
Filomat 39:29 (2025), 10371–10380
https://doi.org/10.2298/FIL2529371L

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Generalized inverses and the solutions of related equations in matrix
rings
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Abstract. This paper focuses on exploring several equivalent conditions for PI and SEP matrices. By
constructing specific matrix equations and analyzing the existence of solutions to these equations within a
given set, we determine whether a group invertible matrix belongs to the class of PI or SEP matrices.

1. Introduction

Throughout this paper, Cn×n stands for the set of all n × n complex matrices. Let A ∈ Cn×n. Denotes the
conjugate transpose matrix of A by AH. A is called a group invertible matrix [6] if there exists X ∈ Cn×n such
that

AXA = A, XAX = X, XA = AX.

If such X exists, then it is unique, denoted by A#, and is called the group inverse of A.
A is said to be Moore Penrose invertible [3, 5] if there exists X ∈ Cn×n such that

AXA = A, XAX = X, (AX)H = AX, (XA)H = XA.

Such X always exists uniquely by [2], denoted by A+, and is called the Moore Penrose inverse of A.
The matrix A is called a partial isometry (abbreviated as PI) [1, 9] if it satisfies the equation A = AAHA.

Clearly, A is a PI if and only if A+ = AH [9].
A is called EP when the group inverse A# exists and A# = A+ [2, 4, 10, 11]. If A# exists and A# = A+ = AH,

then A is called SEP [13]. Evidently, A is SEP if and only if A is both EP and PI. The studies of SEP elements
in a ring with involution can refer to [7, 8, 11, 12, 14].

In this paper, we continue to study SEP matrix. In Section 2, we introduce some lemmas on PI and SEP
matrix. In Section 3, we research the relationship between the consistency of matrix equations and PI, SEP
matrix. In Section 4, with the help of group invertible matrix and SEP matrix, we discuss the form of the
general solution to certain equation.

2020 Mathematics Subject Classification. Primary 15A09; Secondary 15A10; 16U90.
Keywords. PI matrix, SEP matrix, EP matrix, solution of equation, group inverse, Moore-Penrose inverse
Received: 27 February 2025; Revised: 29 August 2025; Accepted: 01 September 2025
Communicated by Dijana Mosić
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2. Some lemmas on PI and SEP matrices

Lemma 2.1. [7, 8] Let A ∈ Cn×n be a group invertible matrix. Then
(1) (A#)+ = A+A3A+.
(2) (A+)# = (AA#)HA(AA#)H.

Lemma 2.2. [14] Let A ∈ Cn×n be a group invertible matrix. Then
(1) (A+)HAA# = (A+)H = AA#(A+)H.
(2) (A#)HAA+ = (A#)H = A+A(A#)H.
(3) (A+)HA+A = (A+)H = AA+(A+)H.
(4) (AA#)HA+ = A+ = A+(AA#)H.

Lemma 2.3. [11] Let A ∈ Cn×n be a group invertible matrix. Then
(1) A#A+A = A# = AA+A#.
(2) A#A+A# = (A#)3.
(3) A#A+A3 = A = A3A+A#.

Lemma 2.4. [11] Let A ∈ Cn×n be a group invertible matrix. Then A is SEP if and only if one of the following
equivalent conditions holds:

(1) AAA+ = AAHA.
(2) A+AA = AAHA.
(3) A+AHA = A#.
(4) A# = AAHA+.

Lemma 2.5. [11] Let A ∈ Cn×n be a group invertible matrix. Then A is a partial isometry matrix if and only if one
of the following equivalent conditions holds:

(1) A+AH = A+A+.
(2) (AH)n+1 = (AH)nA+ for some n ∈ Z+.
(3) AA+ = (A+)HA+.

3. Compatibility of matrix equation

We can construct the following equation:

XAHA = AA#XA#A. (1)

Theorem 3.1. Let A ∈ Cn×n be a group invertible matrix. Then A is a partial isometry matrix if and only if Eq.(3.1)
has at least one solution in τA = {A, A#, (A+)H

}.

Proof. “⇒ ” Assume that A is a partial isometry matrix. Then AAHA = A, it follows

AA#AA#A = AA#A = A = AAHA.

Hence, X = A is a solution.
“⇐ ” From the assumption, we will show step by step as follows.
1) If X = A, then AAHA = AA#AA#A = A, one gets A is PI.
2) If X = A#, then A#AHA = AA#A#A#A = A#. It follows A is PI by [11, Theorem 1.5.2].
3) If X = (A+)H, then (A+)HAHA = AA#(A+)HA#A. By Lemma 2.2, one gets (A+)HA#A = (A+)H =

A#A(A+)H. It follows A = (A+)H and so A is PI.

Theorem 3.2. Let A ∈ Cn×n be a group invertible matrix. Then A is a SEP matrix if and only if Eq.(3.1) has at least
one solution in ωA = {A+, AH, (A#)H, A+A#A, (A#)+, (A+)#

}.
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Proof. “⇒ ” Assume that A is a SEP matrix. Then A# = A+ = AH. It follows

AHAHA = A#A#A = A# = AA#AHA#A.

Hence, X = AH is a solution.
“⇐ ” 1) If X = A+, then A+AHA = AA#A+A#A. By Lemma 2.3, one yields

A+AHA = A#.

Hence, A is SEP by Lemma 2.4.
2) If X = AH, then AHAHA = AA#AHA#A. Pre-multiplying the equality by AA+, one gets

AA+AHAHA = AHAHA.

Post-multiplying the equality by A+(A#)H(A#)HA+, one has

AHAHA(A+(A#)H(A#)HA+) = AHAH(A+)HAH(A#)H(A#)HA+ = (AA#)HA+ = A+,

then
AA+A+ = A+.

So A is EP by [11, Theorem 1.2.1], this implies AA#AH = AH = AHA#A. Thus, one gets

AHAHA = AH,

and A = AHA2. By [11, Teorem 1.5.3], A is SEP.
3) If X = (A#)H, then

(A#)HAHA = AA#(A#)HA#A.

Pre-multiplying it by AA+, one has A = (A#)HAHA by Lemma 2.2. Hence, A is EP by [11, Theorem 1.1.3],
which induces

AA#(A#)HA#A = AA#(A+)HA#A = (A+)H

by Lemma 2.2. Thus, one gets A = (A+)H and so A is SEP.
4) If X = A+A#A, then

A+A#AAHA = AA#A+A#AA#A = A#.

Pre-multiplying the equality by A+A, one has A+AA# = A#. Hence, A is EP by [11, theorem 1.2.1], this leads
to A#AAH = AH. Now one obtains

A# = A+A#AAHA = A+AHA.

Therefore A is SEP by Lemma 2.4.
5) If X = (A#)+, then by Lemma 2.1, one gets

A+A3A+AHA = AA#A+A3A+A#A.

By Lemma 2.3, one obtains
A+A3A+AHA = A.

Pre-multiplying the equality by A+A, one has A = A+A2, this implies A is EP by [11, Theorem 1.2.1]. Hence,
A+A3A+ = A and

AAHA = A+A3A+AHA = A.

Thus, A is SEP.
6) If X = (A+)#, then by Lemma 2.1, one yields

(AA#)HA(AA#)HAHA = AA#(AA#)HA(AA#)HA#A.
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Pre-multiplying the equality by AA+, one gets

AA+(AA#)HA(AA#)HAHA = (AA#)HA(AA#)HAHA.

Post-multiplying it by A+(A+)H, one has

(AA#)HA(AA#)HAHAA+(A+)H = (AA#)HA(AA#)HA+A = (AA#)HA

and so
A = (AA#)HA.

By [11, Theorem 1.1.3], A is EP, this induces X = (A+)# = (A#)# = A. By Theorem 3.1, A is PI. Hence, A is
SEP.

Now we can change Eq.(3.1) as follows:

XAHA = AA#XAA+. (2)

Theorem 3.3. Let A ∈ Cn×n be a group invertible matrix. Then A is a SEP martix if and only if Eq.(3.2) has at least
one solution in χA = {A,A#,A+,AH, (A#)H, (A+)H

}.

Proof. “⇒ ” Assume that A is a SEP matrix, then A+ = A# = AH. It follows

AAHA = AA#A = AAA# = AAA+ = AA#AAA+.

Hence, X = A is a solution.
“⇐ ”1) If X = A, then

AAHA = AA#AAA+.

Hence, A is SEP by Lemma 2.4.
2) If X = A#, then

A#AHA = AA#A#AA+ = A#AA+.

Pre-multiplying the equality by A2, one has AAHA = AAA+, so A is SEP by Lemma 2.4.
3) If X = A+, then

A+AHA = AA#A+AA+ = AA#A+.

Post-multiplying the equality by A#A, one has A+AHA = AA#A# = A# by Lemma 2.3. By Lemma 2.4, A is
SEP.

4) If X = AH, then AHAHA = AA#AHAA+ = AA#AH. Post-multiplying it by AA#, one has

AA#AH = AA#AHAA#,

and then pre-multiplying the previous equality by (A+)H, one yields AA+ = AA+AA# = AA# by Lemma 2.2,
so A is EP by [11, Theorem 1.2.1], which induces

AHAHA = AA#AH = A+AAH = AH.

Pre-multiplying the equality by (A+)H, one gets AHA = A+A. By [11, Theorem 1.5.1], A is PI. Hence, A is
SEP.

5) If X = (A#)H, then (A#)HAHA = AA#(A#)HAA+. Pre-multiplying the equality by AA+, one has

A = AA#(A#)HAA+ = (A#)HAHA,

so A is EP by [11, Theorem 1.2.1].This implies AA+ = A#A again by [11, Theorem 1.2.1] and

(A#)HAHA = AA#(A#)HA#A.

Thus, A is SEP by Theorem 3.2.
6) If X = (A+)H, then

A = (A+)HAHA = AA#(A+)HAA+,

by Lemma 2.2. Post-multiplying the equality by AA+, one obtains AAA+ = A. By [11, Theorem 1.2.1], A is
EP, which induces A# = A+. Hence, A is SEP by 5).
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Now we can change Eq.(3.2) as follows

XAHY = AA#XYA+. (3)

Theorem 3.4. Let A ∈ Cn×n be a group invertible matrix. Then A is a partial isometry matrix if and only if Eq.(3.3)
has at least one solution in χA

2 = {(X,Y)|X,Y ∈ χA}.

Proof. “⇒ ” Assume that A is a PI matrix, then AH = A+. It follows that

AAHAH = AAHA+ = AA#AAHA+.

Hence, (X,Y) = (A,AH) is a solution.
“⇐ ” I) If Y = A, A is a PI matrix by Theorem 3.3.
II) If Y = A#, then

XAHA# = AA#XA#A+.

Post-multiplying the equality by A2, one obtains Eq.(3.1) by Lemma 2.3. Hence, when X ∈ χA, A is SEP
by Theorem 3.1 and Theorem 3.2.

III) If Y = A+, then XAHA+ = AA#XA+A+. Post-multiplying the equality by AAH(A#)H, one yields

XAH = AA#XA+,

by Lemma 2.2.
1) If X = A, then AAH = AA#AA+ = AA+, so A is PI by [11, Theorem 1.5.1].
2) If X = A#, then A#AH = AA#A#A+ = A#A+, so A is PI by [11, Theorem 1.5.2].
3) If X = A+, then

A+AH = A+AA+AH = A+AH = A+AAA#A+A+ = A+A+.

Hence, A is PI by Lemma 2.5.
4) If X = AH, then

AHAH = AA#AHA+.

Pre-multiplying the equality by AA+, one has AAA+ = A, so A is EP by [11, Theorem 1.2.2]. This implies
A+ = A#, then

AHAH = A+AAHA+ = AHA+,

so A is PI by Lemma 2.5.
5) If X = (A#)H, then (A#)HAH = AA#(A#)HA+. Pre-multiplying the equality by AA+, one has

(AA+)H = AA+(AA#)H = (AA#)H,

so A is EP, which includes (A#)H = (A+)H by [11, Theorem 1.2.1]. Thus, one gets

AA+ = (A+)HA+.

By Lemma 2.5, A is PI.
6) If X = (A+)H, then

AA+ = (A+)HA+.

Hence, A is PI by Lemma 2.5.
IV) If Y = AH, then

XAHAH = AA#XAHA+.

1) If X = A, then AAHAH = AA#AAHA+ = AAHA+. Pre-multiplying the equality by A+, one has

AHAH = AHA+,
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so A is PI by Lemma 2.5.
2) If X = A#, then

A#AHAH = AA#A#AHA+ = A#AHA+.

Pre-multiplying the equality by AA, one yields AAHAH = AAHA+. Thus, A is PI by 1).
3) If X = A+, then A+AHAH = AA#A+AHA+. Pre-multiplying the equality by AHA, one has

AHAHAH = AHAHA+,

by Lemma 2.2. Hence, A is PI by Lemma 2.5.
4) If X = AH, then AHAHAH = AA#AHAHA+. Pre-multiplying this equality by AH(A+)H, one has

AHAHAH = AHAHA+

by Lemma 2.2. Hence, A is PI by Lemma 2.5.
5) If X = (A#)H, then

AH = (A#)HAHAH = AA#(A#)HAHA+ = AA#A+,

by Lemma 2.3. Pre-multiplying the equality by A, one gets AAH = AA+, so A is PI by [11, Theorem 1.5.1].
6) If X = (A+)H, then

(A+)HAHAH = AA#(A+)HAHA+ = (A+)HAHA+.

Pre-multiplying the equality by AH, one has AHAH = AHA+. Thus, A is PI by Lemma 2.5.
V) If Y = (A#)H, then

XAH(A#)H = AA#X(A#)HA+.

1) If X = A, then
AAH(A#)H = AA#A(A#)HA+ = A(A#)HA+.

Pre-multiplying this equality by AHA+, one has

AH = AHAH(A#)H = AH(A+A)H(A#)HA+ = AH(A#)HA+ = A+,

by Lemma 2.2. Hence, A is PI.
2) If X = A#, then A#AH(A#)H = AA#A#(A#)HA+. Pre-multiplying this equality by AA, one has

AAH(A#)H = A(A#)HA+.

Hence, A is PI by 1).
3) If X = A+, then

A+ = A+AH(A#)H = AA#A+(A#)HA+.

Pre-multiplying the equality by AA+, then AA+A+ = A+, so A is EP by [11, Theorem 1.2.2]. This implies
A# = A+ and

A+ = A+(A+)HA+.

Pre-multiplying the equality by A, one yields AA+ = (A+)HA+. Hence, A is PI by Lemma 2.5.
4) If X = AH, then

AH = AHAH(A#)H = AA#AH(A#)HA+ = AA#A+.

Pre-multiplying the equality by A, one obtains AAH = AA+. Thus, A is PI by [11, Theorem 1.5.1].
5) If X = (A#)H, then

(A#)H = (A#)HAH(A#)H = AA#(A#)H(A#)HA+.

Pre-multiplying the equality by AA+, one has (AA+)H(A#)H = (A#AA+)H = (A#)H, so A is EP by [11, Theorem
1.2.1]. This implies (A#)H = (A+)H and

A+ = A+(A+)HA+.

Hence, A is PI by 3).
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6) If X = (A+)H, then

(A+)HAH(A#)H = AA#(A+)H(A#)HA+ = (A+)H(A#)HA+.

Pre-multiplying the equality by AHAH, one has

AH = AHAH(A#)H = AH(A#)HA+ = A+,

by Lemma 2.3. Hence, A is PI.
VI) If Y = (A+)H, then

XAH(A+)H = AA#X(A+)HA+.

1) If X = A, then
A = AA+A = AAH(A+)H = AA#A(A+)HA+ = A(A+)HA+.

Post-multiplying the equality by A, one yields AA = A(A+)HA+A = A(A+)H. By Lemma 2.5, A is PI.
2) If X = A#, then A#AH(A+)H = AA#A#(A+)HA+ = A#(A+)HA+. Pre-multiplying the equality by AA, one

has
A = A(A+)HA+.

Hence, A is PI by 1).
3) If X = A+, then A+AH(A+)H = AA#A+(A+)HA+. Pre-multiplying the equality by AHA, one yields

AHAH(A+)H = AH(A+)HA+ = A+.

Post-multiplying the equality by AH, one has AHAH = A+AH. Hence, A is PI by Lemma 2.5.
4) If X = AH, then AHAH(A+)H = AA#AH(A+)HA+ = AA#A+. Post-multiplying it by A#A, one yields

AHAH(A+)H = A# = AA#A+,

by Lemma 2.3. Hence, A is EP, which induces A# = A+ by [11, Theorem 1.2.1]. This implies

AH = AHAH(A+)H = A# = AA#A+ = A+,

so A is PI.
5) If X = (A#)H, then (A#)HAH(A+)H = AA#(A#)H(A+)HA+. Pre-multiplying the equality by AA+, one gets

(A+)H = AA+(A#)HAH(A+)H = (A#)HAH(A+)H = (A+AA#)H.

Hence, A is EP by [11, Theorem 1.2.1]. This implies

(A+)H = (A#)HAH(A+)H = AA#(A+)H(A+)HA+ = (A+)H(A+)HA+.

Pre-multiplying the equality by A+AH, one obtains A+ = A+AA+ = A+(A+)HA+. By V) 3), A is PI.
6) If X = (A+)H, then

(A+)H = (A+)HAH(A+)H = AA#(A+)H(A+)HA+ = (A+)H(A+)HA+.

Hence, A is PI by 5).

4. The general solution of related equations

We now generalize Eq.(3.2) as follows:

XAHA = AA#YAA+. (4)
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Theorem 4.1. Let A ∈ Cn×n be a group invertible matrix. Then the general solution to Eq.(4.1) is given by{
X = AA#P(A+)H +U −UA+A

Y = PA + V − A+AVAA+ , where P, U, V ∈ Cn×n with PA = PA2A+. (5)

Proof. Frist, we have the formula (4.2) is the solution of Eq.(4.1).
In fact,

(AA#P(A+)H +U −UA+A)AHA = AA#PA +UAHA −UAHA = AA#PA

= AA#PA + AA#VAA+ − AA#A+AVAA+ = AA#(PA + V − A+AVAA+)AA+.

Next, let{
X = X0
Y = Y0,

be a solution of Eq.(4.1). Then
X0AHA = AA#Y0AA+.

Choose P = AA#Y0AA+A+,U = X0,V = Y0 − PA. Then,

PA = AA#Y0AA+A+A = X0AHAA+A = X0AHA = AA#Y0AA+

= AA#Y0AA+AA+ = PAAA+.

Noting that

AA#P(A+)H = AA#(AA#Y0AA+A+)(A+)H = AA#Y0AA+A+(A+)H

= X0AHAA+(A+)H = X0AH(A+)H = X0A+A.

Then
X0 = X0A+A + X0 − X0A+A = AA#P(A+)H +U −UA+A.

Also

A+A(Y0 − PA)AA+ = A+AY0AA+ − A+AAA#Y0AA+A+A = A+AY0AA+ − A+AX0AHAA+A

= A+AY0AA+ − A+AX0AHA = A+AY0AA+ − A+AAA#Y0AA+ = 0.

Hence,
Y0 = PA + Y0 − PA + 0 = PA + V + A+A(Y0 − PA)AA+.

Hence, the general solution of Eq.(4.1) is given by the formula (4.2).

Theorem 4.2. Let A ∈ Cn×n be a group invertible matrix. Then A is a SEP matrix if and only if the general solution
to Eq.(4.1) is given by{

X = AHAP(A+)H +U −UA+A
Y = PA + V − A+AVAA+ , where P, U, V ∈ Cn×n. (6)

Proof. “⇒ ” Since A is SEP, which induces AHA = AA# and

A2A+ = A

by [11, Theorem 1.5.3] . Hence, by Theorem 4.1, the general solution to Eq(4.1) is given by (4.3).
“⇐ ” Follows from the assumption, one gets

(AHAP(A+)H +U −UA+A)AHA = AA#(PA + V − A+AVAA+)AA+,
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i.e.,
AHAPA = AA#PA2A+ for each P ∈ Cn×n.

Especially, choose P = A+, one has
AHA = AA+.

Hence, A is SEP by [11, Theorem 1.5.3].

Now we construct the equation as follows:

XAHA = AHAYAA#. (7)

Theorem 4.3. Let A ∈ Cn×n be a group invertible matrix. Then the general solution to Eq.(4.4) is given by (4.3).

Proof. Frist, we have the formula (4.3) is the solution of Eq.(4.4).
In fact,

(AHAP(A+)H +U −UA+A)AHA = AHAPA +UAHA −UAHA = AHAPA

= AHAPA + AHAVAA#
− AHAA+AVAA+AA# = AHA(PA + V − A+AVAA+)AA#.

Next, let{
X = X0
Y = Y0,

be a solution of Eq.(4.4). Then
X0AHA = AHAY0AA#.

Choose P = A+AY0A#,U = X0,V = Y0 − PA.
Noting that

AHAP(A+)H = AHAA+AY0A#(A+)H = AHAY0A#AA#(A+)H

= X0AHAA#(A+)H = X0AH(A+)H = X0A+A.

Then
X0 = X0AH(A+)H + X0 − X0AH(A+)H = AHAP(A+)H +U −UA+A.

Also

A+A(Y0 − PA)AA+ = A+AY0AA+ − A+AA+AY0A#AAA+ = A+AY0AA+ − A+AY0AA+ = 0.

Hence,
Y0 = PA + Y0 − PA + 0 = PA + V + A+A(Y0 − PA)AA+.

Hence, the general solution of Eq.(4.4) is given by the formula (4.3).

From Theorem 4.2 and Theorem 4.3, we have the following conclusion.

Theorem 4.4. Let A ∈ Cn×n be a group invertible matrix. Then A is SEP if and only if Eq(4.1) and Eq(4.4) share the
same solution set.
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[9] D. Mosic and D. S. Djordjević, Partial isometries and EP elements in rings with involution, Electron. J. Linear Algebra 18 (2009),

761–772.
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