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Involutions on Wall manifolds

Ashim Kumar Sarmah?*, Konthoujam Somorjit Singh?

" Department of Mathematics, National Institute of Technology Manipur, Langol, Imphal 795004, India

Abstract. We determine the fixed point sets of involutions on a Wall manifold and also construct examples
that illustrate the realization of our main results.

1. Introduction

Let F be the fixed point set of a given topological transformation group (X, G), where X is a compact
Hausdorff space and G is a compact Lie group. The study of fixed point sets of transformation groups
has been a fascinating problem among researchers in algebraic topology. Many researchers have made
significant contributions to this field, establishing various results and theorems. Smith ([9]) proved that
fixed point set F of G = Z,,, (p is a prime) acting on X, exhibits the same mod p cohomological properties
of a product of two spheres, that is, the cohomology characteristic of the space inherited by the fixed point
set is the same. Extending Smith’s prior research ([9]), Swan ([11]) gave sufficient conditions to determine
the fixed point set of G = Z,, p is a prime, actions on mod p cohomology product of two even dimensional
spheres. Su ([10]) described the many possibilities for the cohomology of the component of a fixed point
set and established a conjecture that if (X,G = Z,) satisfies Poincaré duality then each component of F
also satisfies Poincaré duality. Bredon ([3, 4]) proved Su’s result for the special case when X is totally
nonhomologous to zero (TNHZ) in X (Borel Space), and he also determined the fixed point set F when
G = Z, acts on mod p cohomology projective space and the product of two spheres. Puppe ([8]) proved
that if the cohomology ring H*(X) with Z,,-coefficients is generated as an algebra by k elements, then each
component of the fixed point set F has a cohomology that can also be described using at most k generators,
when X is considered totally non-homologous to zero in X¢ with respect to the Cech cohomology. David
([5]) deals with some methods to study arbitrary topological torus actions and applies those methods to
discuss the fixed point sets of torus actions on product of two odd-dimensional spheres. Moreover, Allday
([1]) studied the action of a torus group G on a space X with a rational cohomology algebra of a product
of three odd-dimensional spheres, when X is not totally non-homologous in X¢ such a way that F is non-
empty. Peltier and Beem ([7]) obtained the possible cases of the fixed point set of involutions on Dold
manifold P(1,7n). Dimpi et al. ([6]) determined the fixed point set of involutions of the product of three
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spheres, which is a generalizations of the Su’s ([10]) result. In this piece of work, we find the possible cases
of fixed point sets of involutions on a Wall manifold of type Q(m, n), for m = 1.

2. Preliminaries

It is well known that the Dold manifold is a quotient space of RP" x CP™ under the free involution
T([x,[z]]) = [(=x,[z])], where m and n are non negative integers. The (n + 2m + 1)-dimensional quotient
space P(m,n) X [0,1]/ ~ is the Wall manifold Q(m, n), where ([(x,y),z],0) ~ ([(x,—y),z],1) denotes the
equivalence relation.

A compact Lie group G acts freely on contractible space Eg and acts diagonally on the product (X X Eg)
gives the Borel construction as a orbit space X¢ = (X X Eg)/G on X. Let B¢ be the classifying space of G
associated with the universal G-bundle G — E¢ — B¢ then the projection X x Eg — E¢ gives a fibration
X; — Bg with fiber X. Note that for G = Z,, H*(Bg; Z») = Z,[t], where deg t = 1.

A space X is considered as totally non-homologous to zero (TNHZ) in X if 7} : H(Xg; R) — H*(X;R)
is surjective, where 7; : X <> X is an inclusion map and R is a commutative ring. Throughout this paper,
cohomology is Cech cohomology with coefficients in Z,.

The following propositions are employed to establish our main results concerning fixed point sets.

Proposition 2.1. ([3]) Suppose that X is totally non-homologous to zero(TNHZ) in X¢ and let {a;} be a set of
homogeneous elements of H*(X¢) such that i*(a;) forms a Zy-basis of H*(X) under the inclusion map i : X — Xg.
Then, H*(X¢) is a free H*(Bg)-module generated by {a;}.

Proposition 2.2. ([2]) Let G = Z, act on a finitistic space X and suppose that Y, rkH'(X) < oo. Then the following
statements are equivalent:

(1) Xis TNHZ in Xg.
(2) Y. rkH!(F) = Y rkH!(X).
(3) G acts trivially on H*(X) and spectral sequence E"1 of X — Bg degenerates.

Proposition 2.3. ([8]) Let G = Z; and X be a paracompact G-space and H*(X) is generated by n elements with an
ideal of relations generated by r relations. If X is TNHZ in X¢, then the cohomology ring of each connected component
of the fixed point set is generated by at most n elements with an ideal of relations generated by at most r relations.

3. Main theorems

In this section, our main aim is to determine the fixed point set of an involution on a finitistic space X
with the same cohomology type as a Wall manifold Q(1, 7). We also construct some examples and show the
realizability of our main result.

Theorem 3.1. Let F; be any fixed point set component of an involution on a finitistic space X ~, Q(1,n). If X is
TNHZ in X¢, then the cohomology ring of each component F; is generated by one of the following:

(1) a single element of degree 1 or 2.
(2) two elements of degree 1 or two elements of degrees 1 and 2.
(3) three elements of degrees 1,1 and 2 or three elements of degree 1.

In this first case, if a; € H'(Fy), by € H(F1) and ¢; € H*(F1) are the generators, then sq*(c1) = c1b;.
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Proof. As X ~, Q(1,n) is TNHZ in X¢, by Proposition 2.2, the cohomology ring H*(X¢) is generated by
the set {1,ad', B8, &', apd’}, where 0 < i < n and i*(a) = a,i*(B) = b and i*(8) = c. Consider j*(¢) = ut + x,
7*(B) = vt+yand j*(6) = A +zt+w, where u,v, A € Z and j : Fg < X is the inclusion map. Let F; represent
one of the component of the fixed point set F and consider inclusion map j; : Fic < Xg. The cohomology
classes of the component F; can be expressed as: jila) = uit + x;, ji(B) = vit + y; and ji(6) = Ait? + zit + w;,
where u;,v;, A; € Z,. The fact that j : H*(Xg) — HF(Fg) is onto for sufficiently large k and by Proposition
2.3, allows us to conclude that any three of x;, y;, z; and w; suffice to generator H*(F;). Furthermore, let a3,
b, € H'Y(F,) and c; € H%(F) be the generators. If x; = 0, then y1,z; and w; are the generators of H*(F). For
sufficiently large value of r, we have

n n n n
7 o= ]: Z Avaévtr—Zv + Z Bvﬂé"tr_z + Z Cvaﬁévtr—2v+1 + Z Dvévtr+1—2v
v=1 v=1 v=1 v=1

where A,, B, C,, D, € Z,. If we expand the right-hand side of the above equation using the values of j; (),
71(B), j1(6), and comparing the coefficient of " we find that D1 = 1, so that

n n
(/\1t2 + wl)t"l = Z Av(ul()\ltz +z1t + wl)vtr—2V+1 + Z BV(Ult + yl)()\ltz +z1t + wl)vtr—Z

v=1 v=1

n n
+ Z CVM1(U1i’ + yl)(Alfz +z1t + wl)vtr72v+2 + Z DV(/\ltz +z1t + wl)vtr+172v'

v=1 =2

Now comparing the coefficient of !, we obtain w; = Azuzf + (B1 + C1)z1y1, which contradicts our
hypothesis. Similarly, we can show that y; # 0. So z; = 0, therefore sql(wl) =wiy. O

The following lemma gives the possible number of components of a fixed point set.

Lemma 3.2. Let X ~; Q(1, n) be a finitistic space. Then, the fixed point set F of an involution on X has at most five
components.

Proof. We can consider the following two relations:
B2 =Ajat+ Aspt +ap (1)

and
50" (0) = Arat? + AoBt® + Asapt + Agdt + B, (2)

where A;, A; € Z,. By comparing the coefficients of 2 in (1) and the coefficients of 3 in (2), we obtain the
relations uv = Aju+ (A, —1)vand vA = Aju+ Ayv+ Azuv+ AsA. From these relations, we deduced that H(F)
is generated by the set {1, 1, v, A, uA}. This implies that the fixed point set F has at most five components. [J

Now, we prove our main theorems.

Theorem 3.3. Let X ~, Q(1,n) be a finitistic space and F be the fixed point set of an involution on X. Then one of
the following occurs:

(1) H*(F) is generated by x,v,z € HY(F) with relations x> = 0,y> = xy and 2" = e1xz" + e,yz" + e3xyz",
8 Y X,y y Y y Y
where €; € 7.

(2) F~ Q(,nUQA,n—r-1), P(1,n) LJP(1,n), (RP' x RP") LJ(RP' x RP"), (CP" x RP") | |(CP" x RP")
or RP(nn @ o) | | RP(nn @ 0)), where n and o are trivial and non trivial line bundles over RP!, respectively.

(3) F ~2 (RP! x RP")|_|CP" || CP", (RP! x RP")|_|(RP! x RP") | |(RP! x RP""1).
4) F~ (P, nUPA,n—r=1)J(PA,r)UPA,n—r-1)).
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(5) F ~» (RP! x RP") | |(CP" | |CP*"~Y) | |(CP" || CP*"Y).

Proof. The proof of the theorem proceeds by considering various cases for the structure of the fixed point set
F under the involution. In each case, we analyze the cohomology ring and determine the relations between
its generators.

Case 1. Suppose the cohomology ring of one of the component of fixed point set is generated by three
independent classes of degree 1. Let a? = Byat + B,pt, where By, B; € Z,. By comparing the coefficient of ¢,
we have By = B, = 0. So a® = 0, which implies that u = 0 and x> = 0. By comparing the coefficients of #* and
tin (1), we can show that v = 0 and y* = xy. From (2), we get A = 0, thus F has only one component. Since
j* is injective, and aBd’, ', ad' and BO' are, respectively, generators of H2*2(Xs), H*(X¢) and H%*1(X¢), for
1 <i<mnandxyz,z,xz, yz' are generators of H**2(F), H*(F) and H**(F), respectively, for 0 < i < n. Since
F is a poincaré duality space, H'(F) = 0 for all i > 4n + 4. Moreover, since dimz, (H*(F)) = 4n + 4, it follows
that z"*! = e1xz" + €y2" + €3xyz" "}, where €; € Z,.

Case 2. Let H*(F) = H*(F1) ® H*(F2), where F; and F; are components of F. Then the following subcases are
possible:

(a) Suppose a® = 0, then j*(a) = (x1, x2) with x7 = 0. If 2 = ap then () = (y1,y2) with y7 = x;y; . From
(2), j(6) = (t* + w1, wz), where sq'(w;) = y;w;. If instead B> = af + Bt + at, then j*(B) = (t, ), and from (2), we
obtain j*(6) = (wy, w).

(b) If a* = at, then j*(a) = (£,0) and B2 = ap + pt. Thus, j*(B) = (y1, y2) with y? = 0. Now, the following
possibilities arise from (2):

(1) j(0) = (w1, w2), 59" (w;) = yiw;.

(2) j(0) = (zat + ya1z1 + 23, 22t + Yo2p + 23).
Case 3. Suppose H*(F) = H*(F1) ® H*(F,) ® H*(F3), where Fy, F, and F3 are components of F. The following
subcases arise:

(c) In this subcase, each component F; satisfies the conditions of case 2(b). We have j*(a) = (¢,£,t) and
7(B) = (1, y2, y3) with y? = 0. Hence, by (2), we obtain two possibilities for j*(6) = (£ + z1t + z1y1 + 23,1 +
Yot + Wy, 12 + yat +w3) or j(0) = (P + z1t + 211 + 22, 1 + 2ot + 201 + 25, 12 + 23t + Z3Y3 + 23).

(d) By Case 2 (b), we have j*(a) = (0,¢,t) and j*(B) = (y1,t,t) with y; = 0.Then by (1), j*(6) = (21t + Y121 +
Z%, 2+ wy, 2+ ZU3).

Case 4. Let H*(F) = H*(F1) @ H'(F») ® H*(F3) ® H"(F4), where each F; is a component of F. In this case, each
F; satisfies the conditions of Case 2 (b). Hence, we take j*(a) = (¢,£,¢,t) and j*(B) = (y1, Y2, Y3, Ya). From (2),
we have j*(0) = (2 + y1t + wy, 12 + Yot + Wy, 12 + yat + w3, t* + yat + wy) with sq'(wy) = yw;.

Case 5. Let H*(F) = H*(F1) @ H*(F,) ® H*(F3) ® H*(Fs) ® H*(Fs5), where each F; is a component of F. By Case
2 (b), a*> = at and B> = ap + t. Then j*(a) = (t,t,t,t,t) and j'(B) = (y1,t,t,t,t), from (1) it follows that
J(0) = ( + z1t + yat + 22, wp, w3, wy, ws). [

Theorem 3.4. Let F be the fixed point set of an involution on a finitistic space X where X ~, Q(1,n). If F consists of
five components and if F ~; RP* X RIP", then F; | | F3 ~; CIP°| |CP"~" and F4 | | F5 ~, CIP° || CP"~"1,

Proof. Let Fo| |F3 ~» CIP* | |CP* and F4| | F5 ~; CIP* | |CP%. By Theorem 3.3, Case (5), we have ji(a) = t,
ji(B) = t and ji(0) = w; for i = 2,3,4,5. First consider the case F| |F3 ~, CIP” [ JCP*. We consider the
following relation:

n n+1
5 = Z(Bvat +C,pt + D,ap)d™ " + Z AR (3)
v=0 v=1
For i = 2 in relation (3), we obtain
n o n+1 o
ng—l = Z(Bl + Ci + Di)w;'_ltZH—z + Z Aiw;”_’tZl.
i=1 i=1

This implies that B; + C; + D; + Ajy1 = Ay = 0foralln—s, <i<n+1. Fori=3givess;+1 < n—s,.
Applying same argument for i = 4,5, we obtain s5 + 1 < 1 —s4. Since 55 + 53 + 54 + 55 = 21 — 2, it follows that
ss+l=n—-syandss+1=n—-s4. O
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Next, we prove a sequence of lemmas.

Lemma 3.5. Let X ~; Q(1,n) be a finitistic space. If one of the components of the fixed point set F of an involution
on X is P(1,s), where 1 < s < n, then the remaining components of F are of the type P(1,r), where 1 <r < n.

Proof. Assume that F; is one of the components of F such that F; ~, P(1,s).

According to Case 2 (a) and (2), we obtain A; = A, + A3 = A4 = 0 and sql(wl) = yyw;. Now, consider the
remaining possible components of F, other than those of type P(1,r), are F; ~; RP!' x RP’, RP! x CP,
RIP", or CIP", where i # 1. If one of these remaining components is F; ~» RP' x R, then according to
Case 2 (b), we obtain jj(@) = ¢t, j1() = y1, and j}(0) = zaf + yoz2 + zf with y7 = 0. From (2), it follows that
A1 = Ay = A3 = 0and A4 = 1, which leads to a contradiction. Similar contradictions arise for the other
possible cases listed above. [

Lemma 3.6. Let F be the fixed point set of an involution on a finitistic space X such that X ~, Q(1,n). If F consists
of two or three components, then the following cases are not possible:

(1) F ~; (RP" x CP")|(RP' x CP"),

(2) F~; (RP" x RP") | |(RP" x CIP"),

(3) F ~, P(1,n) | |(RIP* x RIP") or F ~, P(1,n) | |(RP' x CP").

(4) RP(nn@® o) || CP" | | CP", where 1 and o are trivial and non trivial line bundles over RP?, respectively.

Proof. Let H*(F) = H*(F1) ® H*(F,), where F; and F; are the components of F.

Case 1. Assume F; ~, RP' x CPP". By Case 2 (b), we have ji(@) = tand f;(f) = y1 with y7 = 0. Using
condition (2), it follows that j3(6) = w; and sql(wl) = y;w;. This leads to a contradiction since sql(wl) =0.
Case 2. Suppose F; ~ RP' x RP". According to previous lemma , we have A = Ay = Az =0and Ay = 1.
Now, if F, ~ RP' x CP", then by Case 2 (b), we obtain j;(a) = t and 71(B) = y2 with y; = 0. Therefore, by
condition (2), we can conclude j*(0) = w, and A1 = Ay + Az = Ay = 0, which is a contradiction.

Case 3 is ruled out by the previous lemma.

Case 4. Suppose RP(nn @ o)| |CP"| |CP", where 7 is trivial and ¢ is the non trivial line bundles over
RP!, respectively. From Theorem 3.3, Case 3(d), it follows that ji(a) = 0, j*(8) = y1 with y7 = 0 and
J10) = z1(t + y1 + z1) and fi(a) = ji(B) = t, while for i = 2,3, we have ji(6) = t2 + w; for i = 2,3. Substituting
the values j;(a), j5() and f;(6) into relation (3) gives A1 = 0. Similarly, using the values f} (@), j;() and j;(9)
along with the condition z/*! = y,z/, we find that A; = 1 when # is odd, which leads to a contradiction.
Note that z"*! = 0 when n is even. [J

Lemma 3.7. Let F be the fixed point set of an involution on a finitistic space X where X ~, Q(1,n). If F consists of
either three or five components and if one of these components is F1 ~ RIP' x RIP" or RIP(nn®a), then the remaining
components of F must be of cohomology type CP° or RIP* x RIP*, where 1 < s < n.

Proof. Let F be acomponent of F such that F; ~; RIP'xRIP". According to Lemma 3.5, the other components
F; (i # 1) cannot have a cohomology type RIP' x CIP° or P(1,s). If one of the remaining components, say F;, is
such that F; ~, RIP" for i # 1, then by Theorem 3.3 (Case 5) and equation (2), it follows that j*(a) = ¢, j*(8) = 0,
and j*(6) = 2 4+ zt + z?. This implies to A; = Ay = 1. However, Lemma 3.5 asserts that A; = Ay = A3 =0
and A4 = 1, which results in a contradiction. Thus, the remaining components must be of cohomology type
CP° or RP!' x RP*. [J

Now, we provide some examples to realize the main theorem 3.3.

Example 3.8. Define an involution Ty on P(1, 1) X $! by

Tl([(xl y)’ [ZOI Z1y. - /Zn]]/ Z) = ([(xl y)l [ZOI Zl/ ey zn]]/ Z)
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which commutes with the involution S. Thus, T induces an involution on the quotient space Q(1, n) with
fixed point set F = Q(RP' x RP"), where ((y, y), [x],z) ~ (v, —y), [x], —z). This represents the realization of
case (1) of Theorem 3.3. when €1 = €; = €3 = 0.

Let E = CP(nn @ o), where 1 and o are trivial and non trivial complex bundles over Q(1, 1), respectively.
Then H*(E) is generated by x,y € H'(E) and z € H*(E) with relations x* = 0, y* = xy and z"*! = xyz". Now,
replace z — xy by w, when 7 is odd, then H*(E) is generated by x, y, w with relation x> = 1> + xy = w"*! = 0.
Consider diagonal actions of involutions defined by conjugation on each fibers of n1 and ¢, which gives a
fixed point set F = RP(nn @ o), where ) and ¢ are trivial and non trivial real line bundles over Q(1, 1). This
represents the realization of case (1) of Theorem 3.3 when e; = €; =0 and 3 = 1.

An involution T, defined by

TZ([xl [ZO/ Zlyee- /ZH]/ Z]) = [xl [ZO/ ZlyeeerZry = Zpglse ooy _ZH]I Z]/

which commutes with S. This induces an involution on Q(1, n) with fixed point set F = Q(1,7) ] Q(1,7 - 1).
This represents the realization of second case of Theorem 3.3.
An involution T3 defined by

T3([x/ [ZO/ Z1yee- /Zn]/ Z]) = [x/ [ZO/ 21y /Zn]/ Z]/

which commutes with S and soitinduced aninvolution on Q(1, n) with fixed pointset F = P(1, n) | | P(1,#).This
represents the realization of second case of case (2) of Theorem 3.3.
An involution T, defined by

T4([x, [ZOr 21y /Zn]/ Z]) = [xr [201 Z1,..- IZ‘VZ]I Z]r

which commutes with S and so it induced an involution on Q(1,7) with fixed point set F = (RP! x
RP™) | J(RP! x RP"). This represents the realization of third case of case (2) of Theorem 3.3.
Finally, an involution Ts defined by

TS([X, [ZO/ Zlye-- /Zn]rz]) = [_x/ [Z(), Zlye-- /ZV/ _ZV+1/ sy _ZVI]I Z]/

which commutes with S. So it induced an involution on Q(1, 1) with fixed point set F = (CP" XIRP!) | |(CP" x
RPY). This represents the realization of fourth case of case (2) of Theorem 3.3.
An involution Ty defined by

Tﬁ([xl [ZOI Zlyenes Zn]/ Z]) = [_xl [ZOI Z1yeees Zn]/ Z]/

commutes with S and so induces an involution on Q(1, ) with fixed point set F = (RP! xIRP")| |CP" | |CP".
This represents the realization of first case of case (3) of Theorem 3.3.
An involution T7 defined by

T7([x, [ZO/ 21,0 /Zl’l]/ Z]) = [xl [ZOI 21/ v /zr/ _zi’+1/ ey _Zi’l]/z]/

commute with S and induced involution on Q(1,7) with fixed point set F = (RP! x RP") [ |(RP! x
RP") | J(RP! x RP"~""1). This represents the realization of second case of case (2) of Theorem 3.3.
An involution Ty defined by

TB([X/ [ZOI 21y rZ‘rl]/ Z]) = [x/ [ZOI Zlye e s Zry 7 Zr41s e ooy _Zn],Z],

commutes with S and induced involution on Q(1,n) with fixed point set F = (P(1,7r)| JP(l,n —r —
1)) LI(P(1,7) LI P(1,n — r — 1)). This represents the realization of case (4) of Theorem 3.3.
An involution Ty defined by

Tg([x/ [ZO/ Zlye-- /Zn]rz]) = [_x/ [Z(), ZlyeeerZry = Zpglse ey _ZVI]I Z]/

commutes with S and so induces an involution on Q(1, ) with fixed point set F = (RP*xIRP") | |(CP" | |CP" ")
LJ(CP | CP" 1. This represents the realization of case (5) of Theorem 3.3.
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