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Generalized inverses and the solutions of related equations in matrix
rings

Wuxin Lu?, Junchao Wei**

#School of Mathematical Sciences, Yangzhou University, Yangzhou, Jiangsu 225002, P. R. China

Abstract. This paper focuses on exploring several equivalent conditions for PI and SEP matrices. By
constructing specific matrix equations and analyzing the existence of solutions to these equations within a
given set, we determine whether a group invertible matrix belongs to the class of PI or SEP matrices.

1. Introduction

Throughout this paper, C"™" stands for the set of all 7 X n complex matrices. Let A € C"™". Denotes the
conjugate transpose matrix of A by A, A is called a group invertible matrix [6] if there exists X € C"™" such
that

AXA =A, XAX =X, XA = AX

If such X exists, then it is unique, denoted by A*, and is called the group inverse of A.
A is said to be Moore Penrose invertible [3, 5] if there exists X € C™" such that

AXA = A, XAX =X, (AX)! = AX, (XA)! = XA.

Such X always exists uniquely by [2], denoted by A*, and is called the Moore Penrose inverse of A.

The matrix A is called a partial isometry (abbreviated as PI) [T} 9] if it satisfies the equation A = AAHA.
Clearly, A is a PI if and only if A* = A" [9].

Ais called EP when the group inverse A* exists and A* = A* [2,4][10,11]. If A* exists and A* = A* = AH,
then A is called SEP [13]. Evidently, A is SEP if and only if A is both EP and PI. The studies of SEP elements
in a ring with involution can refer to [7, 8, 11} 12} [14].

In this paper, we continue to study SEP matrix. In Section 2, we introduce some lemmas on PI and SEP
matrix. In Section 3, we research the relationship between the consistency of matrix equations and PI, SEP

matrix. In Section 4, with the help of group invertible matrix and SEP matrix, we discuss the form of the
general solution to certain equation.
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2. Some lemmas on PI and SEP matrices

Lemma 2.1. [[7,8] Let A € C™" be a group invertible matrix. Then
(1) (A% = A*AA*.
(2) (AY)* = (AAHHA(AAHH.

Lemma 2.2. [14] Let A € C™" be a group invertible matrix. Then
(1) (AHHAAY = (AT)H = AA*(AHH.
(2) (AHTAAY = (AMH = ATAAHH.
(3) (ANHATA = (ANHH = AAT(ANHH.
(4) (AAHHAT = A+ = AY(AAMH.

Lemma 2.3. [11] Let A € C™" be a group invertible matrix. Then
(1) A*A*A = A* = AAT A,
(2) AATAF = (A%,
(3) ATATA3 = A = ASATA*.

Lemma 2.4. [11] Let A € C™" be a group invertible matrix. Then A is SEP if and only if one of the following
equivalent conditions holds:

(1) AAA* = AAHA.

(2) ATAA = AAHA.

(3) ATAHA = A%,

(4) A* = AAHA®,

Lemma 2.5. [11]] Let A € C™" be a group invertible matrix. Then A is a partial isometry matrix if and only if one
of the following equivalent conditions holds:

(1) ATAH = ATA™.

(2) (AR = (AR A* for somen € Z.

(3) AAT = (AMHHA™.

3. Compatibility of matrix equation
We can construct the following equation:
XATA = AAXA*A. (1)

Theorem 3.1. Let A € C"™" be a group invertible matrix. Then A is a partial isometry matrix if and only if Eq.(3.1)
has at least one solution in T4 = {A, A*, (AT)H}.

Proof. “ = ” Assume that A is a partial isometry matrix. Then AAHFA = A, it follows
AATAATA = AATA = A = AATA.

Hence, X = A is a solution.

“ & ” From the assumption, we will show step by step as follows.

1)If X = A, then AAHA = AA*AA*A = A, one gets A is PL.

2) If X = A*, then A*AHA = AA*A*A*A = A*. Tt follows A is PI by [11], Theorem 1.5.2].

3) If X = (A", then (AT)HAHA = AA*(A*)HA*A. By Lemma 2.2, one gets (A")TA*A = (AN =
A*A(AT)H. Tt follows A = (A*)H and so Ais PI. [J

Theorem 3.2. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if Eq.(3.1) has at least
one solution in wa = {A*, AH, (AHH, A*A*A, (A%)*, (A)).
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Proof. “ = ” Assume that A is a SEP matrix. Then A* = A* = AH. Tt follows
ATAPA = APAPA = A = AATATAPA.

Hence, X = AH is a solution.
“e<"1)If X = AT, then ATAHA = AA*ATA*A. By Lemma 2.3, one yields

ATATA = A,
Hence, A is SEP by Lemma 2.4.
2) If X = AY, then AHAHA = AA*AHA*A. Pre-multiplying the equality by AA*, one gets
AATAPATA = AMATA.
Post-multiplying the equality by A*(A*)7(A*)?A*, one has
AHAHA(AT (AFYH(ANHAY) = AHAH(AHYHAH(AN(ATPIAT = (AADHAT = A%,
then
AATAT = AT,
So A is EP by [11, Theorem 1.2.1], this implies AA*AH = AH = AA*A. Thus, one gets
APAMA = AT,

and A = A"A2. By [11] Teorem 1.5.3], A is SEP.
3) If X = (A*)H, then
(AHHAHA = AAF(AMHIARA.
Pre-multiplying it by AA", one has A = (A*)"A"A by Lemma 2.2. Hence, A is EP by [11, Theorem 1.1.3],
which induces
AAFANHHATA = AAY(ATHARA = (ADHH
by Lemma 2.2. Thus, one gets A = (A*)" and so A is SEP.
4)If X = A*A*A, then
AYATAARA = AAPATATAARA = AP,
Pre-multiplying the equality by A*A, one has A*AA* = A*. Hence, A is EP by [11} theorem 1.2.1], this leads
to A¥AA" = A", Now one obtains
A* = ATAPAARA = ATARA.
Therefore A is SEP by Lemma 2.4.
5) If X = (A*)*, then by Lemma 2.1, one gets

ATAPATATA = AATATAPATATA.
By Lemma 2.3, one obtains
ATAPATANA = A
Pre-multiplying the equality by A*A, one has A = A A?, this implies A is EP by [11}, Theorem 1.2.1]. Hence,
ATASAY = Aand
AATA = ATAPATAVA = A
Thus, A is SEP.
6) If X = (A*)¥, then by Lemma 2.1, one yields

(AAHTAAAHEARA = AAFAAHHAAAHARA.



W. Lu, J. Wei / Filomat 39:29 (2025), 10371-10380 10374

Pre-multiplying the equality by AA", one gets
AAT(AANTAAANHTARA = (AAHHEAAANHABA.
Post-multiplying it by A*(A*)¥, one has
(AAHTAAANTATAAH (AT = (AAHTAAATTATA = (AAT)TA
and so
A = (AAHHA.
By [11}, Theorem 1.1.3], A is EP, this induces X = (A*)* = (A*)* = A. By Theorem 3.1, A is PI. Hence, A is
SEP. O
Now we can change Eq.(3.1) as follows:

XAHA = AA*XAAY. (2)
Theorem 3.3. Let A € C™" be a group invertible matrix. Then A is a SEP martix if and only if Eq.(3.2) has at least
one solution in xa = {A, A*, AT, A", (AHH, (AH)H},

Proof. “ = " Assume that A is a SEP matrix, then A* = A* = AH. Tt follows
AATA = AA*A = AAA* = AAAY = AAPAAA™.

Hence, X = A is a solution.
“<"1)If X = A, then
AATA = AATAAA®.
Hence, A is SEP by Lemma 2.4.
2) If X = A*, then
APAFA = AATATAAT = AFAA™.
Pre-multiplying the equality by A2, one has AAA = AAA*, so A is SEP by Lemma 2.4.
3)If X = A", then
ATAPA = AATATAAT = AATAT.
Post-multiplying the equality by A*A, one has A*AHA = AA*A* = A* by Lemma 2.3. By Lemma 2.4, A is
SEP.
4)If X = AH, then AHAPA = AA*AHAAY = AA*AH. Post-multiplying it by AA*, one has

AATAT = AATAMAAY,
and then pre-multiplying the previous equality by (A*)Y, one yields AA* = AA*AA* = AA* by Lemma 2.2,
so A is EP by [11, Theorem 1.2.1], which induces
APANA = AATAT = ATAAT = A"
Pre-multiplying the equality by (A")¥, one gets AA = A*A. By [11} Theorem 1.5.1], A is PI. Hence, A is

SEP.
5)If X = (AH)H, then (AH)HAHA = AA*(A")HAA*. Pre-multiplying the equality by AA™, one has

A = AAFAHHAAT = (AHHAHA,

so A is EP by [11] Theorem 1.2.1].This implies AA* = A*A again by [11, Theorem 1.2.1] and
(AHHAHA = AAF(AMHTA*A.
Thus, A is SEP by Theorem 3.2.
6) If X = (AH)H, then

A=(AHTAFA = AA*(ATHAAT,
by Lemma 2.2. Post-multiplying the equality by AA*, one obtains AAA* = A. By [11, Theorem 1.2.1], A is
EP, which induces A* = A*. Hence, A is SEP by 5). [
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Now we can change Eq.(3.2) as follows

XAMY = AA*XYA*. (3)

Theorem 3.4. Let A € C™" be a group invertible matrix. Then A is a partial isometry matrix if and only if Eq.(3.3)
has at least one solution in x> = {(X, V)IX,Y € xa}.

Proof. “ = ” Assume that A is a PI matrix, then AH = A*. Tt follows that
AAHAHR = AAHAY = AAPAARAT.

Hence, (X,Y) = (A, AM) is a solution.
“e”"D)IfY =A, Aisa Pl matrix by Theorem 3.3.
) If Y = A*, then
XATA* = AA*XAPA”.

Post-multiplying the equality by A?, one obtains Eq.(3.1) by Lemma 2.3. Hence, when X € x4, A is SEP
by Theorem 3.1 and Theorem 3.2.
) If Y = A, then XAHAT = AA*XA*A*. Post-multiplying the equality by AA#(A*)H, one yields

XAH = AA*XAT,

by Lemma 2.2.

1) If X = A, then AA" = AA*AAT = AA*, so A is PI by [11}, Theorem 1.5.1].

2) If X = A%, then A*AH = AA*A*A* = A*A*, so A is PI by [11, Theorem 1.5.2].

3)If X = A*, then

ATAT = ATAATAT = ATAT = ATAAATATAY = ATAY,

Hence, A is PI by Lemma 2.5.

4)If X = AH, then

AHAH = AATAHAY

Pre-multiplying the equality by AA*, one has AAA* = A, so A is EP by [11] Theorem 1.2.2]. This implies
A* = A*, then
APAM = ATAAMAT = AT AT,

so A is PI by Lemma 2.5.
5) If X = (A*)H, then (A")HAH = AA*(A*)HA*. Pre-multiplying the equality by AA*, one has
(AADHT = AAT(AAMT = (AA%H,
so A is EP, which includes (A*)f = (A*)H by [11] Theorem 1.2.1]. Thus, one gets
AAT = (ANHHA"

By Lemma 2.5, A is PI.
6) If X = (AH)H, then
AAT = (ANHHA™.

Hence, A is PI by Lemma 2.5.
IV) If Y = AH, then
XATAR = AA*XATA*.

1) If X = A, then AAHAT = AA*AAHA+ = AAHA*. Pre-multiplying the equality by A*, one has

AFAH = AHAT,
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so A is PI by Lemma 2.5.
2) If X = A*, then
AFAT AT = AAPAP AP AT = AFAP AT,

Pre-multiplying the equality by AA, one yields AAHAH = AAHA*. Thus, A is PI by 1).
3)If X = A*, then ATAHAHT = AA*ATAHA*. Pre-multiplying the equality by AHA, one has

ATAFAR = AHAH A+

by Lemma 2.2. Hence, A is PI by Lemma 2.5.
4) If X = A", then AMAHAH = AA*AMAHA*. Pre-multiplying this equality by A#(A*)H, one has

ATAHAR = AHAH A+

by Lemma 2.2. Hence, A is PI by Lemma 2.5.
5) If X = (A*)H, then
AH — (A#)HAHAH — AA#(A#)HAHAJr — AA#A+,
by Lemma 2.3. Pre-multiplying the equality by A, one gets AA” = AA*, so A is PI by [11], Theorem 1.5.1].
6) If X = (AH)H, then
(A+)HAHAH — AA#(A+)HAHA+ — (A+)HAHA+.
Pre-multiplying the equality by A¥, one has A”AY = AHA*. Thus, A is PI by Lemma 2.5.
W IfY = (A*)H, then
XAHAHH = AAFX(AMHAT.
1) If X = A, then
AATAHT = AA*AAHTAT = A(AHHAT.

Pre-multiplying this equality by AFA*, one has
AH — AHAH(A#)H — AH(A+A)H(A#)HA+ — AH(A#)HA+ — A+,

by Lemma 2.2. Hence, A is PI.
2) If X = A*, then A*AH(A*)H = AA* A*(A*)TA*. Pre-multiplying this equality by AA, one has

AAT(AHT = A(AHHAT,

Hence, A is PI by 1).
3)If X = A*, then
A+ — A+AH(A#)H — AA#A+(A#)HA+.
Pre-multiplying the equality by AA*, then AA*A* = A*, so A is EP by [11] Theorem 1.2.2]. This implies
A* = A* and
At = AT(ANHHAT
Pre-multiplying the equality by A, one yields AA* = (A")”A*. Hence, A is PI by Lemma 2.5.
4)If X = AH, then
AP = AHAH(AHH = AAPAH(AMPAT = AAPAT.
Pre-multiplying the equality by A, one obtains AA” = AA*. Thus, A is PI by [11, Theorem 1.5.1].
5) If X = (A*)H, then
(A#)H — (A#)HAH(A#)H — AA#(A#)H(A#)HA+.
Pre-multiplying the equality by AA™, one has (AA™)H(AH)H = (A*AA")! = (A")H, so A is EP by [11], Theorem
1.2.1]. This implies (A*) = (A*)" and
At = AT(ANHHAT
Hence, A is PI by 3).
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6) If X = (AH)H, then
(A+)HAH(A#)H — AA#(A+)H(A#)HA+ — (A+)H(A#)HA+.
Pre-multiplying the equality by A#AH, one has
AH — AHAH(A#)H — AH(A#)HA+ — A+,

by Lemma 2.3. Hence, A is PI.

VD) If Y = (A*)H, then

XAHANT = AA*X(ANHHAT.

1) If X = A, then
A=AATA = AATANHH = AATAANHAY = A(AT)HAT.
Post-multiplying the equality by A, one yields AA = A(A")HA*A = A(A*)!. By Lemma 2.5, A is PL.
2) If X = A*, then A*AH(AT) = AA*AF(AT)HAT = A*(AY)HA*. Pre-multiplying the equality by AA, one
has
A =AANHIAT,

Hence, A is PI by 1).
3)If X = A*, then ATAH(A")H = AA*A*(A*)HA*. Pre-multiplying the equality by A#A, one yields

AHAH(A+)H — AH(A+)HA+ — A+.

Post-multiplying the equality by A, one has AHAH = A*AH. Hence, A is PI by Lemma 2.5.
4) If X = AM, then AMAH(AT)H = AAPAH(AMHAY = AA*A*. Post-multiplying it by A*A, one yields

AHAH(A+)H — A# — AA#A+,
by Lemma 2.3. Hence, A is EP, which induces A* = A* by [11} Theorem 1.2.1]. This implies
AH :AHAH(A+)H =A# :AA#A+ :A+,

so A is PIL.
5) If X = (A*)H, then (AH)HAH (AT = AA¥(A*)H(AT)HA*. Pre-multiplying the equality by AA*, one gets

(A+)H — AA+(A#)HAH(A+)H — (A#)HAH(A+)H — (A+AA#)H.
Hence, A is EP by [11, Theorem 1.2.1]. This implies
(A+)H - (A#)HAH(A+)H - AA#(A+)H(A+)HA+ - (A+)H(A+)HA+.

Pre-multiplying the equality by A*AF, one obtains A* = A*AA* = A*(A*)"A*. By V) 3), Ais PI.
6) If X = (AH)H, then

(A+)H — (A+)HAH(A+)H — AA#(A+)H(A+)HA+ — (A+)H(A+)HA+.
Hence, Ais PIby 5). O
4. The general solution of related equations

We now generalize Eq.(3.2) as follows:

XA"A = AA*YAAT. (4)
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Theorem 4.1. Let A € C™" be a group invertible matrix. Then the general solution to Eq.(4.1) is given by

, where P, U, V € C™" with PA = PA?A". (5)

X = AA*P(AY)H + U — UA*A
Y = PA+V — A*AVAA*

Proof. Frist, we have the formula (4.2) is the solution of Eq.(4.1).
In fact,

(AA*PANH + U - UATA)ATA = AAPA + UARA — UAYA = AA*PA
= AAPPA + AA'VAAY — AA*ATAVAAT = AA*(PA+V — ATAVAAT)AAT.
Next, let
X =X
Y =Y,
be a solution of Eq.(4.1). Then
XoAHA = AA*Y AAT.
Choose P = AA*Y,AAYAY, U = Xy, V = Yy — PA. Then,
PA = AATY AATATA = Xo)ATAATA = X)ATA = AAPY AAT
= AA*Y)AATAAY = PAAA*,
Noting that
AAPP(ANT = AAMAAPY AATAN (AT = AAPY AATAY (AT
= XoAHAAY (AN = XoAH(AHT = X ATA.

Then
Xo = XoATA + Xy — XoA*A = AA*P(ANHT + U - UATA.

Also
ATA(Yy) — PA)AA*T = AYAY AAY — ATAAA*Y(AATATA = ATAYAAY — ATAXATAATA
= ATAY AAT — ATAX\ATA = ATAY AAT — ATAAATY AAT = 0.

Hence,
Yo=PA+Yy—PA+0=PA+V+A*A(Yy — PA)AA™".

Hence, the general solution of Eq.(4.1) is given by the formula (4.2). O
Theorem 4.2. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if the general solution
to Eq.(4.1) is given by

— AH +\H _ +
{X_A APA")T + U - UA™A , where P, U, V € C™". (6)

Y=PA+V-AtAVAA*
Proof. “ = ” Since A is SEP, which induces AFA = AA* and
A2AT = A

by [11, Theorem 1.5.3] . Hence, by Theorem 4.1, the general solution to Eq(4.1) is given by (4.3).
“ & ” Follows from the assumption, one gets

(AHAP(ANYE + U - UATA)ATA = AA*(PA+V — ATAVAAY)AAT,
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ie.,
AHAPA = AA*PA%A* for each P € C™".

Especially, choose P = A", one has

ATA = AA”.
Hence, A is SEP by [11} Theorem 1.5.3]. [
Now we construct the equation as follows:
XAHA = AFAYAA". 7)

Theorem 4.3. Let A € C™" be a group invertible matrix. Then the general solution to Eq.(4.4) is given by (4.3).

Proof. Frist, we have the formula (4.3) is the solution of Eq.(4.4).
In fact,

(AFAPANT + U - UATA)ATA = AHAPA + UAYA — UAPA = AAPA
= AAPA + AHAVAAY — AMAATAVAATAA" = AHA(PA +V — ATAVAAY)AA",

Next, let

X =X,
Y=Y,

be a solution of Eq.(4.4). Then
XoAPA = AHAYAA*.

Choose P = ATAY A*, U = X,,V =Y, — PA.
Noting that

AHAP(ATH = AHAATAY A*(ATHE = AHAY APAAR(ANHH
= XoAPAA* (AT = XoAH (AT = X ATA.

Then
Xo = XoAH(AN + Xy — XoAHANHE = AHAP(ANE + U - UATA.

Also
AYA(Yo — PA)JAAT = ATAY AAT — ATAATAYATAAAY = ATAY AAT — ATAYAAT = 0.

Hence,
Yo=PA+Yy—-PA+0=PA+V+ATA(Yy, — PA)AA".

Hence, the general solution of Eq.(4.4) is given by the formula (4.3). O
From Theorem 4.2 and Theorem 4.3, we have the following conclusion.

Theorem 4.4. Let A € C™" be a group invertible matrix. Then A is SEP if and only if Eq(4.1) and Eq(4.4) share the
same solution set.
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