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On a solvable two-dimensional system of difference equations
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Abstract. In this paper, we investigate two-dimensional system of difference equations with variable
coefficients. Firstly, we obtain the general solutions of mentioned system of difference equations. Later, the
solutions of this system of difference equations are acquired when the coefficients are constant. Additionally,
the solutions are expressed when the parameters @ and y are equal to 1 or not equal to 1. Further, we research
the asymptotic behavior of the well- defined solutions of aforementioned system of difference equations.
Lastly, the forbidden set of the initial conditions is acquired by using obtained formulas.

1. Introduction and preliminaries

Difference equations emerge as descriptions of formations in nature. Because; most of the time-varying
variables have discrete measurements. While it sometimes emerges as a mathematical model of a physical
event or nature event, it sometimes can arise from numerical approaches. Difference equations and system
of difference equations attract the attention of many branches of science because they include real-life
modeling. For example; biology, physics, engineering, economics. So, theory of difference equations have

call attention to a lot of authors in previous years [1-10, 12, 15-22, 25]. Such as, in an earlier paper, Yazlik
have solved the following difference equation

Zn-2Zn-3Zn—4

Zpsl = ’
ann—l(il + Zn—Zzn—3zn—4)

n € N,

where the initial values z_4,z_3 - - - , zg are real numbers, in [23].

In [14], Stevi¢ et al. studied the solution of the following difference equation and asymptotic behavior of
the solution

Xn-3Xn—4Xn-5
Xy =

Xn-1Xn-2 (an + bnxn—3xn—4xn—5)

,n € INp,

1)
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where a,, and b, are real sequences and the initial conditions x_;, i = 1,5 are real numbers.
The authors of [24] solved the following non-linear difference equation
Up—q4Up—5Up—6

Uy, = n € Ny (2)
" un—lun—Z(a + bun—Sun—4un—5un—6) ’ ’

where the initial values and the parameters are real numbers, in closed form. Also, they obtained asymptotic
behavior of well-defined solution of difference equation (2).
In [11], Karakaya, et al. showed that the following system of difference equations

Up—4Un-5Un-6 Un—4Un-50n-6

u}’l = 7 Un = 4 ne NO/
vn—lun—z(a + bv71—3un—4vn—5un—6) un—lvn—Z(C + d”71—3vn—4un—5vn—6)

where the parameters 4, b, ¢, d and the initial conditions u_g, v_,i = 1,6 are reel numbers, some sub-classes
of non-linear system of difference equations are solvable in closed form.
Here, we will study the following system of difference equations

Y. = Xn-3Yn-4Xn-5 Yo = Yn-3Xn—4Yn-5
n n =
xn—lyn—2(7n + 6n]/n—3xn—4]/n—5)l

= , n € Ny, 3
yn—lxn—Z(an + ﬁnxn—S]/n—4xn—5) 0 ( )

where () e,/ (ﬁn)neNO, (Vn)neNg and (0,) e, are real sequences and initial values x, yx, k = =5, —1 are real
numbers. Note that system (3) is two-dimensional system of difference equations form of equation (1). In
this study, we obtain the general solutions of system (3). The solutions of system (3) are obtained when the
parameters are constant. In addition, the solutions are acquired when the parameters a and y are equal to
1 or not equal to 1. Moreover, we study the asymptotic behavior of the well- defined solutions of system
(3)- Finally, the forbidden set of the initial conditions are defined by using obtained formulas.

Throughout this study, we use the following lemma.

Lemma 1.1. [13] Let (Vn)neNo and (6,) e, be two sequences of real numbers and Y1, | = 0,k — 1 be solutions of
the equations

Yim+l = Vim+1Yk(m-1)+1 t Okm+1, M € No. 4)
Then for each fixed | = 0,k — 1 and m > -1, equation (4) has the general solution
m m m
Yim+l = Yik H Vij+l + Z Oks+1 H Vij+l- ()
j=0 5=0 j=s+1
Further, if (Vn),.en, 14 (0n)pen, are constant and 1 =0,k — 1, then
1_},rr+l

Yim+l = V" ik + 0 -y 7 ify#1,
Yik + 6(m + 1), ify =1

2. Formulas for well-defined solutions of system (3)

Let {(x,, yn)}”z_5 be a solutions of system (3). If at least one of the initial values x_;, y_;, i = 1,_5, is equal
to zero, then the solutions of system (3) is not defined. For instance, if x_s = 0, then xy = 0 and so y; is not
defined. Similarly, if y_s = 0, then yp = 0 and so x; is not defined. Fori = 1, 4, the other cases are similar. On
the other hand, if x,,, = 0 (ng € Ny), x, # 0, for =5 < n < np — 1, and x and y; are defined for -5 < k <np—1,
then according to the first equation in (3) we get that y,,-4 = 0. If n9p —4 < -1, then y_;, = 0, for jo = 1,4.
If ng > 3, then according to the second equation in (3) we have that y,,,—y = 0 or y,,-9 = 0. If g -7 < -1,
theny_; =0, for j; = 1,5. If ng— 9 < -1, then y_ i =0, for j; = 1,5. Repeating this process, we have that
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y-j, =0, forj; = 1,5. Similarly, if y,, = 0 (11 € INp), ¥, # 0, for =5 < n < n; — 1, and x4 and y are defined for
-5 <k <n; -1, one can easily show that x_; =0, for j; = 1,5. Therefore, for every well-defined solutions
of system (3), we have that

XpYn #0, n 2 =5, ()

ifand only if x_jy_; # 0, fori = 1,5.
Now, if we assume that (x,, ¥4)n>-5 is a well-defined solutions of system (3). From system (3) we obtain

xn—Syn—4xn—5 yn—3xn—4yn—5
XnYn-1Xn—2 = , Xp_1Yp—n = , n €Ny,
n]/n 12 ay +ﬁnxn—3yn—4xn—5 yn " 1yn 2 Vn + 6rl]/n—3xn—4]/n—5 0
and
1 1
= O +ﬁn, = P + 0, n € Np.

XnYn-1Xn-2 Xn—-3Yn-4Xn-5 YnXn-1Yn-2 Yn-3Xn-4Yn-5

If we use the following change of variables
1 1
U, = Uy = n>-3, (8)

C XpYn1Xn2 ' YaXn1Yn2|
which transforms system (3) into the following linear third-order difference equations
Up = AyUp-3 + Pn, Un = YnUn-3 + On, 1 € No. 9)
If we carry out the decomposition of indices n — 3m +k, m € INg and k = 0,_2, to equations in (9), then it can
be written as follows

k k k k
ul) = a3m+ku,(ﬂ)_1 + Bam+ks o = 7/3m+k7]£,l)_1 + O3m+ks (10)

where ugf) = Usmak, vff? = Ugar, M > —1and k = 0, 2. By using equation (5) in Lemma 1.1, the solutions of

equations in (10) can be written as follows
m m m m m m
Uzm+k = Uk-3 H Q3pek + Z Bas+k H A3h+ks V3m+k = Uk-3 H V3h+k t Z 0354k H V3h+ks
h=0 s=0 h=s+1 h=0 s=0 h=s+1

for m € Ny, k = 0,2. By using the transformations in (8), we have

1 1

7 yn = 7
UpYn-1Xn-2 OnXn-1Yn-2

X, = n>-3,

On-1Yn-3 On-1 _ Un-1Un—

X, = = Xn_g, 1 2>1, (11)
Up UnOn-3Xn—4Yn-5 UpOn-3
Up-1Xn-3 Un—1 Up-10n-4
Yn = = = Yn-6, N 2 1. (12)
On OpUp-3Yn—-4Xn-5 OpUp-3

Now, we can apply the decomposition of indices n — 6m +t, m € Ny, t = 1,_6, to equations in (11) and (12),
then we obtain
Oom+t—1U6m+t—4 Uem+t-106m+t—4

Xemet = ———————Xe(m-1)+tr Yomst = —————————Yo(m—1)+t- (13)
Uem+tO6m+t-3 Vem+tUem+t-3
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From system (13), we get the following equations

m m
Vbr+t—1Uer+t—4 Uer+t—106r+t-4
Xem+t = Xt—6 H ————  Yem+t = Yi-6 H —————, meNy, t=1,6. (14)
oo Her+tUer+t-3 oo Yer+tler+t=3

If we take t = 3i + j, where i € {0,1} and j = 1,3, then equations in (14) can be written in the following form
U3(2r+i)+j-143(2r+i-1)+j-1

7
o S
i i m € INp. (15)
Yomsainj = Yainj-6 Lo gt

3(2r+1+[ J)+; 3{ J 3(2y+1+[ J+/ 3HJ

m
Xem+3i+j = X3i+j-6 [T m

Let

X1j = Xj-aYj-5Xj-6, X2oj = X; 3 3 1)V; 4 311%j 5311 )

Y1 = YimaXjsYj-6r Y2 = Yig % aa)Yis-adr (16)
forj=1,3.

Using formulas in (15) we obtain the following formulas for general solution of the system (3)

m -1 2r+i 2r+i 2r+i
. . H (Y1) TI=o Vanej1 + Xsto O3s+j-1 [[jmey1 Vanej1
6m+3i+j = X3i+j—6 —
i i 0 (V) 1H27+1+L = J N szﬂ - Jé 2r4it 2]
= j

3h+] 314 ) 3s+j-34] Hh:s+1 7/3h+]'—3LéJ

1 y2reicl 1 2r4i-1
X)) TTmy ™ ansjor + X200 Base ot TThiei aansjon

: , (17)
2r+i+] 4] 2r+i+| L] 2r+i+ 4]
1 . 3 .
(X2))~ I, Uappjai i) T Yoo Baj 34 TR e Xapej-31L]
2 2r+i 2r+i
y y - (X1]) I o + ZSPBI Bas+j-1 [ Tnias1 Q3hej-1
6m+3i+j = Y3i+j-6 —
2r+1+L <y 2r+z+|_ 2 2r+i+] 5|
1 3 . 3 3 .
=0 (X))” H 3h+j—3Lg J = 1835+] =314 JHh=s+1 0‘3h+j—3L§ J
2r+i-1 1
Y1) s e Vahtj-1+ Zs=ol 035+j-1 |} V3htj-1 a8)

2r+i+L1J 2r+i+L1J

2r+1+L J

-1 . 3 . 3 .
(Y2]) H 3h+j73L§J + Z45:0 635+j—3[§] Hh=s+1 y3h+j—3[§J
for m € Ny, i€ {0,1}.

2.1. The solutions of system (3) with constant coefficients

In this section we take account of the case when the sequences a,, f,, v, and 0, are constant. In this case,
system (3) becomes

_ Xn-3Yn-4Xn-5 _ Yn-3Xn-4Yn-5
Y1 Xn2(@ + PnsYnatns) ' Xyt Y2y + OYu3XnaYns)

, NE NO- (19)

Now, using formulas (17) and (18) the solutions of the system (19) become

2 2 2r+i
- (i) TS y + E2 o T v
2r+i+| 5= J 2r+z+|_] ] 27+1+|_ J
0 (Vo) [Ty Ty e D2 e Ty
2 1 2 1 2 1
(le) 1 r+z Z r+i— ﬁ Hhr::-l

27+1+L J 2r+z+L J 2r+1+|_ J
(XZJ) ! H a+ Z ﬁ Hh =s+1

Xom+3i+j = X3i+j—6

(20)
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1 2r+1 2r+i 2r+i
- (le) Z ﬁ Hh =s+1 &
0 (X2 ) 1 1—[2r+z+|_ 3 J o+ Z:27-+-1+L 3 Jﬁ 1—12r+z+L 3 J
] h=s+1
2 1 2 1 2 1
(Ylj) 1 r+z v+ 2 r+i— hr::-l

2r+1+|_ J 2r+1+|_ J 2r+z+L J
(Y2t T2 +Y oIl

Yem+3i+j = Y3i+j-6

(21)

for m € Ny, i€{0,1}and j =1,3.
Now, we obtain the solutions of system (19) for four cases. We obtain the following forms from formulas in
(20) and (21) for m € Ny, i € {0,1}and j =1, 3,

X = ans Hm X2jY; PR (1 7)—06Y1j)+0Y1; a?*i((1-a) —pX1j)+pX1;
6m+3i+j 3i+j—6 1 1r=0 X1;Yq, Zwﬂﬂj

31((1-y)-6Y2))+6Y2 QIS Ja-a)- ﬁxzj)ﬂ;xz]

y =y H XoYo; 2’*’”(1 —a)—pX1;)+pX1; P2 ((1-y)=6Y1))+0Y1; (22)
6m+3i+j 3i+j—6 r=0 - ’
] ]= X1jY1; 2r+x+1+L/ J((l—a)—ﬁij)'FﬁXz/' )/ZHHHL%J((1—)/)—5Yz])+5Y2;
ifa#landy #1,
X6 sivi _ x3 » Hm XZjYZj )/2r+i+1((1*)/)*6Y1/')+6Y1]‘ ]+ﬁ(2r+i)X1]‘
+3i+j = A3i+j— = ) o : i
MR R0 ) it I (1) oy, LHBRrHHIHEDX (23)
yé givi = y3 e Hm XZjYZj 1+‘[3(27+i+1)X1]‘ },2r+1((1_),)_(5Y1j)+(<)yl]
m+osi+] — 1+ ] = . . . j—3 . i
] ] r=0 X1;Yq; 1+ﬁ(27+1+1+|_/73J)X2/- yZHHHL%J((1*7)*5Y2])+6Y2/-,
ife=1landy #1,
Yemeaini = Xoisis TI™ XpYoj  1+8Qr+i+1)Yy; 2'+f((1 —a)—BX1))+BX1;
+3i+] = +j—
Kanatl PO RS0 XN L s(r i1+ LT DYy 21U (1)t 4y (24)
y6 sivi = y3 e Hm XZ]Y2] 2’“”( 1- LY) ﬁX1/)+ﬁX1] 1+D(27+1)Y1]
m+3it ] 1m0 LLr=0 X0Y1j arvint I J(1-a)~BXaj)+pXy; 1HOQr+i+14LS DYy’
ifae#landy=1,
X = s IT XpYaj  1+8Qr+i+1)Yy; L+p@r+)Xi;
bm+3i+] = 23i4j=6 LLr=0 XyV1j 1or+it 1+ L2 )Va) 1+p@r+id1+[L )Xo 25
m XoYoj  1+PRr+i+1)Xy; 1+b(2r+z)Y1] ( )

Yem+3i+j = Y3i+j-6 I1

r=0 X0 Y1) 14@r+i+1+| 2 )Xo 146Qr+i+14[L Y5,
ifoe=1andy=1.
2.1.1. Asymptotic behavior of solutions of system (19)

In this section, we will examine the asymptotic behavior of well-defined solutions of system (19). Before
giving the results that was obtained by us, we show some notations that we will use in the results. Let

. v(l_a)_ﬁxw . (‘1—05)—l3X1f
LS - -pxy) T (- a) - pxy)
_ -y -ovy =y -ony
1j = 2=

Y1 = y) = 6Yy) P =9) - oY)

where j = 1,3. In the first result, we consider the case a # ~1 # , f # 0 # 6.
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Theorem 2.1. Assume that a # =1 # y, B # 0 # 6 and (Xem+3i+j, Yom+3i+j)m=-1 for i € {0,1}, j = 1,3 is a
well-defined solutions of system (19). Then the following statements are true.

_ 1-
(a) Ifla| > 1, Xy; # 170‘ = Xoj, Y1j = == = Yaj, then |Xemazisjl = 0, [Yomazisjl = 00 asm — oo,

—_

(b) Iflal > 1, Xqj = 122 # Xp;, Yy

Yy _
3 = Y2, then Xem+3i+j — 0, Yem+3i+j — 0asm — oo.

5

_ 1-
(o) Iflyl > 1, Xy 17“ = Xoj, Y1j # =L = Yoj, then |Xemu3isjl = 9, [Yemasisjl = 00 asm — oo,

0

[y

d) Iflyl > 1, Xqj = % = Xoj, Y1j = 5E # Yaj, then Xepssiej = 0, Yomsziej — 0as m — oo.

(e) Assume that |a| > 1, Xqj # % # X, Y1 = 1;’ =Y,

(i) If IMyj| < 1, then Yems3irj — 0 as m — oo.
(it) If IMyj| > 1, then |yems3ivj| — 00 as m — oo.
(ii1) If IMaj| < 1, then Xep3irj — 0 as m — oo.
(iv) If IMaj| > 1, then |Xem43i+j| — 00 as m — oo.
(v) If My = 1, then the sequence Yepm+3isj is constant.
(vi) If Mpj = 1, then the sequence Xem+3i+j is constant.
(vii) If Myj = =1, then the sequences Yiom+3i+j And Y12m+3i+j+6 Are convergent.

(viii) If Mpj = =1, then the sequences X12m+3i+j And X12m+3i+ j+6 Are convergent.

(f) Assume that |y| > 1, Xq; = 127"‘ =Xoj, Y1j # % # Yo

(i) IfINyj| <1, then Yemssivj — 0as m — oo,

(i1) IfIN1j| > 1, then |Ysm3irjl — 00 as m — oo.

(ii1) IfIN2j| <1, then Xep43i+j — 0as m — oo.

(iv) If IN2j| > 1, then |Xemq3ivjl — 00 as m — oo.

(v) If N1j = 1, then the sequence Yep3i+j is constant.

(vi) If Npj = 1, then the sequence Xem43i+j is constant.

(vii) If N1j = =1, then the sequences Yiom+3i+j And Yiom+3i+j+6 Are convergent.
(viii) If Npj = =1, then the sequences X12m+3i+j ANd X12m43i+j+6 are convergent.

_ 1-
) Iflayl > 1, Xy; # 1T“ = Xpjand Yy # TV = Y2j, then |Xem13is | — 00 and |Yem43irj| — 00 as m — oo.

(h) Assume that la] > 1, [y > 1, Xaj # 52 = X5, Yaj = £ # Yo,

(@) If 151 <1, then Xems3ij — O and Yems3ivj — 0as m — oco.

(ii) lf|;—l| >1, then |x6m+3,-+]-| — oo and |y6m+3i+j| — 00 S M — 090,

(G) Iflal > 1, [yl > 1, Xq; # 1_70‘ = Xpjand Yqj # 1_Ty # Yoj, then |Xem43ivj| — 00 and |Yem43ivj| — 00 asm — oo,

(k) Assume that |a| > 1, |y[ > 1, X3; = % # Xoj, Y1 # % =Y.

(i) IfIZ—;I <1, then xem43i+j — 0 and Yem43irj — 0 as m — oo,

. )
(i1) Ifl)al > 1, then |Xem43itjl — 00 and |Yemy3irj| — 00 as m — oo.
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1-a

(D) Iflal>1, [yl >1, Xy = 5 # Xpjand Yy = % # Yaj, then Xemi3ivj — 0 and Yep3isj — 0as m — oo.

(m) Iflal > 1, [y| > 1, Xy 1_?"‘ # Xpjand Yy # % # Yoj, then Xemy3irj — 0 and Yep13isj — 0as m — oo.

(n) Iflal > 1,y >1, Xq; # I_T”‘ # Xojand Yqj = 1% # Yoj, then Xeps3ivj — 0 and Yemszivj — 0as m — oo.
17

©) Iflal > 1, Iyl > 1, Xqj # 5% # Xaj, Y1; # —F = Yoj, then |Xemaivjl = 00 and [Yemozisjl — 00 asm — oo.

(p) Iflal > 1, [yl > 1, Xy; 1%" = Xpjand Y1j = % = Y2, then the sequences Xem+3i+j and Yemq3i+j are constant.

(r) Assume that |a| > 1, [y > 1, Xqj # % # Xoj, Y1 # % # Yo,

(i) If IN1jMyj| < 1, then yep3irj — 0 as m — oo.
(i1) If IN1jMyj| > 1, then |Ysms3ivjl — 00 as m — oo.
(iii) IfIN2jMaj| < 1, then Xgmy3isj — 0 as m — oo.
(iv) IfIN2jMaj| > 1, then |Xem43iv | — 00 as m — oo.
(v) If N1jMyj = 1, then the sequence Yep.3iyj is constant.
(vi) If N2jMaj = 1, then the sequence Xem+3i+j is constant.
(vii) If N1jM1j = =1, then the sequences Yizm+3i+j And Y12m43i+j+6 Are convergent.

(viii) If N2jMaj = —1, then the sequences X12p43i+j And X12m43i+j+6 Are convergent.
Proof. (a) If Xy; # %" =X, Y1 = % = Y»j, by using (22), then we have

a>rHi(1-a)-pX1)+pXi)

m
Xem+3ivj = X3i+j-6 | Lr=o — Y
_ m a2 H((1-a)-BX1)+BXi; (26)
Yem+3i+j = Ysi+j-6 | X, ’

for me Ny, i€ {0,1}and j = 1,3. From (26) and |a| > 1, we obtain

Lim [xgp43i4jl = 00, lim |[Yeme3isj| = oo. (27)
m—oo m—oo

(b) Ifja| >1,X;; = 1_70‘ # Xoj, Y1 = 1% = Y»j, by using (22),then we get

_BXy
a2r+i+1+L§J((1_a)_ﬁX2/)+ﬁX2j / (28)

_ m 2
Yomsaivj = Yairj-6 [1rmo s, ,
o 3 H(1—a)—pX2)+PXa2j

m
Xem+3i+j = X3i+j-6 | B

for m e Ny, i€ {0,1}and j = 1,3. From (28) and |a| > 1, we have

lim Xom+3i+j = 0, Ilim Yem+3i+j = 0.
m—00

m—00

The proofs of (c), (d) are similar to proofs of (a), (b). So, they are omitted.
(e) (), (i), (ifi), (iv) Let
@)Xy a0 - BX) + X
T (1 - ) - BX2j) + ﬁijl T a1 - a) - BXaj) + ﬁXZj,
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forie{0,1}and j = 1,3. Then, we obtain

(Z0)7pX; BXyj
lim ll lim (Ylﬂ%J aZHHlﬂ%J M
) = Maj,
r — ]
r—oo r—oo (1 - a) — ‘BXZJ + BXoj :
a2r+i+l+L§J
A-a)-pXi Xy
’ LEJ 2r+x‘+1+|_gj
1 1 _ 1z al’s N 3 _ |
th]; kr = lim o _ Ml]’

T (1 -a)-pXoj +

— 3
az»+x+l+LTJ

10436

(29)

(30)

forie{0,1}and j = 1,3. From (22), (29) and (30); four statements easily follow.

(v), (vi) In this case,

(1-a)-pXy; BXy, (1-a)—BXy; BX1j
; L4 Q2rireLh ) ; aL%J azwfﬂﬂ%J
lr = ﬁX . = 11 kr = ﬁXZ‘ = 1/
1-a) - BXo; + —22 1—a)—BXo; + —224__
( ) ﬁ 2] a2r+i+1+L%J ( ) ﬁ 2] a27+i+1+\_$j

forie{0,1}and j = 1,3. From (22) and (31), two results easily follow.

(vii) Since M1; = —1 and by using the following asymptotic relations

1
m = 1 - X+ O
we get
. Q2+ (1 ) - BX2j) + BXa;

r

LTI - a) - BXa)) + pXoj

X.
1+ [32,

(xz), In1+x)=x- x; +O(x3),

1

a2r+i+1+L§J((1 _ a) _ ﬁXZj)

BXzj

1+

BXaj
3
a2r+1+1+\_ TJ((l—LY)—ﬁij)

BXzj

1+

a2r+i+1+L$J((1 _ a) _ ﬂXZj)

freol)

1- .
[ Q2+ (1 = ) — BXa))

(81)

(32)

~o(%)

(33)

for large enough r. From (33), the presumption || > 1 and by a known criterion for the convergence

of products the result follows.

(viii) Since M,; = —1 and by using the asymptotic relation (32),

we have
azy+i+1+L§J((1 —a) — BXa)) + BXy;
azr+i+1+L§J((1 —a) = BXyj) + BXy;

= -

=—(1+

BXa; 1
2r+i+1+ 4] ) BXaj
a (A -a)=pXop) )| 1+ ——
0(27+1+1+L§J((1—0t)—ﬁX2]‘)
BXa;j B BXaj N

1+

a2r+i+1+L§J((1 _ 0() _ ﬁXZj)

a2r+i+1+L§J((1 _ a) _ ﬁXZj)

1
o=

)
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- _(1 +o(ai2)) (34)

for large enough r. From (34), the presumption |a| > 1 and by a known criterion for the convergence
of products the result follows.

(f) (i),(ii),(iii),(iv) Let
Y1 = y) = 8Y1)) + OYy; VT —y) - oY) + 60Xy,

4= _ . pl= : , (35)
r 24+ 412101 Z ) — 5o ) + 6V ’ 2+ 141 ((1 = 1) = 5Yo:) + 8o
V4 3 (( )/) 2]) + 2j )4 h (( 7/) 2]) + 2j
forie{0,1}and j = 1,3. Then we have
@p)-ovr) 0wy (-p-ovi) vy
) )/LJ;TSJ yzmﬂﬂ%J ) },1+L%J 7/2r+i+1+l_%j
lim 4, = lim g = Nj, limp, = lim emk Nij, (36)
r—00 r—00 _ _ 3 —] r—00 r—00 _ _ . ]
(1-7) =Yy + e (1-y)—0Yy + el
fori€{0,1}and j = 1,3. From (22) and (36); four statements easily follow.
(v),(vi) In this case,
((1—)’&353(1/) + éYUH ((1—)’)—/{53{1/) + 6.Y1jj
; _ VLTJ y2v+1+1+[TJ _ ; _ Vlﬂgj y2v+1+1+[§j _
a =L pn= =L (37)

(1—7/)—6Y2]'+m (1—7/)—6Y2]'+

. )/2v+i+l+[% ]

forie{0,1}and j = 1,3. From (22), (37); two results easily follow.

(vii) Since N1; = —1 and by using the asymptotic relation (32), we get

y2r+i+1+L§J((1 —9) = 6Yy)) + 5y2jJ

p —_ . —_
(SYZ'
- — | + . J ] — +
pti +|_§J(( — )/) 6Y2]) (1 #)
+ | )/2,+i+1+[éj((1_7/) (5Y2j)

0Y>; OY>; !
=—|1+ - i 1- K j + O LA
7/27+z+1+L§J((1 —y) - 5Y2j) 7/2r+z+1+L§J((1 -y) - 5Y2]') )4

el

for large enough r. From (38), the presumption |y| > 1 and by a known criterion for the convergence
of products the result follows.

(viii) Since N»; = —1 and by using the asymptotic relation (32), we obtain

r 7/zr+i+1+L¥J((1 —y) = 6Y2)) + 6Y;

0Y7; 1
=—[1+ ) =
PN - ) - 8Y2) (1+ =
P (1-9)-0Ys))
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5Ys; 0Y; 1
-1+ ; i3 1- 1 3 +o o
7/2r+1+1+LTJ((1 —y) - 6Y2]‘) y2r+1+1+LTJ((1 -y) - 6}/2]-) Y

frof3)

for large enough r. From (39), the presumption |y| > 1 and by a known criterion for the convergence
of products the result follows.

(g) In this condition, from (22), we have

) (ay)z"“( (1-p)-6Y1))+ 2,H)((l a)-BXyj)+ 2,H)

m
Xom+3i+j = X3i+j—6 | X1, Ya 5 B ’
~ w1 @{a@-a-pxie ) (-p-ovipe k)
Yem+3i+j = Y3i+j-6 | B XYy B 5 .

Note that, if |ay| > 1, we have that limy,co|[X6m+3i+j| = 00 and limy, ol Yem-3i+j| =

(h) (i),(ii) In this case, by using (22), we acquire

BXy
_ m  Yajb orai_ (A-0)—pXaj+ o
Xem3i+j = X3ivj-6 [ 1m0 35 (5)™" " = NGO
Y3 ((A-0)-0Y o)+ g (40)
BXqj
Yoy <<1—a>—ﬁXu>+Wi1

Yem3itj = Y3irj—6 [ Lreo %5 (5 )P —

Y-y~ 5Yz/)+vz,ﬂ+1

From (40), two statements easily follow.

() In this case, from (22), we obtain

oYy
v, (- J’)—5Y11)+Tiil @ (1—a)—BXy ) +BX0,
X6m+3i+j = X3i+j-6 Hr =0 Xj;

Y75 (1) -0V iy f

V27+z+1

4

(41)

oY
YZ/ Q2ritl ((1—(!)—/3X1])+,3X1f ((1_7>_bylf)+y27y+jx
3i+j—6 H /

Yem+3i+j = Y r=0 X;;Y7;

1 8Yn: *
Y A=p)-ova+
Note that, in this case, |a| > 1, [y| > 1 and we get limy,; ol Xgm+3i+j| = 00, limy—co|Yem+3i+ 1=

(k) (i),(ii) In this case, from (22), we acquire

m  Xap

oy
1my)6Yy )4 ol
X o o H ()’)27+l+1 ((1-y)-o 1/)+y2r+x+l
6m+3i+j = X3i+j—6 1 1r=0 Va6 ;

J [T
al S (1-a)-pXa))+ iy

12)=6Y1))+ g
m  Xaip )’)2r+1 (@~ 1/)+7’2ﬁ

(42)
Yem+3i+j = Y3i+j—6 Hr 0 Y6 \a

a5 - bk
From (42), two statements easily follow.

(I) In this condition, from (22), we have

X6m+31+] = x31+] 6 H X2]Y2] - i (S.B )
T R a = - o7+ ) (@ (o) - )+ )

q2r+i+l

Yem+3i+j = Y3i+j- 6HX2]Y2] - » i .
o @) (a1 - @) - pXag) + ) (1 (@ - ) - 0Yag) + sre)

)/2r+z+1




M. Dilbeyen, M. Kara / Filomat 39:29 (2025), 10429-10459

10439

Note that, if |a| > 1 and [y| > 1, then |ay| > 1, we have that lim;,—,c Xem+3i+j = 0, liMy—co Yom+3i+j = 0.

(m) In this case, from (22), we get

oYy
XZ]YZJ ((1 7/) 6Yl]) + ,zTil ‘8

m
Xom+3i+j = X3i+j—6 H

oY1
ijYzj B - 7/) 5Y1]) + 27+/1

v Y P J (1 y) — (5Y2]) Zryjil a2+ HE)(1 - ) - BX2)) +5X2j,

=

Yem+3i+j = Y3i+j—6 5Y2]

Ylj a2r+i+1+\_$J((1 - a ﬁXZJ) + ﬁXZ] )/HL J((l V) 6Y2]) + 27+1

Il
(=)

I

Note that, [a| > 1, [y| > 1 and we get lim;;—co X6m+3i+j = 0, limyy 00 Yem3ivj = 0.

(n) In this case, from (22), we obtain

X
o XoiYo; 5 (1T -a)-pXij) + %
Xom+3i+j = X3i+j—6 H X1 ; = i [ 6T
=0 1j y2r+1+1+LTJ((1 - )/) - 6Y2]) + 6Y2] 0(1+|-§J((1 - 0() - ‘BXQJ) + aZ_YJr]l
X
XoiYaj (1—a)-pXij) + aﬁz,ﬂlil o

m
Yem+3i+j = Y3i+j-6 H

Note that, in this case, |a| > 1, [y| > 1 and we get lim; e Xsm+3i+j = 0, limy—00 Yom+3irj = 0.

(o) In this case, by using (22), we obtain

m YT ((1—y) = 6Yy) +0Yy; (1 —a)—BXy)) + ff—l’
Xom+3i+j = X3i+j-6 H X Y 5 14] 1 BXa;’
17 Y15 a*5l(1 - a) - BXy)) + T

m X r+i
XZ]' ((1 0() ﬁxlj) + Ofiwh 2 + ((1 - )/) - 6Y1]’) + 6Y1]'

Yem+3i+j = Y3i+j—6 H X1]Y1] OzL - J((l o) — ﬁij) + [25ij1 1)
Q2r+it+

Note that, in this case, |a| > 1, [y| > 1 and we get limy,;colX6m+3i+ | = 00, My oo|Y6m3isj| = 0
(p) In this case, equations in (22) can be written to the following form
Xom+3i+j = X3i+j—6,  Yem+3i+j = Y3i+j—6s
for me Ny, i€ {0,1}and j = 1,3. From (43) the result easily follows.

(r) (i), (ii),(iii), (iv) In this case, from (22), we obtain

((170()75)(1]-) + BX1j ((1—1/)_;51/1;) " oYyj _
o e az»-+z+1+LlJ yl]TJ yz’*i*l*L/TJ
fim e = i ((1-a) - BXz)) + (=) —ovay+ P it
p 2j Q2rieLh ) s % )/2”"*1“%31
(1-a)—pXa)) N By ((1—7)—§Y1/) " oYy; _
i N Q2 G yHs! yrs
lim klp, = lim e s = MijNyj,
r—00 r—00 _ _ . _pPA2 . 2
(= a) = pXo) + 0 (= 7) = 0¥+~

Fo XU a1 - @) - o) + Byl - y) - 8Y2) +6Yy;

(43)
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and

A \m+l m
I = lim o | 222 MaiNy;
1m x6m+31+] = lm x31+]—6 2j4N2j
m—0o0 —00 .

m leY1] 0
. Xz YZ m+1
= lim x3i1j-6 ( le'Yl;) (Ma2jNj)"™*, (44)
m+l m

ijYzj)
lim i = lim ysjy - M;i;iNy;
m_)ooy6m+31+] A Ysivj 6(X1jY1j 1:! 1jIN1j

X2 'YZ \m+1
= Y3irj-6 (ﬁ) (M1jNqj)™ . (45)

From (22), (44) and (45), four statements easily follow.

(V),(Vi) If Mlelj =1land M2]‘N2]’ =1 from (22) we obtain

i o N X2]Y2] m+1 i " o XszZj m+1 26
ml_l’)I;lo Xom+3i+j = ml_I:Ic}o X3i+j—6 Xl]'Ylj ’ mgr(}o Yem+3i+j = ml_I};lo Y3itj-6 leYl] . (46)
From (46), this statement easily follows.
(vii),(viii) If M1;N1; = =1 and M;N»; = —1 from (22) we get
. . X2'Y2' m+1
’1111_1)1(}0 Xem+3itj = ”111_1)1(}0 X3i+j-6 (ﬁ) 1™,
. ) XZ YZ’ m+1
Bm yeuesiej = lim ysiejg ( leylj,) ("t 47)

From (47) the sequences X¢p43i+j and Yem+3i+j converge to sub-sequences of m depending on whether
they are odd or even number.
O

Now we introduce the asymtotic behavior of well-defined solutions of system (19) for the case|a| > 1, a =y,
B # 0 # 6and j = 1,3, by using the next notation:

o ((1 —a) - 5Y1j)((1 —a) - ‘5){1].)
T R ov (- 0 )

Theorem 2.2. Assume that |a| > 1, « = y, p # 0 # 6 and (Xem+3i+j, Yem+3i+j)m=-1 for i € {0,1}, j = 1,3 isa
well-defined solutions of system (19). Then the following statements are true.

(a) If|ILj| <1, then Xemi3irj — 0 and Yemizirj — 0as m — oo.
(b) If|Ljl > 1, then |Xem+3i+jl — 00 and |Yemq3isjl — 0o as m — co.
(c) IfLj =1, then the sequences Xem+3i+j and Yems3i+j are convergent.

(d) If L;j = =1, then the sequences X12m+3i+j, X12m+3i+j+6, Y12m+3i+j, Y12m+3i+j+6 Are convergent.
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Proof. (a), (b)
According to conditions, the solutions in (22) become
a2 (1-a)-5Y1)) +6Y1, @ (1-a)—BX1))+BX1)

m XojYo;
Xem+3i+j = X3i+j-6 | Ire0 Xy — 73 —
1j11j a2y+x+1+LTJ (1—a)—bY2/)+?)Y2j az”’”ﬂ_éj((1—a)—ﬁX2]-)+ﬁX2j
m XojYoj  a¥tHL((1—a)-pXi))+pXq; a?*i((1—a)-5Y1j)+6Y4;
Y .
J(1=a)—BXo))+BXa; 2SN (1-a)-5Y2))+6Y2;

Yem+3i+j = Y3i+j—6 Hrzo XiY1j arrinte 12
a k

Let
fi B 0(2r+i+1((1 — a) - 6Y1]) + 6Y1] aZHi((l - 0() - ﬁXl]) + ﬁXl]
T LRI - @) = 8Yy)) + 6Ya; a2 (1 — a) — BXa)) + BXo;
aFH((1 = @) = 6Y71)) + 64,

i a2r+i+1((1 _ a) _ ﬁXU) + ﬁle
S, = T — .
a r+z+1+|_TJ((1 —a) - BXZj) + ﬁXZj a2r+z+1+L5J((1 —a) - 5Y2j) + 5Y2j

We get
o,y Um0 By
lim fi ~ lim ((l - O() - 6Y1]) + T a1+L§J aZV+i+1+L%J I
r—00 r r—00 ((1_“)_6Y2i) + 5Y2i ((1 _ 0() _ ﬁX ) + ﬂ ],
a’l-jfTSJ a2rti+l 2j a27+i+1+[%J
B, (-a)-oY) oYy
lims = lim WPt G g eeed
o0 T 15 ((1-a)—BXa)) BXa; ((1 _ D() _5Y ) + 0Yy; . I K4
aiL?J a2r+i+l 2j a2r+i+1+[%J

for j = 1,3,i € {0,1}. From (22), (50) and (51) we have that

Ao \m+l m A \m+l m
i = i XYy L, i = li X Yoy L
1M Xem+3i+j = 1N X346 T jir 1M Yem+3i+j = M Y3ivj6| -~ jr
m—00 m—00 Xl]Ylj 7_0 m—00 m—00 Xl]Ylj 7—0

forj = 1,3,i€ {0, 1}. From the last two equations, two statements easily follow
(c) From (32), (48) and (49), we have

fi _ 0(2r+i+1((1 - a) - 6Y1]) + 6Y1]
a2 I(1 - ) - Y2) + 0Ya; a1 - ) — BXa)) + X
2j 2j : B 2j p 2j

(XzHi((l - (X) — ﬁle) + ﬁXl]

7

' oY1
a2 (1 - a) = 6Y1)) (1 + W—Z)—W)
a2r+i+1+|_jjT3J((1 — a) — 6Y2]) (1 + Py ngyzj )
Q2 (1) -5Y2))
a2r+i((1 —a)—BXi)|1+ T A
1j a2 (1-a)—pXq))
X
a2+ - @) - pXy) (1 * )
a2r+z+1+L3J((1_a)—ﬁXz;)
oy 5Ya; 1
(14 ' 1j 1- Py el +O(_)
a2r+z+1((1 — 0() — 6Y1j) a27+i+1+L/TJ((1 —-a)— 5Y2j) o
X1; %2 1
el A
(A =) = pX) a1 - a) - BXy)) arr

(48)

(49)

(50)

(51)
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14 6Y1]‘ B 5Y2j " ‘BXU
= a2r+i+1((1 —_ (X) _ 6Y1]‘) a2r+,‘+1+|_%J((1 _ a) _ 6Y2j) a2r+i((1 — a) — ﬁle)
pXaj 1

a27+i+1+L%J((1 _ a) — ﬁXZj)

a2+ (1 - @) — BX1)) + BXq; @21 -a) - 0Y1j) +6Yq;

i

s, = = 4 ‘
' 0(2r+i+1+|_%J((1 - 0() - ﬁXZj) + ﬁXZj 042r+l+1+|“%J((1 - (X) - 6Y2j) + 6Y2j
a2t ((1 - a) - ﬁxlj) (1 + Wz)—ﬁxu))
a2r+i+1+L%3J((1 - a) = BXyj) (1 + f;fxzj )
Q2rrivis J((l*d)*ﬁXZ/‘)
‘ oY1
a?i(1 - a) — 6Y1)) (1 + WM)
X
a1 - ) - 6Y2)) (1 + #)
a2r+z+1+L3J((1,a)76Y27)
T A S
(A= a) = X))\ R () - py)
sy 5Yo: 1
X1+ 2r+i - ) 1- j - +0(_)
a?i((1—a)—06Yq)) a2+ IHEl((1 - ) - 0Y2j) i
=1+ ﬁle _ ﬁij + (le
a2r+i+1((1 — oz) — 5X1j) azr+i+1+L¥J((1 —-a)— ﬁij) a2r+i((1 B oz) - 6Y1j)
5Yy: 1
o)
@21 - a) - 0Y2)) .

for sufficiently large 7, j = 1,3and i € {0,1}. From which the convergence of the sequences xgp+3i+j and

Yem+3i+j Can be seen easily.
(d) From (32), (48) and (49), we have

a2r+i+1((1 —a) - 6Y1]-) +0Y7; 0(27+i((1 —-a)— ﬁle) + Xy

e el
p a2r+1+1+LIT3J((1 —a) - 6Y2j) + 6Y2j a2r+1+1+L%J((1 -a)— ﬁXZj) + ﬁXZf
2 . 1 . 6Y1

) Q2T ((1-0{)—5Y1])(1+W—Z¥)—W)

4 = 0Yr;
a2+l J((l — CY) - 6Y2]) (1 + az#ﬁlﬂ?J(Z_a)—éY '))
2j
a2r+i((1 —a)—BXi)|1+ e (e
1j a2 (1-a)—pXq))
X

a2r+i+1+L£J((1 _ a) _ ﬁxzj) (1 + ﬁX—Z/)

i I
az”’”“EJ((l—a)—ﬁXz,')

0Y1j oYs) !
=-\1+ =5 1- i+1+( ' O(E)
a (1-a)- 5y1j) a2r+1+1+|_TJ((1 -a) - 5y2].) a

BXq;
8 (1 T (A —a) - /3X1f))

BX; 1
B 2r+it1+] L] : +0 (@)]
a (1 - a) - BXa))
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—1- 6Y1] N ‘ 6Y2] 3 ﬁX1]
aZ+i+l((1 — a) - 6Y1j) a27+i+1+L§J((1 —a) - (SYZ]‘) aZ+i((1-a) - ‘BXU)
+ . PXa -0 (L) ,
a27+i+1+L§J((1 —a) - ﬁXZj) oA

i a2 (1 - @) — BX1)) + BX4j @2+ ((1-a) - 0Y1j) +0Yy;
s, = — ——
I = @) = BXy)) + BXa; a2 A1 = @) = 6Y2)) + 6Y;

r

a2 (1 - a) — BX1;) (1 + #—Z%w )

a2r+i+1+L%3J((1 _ (X) _ ,BXZj) (1 + /ifXZJ' )
DLZHHHLTJ((‘I*&)*ﬂXZj)
a?*i((1-a) - 6Y1j) (1 + W;J)—(Wm))
X

a2r+i+1+L§J((1 — @)~ 8Y2)) (1 + 0Ys; )

azmnﬂéj((l,a)—é}’z;‘)
pXa) + ( : )]
4 — 4r
2ttt J((1 -a) - ‘szj) ¢

-1+ - P
a27+z+1((1 — a) — ﬁle)
oY 5Yr:
x(1+ T e ) 1- | +O(L4)
a?™*((1 - a) - 6Y1)) a2+ (1 = @) — 8Y2)) at
B pXi; N BXzj ~ 8Yyj
a2rtitl((1 — ) — BX1j) a2r+i+1+L$J((1 - a) — BXa;) a2+i((1 - a) — 5Y1))

Yo 1
t— 2 -0 (E)
a2r+l+1+|_§J((1 — a) — 6Y2j) @

for sufficiently large r, j = 1,3 and i € {0,1}, from which the convergence of the sequences x12+3i+j,
X12m+3i+j+6, Y12m+3i+j and Y12m+3i+j+6 can be obtained easily.

Here we introduce the asymptotic behavior of well-defined solutions of system (19) for the case |a| > 1,
Yy = —a, B # 0 # 0, by using the notations:

’: () V5@ + ) = 6Y1,)(( - @) - X)) . (@) 51+ @) = 6Y)((1 - @) - X))
et oY) -a) - pXy) | () (A + @) - oY) (1 - a) - X))

O

Theorem 2.3. Assume that |a| > 1,y = —a, p # 0 # 6 and (Xem+3i+j, Yem+3i+))m=—1 for i € {0,1}, j = 1,3 isa
well-defined solutions of system (19). Then the following statements are true.

(a) IfIKj| <1, then Xem43ivj — 0 as m — oo.
(b) If|Fj| <1, then Yemy3isj — 0as m — oo,
(c) IfIKj| > 1, then |Xemq3i+| — o0 asm — oo,
(d) If|Fj| > 1, then |[Yem43irj| — 00 as m — oo.

(e) IfK; =1, then the sequence Xem43i+j is convergent.
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(f) If F; =1, then the sequence Vg,13isi 1S convergent.

j q Y i 8
(8) IfK; = =1, then the sequences X12m+3i+j And X12m+3i+j+6 are convergent.
(h) If F; = -1, then the sequences Yi2u+3i+j And Y12m+3i+j+6 Are convergent.

Proof. (a),(b), (c), (d) : According to conditions, the solutions in (22) become

Xomani = Xapaiog [ o COP Q=00 ¥ ((1-a)-pXoXs

om+3i+j — A3i+j-6 L1r=0 X7;v7; 2r4is14 122 ) X 2r+it1+ ) /
() T (14@)-5Y2)) +0Y2; @ 50 ((1-@)BXay)+B Koy

m XZ]YZ/' OZZH'H'l((1—0[)—[5X1j)+ﬁX1/‘ (—0()27'“((1+0{)—(§Y1/)+5Y1]‘

r=0 Xi;Y1; azmnﬂ/%a

Yem+3i+j = Y3i+j-6 IT ] reitel ] .
((1*&)*[5X2j)+ﬁX2]‘ (—a) 3 ((1+0()*6Y2j)+6Y2]‘

Let
_ (_a)2r+i+1((1 +a)— 6Y1]-) + 6Y1]. (XZHi((l -a)— ﬁle) + ﬁxlj
p o= (_a)2r+i+1+|_jjT3J((1 + a) — 6Y2].) + 6Y2]. a2r+i+1+L§J((1 _ a) _ ﬁij) N ﬁij’
o a27+i+1‘((1 —a) - BXyj) + Xy (_a)27+1'((‘1 +a) = 0Y1j) + 0Y7; .
r a2r+i+1+L$J((1 —-a)— ﬁXZj) + ﬁXZj (_a)2r+i+1+L§J((l +a)— 6Y2]-) + 6Y2]-

Then we have

5Yi: ((1_"‘)_5X1j) ﬁXli
. ((1+a)- 6Y1j) + % 1414 ] + it )
lim ¢l = lim ) a ° a S =K;
e TS T @Y, | vy Y A% Boj
(_a)—lgj (_a)ZHiH ((1 a) ﬁXZ]) + a2y+i+1+L%J
((1+a)-5Y1)) 5Y1;
BXyj — + ,
limd = Lim (A —a)—BX1j) + Zemr L e A 3
o T o0 1-a)-pXz; X 5Y: = Lj,
et e R B (W a) - oY) - —
a5 (4% (_a)2r+i+1+|_§j

for j=1,3,i € {0,1}. From (52), (55) and (56) we have that

m+l m
lim Xep+3ij = lim x3i+j—6( ) | | Kj, im yeps3ij = lim y3i+j—6(
m—o0 m—oo m—oo m—00
p

Four results can be easily seen using limits of the general terms (55) and (56).
(e), (f) From (32), (53) and (54), we have

™ (A +a) = oYi) + 6y (1 - ) - BXy) + BXyy
(=@ T (14 ) = 5Y2)) + 6Yy; a1 - ) - fXa)) + B

_ o \2rtitl _ . L
( a) ((1 + 0() 6Y1]) (1 + (_a)2r+i+l((1+a)_5yll.))

i
=

(_a)2r+i+1+LgJ ((1 + (X) _ 6Y2j) (1 + 0Yy; )

. j=3
(*a)ZHHHLTJ((1+l¥)*5Yzj)

a?i((1 - a) — BX4j) (1 + Wig—ﬁxu))

X

a2r+i+1+L§J((1 -a) - ﬁij) (1 + #)
o 5 ((1-a)-BXz))
(i, 6Y1]‘ ] - 5Y2j +O( 1
(_a)2r+z+1 ((1 + a) _ 6Y1]’) (_a)2r+i+1+L$J ((1 + a) _ (3Y2]') (—0()4r

)m+1
T

>]

m

0

10444

(52)

(53)

(54)

(55)

(56)
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BXi;
“\M - —ﬁxlp) !

BXy; 1
B —_ ] + O(T)]
a2+l — @) — BX2j) @

0Yy; 0Y>; pXij
=1+ - — = + -
(_a)2r+1+1 ((1+a) - 5Y1j) (_a)27+i+1+L%J ((1+a)— 6Y2]‘) a?ti((1—a) — ‘BXU-)
X2; 1
— - F ﬁ Gl +O(E)/
a27+z+1+L§J((1 _ 0() _ ﬁXZj) (04

g = Qi ((1 — 0{) - ﬁle) + ﬁle (—Oé)ZH—i ((1 + 0() - (5Y1]) + (Sylj
' Cﬁ“ﬂlﬂ%]((l - CY) - ﬁXZJ) + ﬁXZJ (—0()27+i+1+|'%J ((1 + 0() — 5Y2]) + 5Y2]

a2r+z+1((1 —a)— .BXU) (1 + Wz)—ﬁxu))

2r+ivl+[ 2] —a)— ; ; £
24 3 ((1 0() ﬁXZJ) (1 + azy+i+1+L¥J((1_a)_ﬁX2])

N2t _ , oYy
X G dra) - o) (1 i (—a)z”"((1+a)—f>Yu))

(_a)2r+i+1+\_%J ((1 + a) — 6Y2]) (1 + - Ej'yzi )
(_a)zr+1+1+LgJ((1+a)—bY2j)

_ pXi;
- (1 + a2r+i+1((1 _ a) — ‘BXU)) 1

X +0()
azr+z‘+1+L¥J((1 - a) = BXyj) ot

5Y1]‘ 6Y2]' 1
X(1+ 2r+i ] 1- Y +O( 4r)
(=) (1 + a) — 6Y1)) (~a) (1 + ) - 5Y7)) (-a)

BXy; BXaj 0Y1;

:1 + - - - + -
a27+z+1((1 — a) — ﬁle) a2r+i+1+L§J((1 _ 0() _ ﬁXZj) (_a)2r+1 ((1 + a) _ 5Y1j)
5Y, 1

(_a)2r+i+1+L§J (1+a)— 5Y2j)

for sufficiently large r, from which the convergence of the sequences Xg+3i+j and Yem+3i+ for j = 1,3,i€1{0,1},
can be seen easily.
(9), (h) From (32), (53) and (54), we have

() (A +a) = oY1) +0Y1;  a¥H((1-a) - BX1;) + X4,

i

c = e +1+(

(_a)2r+z+1+L%J ((1+a)- 6Y2]-) + 6Y2]- a2r+1+1+|_§J((1 -a) - ﬁij) + BXo;
_\2r+i+l _ . oy
( a) ((1 + 0() 6Y1]) (1 + (_a)2r+i+l((1+a)_5yll.))

(_a)2r+i+1+L§J (1+a)- 6Y2]') (1 + - ;2/2/ )

(,Q)ZHHHLTJ((1+l¥)*5yzj)
ri1 N A By
) a?*i((1 - a) — pX1)) (1 + a2y+i((1_a)_ﬁX1j))

a2r+i+1+L§J((1 —a) - ‘BX2],) (1 +— ]ﬁXZJ' )
aZHHHLéJ((lfa)*ﬁXz/‘)

5Y1]' 6Y2]' 1
=-|1+ 2r+i+1 ) 1= i1+ 52 ’ O( 4r)
(—a) (1+a)—6Y1)) (—a?* T (1 + @) - 6Y2)) (-a)
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BXi;
“\M i —w —ﬁle)) !

Xy 1
B —_ ] + O(T)]
a2+l — @) — BX2j) @

_ 8Y1; .\ 0Y>; B BXaj
(_a)2r+i+1 ((1+a)- 5Y1j) (_a)2r+i+1+L?J ((1 + 0() _ 6Y2]') 0(2r+i((1 _ 0() — ﬁXl]’)
pXa; -0 (L)
a27+i+1+L§J((1 — ) - BXa) )’

g = Qi ((1 — 0{) - ﬁle) + ﬁle (—OL)ZH—i ((1 + 0() - (5Y1]) + (Sylj
' a27+i+1+|'%]((1 - CY) - ﬁXZJ) + ﬁXZJ (—0()27-'—ll+1+|'éJ ((1 + 0() — 5Y2]) + 5Y2]

a2r+z+1((1 —a) - ‘BXU) (1 + Wz)—ﬁxu))

. 8 — + -
2r+i+1+ 55 J((] - ) ﬁXZj) (1 a2v+i+1+LFTSJ((21/—a)—ﬁX )
3 2])
e _ ) . wy
) ( q{) ((1 —+ a) 5Y1]) (1 (_a)2f+"((1+a)—t‘>Y1/))
( )2r+i+1+L§J ((1 + a) — 6Y2]~) (1 + ?-Yzi )
(_a)zr+r+1+LgJ((1+a)—bY2/)

{1+ )
Q2 (1 = a) - X))

(5Y1j 6Y2]' 1
X(1+ 2r+i ] 1- Y +0( 4r)
(=) (1 + a) — 6Y1)) (~a) (1 + ) - 5Y7)) (-a)

~ BXi; N BXzj B oYy
a2r+i+1((1 —-a)— ﬁle) a2r+i+1+L%3J((1 —a) - ,szj) (_a)2r+z’ (1+a)— 6Y1j)
0Y>; _ (L)
(_a)2r+i+1+L§J ((1+a) - (SYZ]‘) atr)’

X .
1- ) = L * O(%)
a?HFI((1 - ) — BXo)) ¢

+

for sufficiently large r, from which the convergence of the sequences X1213i+j, X12m+3i+j+6, Y12m+3i+j and
Yiome3ivjre for j = 1,3, € {0, 1}, can be obtained easily. []

The following theorem associated to the case |a| < 1, [y| <1, fX1; # 0 # fX5j, 6Y1; # 0 # 8Y>;.

Theorem 2.4. Assume that |a| < 1, |y| <1, ‘BXU +0 # ﬁXz]‘, 5Y1]' +0 # (5Y2]' and (X6m+3i+]', y6m+3i+j)mz—1 for
i €{0,1}, j = 1,3 is a well-defined solutions of system (19). Then the sequences (Xem+3i+j)m=-1 A1d (Yom+3i+j)m=-1 are
convergent.

Proof. In this case, by using (22) and (32), we have
n ijYzj ]/2Hi+1 ((1 — )/) - 6Y1j) + 6Y1]‘ OéZHi((l - 0() - ﬁle) + ﬁle
=0 leYlj 7/27+i+1+L¥J((1 _ V) _ 5Y2j) + 5Y2j aZr+i+1+L§J((1 _ Dé) _ ﬁXZj) + ﬁXZj

[1 .\ ),2r+i+l((1}/)5Y1/)] [1 . a2r+i((1a)ﬁxlj)]

Xom+3i+j = X3i+j-6

m oY1; BX1j

= X3i+j-6 ]y:! [1 . y27+i+1+[j33J((1_y)_5Y2],)) {1 .\ az””méj((l—a)—ﬁij)]

6Ya; Xz
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) ﬁ . 7/2r+i+1((1 ) - (5Y1j) ) y2r+i+1+L?J((1 —y) - 6Y2].)
= X3i+j-6 5Y1]‘ - 5Y2j

+O(y4r)] (57)

r=0

0(27”((1 —a)- ﬁle) a2r+i+1+L§J((1 -a) - ﬁij) .
% [1 + i 1-— X +0(a™)
= wsigee [ [ (1+007) (1 + 0)
r=0
= X3itj-6 H (1 +0 ((“7)27)) ’
r=0

o o n Xz]‘Yzj 0(2r+i+1((1 — 0() - ﬁle) + ‘8X1] y2r+i((1 — )/) — 6Y1]) + 6Y1]
Yemssivj = Yaivj-6 H Xq;Yqi o 2rvie1e 2] i1+ L]
=0 UM (1 —a) = BXy)) +pXoj y (1 =y) = 0Y2)) +0Ya;

. 23 "

= VYaivj-6 g [1 . az,ﬂ-ﬂw;;gmﬁxzj)] {1 . yzwfﬂﬂélé(ijwﬁvzf)]
:yw%ﬁiltﬁffm”«;;f‘ﬁxu) 1_a%”““ﬁgizﬁ—ﬁxy)+omy) (58)
e
= Ysisis [1 (1+0@)(1+06™)
= Yainjos 1:! (1+0(G™)).

From (57) and (58) it is clearly seen that (Xeu+3i+)m>-1 and (Yem+3i+j)m=-1, for i € {0,1}, j = 1,3, are conver-
gent. [

J..— _1 1 I J..— 1 1 j=3

Leth.—m—ﬁsz—l—l_gj, N]—‘BTU—WZI—I_TJ

The cases |[y| > 1, a = 1 are considered in the following theorem.

Theorem 2.5. Assume that |y| > 1, @ = 1 and (Xem+3i+j, Yem+3irj)m=—1 for i € {0,1}, j = 1,3 is a well-defined
solutions of system (19), then the following statements are true.

(a) Suppose that Y1j # 1%7 # Yojand Npj =1,

(i) IfFN; <0,
(i) IfN; > 0,

Vil < |0y
Yo > 1y

, then Xem43irj — 0 as m — oo.

, then |Xgm43ivj| — 00 as m — oo,

(iii) If N i =0,Y2; =Yy, then Xep43ivj is convergent.
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(b) Suppose that Y1; # 1%7 # Yyjand Nyj =1,

i — 0asm — oo.

(iii) 1f N i =0,Y2; =Yy, then Yemq3iyj is convergent.
(C) IfY1] 5 ;t YZ]/ then x6m+3z+] — 0and y6m+31+] — 0asm — oo,

(d) If Yq; # o = Yaj, then |Xem13irjl — 00 and |Yem43irj| — 00 as m — oo.

(e) If Yq; = 1;/ = Yyjand Nyj = 1, then Xem+3i+j is convergent.

) IfYq; = 6 = Yyjand Nij = 1, then Yemq3i+j is convergent.

Proof. (a)
(1), (1), (iii) According to condition, the first equation of (23) become

((1=y)—0Y)) + oY1)

X =X H Xa;Yaj P pre 1+ le]
6m+3i+j = A3i+j—6 Yo .
X1iY15 (1 = ) = 6Yy)) + —m,ﬂfi% 14 %
If Y1) # LYy, jand Np; = 1, by using (32), we have
((A=y)-06Y4)) " 0Yq; i+l
1 1 X2jY2; S L 1+ ﬁ —+
1m x6m+31+] = um X3z+] 6 H X1jY1; (1=7) = 8Ya) + oYy i+1+ 4 J+ﬁX
v 2j 2y+i+1+[ﬂj 1+ TZ
m 1 1
Yo I+ 5% 1+1+|-J+ﬁX2 1
_7,111—I>TJQXBZ+]6HY_1]'{1+T] 1—T+O(TE)
r=0
m R
Yo N; 1
= lim xs1 6HY—1;(1+2—;+0(72)), 59)
r=0
for a large r. From (59), the results easily follow.
(b)
(1), (1), (iij)According to condition, the second equation in (23) becomes
XZ]YZ] 1+ ﬁ(Zr +i+ 1)X1] y27+i((1 - 7/) - (5Y1]) + (5Y1]
Yem+3i+j = Y3i+j-6 H

XiY1j 14 BQr+i+1+ L%SJ)XZJ- y27+i+1+L§J ((1 -y) - 6Y2j) + 6Y2j'

If Y1 # 5L # Yy and Nyj = 1, by using (32), we get

((1—)’)—§Y1j) " 0Yy;

_ z+1+ﬁ—
X2]Y2] )/1+|_%j y2r+i+1+L%J 1+ L
hm N Yom+ai+] = hm 1 Y
] 3i+j-6 XY Yo i3
1741 — — . 2 i1+ 52+
5ms o)+ Ay

T

m 1 P4
Y l+1+ﬁX i+1+[5 J+ﬁX2/ 1
= hm y31+] 6HY_1][ 57 1- 5y +0(—)
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" ~
. Yoj (N 1
= tmsere [ 52 1+ 3 +0(z)) 0

for a large r. From (60), the results easily follow.
(© I Y1j = 5L # Yy, from (23), we obtain

- 5 N; 1
lim Xem+aivj = 11m N X3itj-6 H — 1+ 2— + 0( 2) p (61)
m—oo =0 2T+l+1+ T ((1 _ ,)/) _ OYZJ) + 6Y2] r Ia
= o N; 1
Lim yemizivj = lim yzivj-6 (1 5ot O(—)), (62)
m—oco m—co 1:! 2r+1+1+ é ((1 _ V) _ 6Y2]) + 5Y2] 2r r2
for a large r. By using (61) and (62), the result easily follows.
@) If Y1) # % =Y>j, from (23), we have that
m 2r+i+1 ¥
1 7 (A=) - ovy)+ovy (N 1
Lim Xenssisj = lim Xsis 6 H Y, 5 1+ o0+ O(ﬁ) , (63)
m 2r+i 7
. . 1 (A= -ovy)vovy o N 1
nl}_r}r.}o Yem+3i+j —"111_T£}o Y3i+j-6 g! Y_1] B (1 + 5 + O(r_Z))' (64)
for a large r. The results are easily obtained from (63) and (64).
(e) According to conditions, we have
"+;z>+1v
[+
Xem+3i+j = X3i+j—6 1:! szTwaz
1+ ———7~—
m i+ i+14 L)+ L
o BX1; 3 3 BX2; 1
_x3l+]_61_![1 T ][1 2r +O(r_2)
m N] 1
= X3,'+]'_6C1(TTIO) H (1 + Z + 0(7—2)]
r=mo+1
ern mg+1 ]z}{ 0 i
= x3i4j-6C1(mo)e ( ol )), (65)
[1+i+’f” ]
for a large r, C1(mp) = T . From (65), the fact that )" mo+1 + — +00,as m — oo, and the

r=0 i+1+L%J+ﬁ
+— 2

convergence of series ),/ ., O (rl—z), the statements can be seen clearly.
(f) According to conditions, we have

i+14
ﬁxlj
n (1+ 5 )

= Yai Ni; -
Yem+3i+j = Y3i+j-6 H ) i+1+|-]TT3J+;%
r=0 1+ —— "%
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m i+1+ z+1+L] 1+
BX1j ﬁxz 1
= Y3i+j-6 H [1 + 5 ][1 > L+ O(r_z)]

r=0

= Y3i+j-6C2(1mo) ﬁ (1 + I;l;{ * 0(1’1_2))

r=mo+1

| +0(%
= Y3irj-6Ca(mple " 1(2 i ('2)), (66)

i+1+
ﬂxlj
1+ —;
my

r=0 i+1+[$]+ ﬁXlz
1+

convergence of series Y,/ 5, 1 O (rl—z), the statements can be seen clearly. [J

for a large r, Co(mp) = [] From (66), the fact that )" 1 — +00, as m — oo, and the

r= m0+1

Now, we investigate the cases |a| > 1 and y = 1 in the following theorem. Let

yo.— 1 _ 1 _ 8 T 1
M; = 8Y1;  0Yy 51 M= 5Yy; 51/2, LJ

Theorem 2.6. Assume that |a| > 1, y = 1 and (Xem+3i+j, Yem+3irj)m=—-1 for i € {0,1}, j = 1,3 is a well-defined
solutions of system (19),then the following statements are true.

(a) Suppose that Xy; # PT“ # Xojand My; = 1,

i — 0asm — oo.

(iii) IfM]- =0, Xoj = Xy, then Xem+3i+] is convergent.

(b) Suppose that Xq; # 1‘7“ # Xojand Myj = 1,

i — 0asm — oo.

(iii) IfM]- =0, Xoj = Xy, then Yema3i+j IS convergent.

(c) If Xy; = 1%“ # Xoj, then Xemszisj = 0 and Yemszisj — 0.

(d) If Xy # 1‘7"‘ = X, then |Xem+3i+j| = 00 and [Yemaair;| — 00 as m — co.

(e) If Xqj = % = Xoj and My = 1, then Xep.3i+j is convergent.
) If Xaj = 1‘7"‘ = Xoj and My = 1, then Yep43ivj is convergent.
Proof. (a)
(1), (1), (iii) According to conditions, the first equation in (24) become
XZ]YZJ 1+ (5(21’ +i+ 1)Y1j 2r+i((1 —-a)— ﬁle) + ﬁXll
Xom+3i+j = X3i+j-6 H XY =3
YT+ 0@r+i+ 1+ 5 ])Yo; a2+t J((1 a) — X)) + PXa;
i+14z=— bY
1+ 1j ((1*06)*(5)(1/) BXq;j v
n ij ( 2r ) AL + L2

= X3i+j-6 (67)

i A
5 Q25

1 X (1 .\ 14 2 3J+(,y2 ) (1-a) - Xa) + _BX
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If Xy; # 1%“ # Xpj and My; = 1, by using (32), we have

i 1
(1 N z+1+bY1j) ((1—0()—‘6)(1/) + ‘3le
Xoj

2r i
a]ﬂ%] azwmﬂ%]

hm N Xem+3i+] = hrn 1 X3i4j-6 H

X i B 1 BXa;j
r=0 U (1 n it ;J+5Y2f) (1-a) - Xy + O(ZVleiléj
m [ 1 -
' Xoj 1+1+6Y1f 1+1+L3J+oy2, 1
= Jim i [ [ 2|14 =5 1= 5 +0(3)
" N
. Xoj M; 1
= r’11141’)IJOX3i+]_6Q X_lj(l + E +0(z)) (68)
for a large r. From (68), the results easily follow.
(b)
(1), (i), (iii) According to conditions, the second equation in (24) become
X2]Y2] D(ZH'Hl((l —-a)— ﬁX1]) + ‘BX1] 1+ 06Q2r + Z)Ylf

Yem+3i+j = Y3i+j-6 ) - - :
e H XijYnj @2+ 45 (1 = ) — BXyy) + BXoj 1+ 6Qr +i+ 1+ L)Yy

i+l (1-a)-pXi)) BXij
m X2] 1 + % algj + a2r+i+1+L$J
= y3i+]'*6 X_ 1+1+L J+ ﬁXZi (69)
S P Ty J\ (1= a) = BXoj + — 0
2r & K
If Xy # 1%1 # Xpj and My; = 1, by using (32), we have
,-+M171/_ (1-a)—pX1)) BXij
X2 1 + — ng 2r+x+1+L/ 1
hm ]/6m+31+] - hm ]/31+} 6 H X1] z+1+L23+ 1 " X —ﬁX;
] 1+ = éyz_ ( - 0() _ﬁ 2j a2r+i+1+[jiTBJ
. 1 . J 1
=1 mX2j1+l+m 1 ZJrHLgJJrF”+O(1)
= ml_l')l"}o Ysi+j-6 H le 2 2 72
m Vi
X2] M] 1
= i 1+ + (—) . 7
1m ]/31+] 6 H le ( > ) 72 ( 0)
for a large r. From (70), the results easily follow.
O Xy = 1_7& # Xaj, from (24), we have that

m B [ 1+6Q2r+i+1)Yy; ] 1)

lim Xom+3i+i = lim X3 ’
I Aem+3ivj = I i+j— ]:! 2r+1+1+ % ((1 —0() ,BXZ]) +ﬂX2] 1 +5(2}’+1+ 1+ I.]3 J)Y2]

i ) = 1+ 06Q2r +1)Y;
lim y6m+3i+]’ = lim ]/3i+} H ﬁ X ] ’ (72)
m—00 =00 1+6Qr+i+1+[5])Ys;

R | %J((l —a) - ,Bij) + By
for a large r By using (71) and (72), the result easily follows.
(d) If Xq; # = Xyj, from (24), we have that

1 a?*i((1 - a) - BXy)) + BXy
Xij p

hm x6m+31+] = hm x31+; 6 H (73)

1+06@2r+i+1)Yy;
T+6@r+i+1+ 2Ny, )
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o azr+i+1((1 —a) - BXyj) + pXq; 1+06Q2r +1)Yy;
lim y6m+3t+] - 111’1’1 y3z+] 6 X_ X i ’ (74)
m— 0 i B 1+0Q2r+i+1+ |_§_])Y2]'
for a large r. From (73) and (74), the result easily follows.
(e) According to initial conditions, we have that
m 1+1+ m']]
Xom+3i+j = X3i+j—6 1:! = ”*W
1+ — 2
" .
M]' 1
= x3i+j-6C3(my) H (1 ot O(r_z)]
r=mp+1
M;
Z;‘n o+ }{+0 i
= x3i4j-6C3(mo)e 1( 7ol ))/ (75)
1+i+1+ﬁ
for a large r, C3(mo) = [, — =, From (75), the fact that Y1y — +00,as m — oo, and the
e

5,

1+ >

convergence of series ), ., O (rl—z), the result is easily obtained.
(f) According to initial conditions, we have

i+ 57,
]
(1 + —;

m
6m+3iti = Y3i+j 6H
Yomssitj = Yaij- ( i+1+[ 4 J+5Y2/ )

r=0
2r

m M. 1
= Y3isj-6Ca(1mp) H (1 + 2—7] + O(r—z))

r=mp+1

mﬂn +1 %‘FO l2
= Y3irj-6Ca(mole ( ¢ )), (76)

(H 6 1)]

mo _\ )

0[ u]
+———FL

convergence of series Z;’;’;O 10 (rl—z), the statements can be seen clearly. [

for a large r, Cy4(mo) = [] From (76), the fact that Y. — +00, as m — oo, and the

r= 111(]+1 T

The case a = 1 = y is considered in the following theorem.

Theorem 2.7. Assume that « =y = 1 and (Xem+3i+j, Yem+3i+j)m=-1 for i € {0, 1}, j = 1,3 is a well-defined solutions
of system (19). Then the following statements are true.

(a) IfMj + Nj <0, then Xgp43i+j — 0 as m — oo,
(b) IfM]- + Nj > 0, then |Xem43i+j| — 00 as m — oo.
(c) If Mj +N j = 0, then Xepy3ivj is constant.

(d) If Mj+ Nj <0, then Yemasivj — 0 as m — oo.

(e) If M;+ N; > 0, then [Yemq3i+;| — 00 as m — co.
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() If Mj + N = 0, then Yem.3i+j is constant.
Proof. (a),(b), (c) Let

A 1+06Q2r+i+1)Yy; 1+ p@2r +1)Xy;
Corws@r+ i+ 1+ 1E2DYy T THB@r i1+ LDy

Bi —

i€{0,1}.

From (77), we have

i+1+ﬁ
i
Ai _ 1+ 2r
r . j-3 1
H—lﬁ-LTJ+sz
M; 1
J
=1+—+ O(—).
2r r2
it
Xy
Bl = 1+—2f
T i+1+L§'J+#
2]
1+ >
N; 1
]
=1+—+ 0(—).
2r 12

Then we have that

: . ~ M; 1 N; 1
n%l_I)I;lox6m+3i+j = n111_1’)1;1<)X3i+]'_6 H (1 + 2—”] + 0(1’_2)] [1 + 2—; + 0(1’_2)

for large enough r and i € {0,1}, j = 1, 3. From (78), (79) and (80), the results easily follow.
@, (), (f)

. 1+pQ@2r+i+1)Xy; Ti .o 1+062r +1)Yy;

p = — , To= . ,ie{0,1).
1+BQr+i+1+[5)Xy; 1+06Qr+i+1+[4])Yy

From (81), we have

i 1
1+ Z+1+ﬁX1,'
i 2r
i By 1
i+1+] = J+ﬁxz}-
2r

1+

Mj 1
—1+§+0(7—2)

H 1
i+ =
5Y1;
Ti 1+ —-~
i IR
i+1+ 5]+ 55
2r

1+

]\7]' 1
—1+§+O(r—2)

10453

(77)

(78)

(79)

(80)

(81)

(82)

(83)
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Then we have that
m y 7
. . M; 1 N; 1
Jim vy = Jim ysioo ] | (15 volz)(1+ 2 olz)
) " M; +N; 1
= }}_{{}o%iﬂ—an(l + ]Zr ! +O(r_2))' (84)
r=0

for large enough r and i € {0,1}, j = 1, 3. From (82), (83) and (84), the results easily follows. [
Now we consider the case @ = 0 and y = 0.

Theorem 2.8. Assume that (X, Yn)n>—5 is a well-defined solutions of system (19). If a =y = 0, then (X, Yn)ns—5 is
eventually six periodic.

Proof. If a = y = 0, then the system (19) becomes

X, = 1 _ OYns _ Xn—t
n— n-1Xn— - - An=bs
_ M e m24 (85)
Yn = HnaYuz 0 Yn-6,,

From (85), this statements easily follows. [
Now we consider the case @ # 0 # y, f = 0 = 0. In this case, system (19) becomes

_ Xn-3Yn-4Xn-5 _ Yn-3Xn-aYn-5

n — n 7 ne NO' (86)
a}/n—lxn—Z yxn—l}/n—Z

By using (22) fora # 0 # y, § = 0 = 6, we get

1
T T £V " Hm 1
x6m+31+] - x31+]—6 X1 Ys) r=0 L%MHL%J
il 7 ,meNy, ief{0,1}, j=1,3. (87)
Yomedinj = Yaisi XojYs) e, —1+—
6m+3i+j 3i+j—6 X1;Yq, r=0 ath},lﬂ%J
Let
1 A 1 .
T;: Tji=———F, j=13.

) Sy

By using formulas (87) it is easy to see that the following results. We omit the proof.

Theorem 2.9. Assume thata #1#y,=0=0, % = 1 and (Xem+3i+j, Yom+3i+j)m=—1 for i € {0,1}, j =1,3isa
well-defined solutions of system (19). Then the following statements are true.

(a) IfIT;| < 1, then Xep3isj — 0as m — oo.

(b) IfIT}| > 1, then |Xemq3i+j| — o0 as m — oo.

(c) If Tj = 1, then the sequence Xen+3isj converges to six-period solutions.

(d) If Tj = =1, then the sequence Xen+3i+j converges to twelve-period sub-sequences.

(e) If|le <1, then Yemy3irj — 0 as m — oo,

H If|le > 1, then |Yem+3isjl — 00 as m — oco.

() IfTj = 1, then the sequence Yem.3i+; converges to six-period solutions.
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(h) If T]- = —1, then the sequence Yem43i+j converges to twelve-period sub-sequences.
Ifa=-1=y,p+#0# 0, then from (22) we have

_ m X2/Y2] ( 1)2”“1(2 bY]/)+bY1] ( 1)2”1(2 ﬁX]/)+ﬁX1]
Xem+3i+j = X3i+j—6 | X

Yl/( 1)2y+1+1+\_ 3 J(2 6Y2])+5Y2/( 1)2y+1+1+\_ J(Z ﬁX2/)+ﬁX2]
XoYaj (D) 2-BX1) 46Xy, (= 1)2'“(2 0Y1j)+0Y);

Yem+3i+j = Y3i+j-6 H

r=0 /‘
X1]Y1]( itz o —BXa))+pXa; (— 1)2r+1+1+L Io- OY2])+sz]

for me Np,i€{0,1}and j = 1,3. Using formulas (88) we have

. ym+1 +1
. _. Xaj, Y2, 1 oy (X23Y23 )m 1
6m+j; — Aj1—6 7 Aom+3 — A-3 - ’
I X Y, BXa; -1\ X13Y13 (QY23—1>’"+1
Y1, 1 5Y13-1

X3 Y03 \""! 1
Xom+j;+3 = Xj;-3 (

1
;X =X ’
th Yl]l ) 6Y2/1 -1 )m+1 bri+6 0 (X13Y13 M)m"’l

ﬁXu—l

Xa3Y23\"! 1
Yem+j, = Yjr-6 ) (

s Yem+3 = }/—3( ’
(6Y2j1 -1 )’”Jr1 X13Y13 BXas—1 )m”

pX13—-1

Xo3Y23\"! 1
y6m+j1 +3 — ]/]1 ) <

By, -1\ Yomso = Yo (X13Y13 6Y2371)"’+1’
("le 1 ) 6Y13-1
for j; € {1,2}. By using (16), we have the following equations

X1 = Xp3, X12 = Xo1, X13 = Xpo, Y11 = Y23, Y12 = Y21, Y13 = Yo

Using (89)- (92) and (93), we get

Xem+1 = X75( Xem+2 = x,4(

Xo1 Y9 )m+1 1

XY )m+1 1
X1 Yn BXx-1 )"“1 ’ (

X12Y12 BXn-1 )”’” ’

0Y11—1 O0Y1o—1
+1 m+1
N —y (X11Y11 )m 1 N — s (X21Y21) 1
6m+3 — A-3 7 6bm+4 — A-2 7
XnY» SYy-1\"*1 XuYn (6Y21—1 )’"”
OYzz—l ‘BXn—l
m+1 m+1
N —y (Xzzyzz) 1 N _y (X11Y11) 1
6m+5 = X1 6m+6 = X0
" X12Y12 (6}’22—1 )m+1 ! X1 Yo (ﬁXlrl )m+1 ’
ﬁXH*‘1 ﬁXzz—l

Xo1Y2 X2 Y9 )'”“ 1

m+1 1
Yem+1 = Y-5 (Xl]Yll ) (5Y21—1 )m+1 s Yom+2 = Y-4 (X12Y12 SYm—1 )m+1 ’
BXn-1 pX12-1

X1 Yn )m+1 1

Yom+3 = Y-3 ( XYoo

_ (X21Y21 )m+1 1

X1 el Yem+a = Y2 X Y1 X1 1’
,szz—l) (5Y11—1)
XnY» X1 Y )m“ 1

m+1 1
6m+5 = —1( ) 6m+6 = O(
Y / X12Y12 BXan-1 )’”“' Y Y XY M)MHI
0Y1o—1 0Ypn—1

10455

(88)

(89)

(90)

©1)

(92)

(93)

(94)

(95)

(96)

(97)

(98)

(99)



M. Dilbeyen, M. Kara / Filomat 39:29 (2025), 10429-10459

10456

fori € {0,1}, j = 1,3. From (94) - (99) it is not difficult to investigate the asymptotic behaviour of well-

defined solutions of the system (88) for case @ = -1 = y.
Let

le = ﬁth - 1, le =0 Y1j1 - 1, le = ﬂXz]'l - 1, Sjl = 6Y2]'1 - 1,

for j; € {1,2}.

Theorem 2.10. Assume that « = =1 =y, f # 0 # 6, X, Y2j, = X1, Y1j, for j1 € {1,2} and (X, Yn)u>—5 is a

well-defined solutions of system of (19).

(a) If X91 = %, then the following statements are true.

(i) If1S1] < 1, then |xem+a|l — o0 and |Yems1| — 00 as m — oo.

(ii) If1S1] > 1, then xgm+4 — 0 and Yeus1 — 0as m — oo.

(b) If X1 = %, then the following statements are true.

(i) If IRz > 1, then |xem6| — 00 and |Yemss| — 0o as m — oo.

(ii) If Ry < 1, then xgmie — 0 and Yemsz — 0as m — oo.

(c) If Y1p = 2, then the following statements are true.

(i) If IRz| < 1, then |xgp42| — 00 and |Yepys| — 00 as m — oo.

(ii) If IRz| > 1, then xgp+2 — 0 and Yepss — 0as m — co.

(d) If Yo = 2, then the following statements are true.

(i) If |P1] > 1, then |Xep+al — o0 and |Yems1] — o0 as m — oo.

(i) If |P1] < 1, then Xgpm+a — 0 and yeme1 — 0as m — oo,
(e) If X120 = [2;, then the following statements are true.

(i) If1S2| < 1, then |xgmys| — o0 and |Ysp42| — 00 as m — oo.

(ii) If1Sz| > 1, then xgmi5 — 0 and Yemsz — 0as m — oo.

(H) If X1 = %, then the following statements are true.

(i) If1Q1] > 1, then |xems1| — 00 and |Yemsa|l — 00 as m — oo.

(ii) If1Qul < 1, then xgm+1 — 0 and Yemea — 0as m — co.

(§) If Y11 = 2, then the following statements are true.

(i) If IR1| < 1, then |xgp41| — o0 and |Yepsa|l — 00 as m — oo.

(ii) IfIRq| > 1, then xgp+1 — 0 and Yep+a — 0as m — co.

(h) If Y11 = 2, then the following statements are true.

(i) If 1Szl > 1, then |xemss| — 0 and |Yemse| — 00 as m — oo.

(ii) If|Ss| < 1, then xgme3 — 0 and Yepss — 0as m — oo.

() If Yoo = 3, then the following statements are true.

(i) If|Q1l < 1, then |xXem3l — o0 and |Yemss| — 00 as m — oo.
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(ii) If |Q1l > 1, then xpe3 — 0 and Yemse — 0as m — oo.

(k) If Yo, = 2, then the following statements are true.

(i) If IP2| > 1, then |xXep15| — o0 and |Yep12| — o0 as m — oo.

(ii) If |P2| < 1, then Xepms5 — 0 and Yemrp — 0as m — oo.
() If Xp = l%’ then the following statements are true.

(i) If |P1| < 1, then |Xem+6| — o0 and |yem+3] — o0 as m — oo.

(i) If |P1]| > 1, then xem+6 — 0 and ez — 0as m — oo,
(m) If Xpn = %, then the following statements are true.

(i) If1Qal > 1, then |xema| — 00 and |Yemss| — 00 as m — oo.

(ii) If1Qal| < 1, then xgmi2 — 0 and Yepes — 0as m — co.

3. Domain of undefinable solutions of system (3)

This section we proved that solutions of system (3) for which x_; = 0, y_; = 0 for some j = 1,5 are not
defined. The forbidden set of the solutions of system (3) is defined with the following theorem. The next
result characterizes the domain of undefinable solutions of system (3) for the cases a, # 0, 8, # 0, v, # 0,
0, # 0 for n € INy.

Theorem 3.1. Assume that a, # 0, B, # 0, yu # 0, 6, # 0, n € INg. Then the forbidden set of the solutions of
system (3) is given by the set

1 1
R = U U{(x 5y e X1, Y5, e Y1) € R 1 X3 adps = —,yk 3Xk-alk-5 = =
melNy k=0 m
s—1 m s—1
ﬁ35+ 1 1 }
when ¢, .= — #0,d, :=—
Z A3s+k H A3r+k ;; ol 7/3r+k
U U{(x,g,, wy X1, Y5, s yfl) S ]Rlo X-j = 0, Y-i = 0} (100)
=1
Proof. We have mentioned the set
5
U{(x_5, vy X1, Y-5,.. -/y—l) S Rlo tXoj = 0, y-j= O}
=1

belongs to the domain of undefinable solutions of (3).
Now we assume that x_; # 0, y_; # 0, j = 1,5. Note that system (3) is undefined if and only if

Oy + ﬁnxn—3yn—4xn—5 =0, Vn+ 6nyn—3xn—4yn—5 =0,
that is,

Vn

— 101
& (101)

ay
Xn-3Yn-4Xn-5 = _ﬁ_/ Yn-3Xn-4Yn-5 = —
n
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for some n € Ny (here we consider that 5, # 0 and 6, # 0, n € INp). Since the change of variables (8) implies
that system in (9) is transformed to the system (10), this along with (101) implies that the solution is not
defined if

ﬁ3 +k 53 k
=, Vsm-tyk = ———, (102)
A3m+k V3m+k

Uzm-1)+k = —

for some m € Ny and k = 0, 2.
Now we consider the following functions

Samak(t) = @it + Bamskr  F3mek(t) := V3makt + O3k, (103)

for m € Ny, k = 0,2. Then

t— ,83m+k -1 t = O3k
_, t)y = ——, 104
A3m+k gSm+k( ) V3m+k ( )

f?a_m1+k(t) =

for m € No, k = 0,2, so that

-1 Bam-+k 1 O3m+k
0)=- , 0)=- , 105
f3m+k( ) Ak g3m+k( ) Vamik ( )

for m € Ny, k = 0,2. Now we can write equations in (9) as

Uzmik = famak(Uaem-1)+k),  U3msk = P3m+k(V30m=1)+k)s (106)
for m € Np, k = 0,2. Then, we have

Usmsk = famek © fam—1)4k © =+ © frl(Uk=3),  V3mrk = Jam+k © G3(m—1)+k © == - © Gr(Vk—3), (107)
for m € Ny, k = 0,2. From (105) and (107) we have that (102) holds for some m € Ny, k = 0,2, if and only if

U3 = fl oo fil 1 (0), vz =gt o0 gz (0),

that is,
m s5—1 m s—1
ﬁ3s+k 1 63s+k 1
Ug-3 = — ;o O3 = — ’
=0 A35+k =0 A3r+k =0 YV 3s+k =0 V3r+k

for some m € Ny, k = 0,2, which along with the relations

1 1
Up3=———, G3=———5k=0,2,
Xk-3Yk—4Xk-5 Yk-3Xk-4Yk-5

implies that the first union in Theorem 3.1 belongs to the domain of undefinable solutions too, as desired. [J

4. Conclusion
In this study, the solutions of system (3) have obtained for the following particular cases:
(i) The general solutions of system (3) are given by formulas in (17) and (18).

(ii) If ay, Bn, yn and 0, are constant, then the general solutions of system (19) is given by formulas in (20)
and (21).
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(iii) If @ # 1, ¥ # 1, then the general solutions of system (19) is given by formulas in (22).

(iv) If @ =1, y # 1, then the general solutions of system (19) is given by formulas in (23).

(v) If a #1, y =1, then the general solutions of system (19) is given by formulas in (24).

(vi) If @ =1, y = 1, then the general solutions of system (19) is given by formulas in (25).

Moreover, the asymptotic behaviors of the solutions of system (19) have investigated. Finally, the forbidden
set of the solutions of system (3) is obtained.
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