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Approximations:
Modified Szasz-Beta operators via general-Appell polynomials
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Abstract. We present a new sequence of modified Szdsz-Beta type sequence of operators via general-
Appell Polynomials to investigate the approximation properties of Lebesgue integrable functions (L, [0, c0)).
In addition, we study estimates in view of test functions and central moments. Next, convergence rate is
discussed using the Korovkin theorem and Voronovskaja type theorem. Moreover, direct approximation
results via modulus of continuity of first and second order, Peetre’s K-functional, Lipschitz type space,
and the 1 order Lipschitz type maximal functions are investigated. In subsequent section, weighted
approximation results and statistical approximation theorems are discussed.

1. Introduction

Approximation theory has long been a fundamental area of mathematical analysis, influencing pure
mathematics, computational science, and practical applications in engineering and computer graphics.
In 1885, Weierstrass [1] established a seminal result in this field, the Weierstrass approximation theorem,
which states that any continuous function on a closed interval can be uniformly approximated by poly-
nomials. Later, in 1912, Bernstein [2] provided an elegant proof of this theorem using a sequence of
polynomials. The advent of fractional calculus has introduced a transformative perspective to operator
theory in approximation. The intersection of fractional calculus and operator theory continues to grow as a
research domain, with applications extending beyond pure mathematics into interdisciplinary fields such
as quantum mechanics, control theory, signal processing, and materials science.

Szasz in 1950 [3], constructed a sequence of operators over the infinite length of interval, i.e., [0, o) as:

Py(giu) = i g‘(é) Pri(tt), 1)
i=0

—u (K1)"
il

where 1 € [0, 00), g € C[0,00) and pyi(u) = e
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In 1962, Schurer [4] constructed a new sequence of Bernstein operators [2] which is denoted as By :
C[0,1 +I] — C[0,1] and defined by:

Bero(@w) = ) (%)( o )uf(l W) u e [0,1+1] e)
j=0

where I € NU {0} and § € C[0,1 +[]. But these sequences of operators given in (2) are restricted to C[0, 1 +].

The classical modified Szdsz operators are linear positive operators and approximate continuous func-
tions over the positive semi-axis. Many mathematicians have constructed several generalizations of these
sequences of operators to provide flexibility in rate of convergence and order of approximation, e.g., Szasz-
Schurer and Szdsz-Integral type operators etc. (see [5], [6]). Several mathematicians, e.g., Raza et al. ([7],
[8]), Aslan et al. ([9], [10]), Ozger et al. ([11], [12]), Cai et al. ([13], [14]), Braha et al. ([15], [16]), Ayman
Mursaleen et al. ([17], [18], [19]), Khursheed et al. ([20], [21]), Mohiuddine et al. ([22], [23]), Mursaleen et
al. ([24], [25]), Rao et al. ([26], [27]), Khan et al. [28], Nasiruzzaman [29], Acu et al. ([30], [31]) and Jha
et al. [32] provided a number of generalizations for these kinds of sequences to investigate flexibility in
approximation properties across several functional spaces.

Recently, Raza et al. [33] provided a class of sequence of operators G, 4(.;.), k¥ € IN, given by the formula

—Ku
e

_ Ay (ku, h) N
Grealdiu) = BT 1); - g(K), ueR;, @3)

where A, is the two variable Appell polynomials (see [33]).

The sequence presented by (3) are positive and linear. The basic information about positive linear
operators, including their modifications and applications can be found in [34].

As the operators described in (3) are limited for continuous function only, we present a sequence of
positive linear operators to provide approximations in the larger class of functions, which is termed as
modified Szasz-Beta operators in context of general Appell Polynomials as:

ML@D = Y A+l [ QLwy, forue RS, @
v=0 0
where
At sph) = - e—(x:rS)u Ap((x + s)u, h)
Q)(h, 1) vl
; _ 1 y
and Qk+s(y) = ﬁ(V +1,6+59) [(1 + y)v+1+1<+s ]’

with g (Beta) function which is given as:

_ Yy
ﬁ(V+ 1,K+S) = fmdy
0

Lemma 1.1. The sequence of operators introduced in (4) are linear.

Proof. In view of (4) and for A1, A € R, we have

Mg + Do) = 2 A + 5y, ) f QL) + o))y

A Y A+ 9 f QLT

v=0



N. Rao, N. K. Jha / Filomat 39:27 (2025), 9385-9401

1o Z A+ 5y, ) f Q)Y

= /\1 K+s(g1/ u) + /\ZMK-%-S(gZ/ u)/
where g~1,g~2 € L1[O, 00) O
Lemma 1.2. Let Go(y) = y%, 0 € {0,1,2} be test functions. Then, we have

v+ (xk+s—060-1)
ik +s—1)!

M, (Gorw) = ) AL+ s, )
v=0

Proof. We know,

00

i V+9
szﬂ(y)gG(y)d]/ = ‘3(1/4- 1, %) f 1+ y)v+1+1<
0

0
1
mﬁ(V+6+1,K+S—9)

v+O)(x+s—-0-1)
vi(k +s—1)!

From (4), we have

~ = v+O)l(x+s-0-1)
M2 (Go; 1) = ;Aﬁ«x +s)u, )

O

Lemma 1.3. As discussed by Raza et al. in [33], we can have the following equalities:

Z ﬂp,v(Ku’ h) — Q(l)ekulf)(h/ 1),

i pv(Ku h) [ ~ ~ ~ ~/ ~/ - o
y 2 Tt 1), 1) + O (1) + O ()G(h, 1],

(o9

Z pZp ) V(Ku 2 [((K +5Yu? + k)P, 1) + @reu + DIQDP (1, 1)

V=

+ Q' (P, D]+ 29 (h, DQ'(1) + P (1, 1)Q(1)
+MhDQ%ﬂJW

Lemma 1.4. Let Go(y) = y°, 0 € {0,1,2} be the test functions by (3). Then, we have
MALGu) = 1,

a 1 iy Qa1
M1<+s(%”) u+K+S—1[u+ l[)(h,l) +Q(1) +1], K+s>1,

5 1
(k+s—-1)(k+s-2)
J'(h,1) dm} P (h,1)Q'(1)
P(h,1) Q1) ¢(h HO(1)

M2 (5 u)

[(3(1{ +5) = 2)u? + 4(x + s)u

+

(mx+@u+@{

9387
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Py o' 2}
g o Y

K+s>2,

foreach u € ]Rg .

Proof. In the direction of (4), we have

M (Gorw) = Zﬂv«ws)u n f QLo )y,

Now, for 6 =0,

vi(k +s—1)!

M (1u) = ;A’s«x s ) =

ForO=1landx+s>1,

o & A V((K +9)u,h) (v+1)!(k + 5 —2)!
A (o - i
Mk+s(y/ M) - Q(l (h 1) VZ V'(K +5— 1)'
~ o (ko) i p,v((K +s)u,h) y+1
T O, 1) & vt ksl

e—(K+s)u

= T DamTE D W7 6+ E e

L (ke + s+ DA, 1)]e<1<+5>”

¢ (h,1) Q’(l)

P(h, 1) Q1)

= g1 [u J'(h,1) Q(1)“]
K+s—1 P, 1) Q1)

= Prs. (Say)

1
= K+S_1[(1<+s)u+1+

For6 =2

e (xFshu i Ap (€ +8)u,h) (v +2)!(x + 5 - 3)!
QM)P(h, 1) & v! Vi +5—1)!
B g (cts)u i Ay (( +8)u, h) ((k + s)u + 1)(v +2)
Q)P 1) V! (kK+s—1)(x+5-2)

1 .

T s - Dk +s-200)p01) |20+ 9003 01
+ 4QM)P (1) + Q V)P(h, 1)) +2¢' (1, DQ (1) + & (1, DQ(1)

Mf-li—s (yz; u) =

+ P, DQ" (1) + ((x + 8)*u? + 4(xc + s)u + 2)Q(1)P(h, 1)

_ 2 1 o2
= U +(K+5—1)(K+S )[(3(K+S) 2u” + 4(k + s)u

¥'(h,1) Q'(l)]+21fl’(h/1)ﬂ'(l)
P, 1) Q1) QMY 1)

+ Qs+ 4)[

9388
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ol " (h,1
w+¢~( )+2]; K+s>2.

+ =
Q1) 90 1)

Hence, proof of Lemma 1.4 is completed. [

Lemma 1.5. Let yo(y) = (y —u)?, 0 = 0,1,2. Then, for the operators (4), we have central moments M (yo(y), u)

K+S

as:

Mﬂs(YO(y)/ u) = 1;
_ 1 gl Q@)

MELOW 0 = e T g p e

MZ (a(y),u) = T 1)1(1< " [(K +5+2)u + 2u(k + 5 +2)
+ 4(u+ 1)[1’5/(}['1) + Q’(l)] + 21’5/(h'1)d(1) + Q')

P(h,1) QM1 T M1 Q)
+ ¢~(h’l)+2]; K+5>2,
Y(h,1)

for each u € Rj.

Proof. With the aid of the Lemma 1.4 and linearity property, we can easily complete the proof of Lemma
15. O

In the following sections, we examine the convergence rate of operators and their approximation order.
Specifically, we discuss direct results both globally and locally in several spaces. In the final section, we
explore some results of the A-Statistical approximation in various functional spaces.

2. Uniform Rate of Convergence and Order of Approximation
Definition 2.1. [34] The modulus of smoothness for § € C[0, 00) is given by
w(g;0) = sup |§(u1) = G(ua)l, uy, uz € [0, 00).

|11 —up|<O

Theorem 2.2. Let MA (.;.) be a operators described in Eq. (4). Then, on each bounded and closed interval of [0, c0),
M2 (5;.) =3 g, for all § € Cg[0, ), where the symbol =3 denotes uniform convergence.

Proof. Considering the classical Korovkin theorem [36], which characterizes the uniform convergence for
the sequence of positive linear operators, it is enough to note that

lim M2 (go;u) =u’, 6=0,1,2,
K—00

uniformly on all bounded and closed subsets of [0, o). We can easily establish this result with the help of
Lemmal4. O
Now, we show that Voronovskaja-type asymptotic approximation theorem for the M (.;.) given in (4).

Theorem 2.3. Let § € Cp[0, 00) and §', g exist at a fixed point u € [0, co). Then, one has

y i Q)
g (u)[u + —1/3(11, D + Q(l) +1

+%(u2 +2u)g" (u).

tim G+ 5)( ML, (3:10) - 7))
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Proof. In accordance with Taylor’s formula for the function §, we get

g(y) = gw) + (y —w)g' () + (y )" () + Ky, w)(y - uy?, (5)

where t(y, u) is Peano remainder and
limt(y, u) =0
y—u

Applying operators on both the sides in (5), we yield

ME@Guw) —gw) = §FMA(y—w;u)+ 5 ~"(u)/wus((y—u)%u)
MA (H(y, u)(y — u)%; u).

+

In view of Lemma 1.5

(e IMAG — gy =IO, lfg(h, D, 9m ]

K+s—1 1) Q)
1 (x+97" W)
2(k+s—1)(k+s—2)

[(K+s+2)u2+2u(1<+s+2)

+4(u+1)(¢ Wy Gy, Fonan | o'
gD T am ) T ameny T an
lfb (ﬁf 11)) #2] 4 (e )Mty 100y — 50,

Operate the limits on both the sides of the above expression, we get

) Fo o
g (u)[u + —II)(I’Z, D + a) + 1]

lim -+ ) (MA@~ g) =

+ 1(u2 +2u)g" (u)
+ lim(x+ MLy, )y — )% ).

Now, we need to show that
hm (K + s)MHS(t(y, u)(y — u)%u) =

In view of Cauchy-Schwarz inequality, we calculate last term of above expression can be written as:

(k + OME (Y, )y — ) < ME(E(Y, u);u)

Xl + SPME((y — 1)) ©®)
We see that #2(u, u) = 0 and #?(y, u) € Cp[0, o). Thus we have
11m Mfﬂrs(tz(y, u); u) = (u,u) = 0. (7)

From (6) and (7) it follows that
lim (i + S)MZ (Hy, u)(y — w)*; u) =
Hence, the proof is completed. [J

According to Shisha et al. [35], order of convergence relative to Ditzian-Totik modulus of continuity can
easily be proved.
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A
K+s

Theorem 2.4. Consider § € Cg[0, oo) and for the operators M
IMELS(F;1) = Gl < 20(F; 0),

(.;.) presented in Eq. (4), we acquire

where & = \/Mfis((y —u)%;u).
Proof. In accordance with Lemma 1.4, 1.5 and Cauchy-Schwartz inequality, we have
IMA (G u) - gal < MA(13(y) - gl u)

< Mﬁis((l Y - ”')w(gi 6);u)

IA

(1 + %Mfﬂs(ly —ul; u))w(ﬁf 0)

(1 + % M (2 (y); u))w(z?, 0).

By selecting 6 = | MZ (y2(y); u), we obtained the desired proof. [J

IA

3. Locally Approximation Results

We recall a few functional spaces and functional relations in this part as: Cg[0, o0): Denotes a real valued
functional space which acquires bounded and continuous functions. Now, Peetre’s K-functional [34] is
defined as

Ko(3,6) =  inf {~—fz ) + Ol m},
2(9,6) e o 19 = Hlics10,00) + 0l1R"llc210,00)

where Cé[O, 00) = {1 € Cp[0, 00) : I, " € Cp[0, )} associated with norm 4]l = sup |§(y)| and second order

0<y<eo
Ditzian-Totik modulus of smoothness is presented by

wy(F; \/5) = sup sup |g(y+2k) —24(y + k) + G(y)l.
0<k< V5 Yel0,00)

As described in ([34] by DeVore and Lorentz on page no. 177, Theorem 2.4) as:
K(7;6) < Can(g; Vo), ®)
where C is an absolute constant. To establish the next result, we consider the auxiliary operator defined as:

MA(Gu) = ME(Fu) + G

D' (h1 o}
—g( ! [(K+S)u+¢~( )+—9(1)+1]). )
K+s—1 P, 1) Q1)
where § € Cp[0, ), u > 0 and « > 1. From Eq. (9), one can yield
MZ(130) =1, M (1(v); ) = 0 and [MZ(7; )l < 311l (10)

Lemma 3.1. Ifu > 0and x +s > 2, one has
IME (1) — G)] < ©wIF" I,
where § € C3[0, 00) and ©(u) = M2 (y1(y); 1) + (M (1 (y); w)2.
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Proof. For § € C2[0, c0) and by Taylor expansion, we get

gy) = g@u) + (y —w)g' (u) + f (v —0)g" (v)dv (11)
Implementing the auxiliary operators Mk +s(;.) introduced in Eq.(9) to Eq. (11), we get

MG - g) = Moy + M, f (y — o) (o)o; ).

Using the Egs. (10) and (11), one yield

Yy
ME (G u) - Gu) = M2, f (y — 0)§" (v)dv; u
Yy

=MZ( f (v - )" (©)dov; u)

u

Prcss -

[(K +s)u + M + g?l(l) + 1] - U) g’ (v)dv,

(K+S 1

IMZ (53 u) - Gu)] <

Y
M f (- 07" (0)do; )

Pt ~ ~
U1 Q) v
f(K+S (K+s)u+¢(h 1)+m+1]—v)g (v)do|. (12)
Since,
y
f y—0)7" @)do| < (y—u)? 1 7" |, (13)
then
0 §iy Q)
u (K 1 [(K +s)u + S + m + 1] - v) g’ (v)dv
1 ey oo g\,
S(1<+s—1[1/}(h,1)+Q(1)+1]) A (14)

In accordance with (12), (13) and (14), we acquire

IMZ (53 u) - Gu)| < {ﬁﬂs(w(y); )

g Q) 2}
+(K+s—1 STORTINOTEY ”]) 771
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This proves the required result. [
Theorem 3.2. For j € C3[0, o), there corresponds a non-negative constant C > 0 such that

| M2 (G51) — §w) 1< Can(; VOM)) + w(@ MZ (1 (y); ),

where ©(u) is given by in Lemma 3.1.

Proof. Leth € C2[0,00) and g € Cp[0, o). Then, by definition of MA (;.) given in (9), we get

K+S

IMA (1) — )] < IMP (G — T )] + | — B) )] + IMP (3 1) — Gu)|
Jh1) Q)

. 1 -
+ ‘g(K+S_1[(K+s)u + —lﬁ(h,l) + m +1])—g(u)

According to Lemma 3.1 and inequalities mentioned in Eq. (10), we acquire

IME (5 1) — G| <AIG—RlI+HIME (G ) — G|

N 1 P Q) N
+ g(K+S_1[(K+s) + gﬂ(h,l) + m +1D—g(u)

< 4llg = Tl + ©@)IR" | + w3 M (y - u); ).

Using Eq. (8), we established the required result. O
Further, we address the next result in Lipschitz type space presented by [37] as:
ly—ul

———  1u,y€(0,00)4,
(y+Cu+Gu?): Y }

Lip®(n):={7 € Cs0, 00) : [§(y) - Gu)| <M

where M >0,0<n<1and §, 5 > 0.
Theorem 3.3. Consider sequence of linear positive operators in (4) and § € Lip%}l’gz(n), one obtain
. . ~ Au) :
|MK+S(g’ u) g(u)| = (Clu + C2u2) 4
where 0 <1 < 1,0, G € (0,00) and A(y) = MA (ya(y); w).

Proof. Forn=1and u > 0, one get
IMZo(@) - )] < ME3() = gl v)

< MMELS( |y il 1 ;u)-
(v + Cuu + Gu?)?

1 < 1
v+ Gu+Gu? - Gu+ Gu’

Since for each u € (0, ), we acquire

IMZ () — Gw)] < M2 (r2(y); )

(Cuu + Gu?)?
Aw) )5

= M(Clu + Cou?

9393

(15)
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9394
2

which indicates that the Theorem 3.3 is valid for n = 1 Next, we examine the case where 1 € (0,1) and in
accordance with H'older’s inequality by selecting p = 2 and q = 5=, We obtain
IME(G30) = 50 < (M 050) - 3015 10)

[NTS)

1
Since

n
B |y__1”2 2
A .
B M(MK+S((y + Ciu + Czuz)’u '
1
Tt Gt for all u € (0, 0), one get

y+ Gu + Gu? <

u) — R\ 2
|MK+s(g;u) g(u)|<M(IMK+S(qu) g(u)(ly u|,u))

Cuu + Gu?
N Aw) %
<M————)".
h (Clu + CZMZ)
Thus, we obtain the desired result. O

GG sup TWI0)

Further, we address the local approximation in terms of the #* order modulus of smoothness, followed by
the Lipschitz-type function introduced by Lenze [37] as

—, UE [0,00) and r € (0, 1]
y#u,y€(0,00) |}/ - ul

(16)
Theorem 3.4. Assume § € Cp[0, o0) and r € (0, 1]. Then, for every u € [0, 00), we have

IMZ(Gi 1) — 0] < @n(3;w)(Aw) .
Proof. It can be observed that

IME(3;w) = )l < MEG(y) = Gl w)
Using Eq. (16), one get

IMA (3 u) — Gu)| < @s(F uMA (ly — ul’; u).

Then by employing H'older’s inequality with p =

;andg =52

3=, we obtain
IMZ(G5 1) — 500l < @n(F; ) ( M (ly — ulsw))

Thus, we conclude the proof. [J

4. Approximation Properties Globally

Consider v(u) =1+u20 < u < o as weight function. Then, B, [0, c0) =
the constant M; depends on § and C,[0, ) represents the continuous functional space in B, [0, ) along
with the norm [|]l, = sup 2!

{g(u) : 1) < M1 + u?), here
“ and cklo, 00) = {7 €C)[0,00) : im gEZ; k, where constant k depends on 4}
u€l0,00) oo
If 7 is a function defined on [0, b] where b > 0. Then, Ditzian-Totik modulus of continuity is given by
wy(g,0) = sup sup |g(y) - Gu)l-
[y—ul<d u,y<[0,b]

zero

(17)
It is straightforward to observe that for § € C, [0, o), the modulus of continuity defined in Eq. (17) tends to
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Remark 4.1. In this article, we employ the test function defined by

goy) =%, 0€{0,1,2}

9395

Theorem 4.2. Let § € C,[0, 00) and wp+1(g; 0) denote the modulus of smoothness defined on [0,b + 1] C [0, o).

Then, for y € [0, b], we obtain
IMZAL( ) = Gllcrop < AM(1 + b*)5s(b) + 2wp41(F; VO5(D)),

where 6,(b) = 52{32(] MA (y2;u).

Proof. For any u € [0,b] and y € [0, o), we have
ly —ul

99) - g0) < ANy (1 + 1)y - )+ (1+ )wM(q; 5).

A

Implementing operator M. (.;.) on both the sides, we acquire

IMZ (75 1) = G(u)| < 4M(1 + PIMA (y2;u)

A — 1l
. (1 . My — ul;u)

5 )wb+1 (7;0).

Now, in accordance with Lemma 1.5 and x € [0, b], one has

VOs(b)

MG = g1 a0+ 38,0+ 1+ Y2 o @0

By selecting 0 = 65(b), desired result can easily be obtained. [

Theorem 4.3. ([38], [39]) Assume that the sequence of linear positive operators (Lis)x=1 mapping from C,[0, oo) to

B, [0, 00) meets the conditions
lim ||Ly+s5(go;.) — doll, =0, where 0 =0,1,2,
thus, for § € CK[0, 00), we get
lim 1Lk +5)(3; ) = gl = 0.

Theorem 4.4. Let § € CE[O, 00). Then, we obtain

lim [|MZ(7;) = il = 0.
Proof. To prove the result of Theorem 4.4, it is enough to verify that

Lim M (F0; ) = Goll = 0, for 0=0,1,2.

A

Considering the Lemma 1.4, one can see || M.,

1
Mﬂ ~/'- -g v(u) = RN ~ ~
Wi =il = =80 3 [v 51l
~r 1 ~
L_FeD G )

T xk4s-—1 &(h,l) Q) s;;fo)l+u2'

1 [Ip’(h,l) . Q') +1]l

(§o;-) — 1ll, = 0, here ¥ — oo and restrict with x > 2, also
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For a large value of x, we get [|MA (41;.) — dull, — 0.
Now,

3(k+s)—2 2
MG - gl < (2 sup

(K+s5—=2)(x+s— ue;é,};)1+u2

4(x +5) u
((K T s 2)(k+s— 1))u§‘§§,) T+22
( 2(k +s)u+4 [l/l (h,1) Q'(l)]) “u 1
(k+s=2)k+s-DLPh1) Q1) 1) ueoe) 1 + 12
4 ( 1 (2'# (h, HQ'(1) IP (1, 1)
(k+s=2)(x+s-1\ Q)(h,1) ¢(h 1)

+ == Q ( ) 2) sup
Q@) yel0,00)

1+u?
Which implies IIMK ‘s(2;.) — gall, — 0 as k¥ — oo. Thus, we conclude the proof of the Theorem 4.4 [J
Theorem 4.5. Let § € CE[O, o0) and C > 0. Then,

im sup

=0.
K90 000 (1 + )

Proof. Since |§(x)| < ||gll,(1 + u?), for any real fixed number 1, > 0, we get
o MA@ =g ME@0 =900 | MA@ - 50
B O T L T L O

< ”MK+S(9; ”) - ﬁ(”)|||C[0,uo]

. MA A+ % u) |g(w)l
+ 1191l il;g ETE T ilzllg T+
= Kl + Kz + Kg, say. (18)
Now,
~ ~ 2 ~
R, = |G (w)] < g1l (1 + u7) < 411,

<su < .
uzulz (1 +u?)+e uzg (T+u)*C = (T +ud)

In view of Lemma 1.4, it gives
M+ y5u)

lim sup 112

K7 uelug,00)

Therefore, for any arbitrary € > 0, there corresponds x; € IN with

sup MﬁS(l * y2; u) d~ uz)c +1, forall ¥ > 7.
u€ug,0) 1+u? B ”g”v 3

Therefore

5 MA (A +y%u) 1411 €
Ry =g, su K1 < + =, forall ¥ > «3. (19)
g uE[uOI,)oo) (1 + u?)t+¢ (1+u3)k 3
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Hence, we get

s s 141, €
Ry+R3<2———— + =.
SR TP
If we take 1y to be so large that (1@;)@ < ¢, then, we have

o - 2
Ry + Rz < ge for all k¥ > x;.
Now, from Theorem 4.2, there corresponds k; > k with
- . . €
Ry = IMA () = dllciou) < 3 for all x, > «.

Let k3 = max(x, ). Then, using the Egs. (18), (20) and (21), we get
IMZ (G5 1) = glu)

sup <€,
ooy (L u2)lHe

which, completes the proof. [

5. A-Statistical Approximation

9397

(20)

(21)

We revisit some notation from [40]. Suppose that B = (b(.+s),) is an infinite, non-negative summability
matrix. A sequence u := (u,) is A-statistically convergent to L, denoted as stg — lim u = L, if for each e > 0

lim ) by =0.

pluy—Lize
Let g = (4(x+s)) be a sequence such that the following assertions are true

stg — th Gue+s) = 1 and stp — li,I<n qfﬁs) =b, 0<b<1.

(22)

Theorem 5.1. Consider B = (b+s),) be a non-negative regular summability matrix and sequence q = (qx+s) along

with condition (22), qi+s € (0,1), k¥ € IN. Then, for each § € C[0, o), stp — lim || M
K

Proof. In accordance with Lemma 1.4, one has
stp — Him [IM7,(g0; ) = ol = 0.

Also,

vl

/\/[jI g1;.) — J1lly = 7
IMiis(@1;) = Julls = sup o(h, 1)

ue0e0) 1+ u2

1
m[(K'FS)M‘Fl‘F

=—— sup ——
K+s—1ue[0§,)1+u2

+ 1 [1 + lp:(h’l) + f},(l)]
K+s—1 Y1) Q1)

2"
ue[0,00) 1+u

Now

Ki:= {K AIMA (g1 ) - gl > 6},

(!7} ) - 9~||v =0.
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. [ 1 P'(h1) Q1) €
KS'_{K'K+S—J[1+1Rh1)+ o) 22}.

Which implies that K; € K, U K3, this shows that
Z b(x+s)y < Z b(K‘FS)H + Z b(K+s)y~
ueky ueky ueks
Therefore, we get
sty — lim M2, @) = dall, = 0. (23)

Now by using Lemma 1.4, we have

1
(k+s—-1(x+s5-2)
Feb )
g 1) Q)
P BDHAM) PR Q') +2]|_

1
A (= .\ _ A < I
IMs(F2; ) = Fallie < i}éﬁi V@)

[(3(1( +5) = 22

A + )1t + (2 + $)u + 4)(

P, DOM) P 1) Q@)

For a given € > 0, we have the following sets
Hi:= {K MA@ - 7], = }

+ ) 3(k+s)—-2 €
H2"{K' (cts—Dts—1) 24}’

+ ) 4(k +s) €
H3'_{K' (k+s=2)(k+s—1) 24}'

Foo_ ). 1 Y1) QM e

H“'_{K' (K+s—2)(1<+s—1)[lﬁ(h,1) - Q1) z 4}’

- | 1 P, 1AM P11 Q') €
HS'_{K' (1<+s—2)(1<+s—1)[2 JhHaM) a1 A +2]2 4}‘

It can be seen that H; C H, |J H3 |J Hy | Hs. Therefore, we acquire

Z bierspu < Z boersp + Z biersp + Z bierspu + Z bcrs)u-

ueH; ueH, ueHs peH, ueHs
As k¥ — o0, we have

stp — 1i1£n IMA (72 u) - gall, = 0. (24)
Thus, we concludes the proof of the Theorem 5.1. O

Next, we will examine the convergence rate of A-Statistical approximation with respect to Peetre’s K-

functional for the operators M (.;.).
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Theorem 5.2. Let § € C3[0, c0). Then,
stp — li}I}lllMﬂs(ﬁ; ) = Jlics0,00) = 0.
Proof. Considering Taylor’s result, we have

70) = 900 + 7 )y — 1) + 36"y — 1Y,

A
K+s

where v < 1 < u. Operating M, (.;.), on both sides in above equation, one get

MESGw) = §u) = § M (5 10) + 55" (MME (3 ),
which yields that
IMZ () = dlicatoes) < 17 licsio.co M5 (F1=, Nicsio,0)

+ 119" lcp10,00) M s (G1=, YllCy10,00)
=Wi+W,, say. (25)

Based on Egs. (23) and (24), it follows that

lim Y B =0,

yE]NZWhZ%

im ) Bou = O

yE]N:WzZ%

From Eq. (25), we have

lim Y brogp UM Y bergu+im - Y Do

K ~ ~
HENIMZ (7:)=Fllcpro,2€ peEN:W, > £ HEN:W,>§

Thus, stg — lim M2 (5;-) — dllcypo,00) — 0 as k — co.
K
Hence, we arrive the proof. [

Theorem 5.3. For j € C3[0, ),
IMZAL@:) = llcaoes < Man(g; VO),
where 6 = IIMf‘H((gH -); ')”CB[O,oo) + IIMf‘H((gH - ')llcg[o,oo) and||gllczjo,c0) = Nllcs10,00) + 119 llcs 0,00 + 1197 llcso,0)-
Proof. Let f € Cé[O, 00). Using Eq. (25), one obtain
IMZS(F) = fllcsioss < IF lesio e IME (@1 = )i llcsio.e)
+ 2170 MG = o
< 8l fll o,00) (26)
For each § € C[0, o) and f € Cé[O, o), Using Eq. (26), we acquire

IMZ(F; ) = Flicsioes) < MA@ ) = ME(F lcaioe)
+IMZA(F5 ) = flicso,e) + I1f = dlicsio,)
< 2lIf = Flicyiop0) + IMAL(F:) = fllcuoe)
< 2llf = dllcsio.e0) + 5||f||c23[o,oo)-
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Considering Peetre’s K-functional, we obtain
IMA(G;) = Gllcsoey < 2Ka(d;0)

2Cawn(7; V0)

M (; Vo)

where M = 2C is an absolute constant. Therefore,
M) = Flicutoss) < Man(g; Vo).

which concludes the proof of desired result. [

IA

6. Conclusion

In this article, we introduce a sequence of positive linear operators using generalized Appell polynomials
in Beta form. These operators are designed to approximate functions defined on a Lebesgue measurable
space and are known as modified Szész-Beta type operators introduced in (4). Moreover, we derive estimates
to establish the rate of convergence and the accuracy of approximation. Further, we explore various aspects
of approximation, including local and global results, as well as A-statistical approximation, utilizing these
operators to obtain enhanced approximations across different functional spaces. These operators provide
better flexibility in approximations compared to the operators defined in (3). In addition, these sequence
of operators discuss approximations in wider class in comparison of operators defined in (3).

Conflicts of interest

There are no conflicts of interest, according to the authors.

Data availability

No data were used to support this study.

References

[1] K. Weierstrass, Uber die analytische Darstellbarkeit sogenannter willk’urlicher Functionen einer reellen Ver'anderlichen, Sitzungsberichte
der K;oniglich PreuBSischen Akademie der Wissenschaften zu Berlin, 2, 633-639, (1885).

[2] S.N. Bernstein, Démonstration du théoreme de Weierstrass fondée sur le calcul de probabilités, Commun. Soc. Math. Kharkow., 13 (2),
1-2, (1912/1913).

[3] O. Szisz, Generalization of S. Bernstein’s polynomials to the infinite interval, J. Research Nat. Bur. Standards, 45, 239-245, (1950).

[4] F. Schurer, Linear positive operators in approximation theory, Math. Inst. Techn. Univ. Delft Report, (1962).

[5] N.Rao, P. Kumar, N. K. Jha, and Md. Heshamuddin, Quantitative estimators of extended Beta type Szdsz-Schurer operators, Palestine
Journal of Mathematics, 14 (2), 463-473, (2025).

[6] N. Rao, M. Farid, and N. K. Jha, Szdsz-Integral operators linking general-Appell Polynomials and approximation, AIMS Math., 10 (6),
13836-13854, (2025).

[7] N. Raza and M. Kumar, Approximation with Chlodowsky variant of Kantorovich-Stancu-operators employing associated A-polynomials, J.
Inequal. Appl., 2024 (1), 1-19, (2024).

[8] N.Raza, M. Kumar, and M. Mursaleen, On approximation operators involving Tricomi function, Bull. Malaysian Math. Sci. Soc., 47 (5),
154, (2024).

[9] R. Aslan, Some approximation properties of Riemann-Liouville type fractional Bernstein-Stancu-Kantorovich operators with order of o, Iran.
J. Sci., 1-14, (2024).

[10] R. Aslan, Rate of approximation of blending type modified univariate and bivariate A-Schurer-Kantorovich operators, Kuwait J. Sci., 51 (1),
100168, (2024).

[11] F. Ozger, On new Bézier bases with Schurer polynomials and corresponding results in approximation theory, Commun. Fac. Sci. Univ.
Ank. Ser. Al. Math. Stat, 69 (1), 376-393, (2020).

[12] F. Ozger, M. T. Ersoy, and O. Z. Ozger, Existence of solutions: Investigating Fredholm integral equations via a fixed-point theorem, 13,
261, (2024).

[13] Q. B. Cai and R. Aslan, Note on a new construction of Kantorovich form q-Bernstein operators related to shape parameter A, Comput.
Model. Eng. Sci, 130 (3), 1479-1493, (2022).



N. Rao, N. K. Jha / Filomat 39:27 (2025), 9385-9401 9401

[14] Q. B. Cai, R. Aslan, F. Ozger, and H. M. Srivastava, Approximation by a new Stancu variant of generalized (), y)-Bernstein operators,
Alex. Eng.J., 107, 205-214, (2024).

[15] N. L. Braha, Some summability methods for Dunkl-Gamma-type operators including Appell polynomials, Math. Methods Appl. Sci.,
(2024).

[16] N. L. Braha, T. Mansour, and M. Mursaleen, Some Approximation Properties of Parametric Baskakov-Schurer-Szdsz Operators Through
a Power Series Summability Method, Complex Anal. Oper. Theory, 18 (3), pages- 71, (2024).

[17] M. A. Mursaleen, M. Heshamuddin, N. Rao, B. K. Sinha, and A. K. Yadav, Hermite polynomials linking Szdsz—Durrmeyer operators,
Comp. Appl. Math., 43 (223), 407-421, (2024).

[18] M. A. Mursaleen, M. Nasiruzzaman, N. Rao, M. Dilshad, and K. S. Nisar, Approximation by the modified A-Bernstein-polynomial in
terms of basis function, AIMS Math., 9 (2), 4409-4426, (2024).

[19] M. A. Mursaleen, M. Nasiruzzaman, and N. Rao, On the Approximation of Szisz-Jakimovski-Leviatan beta type integral operators
enhanced by Appell polynomials, Iran. J. Sci., 1-10, (2025).

[20] K. ]. Ansari, M. Mursaleen, and S. Rahman Ozger, Approximation by Jakimovski-Leviatan operators of Durrmeyer type involving
multiple Appell polynomials, Rev. R. Acad. Ciene. Exactas Fis. Nat. Ser. A Math. RACSAM, 113, 1007-1024, (2019).

[21] K.]J. Ansari, F. Ozger, and O. Z. Ozger, Numerical and theoretical approximation results for Schurer-Stancu operators with shape parameter
A, Comput. Appl. Math., 41 (4), 181, (2022).

[22] S. A. Mohiuddine, T. Acar, and A. Alotaibi, Construction of a new family of Bernstein-Kantorovich operators, Math. Methods Appl.
Sci., 40, 7749 — 7759, (2017).

[23] S. A. Mohiuddine, N. Ahmad, F. ‘Ozger, A. Alotaibi, and B. Hazarika, Approximation by the parametric generalization of Baskakov—
Kantorovich operators linking with Stancu operators, Iran. J. Sci. Technol. Trans., 45 (2), 593-605, (2021).

[24] M. Mursaleen, KJ. Ansari, and A. Khan, Approximation properties and error estimation of q-Bernstein shifted operators, Numer.
Algorithms, 84, 207-227, (2020).

[25] M. Mursaleen, A. Naaz, and A. Khan, Improved approximation and error estimations by King type (p, q)-Szdsz-Mirakjan Kantorovich
operators, Appl. Math. Comput, 348, 2175-185, (2019).

[26] N. Rao, M. Shahzad, and N. K. Jha, Study of two dimensional a-modified Bernstein bi-variate operators, Filomat, 39 (5), 1509-1522,
(2025).

[27] N. Rao, N. K. Jha, and M. Shahzad, On a new sequence of Bernstein-Chlodowsky operators and approximation properties, J. Math. Sci.,
(2025).

[28] A. Khan, M. Mansoori, K. Khan, and M. Mursaleen, Phillips-type q-Bernstein operators on triangles, J. Funct. Spaces, 2021, 1-13,
(2021).

[29] Md. Nasiruzzaman, Approximation properties by Szdsz—Mirakjan operators to bivariate functions via Dunkl analogue, Iran. J. Sci.
Technol. Trans., 45, 259-269, (2021).

[30] A.M. Acu, T. Acar, and V. A. Radu, Approximation by modified Uﬁ operators, Rev. R. Acad. Ciene. Exactas Fis. Nat. Ser. A Math.
RACSAM, 113, 2715-2729, (2019).

[31] A. M. Acu, P. Agrawal, and D. Kumar, Approximation properties of modified q-Bernstein-Kantorovich operators, Commun. Fac. Sci.
Univ. Ank. Ser. Al Math. Stat. 68 (2), 2170-2197, (2019).

[32] N. K. Jha and N. Rao, On generalized Bernstein Kantorovich Schurer type operators and its approximation behaviour, Filomat, 39 (10),
3249-3262, (2025).

[33] N. Raza, M. Kumar, and M. Mursaleen, Approximation with Szdsz-Chlodowsky operators employing general-Appell polynomials, J.
Inequal. Appl., 26 (2024), (2024).

[34] R. A. DeVore and G. G. Lorentz, Constructive Approximation, Grudlehren der Mathematischen Wissenschaften Fundamental
principales of Mathematical Sciences, Springer-Verlag, Berlin, (1993).

[35] O. Shisha and B. Mond, The degree of convergence of linear positive operators, Proc. Nat. Acad. Sci. USA, 60, 1196-1200, (1968).

[36] Korovkin, P.P., On convergence of linear positive operators in the space of continuous functions, Dokl. Akad. Nauk. SSSR, 90, 961-964,
(1953).

[37] B.Lenze, On Lipschitz type maximal functions and their smoothness spaces, Nederl Akad Indag Math. 50, 53-63, (1988).

[38] A.D. Gadjiev, The convergence problem for a sequence of positive linear operators on bounded sets and theorems analogous to that of P. P.
Korovkin, Dokl. Akad. Nauk SSSR 218 (5), (1974).

[39] A.D. Gadjiev, On P. P. Korovkin type theorems, Mat. Zametki, 20, 781-786, (1976); Transl. in Math. Notes (5 — 6), 995-998, (1978).

[40] A. D. Gadjiev and C. Orhan, Some approximation theorems via statistical convergence, Rocky Mountain ]. Math., 32 (1), 129-138,
(2007).



