, A + P is invertible and AP is Riesz. Thus there exists u € o(A)
provided that u is a Riesz point (hence an eigenvalue) of AP. Consequently, there exists a non-zero vector
x € R(P) such that APx = ux = pPx. Hence Px is an eigenvector of A, therefore u is an eigenvalue of
A. Now, we prove that A(I — Pjg,4)P|y,4p is a finite rank operator which will lead us to the contradiction.
Indeed, Py,,4p € ¥ (H), as it commutes with I — Pp) 4 and A, therefore A(I — P(o},4)Py.),4p € ¥ (H), notice that
R(Pap) = N((ul-A)I-Pigy0)), and NPy ap) = N((uI-A)I-Pioy))*, a contradiction (put Pjuyap = [-Q).

We conclude that A has a unique generalized Drazin-Riesz inverse, as desired. [

As a direct consequence of the last theorem, we give the following result.

Corollary 5.4. Let H be a Hilbert space and A € L(H) such that A is generalized Drazin-Riesz invertible, A has no
non-zero eigenvalue and 0 € o(A).
A has a unique generalized Drazin-Riesz inverse if and only if A is generalized Drazin invertible.
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