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Abstract. The aim of this paper is to investigate the existence of mild solutions to a nonlocal ξ-Caputo
fractional semilinear integro-differential evolution equation in any arbitrary Banach space. The existence
of the results is proved by using the fixed point theorem for condensing maps. To illustrate our theoretical
results, a non-trivial example is given as an application.

1. Introduction

The traditional calculus of integers is extended by the introduction of the calculus of fractions, which
has infinite memory and inherits certain properties, we suggest that you refer to the special monographs
for fundamental insights into the theory of fractional calculus and fractional models [2, 4, 10, 16, 18, 20–24].

Recently, significant discoveries have been made by researchers on the existence and uniqueness of
solutions to boundary value fractional differential equations involving different fractional derivatives, such
as Riemann-Liouville, Caputo, Hilfer, and Hadamard. For more details, see [1, 12, 16, 18]. In 2016, Almeida
[3] introduced the ξ-Caputo fractional derivative, a specific form of fractional derivative in which the
exponent of the kernel involves a strictly increasing function. For certain choices of ξ, we get several well-
known fractional derivatives, including Rieman-Liouville, Caputo, and Caputo-Hadamard. This flexibility
makes the ξ-Caputo operator a robust modeling framework in fractional calculus, see [6–8, 13, 14].

In contrast, another major focus within the field of fractional calculus is the fractional evolution equa-
tions. This field provides an abstract, conceptual framework that proves invaluable in tackling a variety of
engineering and physics challenges characterized by systems that evolve dynamically over time. Numer-
ous studies have been carried out with the aim of confirming both the existence and the uniqueness of mild
solutions to the fractional evolution equations. These investigations rely heavily on the mathematical foun-
dations provided by semigroup theory and fixed point theory, which shed light on the intricate behavior
of systems governed by fractional dynamics [8, 25–27].
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In 2010, Yong Zhou et al. [26] studied the existence and uniqueness of mild solutions for the following
nonlocal fractional evolution differential equation in a Banach spaceZ.{

C
D
β
0+z(t) = Az(t) + 1(t, z(t))), t ∈ J ,

z(0) + ν(z) = z0,

where C
D
β
0+ is the Caputo fractional derivative at order 0 < β < 1, z0 ∈ Z, J = (0,T],A is the infinitesimal

generator of a C0-semigroup {T (t)}t≥0 of operators on Z, 1 : [0,∞) × Z → Z and the nonlocal term
ν : C([0,∞),Z)→Z are given functions.

In 2020, Suechoei et al. [25] studied the local and global existence of mild solution to the following initial
value fractional semilinear evolution equations in a Banach spaceZ{

C
D
β,ξ
0+ z(t) = Az(t) + 1(t, z(t)), t ∈ J ,

z(0) = z0,

where C
D
β,ξ
0+ is the ξ-Caputo fractional derivative at order 0 < β < 1, z0 ∈ Z,A is the infinitesimal generator

of a C0 -semigroup of uniformly bounded linear operators{T (t)}t≥0 on Z and 1 : [0,∞) × Z → Z is given
function satisfying some assumptions.

Inspired by the aforementioned studies, our goal is to establish the existence of mild solutions to the
following fractional evolution equation in an arbitrary Banach spaceZ{

C
D
β,ξ
0+ z(t) +Az(t) = 1(t, z(t),Qz(t))), t ∈ J ,

z(0) + ν(z) = z0,
(1)

where β ∈ (0, 1), z0 ∈ Z, A : D(A) ⊂ Z −→ Z is a closed linear operator, −A generates an uniformly
bounded and equicontinuous C0-semigroup {T (t)}t≥0 inZ and the given functions 1 : J ×Z×Z → Z and
ν : C(J ,Z) → Z satisfy certain assumptions. The term Qz(t) can be interpreted as a system control, it is
defined as follows:

Qz(t) =
∫ t

0
K (t, s)z(s)ds,

whereK ∈ C(∆,R+), with ∆ = {(t, s) ∈ R2 : 0 ≤ s ≤ t} and Q∗ = sup
t∈J

∫ t

0
K (t, s)ds < ∞.

The organization of this work is as follows: in Section 2, we introduced some tools that will help us to prove
our main purpose. In Section 3, we establish the existence of mild solutions to the problem (1). Then, in
Section 4, we provide a specific example to illustrate our main results, followed by a conclusion in the last
section.

2. Preliminaries

LetZ be a Banach space with the norm ∥·∥Z and C(J ,Z) be the Banach space of all continuous functions
z : J → Z endowed with the norm

∥z∥ = sup
t∈J
∥z(t)∥Z,

and Lp(J ,Z)(1 ≤ p < ∞) be the Banach space of all Bochner integrable functions z : J → Zwith the norm

∥z∥Lp =
( ∫ t

0
∥z(t)∥pdt

) 1
p
.

We Consider M = sup
t∈J
∥T (t)∥L(Z) ≥ 1, where L(Z) denotes the Banach space of all linear and bounded

operators onZ.
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Definition 2.1. [3] Let f ∈ L1(J ,R) and ξ ∈ C1(J ,R) with ξ′(t) > 0 for every t ∈ J . The ξ-Riemann-Liouville
fractional integral of the function f at order α > 0 is given by

I
α,ξ
0+ f (t) =

∫ t

0

(ξ(t) − ξ(s))α−1

Γ(α)
ξ′(s) f (s)ds. (2)

Definition 2.2. [3] Let f , ξ ∈ Cn(J ,R) with ξ′(t) > 0 for every t ∈ J . The ξ-Caputo fractional derivative of the
function f at order α > 0 is given by

C
D
α,ξ
0+ f (t) =

∫ t

0

(ξ(t) − ξ(s))n−α−1

Γ(n − α)
ξ′(s) f [n]

ξ (s)ds,

where f [n]
ξ (s) =

(
1
ξ′(s)

d
ds

)n
f (s) and n = [α] + 1, such that [α] denotes the integer part of α.

Remark 2.3. Integrals and derivatives appearing in previous definitions are taken in Bochner sense when f is a
function with values inZ.

Proposition 2.4. [3] Let α > 0, if f ∈ Cn−1(J ,R), we find that

1) C
D
α,ξ
0+ I

α,ξ
0+ f (t) = f (t).

2) Iα,ξ0+
C
D
α,ξ
0+ f (t) = f (t) −

n−1∑
i=0

f [i]
ξ (0)

i!
(ξ(t) − ξ(0))i.

Definition 2.5. [17] Let f : R+ → R the generalized Laplace transform of the function f is given by

f̂ (ω) := Lξ{ f (t)}(ω) =
∫
∞

0
e−ω(ξ(t)−ξ(0)) f (t)ξ′(t)dt, for all ω.

Lemma 2.6. [17] Let α > 0 , f be a piecewise continuous function on each [0, t] and ξ(t)-exponential order, then

Lξ{I
α,ξ
0+ f (t)}(ω) =

f̂ (ω)
ωα
.

Definition 2.7. [18, 23] The Wright function is given by

υβ(y) =
∞∑

i=0

(−y)iΓ(β(i + 1)) sin(π(i + 1)β)
i!

for y ∈ C and 0 < β < 1.

Proposition 2.8. [18, 23] The Wright function υβ satisfies the following proprieties

1. For all t ∈ R+ , υβ(t) ≥ 0

2.
∫
∞

0
υβ(t)dt = 1

3.
∫
∞

0
υβ(y)yθdy =

Γ(1 + θ)
Γ(1 + βθ)

for θ > −1,

4.
∫
∞

0
υβ(t)e−ytdt = Eβ(−y) , y ∈ C,

5. β
∫
∞

0
tυβ(t)e−ytdt = Eβ,β(−y) , y ∈ C,

where Eβ(.) and Eβ,β(.) are Mittag-Leffler functions.
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Definition 2.9. [19] Let ρ ≥ 0. The one-sided stable probability density is defined by

ℓβ(ρ) =
1
π

∞∑
n=1

(−1)n−1ρ−(βn+1) Γ(βn + 1)
n!

sin(nπβ).

Lemma 2.10. [19] Let ω > 0 and ρ ≥ 0, then we have∫
∞

0
ℓβ(ρ)e−ωρdρ = e−ω

β
, for every β in (0, 1).

Definition 2.11. [11] Let O bounded subset ofZ. The map λ: O→ R+ given by

λ(O) = inf{δ > 0 : O ⊆ ∪n
i=1Oi and diam(Oi) ⩽ δ}.

is called Kuratowski measure of non-compactness.

Proposition 2.12. [11] Let O,O1,O2 ⊂ Z be bounded, then

1. λ(O) = 0 ⇔ O is relatively compact.
2. λ(κO) = |κ|λ(O), κ ∈ R .
3. λ(O1 +O2) ≤ λ(O1) + λ(O2).
4. O1 ⊂ O2 ⇒ λ(O1) ≤ λ(O2).
5. λ(O1 ∪O2) = max{λ(O1), λ(O2)}.
6. λ(O) = λ(O) = λ(convO), where convO means the convex hull of O.
7. λ(O + z) = λ(O), for all z ∈ Z.

Lemma 2.13. [9] LetU ⊂ Z such thatU is bounded, then there exists a countable setU1 = {zk}
∞

k=1 ⊂ U such that
λ(U) ≤ 2λ (U1).

Lemma 2.14. [5] LetU be a subset of C(J ,Z) such thatU(t) = {z(t) : z ∈ U and t ∈ J}. IfU is equicontinuous
and bounded in C(J ,Z), then λ(U(t)) is continuous on J , and

λ(U) = max
t∈J
λ(U(t)) = λ(U(J)).

Lemma 2.15. [15] LetU = {zk}
∞

k=1 ⊂ C(J ,Z) be a countable and bounded set. Then λ(U(t)) is a Lebesgue integral
on J , and

λ
({ ∫ t

0
zk(s)ds

}∞
k=1

)
≤ 2

∫ t

0
λ({zk(s)}∞k=1)ds.

Lemma 2.16. [5] LetZ1 andZ2 be two Banach spaces and F : dom(F ) ⊂ Z1 →Z2 Lipschitz continuous having
constant κ, then λ(F (U)) ≤ κλ(U) for every boundedU ⊂ dom(F ).

Theorem 2.17. [11] Let B ⊂ Z be a bounded closed and convex set and F : B→ B be a condensing operator which
means that λ(T (B)) < λ(B), then F has a fixed point in B.

Theorem 2.18. [11] Let B ⊂ Z be open and bounded with 0 ∈ B. If F : B̄ → Z is a condensing function and
satisfies.

z , γF (z) for z ∈ ∂B and γ ∈ (0, 1),

then F has a fixed point in B̄.
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3. Main results

Definition 3.1. A function z ∈ C(J ,Z) is called a solution of problem (1) if it satisfies both the equation C
D
β,ξ
0+ z(t)+

Az(t) = 1(t, z(t),Qz(t)) and the condition z(0) + ν(z) = z0 on J .

Lemma 3.2. Let z ∈ C(J ,Z). Then, z is a solution of (1) if and only if it satisfies the following fractional integral
equation

z(t) = z0 − ν(z) +
∫ t

0

ξ′(s)(ξ(t) − ξ(s))β−1

Γ(β)
(−Az(s) + 1(s, z(s),Qz(s)))ds. (3)

Proof. Suppose that z is a solution of (1), then by using Proposition 2.4 we obtain

I
β,ξ
0+

C
D
β,ξ
0+ z(t) = Iβ,ξ0+ (−Az(t) + 1(t, z(t),Qz(t))).

It follows
z(t) = z(0) + Iβ,ξ0+ (−Az(t) + 1(t, z(t),Qz(t))).

Therefore

z(t) = z0 − ν(z) +
∫ t

0

ξ′(s)(ξ(t) − ξ(s))β−1

Γ(β)
(−Az(s) + 1(s, z(s),Qz(t))))ds.

Therefore, the integral equation (3) is satisfied.
Conversely, it is obvious that if z satisfies the equation (3), then it also satisfies problem (1).

Lemma 3.3. If z ∈ C(J ,Z) satisfies the fractional equation (3), then we have

z(t) = Sβ1,ξ(t, 0)(z0 − ν(z)) +
∫ t

0
S
β
2,ξ(t, s)(ξ(t) − ξ(s))β−11(s, z(s),Qz(s))ξ′(s)ds,

where

S
β
1,ξ(t, s)z(t) :=

∫
∞

0
υβ(ρ)T ((ξ(t) − ξ(s))βρ)z(t)dρ and Sβ2,ξ(t, s)z(t) := β

∫
∞

0
ρυβ(ρ)T ((ξ(t) − ξ(s))βρ)z(t)dρ.

Proof. Let ω > 0. Then, by means of the generalized Laplace transform applied to the equation (3), we get

ẑ(ω) =
1
ω

(z0 − ν(z)) +
1
ωβ

(−Aẑ(ω) + 1̂(ω)),

with ẑ(ω) = Lξ
{
z(t)

}
(ω) and 1̂(ω) = Lξ

{
1(t, z(t),Qz(t)))

}
(ω).

Then, we have
ẑ(ω) = ωβ−1(ωβI +A)−1(z0 − ν(z)) + (ωβI +A)−11̂(ω).

It follows that

ẑ(ω) = ωβ−1
∫
∞

0
e−ω

βs
T (s)(z0 − ν(z))ds +

∫
∞

0
e−ω

βs
T (s)1̂(ω)ds,

= β

∫
∞

0
(ωη)β−1e−(ωη)β

T (ηβ)(z0 − ν(z))dη + β
∫
∞

0
ηβ−1e−(ωη)β

T (ηβ)1̂(ω)dη.

:= ẑ1(ω) + ẑ2(ω)

Choosing η = ξ(t) − ξ(0), we obtain

ẑ1(ω) =
∫
∞

0

−1
ω

d
dt

(
e−(ω(ξ(t)−ξ(0)))β

)
T ((ξ(t) − ξ(0))β)(z0 − ν(z))dt,
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and

ẑ2(ω) = β
∫
∞

0
(ξ(t) − ξ(0))β−1e−(ω(ξ(t)−ξ(0)))β

T ((ξ(t) − ξ(0))β)1̂(ω)ξ′(t)dt.

From Lemma 2.10, we obtain

ẑ1(ω) =
∫
∞

0
e−ω(ξ(t)−ξ(0))

( ∫ ∞

0
ℓβ(ρ)T (

(ξ(t) − ξ(0))β

ρβ
)(z0 − ν(z))dρ

)
ξ′(t)dt. (4)

On the other hand, we have

ẑ2(ω) =
∫
∞

0

∫
∞

0

∫
∞

0
βe−ω(ξ(t)+ξ(s)−2ξ(0)) (ξ(t) − ξ(0))β−1

ρβ
ℓβ(ρ)T

( (ξ(t) − ξ(0))β

ρβ

)
1(s, z(s),Qz(s))ξ′(s)ξ′(t)dρdsdt,

It follows that

ẑ2(ω) =
∫
∞

0
e−ω(ξ(τ)−ξ(0))

( ∫ τ

0

∫
∞

0
βℓβ(ρ)

(ξ(τ) − ξ(s))β−1

ρβ
T (

(ξ(τ) − ξ(s))β

ρβ
)1(s, z(s),Qz(s))ξ′(s)dρds

)
ξ′(τ)dτ.

(5)

According to (4) and (5), we get

ẑ(ω) =
∫
∞

0
e−ω(ξ(t)−ξ(0))

(∫
∞

0
ℓβ(ρ)T (

(ξ(t) − ξ(0))β

ρβ
)(z0 − ν(z))dρ

)
ξ′(t)dt

+

∫
∞

0
e−ω(ξ(τ)−ξ(0))

( ∫ τ

0

∫
∞

0
βℓβ(ρ)

(ξ(τ) − ξ(s))β−1

ρβ
T (

(ξ(τ) − ξ(s))β

ρβ
)1(s, z(s),Qz(s))ξ′(s)dρds

)
ξ′(τ)dτ.

By means of the inverse of the generalized Laplace transform, we get

z(t) =
∫
∞

0
υβ(ρ)T ((ξ(t) − ξ(0))βρ)(z0 − ν(z))dρ

+ β

∫ t

0

∫
∞

0
ρυβ(ρ)(ξ(t) − ξ(s))β−1

T ((ξ(t) − ξ(0))βρ)1(s, z(s),Qz(s))ξ′(s)dρds,

where υβ(ρ) = 1
βρ
−1− 1

β ℓβ
(
ρ−

1
β

)
.

Then

z(t) = Sβ1,ξ(t, 0)(z0 − ν(z)) +
∫ t

0
S
β
2,ξ(t, s)(ξ(t) − ξ(s))β−11(s, z(s),Qz(s))ξ′(s)ds.

Lemma 3.4. [27] The operators Sβ1,ξ and Sβ2,ξ satisfy the following :

1. Sβ1,ξ(t, s) and Sβ2,ξ(t, s) are bounded linear operators for each fixed t ≥ s ≥ 0. Moreover

∥S
β
1,ξ(t, s)z∥ ≤ M∥z∥ and ∥Sβ2,ξ(t, s)z∥ ≤

M

Γ(β)
∥z∥, for every z ∈ Z.

2. The operators Sβ1,ξ(t, s)z,Sβ2,ξ(t, s)z : [0,+∞)→Z are continuous, for all z ∈ Z.

3. If {T (t)}t≥0 is an equicontinuous semigroup, Then the operators Sβ1,ξ(t, s) and S
β
2,ξ(t, s) are continuous in

(0,+∞) by the operator norm, i. e., for each 0 < s < t1 < t2 ≤ T, we have∥∥∥∥Sβ1,ξ (t2, s) − Sβ1,ξ (t1, s)
∥∥∥∥→ 0 and

∥∥∥∥Sβ2,ξ (t2, s) − Sβ2,ξ (t1, s)
∥∥∥∥→ 0 as t2 → t1.
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We introduce the operators F β1,ξ, F
β

2,ξ, and F as follows

F
β

1,ξ :C(J ,Z)→ C(J ,Z)

F
β

1,ξz(t) = Sβ1,ξ(t, 0)(z0 − ν(z)),

F
β

2,ξ :C(J ,Z)→ C(J ,Z)

F
β

2,ξz(t) =
∫ t

0
S
β
2,ξ(t, s)(ξ(t) − ξ(s))β−11(s, z(s),Qz(s))ξ′(s)ds,

and

F :C(J ,Z)→ C(J ,Z)

F z(t) = F β1,ξz(t) + F β2,ξz(t).

Based on Lemma 3.3, we can deduce that a fixed point of the operator F corresponds to a mild solution of
problem (1).
To establish the main results, we need to use the following assumptions

(H1)
1. The function 1(t, ., .) : Z×Z→ Z is continuous, for each t ∈ J .
2. The function 1(., z, z̄) : J → Z is Lebesgue measurable, for each (z, z̄) ∈ Z ×Z.

(H2) There is an increasing continuous functionΛ : R+ → R+, and h ∈ L
1
β1 (J ,R+) with β1 ∈ (0, β), such that

∥1(t, z, z̄)∥ ≤ h(t)Λ(∥z∥) for each z, z̄ ∈ Z and t ∈ J .

(H3) The function ν is continuous and there exist a constant Lν > 0 such that

∥ν(z1) − ν(z2)∥ ≤ Lν∥z1 − z2∥ for all z1, z2 ∈ C(J ,Z).

(H4) There are two positive constants L1 and L2 such that

λ
(
1(t,D1,D2)

)
≤ L1λ (D1) +L2λ (D2) for every t ∈ J andD1,D2 ∈ Z.

Theorem 3.5. If assumptions (H1)-(H4) hold, then the problem (1) has a mild solution provided that(
Lν +

2(L1 + Q
∗
L2)

Γ(β + 1)
(ξ(T) − ξ(0))β

)
∈

(
0,

1
2M

)
. (6)

Proof. We consider BR = {z ∈ C(J ,Z) : ∥z∥ ≤ R}with

R :=
M

1 −MLν

(
∥z0∥ + ∥ν(0)∥ +

(ξ(T) − ξ(0))(β2+1)((1−β1))

Γ(β)(β2 + 1)(1−β1)
Λ(R)∥h∥

L
1
β1

)
.

The proof consists of the following steps:

Step 1. We will show that F (BR) ⊂ BR.

Let z ∈ BR and β2 =
β − 1
1 − β1

∈ (−1, 0), we have

∥F z∥ ≤ ∥F1,ξz(t)∥ + ∥F2,ξz(t)∥

≤ ∥S
β
1,ξ(t, 0)(z0 − ν(z))∥ +

∥∥∥∥∥∥
∫ t

0
S
β
2,ξ(t, s)(ξ(t) − ξ(s))β−11(s, z(s),Qz(s))ξ′(s)ds

∥∥∥∥∥∥ .
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By Lemma 3.4 and (H3), we get

∥S
β
1,ξ(t, 0)(z0 − ν(z))∥ ≤ M (∥z0∥ +Lν∥z∥C + ∥ν(0)∥) .

By applying Hölder’s inequality and (H2), we obtain∫ t

0
∥(ξ(t) − ξ(s))β−11(s, z(s),Qz(s))ξ′(s)∥ds ≤

( ∫ t

0
(ξ(t) − ξ(s))β2 ds

)1−β1
Λ(R)∥h∥

L
1
β1

≤
(ξ(T) − ξ(0))(β2+1)(1−β1)

(β2 + 1)(1−β1)
Λ(R)∥h∥

L
1
β1
.

Then, by Lemma 3.4 we obtain

∥

∫ t

0
S
β
2,ξ(t, s)(ξ(t) − ξ(s))β−11(s, z(s),Qz(s))ξ′(s)ds∥ ≤

(ξ(T) − ξ(0))(β2+1)(1−β1)

Γ(β)(β2 + 1)(1−β1)
MΛ(R)∥h∥

L
1
β1
.

Therefore

∥F z(t)∥ ≤ M (∥z0∥ +Lν∥z∥c + ∥ν(0)∥) +
(ξ(T) − ξ(0))(β2+1)((1−β1))

Γ(β)(β2 + 1)(1−β1)
MΛ(R)∥h∥

L
1
β1
,

≤ M (∥z0∥ +LνR + ∥ν(0)∥) +
(ξ(T) − ξ(0))(β2+1)((1−β1))

Γ(β)(β2 + 1)(1−β1)
MΛ(R)∥h∥

L
1
β1
,

= R.

Hence, ∥F z∥ ≤ R for every z ∈ BR.

Step 2. We will prove that F β1,ξ is Lipschitz continuous.
Let z, z̄ ∈ BR, by using (H3), we have∥∥∥F β1,ξz − F β1,ξz̄∥∥∥ = ∥∥∥Sβ1,ξ(t, 0) (z0 − ν(z)) − Sβ1,ξ(t, 0) (z0 − ν(z̄))

∥∥∥
≤ M∥ν(z) − ν(z̄)∥
≤ MLν∥z − z̄∥,

thus F β1,ξ is Lipschitz continuous with constantMLν.

Step 3. We will show that F β2,ξ is continuous.
Let {zn}

∞

n=1 ⊂ BR with lim
n→+∞

zn(t) = z(t) in BR, for each t ∈ J .

Then, by using (H1) we get

lim
n→+∞

1 (t, zn(t),Qzn(t)) = 1(t, z(t),Qz(t)) for every t ∈ J .

Therefore
lim

n→+∞
sup
t∈J
∥1 (t, zn(t),Qzn(t)) − 1(t, z(t),Qz(t))∥ = 0

In other hand, for t ∈ J

∥F
β

2,ξzn − F
β

2,ξz∥ ≤
M

Γ(β)

∫ t

0
(ξ(t) − ξ(s))β−1ξ′(s)∥1(s, zn,Qzn) − 1(s, z,Qz)∥ds

≤
M((ξ(T) − ξ(0))β)

Γ(β + 1)
sup
t∈J
∥1(s, zn(s),Qzn(s)) − 1(s, z(s),Qz(s))∥.
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Thus

∥F
β

2,ξzn(t) − F β2,ξz(t)∥ → 0 as n→ +∞.

Therefore F β2,ξ is a continuous on BR.

Step 4. We will demonstrate that F is equicontinuous in BR.
Let z ∈ BR and 0 ≤ t1 < t2 ≤ T, we get

∥F z(t2) − F z(t1)∥ ≤
∥∥∥∥Sβ1,ξ (t2, 0) (z0 − ν(z)) − Sβ1,ξ (t1, 0) (z0 − ν(z))

∥∥∥∥
+

∥∥∥∥∫ t2

0
(ξ(t2) − ξ(s))β−1

S
β
2,ξ(t2, s)1(s, z(s),Qz(s))ξ′(s)ds

−

∫ t1

0
(ξ(t1) − ξ(s))β−1

S
β
2,ξ(t1, s)1(s, z(s),Qz(s))ξ′(s)ds

∥∥∥∥
≤

∥∥∥∥Sβ1,ξ (t2, 0) (z0 − ν(z)) − Sβ1,ξ (t1, 0) (z0 − ν(z))
∥∥∥∥

+

∥∥∥∥∥∥
∫ t2

t1

(ξ(t2) − ξ(s))β−1
S
β
2,ξ(t2, s)1(s, z(s),Qz(s))ds

∥∥∥∥∥∥
+

∥∥∥∥∫ t1

0

[
(ξ(t2) − ξ(s))β−1

− (ξ(t1) − ξ(s))β−1
]
S
β
2,ξ(t2, s)1(s, z(s),Qz(s))ds

∥∥∥∥
+

∥∥∥∥∥∥
∫ t1

0
(ξ(t1) − ξ(s))β−1

(
S
β
2,ξ(t2, s) − Sβ2,ξ(t1, s)

)
1(s, z(s),Qz(s))ds

∥∥∥∥∥∥
:= Υ1 + Υ2 + Υ3 + Υ4.

By Lemma 3.4, we obtain

Υ1 ≤

∥∥∥∥(Sβ1,ξ (t2, 0) − Sβ1,ξ (t1, 0)
)
z0

∥∥∥∥ + ∥∥∥∥(Sβ1,ξ (t2, 0) − Sβ1,ξ (t1, 0)
)
ν(z)

∥∥∥∥ .
Then, Υ1 → 0 as t2 → t1.
For Υ2, we have

Υ2 ≤

MΛ(R)∥h∥
L

1
β1

Γ(β)(1 + β2)1−β1

(
ξ(t2) − ξ(t1)

)(1+β2)(1−β1)
.

Then, Υ2 → 0 as t2 → t1.
Now, for Υ3, by using Lemma 3.4, we have

Υ3 ≤

MΛ(R)∥h∥
L

1
β1

Γ(β)

(∫ t1

0

(
(ξ(t1) − ξ(s))β−1

− (ξ(t2) − ξ(s))β−1
) 1

1−β1 ds
)1−β1

=
MΛ(R)∥h∥

L
1
β1

Γ(β)
(
1 + β2

)1−β1

(
ξ(t1)1+β2 − ξ(t2)1+β2 + (ξ(t2) − ξ(t1))1+β2

)1−β1

≤

MΛ(R)∥h∥
L

1
β1

Γ(β)
(
1 + β2

)1−β1
(ξ(t2) − ξ(t1))(1+β2)(1−β1) .

Since ξ is a continuous function, then we get Υ3 → 0 as t2 → t1.
It is clear that Υ4 = 0, for t1 = 0 and 0 < t2 ≤ T. Now, for t1 > 0 and ϵ > 0 small enough,



W. Benhadda et al. / Filomat 39:26 (2025), 9087–9100 9096

by using Lemma 3.4, we get

Υ4 ≤

∥∥∥∥∥∥
∫ t1−ϵ

0
(ξ(t1) − ξ(s))β−1

(
S
β
2,ξ(t2, s) − Sβ2,ξ(t1, s)

)
1(s, z(s),Qz(s))ξ′(s)ds

∥∥∥∥∥∥
+

∥∥∥∥∥∥
∫ t1

t1−ϵ
(ξ(t1) − ξ(s))β−1

(
S
β
2,ξ(t2, s) − Sβ2,ξ(t1, s)

)
1(s, z(s),Qz(s))ξ′(s)ds

∥∥∥∥∥∥
≤

∫ t1−ϵ

0

∥∥∥(ξ(t1) − ξ(s))β−1
1(s, z(s),Qz(s))ξ′(s)

∥∥∥ ds sup
s∈(0,t1−ϵ)

∥∥∥∥(Sβ2,ξ(t2, s) − Sβ2,ξ(t1, s)
)∥∥∥∥

+
2M
Γ(β)

∫ t1

t1−ϵ

∥∥∥(ξ(t1) − ξ(s))β−1
1(s, z(s),Qz(s))ξ′(s)

∥∥∥ ds

≤

Λ(R)∥h∥
L

1
β1

(
(ξ(t1) − ξ(0))(1+β2) − (ξ(t1) − ξ(t1 − ϵ))(1+β2)

)1−β1

(
1 + β2

)1−β1

× sup
s∈[0,t1−ϵ]

∥∥∥∥(Sβ2,ξ(t2, s) − Sβ2,ξ(t1, s)
)∥∥∥∥ + 2MΛ(R)∥h∥

L
1
β1

Γ(β)
(
1 + β2

)1−β1
(ξ(t1) − ξ(t1 − ϵ))(1+β2)(1−β1).

Since ξ is a continuous function, then Υ4 → 0. as t2 → t1 and ϵ→ 0.
Then, ∥F z (t2) − F z (t1)∥ → 0 as t2 → t1 for every z ∈ BR and 0 ≤ t1 < t2 ≤ T.
Therefore, F is equicontinuous in BR.

Step 5. We will prove that F is a condensing operator.
Let B ⊂ BR, we have F (B) is equicontinuous and bounded. Then by using Lemma 2.13, there exists a set
B1 = {zn}

∞

n=1 ⊂ B, with

λ(F (B)) ≤ 2λ (F (B1)) . (7)

Since F (B1) ⊂ F (BR) is equicontinuous, then by Lemma 2.14 we have

λ (F (B1)) = max
t∈J
λ (F (B1) (t)) . (8)

For t ∈ J, by using Lemmas 3.4 and 2.14, also (H3) and (H4), we obtain

λ
(
F (B1)(t)

)
≤ λ

(
F
β

1,ξ(B1)(t)
)
+ λ

(
F
β

2,ξ(B1)(t)
)

≤ λ
(
F
β

1,ξ(B1)
)
+ λ

({ ∫ t

0
S
β
2,ξ(t, s)(ξ(t) − ξ(s))β−11(s, zn(s),Qzn(s))ξ′(s)ds

}∞
n=1

)
.

By Lemma 2.16, we have λ
(
F
β

1,ξ (B1)
)
≤ MLνλ (B1) and by Lemma 2.15, we obtain

λ(F (B1)(t)) ≤ MLνλ(B1) + 2
∫ t

0
λ
({
S
β
2,ξ(t, s)(ξ(t) − ξ(s))

β−1
1(s, zn(s),Qzn(s))ξ′(s)

}∞
n=1

)
ds

≤ MLνλ(B) +
2M
Γ(β)

∫ t

0
(ξ(t) − ξ(s))β−1λ

{
1(s, zn(s),Qzn(s))

}∞
n=1
ξ′(s)ds

≤ MLνλ(B) +
2M
Γ(β)

∫ t

0
(ξ(t) − ξ(s))β−1

(
L1λ((B1)(s)) +L2λ(Q(B1)(s))

)
ξ′(s)ds

Meanwhile, we have
λ (QB1(s)) ≤ λ(Q(B1)) ≤ ∥Q∥λ(B1) ≤ Q∗λ(B1) ≤ Q∗λ(B).
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Hence

λ(F (B1)(t)) ≤ MLνλ(B) +
2M
Γ(β)

∫ t

0
(ξ(t) − ξ(s))β−1

(
L1λ (B) +L2Q

∗λ(B)
)
ξ′(s)ds

≤ MLνλ(B) +
2M(L1 + Q

∗
L2)

Γ(β + 1)
(ξ(T) − ξ(0))βλ(B)

≤ M

(
Lν +

2(L1 + Q
∗
L2)

Γ(β + 1)
(ξ(T) − ξ(0))β

)
λ(B).

From (7)) and (8), we have

λ(F (B)) < 2M
(
Lν +

2(L1 + Q
∗
L2)

Γ(β + 1)
(ξ(T) − ξ(0))β

)
λ(B).

By the condition (6), it follows that
λ(F (B)) < λ(B).

Thus, the operator F is a condensing operator.
Since all the conditions of Theorem 2.17 are satisfied, it follows that F has a fixed point in BR, which
corresponds to a mild solution of problem (1).

In another case, if condition (H3) does not hold, we make the following assumption.

(H5) The function ν is completely continuous and there are two constants K1 ∈
(
0, 1
M

)
and K2 > 0 such that

∥ν(z)∥ ≤ K1∥z∥ + K2 for every z ∈ Br, where r > 0.

Theorem 3.6. If assumptions (H1), (H2), (H4), (H5), and the following condition hold:

(L1 + Q
∗
L2)

Γ(β + 1)
(ξ(T) − ξ(0))β ∈

(
0,

1
4M

)
. (9)

Then the problem (1) has a mild solution in Br where r satisfying

(1 − K1M)r

M

(
∥z0∥ + K2 +

M1

(1+β2)1−β1
(ξ(T) − ξ(0))(1+β2)(1−β1)

) > 1 (10)

Proof. Let

r >
M

(
∥z0∥ + K2 +

M1

(1+β2)1−β1
(ξ(T) − ξ(0))(1+β2)(1−β1)

)
(1 − K1M)

As in the proof of theorem 3.5, we can prove that F is equicontinuous in Br.
Now, let D ⊂ Br, we haveF (D) is equicontinuous and bounded , by Lemma 2.13 there exists D1 = {zn}

∞

n=1 ⊂ D
a countable set such that

λ (F (D)) ≤ 2λ (F (D1)) . (11)

Since F (D1) ⊂ F (Br) is equicontinuous and by Lemma 2.14 we get

λ (F (D1)) = max
t∈J
λ (F (D1)(t)) .

By employing (H4) and (H5), we can conclude that

λ (F (D)) ≤
4M(L1 + Q

∗
L2)

Γ(β + 1)
(ξ(T) − ξ(0))βλ(D). (12)
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The combination of (9) and (12), we get
λ (F (D)) < λ(D),

thus, F is a condensing operator.
Now, we consider γ ∈ (0, 1) and z = γF (z), then we have

z(t) = γSβ1,ξ(t, 0)(z0 − ν(z)) + γ
∫ t

0
S
β
2,ξ(t, s)(ξ(t) − ξ(s))β−11(s, z(s),Qz(s))ξ′(s)ds.

It follows that

∥z(t)∥ ≤ M(∥z0∥ + K1r + K2) +
MM1

Γ(β)(1 + β2)1−β1
.

Then, we get
(1 − K1M)r

M

(
∥z0∥ + K2 +

M1

Γ(β)(1+β2)1−β1
(ξ(T) − ξ(0))(1+β2)(1−β1)

) ≤ 1.

Thus, by using (10), there exists some constant r such that ∥z∥ , r. By the choice of Br, does not exist z ∈ ∂Br
such that z = γF (z) for some γ ∈ (0, 1).

Hence, by Theorem 2.18 we conclude that F has a fixed point in Br, which is a mild solution to the
problem (1).

4. An illustrative example

As an example, we have the following fractional evolution problem

C
D

1
2 ,
√

1+t
0+ u(t, z) +

∂2

∂z2 u(t, z) =
1

25
e−t

(1 + t)
u(t, z) +

∫ t

0

1
50

e−su(s, z)ds, (t, z) ∈ [0, 1]2,

u(t, 0) = u(t, 1) = 0,

u(0, z) +
10∑
j=1

1
40

lo1
(
1 + ∥u(t j, z)∥

)
= u0(z), t j ∈ (0, 1), j = 1, 2, ..., 10.

(13)

LetZ := L2([0, 1]) andA : D(A) ⊂ Z → Z be an operator such thatAu = u′′ with the domain

D(A) =
{
u ∈ Z : u,u′ are absolutely continuous and u′′ ∈ Zwith u(0) = u(1) = 0

}
.

Thus, −A generates an equicontinuous C0-semigroup {T (t)}t≥0 onZ, and ∥T (t)∥ ≤ 1, for all t ≥ 0.
By putting u(t) = u(t, ·), the problem (13) can be rewritten into the form of the main problem(1) such that

β = 1
2 ,J = [0, 1], ξ(t) =

√
1 + t, 1(t,u,Qu) =

1
25

e−t

(1 + t)
u(t)+

∫ t

0

1
50

e−su(s)ds with Qu(t) =
∫ t

0

1
50

e−su(s)ds and

ν(u) =
1
40

10∑
j=1

lo1
(
1 + ∥u(t j)∥

)
.

Let u, v ∈ Z, we have

∥ν(u) − ν(v)∥ =
∥∥∥∥ 1

40

10∑
j=1

lo1
(
1 + ∥u(t j)∥

)
−

1
40

10∑
j=1

lo1
(
1 + ∥v(t j)∥

)∥∥∥∥ ≤ 1
4
∥u − v∥.

And

∥ 1(t,u,Qu) ∥ =
∥∥∥∥ 1

25
e−t

(1 + t)
u(t) +

∫ t

0

1
50

e−su(s)ds
∥∥∥∥ ≤ h(t)Λ(∥u∥),
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with

h(t) =
(

1
25

e−t

(1 + t)
+

1
50

)
and Λ(R) = R.

Hence,

L1 =
1

25
L2 =

1
50
, Q∗ =

1
50

and Lν =
1
4
.

Furthermore, we have

2M
(
Lν +

2(L1 + Q
∗
L2)

Γ(β + 1)
(ξ(T) − ξ(0))β

)
≈ 0.5636 < 1

Since all the conditions of the theorem 3.5 hold, which means that the problem (13) has a mild solution in
C([0, 1],L2([0, 1])).

5. Conclusion

In this work, we investigated the existence of mild solutions to a semilinear fractional integro-differential
evolution equation involving ξ-Caputo derivatives with nonlocal conditions in an arbitrary Banach space.
In the first step, we constructed the form of the mild solutions of our problem using generalized ξ-Laplace
transforms, semigroups, and some techniques of the ξ-fractional calculus. In the second, we proved the
existence of mild solutions using some fixed point theorems for condensing maps. Finally, we provided a
convenient example to illustrate the investigation of our theoretical results.
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