
Filomat 39:29 (2025), 10429–10459
https://doi.org/10.2298/FIL2529429D

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. In this paper, we investigate two-dimensional system of difference equations with variable
coefficients. Firstly, we obtain the general solutions of mentioned system of difference equations. Later, the
solutions of this system of difference equations are acquired when the coefficients are constant. Additionally,
the solutions are expressed when the parametersα andγ are equal to 1 or not equal to 1. Further, we research
the asymptotic behavior of the well- defined solutions of aforementioned system of difference equations.
Lastly, the forbidden set of the initial conditions is acquired by using obtained formulas.

1. Introduction and preliminaries

Difference equations emerge as descriptions of formations in nature. Because; most of the time-varying
variables have discrete measurements. While it sometimes emerges as a mathematical model of a physical
event or nature event, it sometimes can arise from numerical approaches. Difference equations and system
of difference equations attract the attention of many branches of science because they include real-life
modeling. For example; biology, physics, engineering, economics. So, theory of difference equations have
call attention to a lot of authors in previous years [1–10, 12, 15–22, 25]. Such as, in an earlier paper, Yazlik
have solved the following difference equation

zn+1 =
zn−2zn−3zn−4

znzn−1(±1 ± zn−2zn−3zn−4)
,n ∈N0,

where the initial values z−4, z−3 · · · , z0 are real numbers, in [23].
In [14], Stević et al. studied the solution of the following difference equation and asymptotic behavior of
the solution

xn =
xn−3xn−4xn−5

xn−1xn−2(an + bnxn−3xn−4xn−5)
,n ∈N0, (1)
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where an and bn are real sequences and the initial conditions x−i, i = 1, 5 are real numbers.
The authors of [24] solved the following non-linear difference equation

un =
un−4un−5un−6

un−1un−2(a + bun−3un−4un−5un−6)
, n ∈N0, (2)

where the initial values and the parameters are real numbers, in closed form. Also, they obtained asymptotic
behavior of well-defined solution of difference equation (2).
In [11], Karakaya, et al. showed that the following system of difference equations

un =
un−4vn−5un−6

vn−1un−2(a + bvn−3un−4vn−5un−6)
, vn =

vn−4un−5vn−6

un−1vn−2(c + dun−3vn−4un−5vn−6)
, n ∈N0,

where the parameters a, b, c, d and the initial conditions u−k, v−k, i = 1, 6 are reel numbers, some sub-classes
of non-linear system of difference equations are solvable in closed form.
Here, we will study the following system of difference equations

xn =
xn−3yn−4xn−5

yn−1xn−2(αn + βnxn−3yn−4xn−5)
, yn =

yn−3xn−4yn−5

xn−1yn−2(γn + δnyn−3xn−4yn−5)
, n ∈N0, (3)

where (αn)n∈N0
,
(
βn

)
n∈N0

,
(
γn

)
n∈N0

and (δn)n∈N0
are real sequences and initial values xk, yk, k = −5,−1 are real

numbers. Note that system (3) is two-dimensional system of difference equations form of equation (1). In
this study, we obtain the general solutions of system (3). The solutions of system (3) are obtained when the
parameters are constant. In addition, the solutions are acquired when the parameters α and γ are equal to
1 or not equal to 1. Moreover, we study the asymptotic behavior of the well- defined solutions of system
(3). Finally, the forbidden set of the initial conditions are defined by using obtained formulas.
Throughout this study, we use the following lemma.

Lemma 1.1. [13] Let
(
γn

)
n∈N0

and (δn)n∈N0
be two sequences of real numbers and ykm+l, l = 0, k − 1 be solutions of

the equations

ykm+l = γkm+lyk(m−1)+l + δkm+l, m ∈N0. (4)

Then for each fixed l = 0, k − 1 and m ≥ −1, equation (4) has the general solution

ykm+l = yl−k

m∏
j=0

γkj+l +

m∑
s=0

δks+l

m∏
j=s+1

γkj+l. (5)

Further, if
(
γn

)
n∈N0

and (δn)n∈N0
are constant and l = 0, k − 1, then

ykm+l =

γm+1yl−k + δ
1−γm+1

1−γ , if γ , 1,

yl−k + δ(m + 1), if γ = 1.
(6)

2. Formulas for well-defined solutions of system (3)

Let
{
(xn, yn)

}
n≥−5 be a solutions of system (3). If at least one of the initial values x−i, y−i, i = 1, 5, is equal

to zero, then the solutions of system (3) is not defined. For instance, if x−5 = 0, then x0 = 0 and so y1 is not
defined. Similarly, if y−5 = 0, then y0 = 0 and so x1 is not defined. For i = 1, 4, the other cases are similar. On
the other hand, if xn0 = 0 (n0 ∈N0), xn , 0, for −5 ≤ n ≤ n0 − 1, and xk and yk are defined for −5 ≤ k ≤ n0 − 1,
then according to the first equation in (3) we get that yn0−4 = 0. If n0 − 4 ≤ −1, then y− j0 = 0, for j0 = 1, 4.
If n0 > 3, then according to the second equation in (3) we have that yn0−7 = 0 or yn0−9 = 0. If n0 − 7 ≤ −1,
then y− j1 = 0, for j1 = 1, 5. If n0 − 9 ≤ −1, then y− j1 = 0, for j1 = 1, 5. Repeating this process, we have that
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y− j1 = 0, for j1 = 1, 5. Similarly, if yn1 = 0 (n1 ∈N0), yn , 0, for −5 ≤ n ≤ n1 − 1, and xk and yk are defined for
−5 ≤ k ≤ n1 − 1, one can easily show that x− j1 = 0, for j1 = 1, 5. Therefore, for every well-defined solutions
of system (3), we have that

xnyn , 0, n ≥ −5, (7)

if and only if x−iy−i , 0, for i = 1, 5.
Now, if we assume that (xn, yn)n≥−5 is a well-defined solutions of system (3). From system (3) we obtain

xnyn−1xn−2 =
xn−3yn−4xn−5

αn + βnxn−3yn−4xn−5
, ynxn−1yn−2 =

yn−3xn−4yn−5

γn + δnyn−3xn−4yn−5
, n ∈N0,

and

1
xnyn−1xn−2

=
αn

xn−3yn−4xn−5
+ βn,

1
ynxn−1yn−2

=
γn

yn−3xn−4yn−5
+ δn, n ∈N0.

If we use the following change of variables

un =
1

xnyn−1xn−2
, vn =

1
ynxn−1yn−2

, n ≥ −3, (8)

which transforms system (3) into the following linear third-order difference equations

un = αnun−3 + βn, vn = γnvn−3 + δn, n ∈N0. (9)

If we carry out the decomposition of indices n→ 3m+ k, m ∈N0 and k = 0, 2, to equations in (9), then it can
be written as follows

u(k)
m = α3m+ku(k)

m−1 + β3m+k, v(k)
m = γ3m+kv(k)

m−1 + δ3m+k, (10)

where u(k)
m = u3m+k, v(k)

m = v3m+k, m ≥ −1 and k = 0, 2. By using equation (5) in Lemma 1.1, the solutions of
equations in (10) can be written as follows

u3m+k = uk−3

m∏
h=0

α3h+k +

m∑
s=0

β3s+k

m∏
h=s+1

α3h+k, v3m+k = vk−3

m∏
h=0

γ3h+k +

m∑
s=0

δ3s+k

m∏
h=s+1

γ3h+k,

for m ∈N0, k = 0, 2. By using the transformations in (8), we have

xn =
1

unyn−1xn−2
, yn =

1
vnxn−1yn−2

, n ≥ −3,

xn =
vn−1yn−3

un
=

vn−1

unvn−3xn−4yn−5
=

vn−1un−4

unvn−3
xn−6, n ≥ 1, (11)

yn =
un−1xn−3

vn
=

un−1

vnun−3yn−4xn−5
=

un−1vn−4

vnun−3
yn−6, n ≥ 1. (12)

Now, we can apply the decomposition of indices n→ 6m+ t, m ∈N0, t = 1, 6, to equations in (11) and (12),
then we obtain

x6m+t =
v6m+t−1u6m+t−4

u6m+tv6m+t−3
x6(m−1)+t, y6m+t =

u6m+t−1v6m+t−4

v6m+tu6m+t−3
y6(m−1)+t. (13)
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From system (13), we get the following equations

x6m+t = xt−6

m∏
r=0

v6r+t−1u6r+t−4

u6r+tv6r+t−3
, y6m+t = yt−6

m∏
r=0

u6r+t−1v6r+t−4

v6r+tu6r+t−3
, m ∈N0, t = 1, 6. (14)

If we take t = 3i + j, where i ∈ {0, 1} and j = 1, 3, then equations in (14) can be written in the following form
x6m+3i+ j = x3i+ j−6

∏m
r=0

v3(2r+i)+ j−1u3(2r+i−1)+ j−1

u
3
(
2r+i+

⌊ j
3

⌋)
+ j−3

⌊ j
3

⌋v
3
(
2r+i+

⌊ j−3
3

⌋)
+ j−3

⌊ j
3

⌋ ,
y6m+3i+ j = y3i+ j−6

∏m
r=0

u3(2r+i)+ j−1v3(2r+i−1)+ j−1

v
3
(
2r+i+

⌊ j
3

⌋)
+ j−3

⌊ j
3

⌋u
3
(
2r+i+

⌊ j−3
3

⌋)
+ j−3

⌊ j
3

⌋ , m ∈N0. (15)

Let

X1 j = x j−4y j−5x j−6, X2 j = x j−3−3⌊ j
3 ⌋

y j−4−3⌊ j
3 ⌋

x j−5−3⌊ j
3 ⌋
,

Y1 j = y j−4x j−5y j−6, Y2 j = y j−3−3⌊ j
3 ⌋

x j−4−3⌊ j
3 ⌋

y j−5−3⌊ j
3 ⌋
. (16)

for j = 1, 3.
Using formulas in (15) we obtain the following formulas for general solution of the system (3)

x6m+3i+ j = x3i+ j−6

m∏
r=0

(Y1 j)−1 ∏2r+i
h=0 γ3h+ j−1 +

∑2r+i
s=0 δ3s+ j−1

∏2r+i
h=s+1 γ3h+ j−1

(Y2 j)−1
∏2r+i+⌊ j−3

3 ⌋

h=0 γ3h+ j−3⌊ j
3 ⌋
+

∑2r+i+⌊ j−3
3 ⌋

s=0 δ3s+ j−3⌊ j
3 ⌋

∏2r+i+⌊ j−3
3 ⌋

h=s+1 γ3h+ j−3⌊ j
3 ⌋

×
(X1 j)−1 ∏2r+i−1

h=0 α3h+ j−1 +
∑2r+i−1

s=0 β3s+ j−1
∏2r+i−1

h=s+1 α3h+ j−1

(X2 j)−1
∏2r+i+⌊ j

3 ⌋

h=0 α3h+ j−3⌊ j
3 ⌋
+

∑2r+i+⌊ j
3 ⌋

s=0 β3s+ j−3⌊ j
3 ⌋

∏2r+i+⌊ j
3 ⌋

h=s+1 α3h+ j−3⌊ j
3 ⌋

, (17)

y6m+3i+ j = y3i+ j−6

m∏
r=0

(X1 j)−1 ∏2r+i
h=0 α3h+ j−1 +

∑2r+i
s=0 β3s+ j−1

∏2r+i
h=s+1 α3h+ j−1

(X2 j)−1
∏2r+i+⌊ j−3

3 ⌋

h=0 α3h+ j−3⌊ j
3 ⌋
+

∑2r+i+⌊ j−3
3 ⌋

s=0 β3s+ j−3⌊ j
3 ⌋

∏2r+i+⌊ j−3
3 ⌋

h=s+1 α3h+ j−3⌊ j
3 ⌋

×
(Y1 j)−1 ∏2r+i−1

h=0 γ3h+ j−1 +
∑2r+i−1

s=0 δ3s+ j−1
∏2r+i−1

h=s+1 γ3h+ j−1

(Y2 j)−1
∏2r+i+⌊ j

3 ⌋

h=0 γ3h+ j−3⌊ j
3 ⌋
+

∑2r+i+⌊ j
3 ⌋

s=0 δ3s+ j−3⌊ j
3 ⌋

∏2r+i+⌊ j
3 ⌋

h=s+1 γ3h+ j−3⌊ j
3 ⌋

, (18)

for m ∈N0, i ∈ {0, 1}.

2.1. The solutions of system (3) with constant coefficients
In this section we take account of the case when the sequences αn, βn, γn and δn are constant. In this case,

system (3) becomes

xn =
xn−3yn−4xn−5

yn−1xn−2(α + βxn−3yn−4xn−5)
, yn =

yn−3xn−4yn−5

xn−1yn−2(γ + δyn−3xn−4yn−5)
, n ∈N0. (19)

Now, using formulas (17) and (18) the solutions of the system (19) become

x6m+3i+ j = x3i+ j−6

m∏
r=0

(Y1 j)−1 ∏2r+i
h=0 γ +

∑2r+i
s=0 δ

∏2r+i
h=s+1 γ

(Y2 j)−1
∏2r+i+⌊ j−3

3 ⌋

h=0 γ +
∑2r+i+⌊ j−3

3 ⌋

s=0 δ
∏2r+i+⌊ j−3

3 ⌋

h=s+1 γ

×
(X1 j)−1 ∏2r+i−1

h=0 α +
∑2r+i−1

s=0 β
∏2r+i−1

h=s+1 α

(X2 j)−1
∏2r+i+⌊ j

3 ⌋

h=0 α +
∑2r+i+⌊ j

3 ⌋

s=0 β
∏2r+i+⌊ j

3 ⌋

h=s+1 α
, (20)
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y6m+3i+ j = y3i+ j−6

m∏
r=0

(X1 j)−1 ∏2r+i
h=0 α +

∑2r+i
s=0 β

∏2r+i
h=s+1 α

(X2 j)−1
∏2r+i+⌊ j−3

3 ⌋

h=0 α +
∑2r+i+⌊ j−3

3 ⌋

s=0 β
∏2r+i+⌊ j−3

3 ⌋

h=s+1 α

×
(Y1 j)−1 ∏2r+i−1

h=0 γ +
∑2r+i−1

s=0 δ
∏2r+i−1

h=s+1 γ

(Y2 j)−1
∏2r+i+⌊ j

3 ⌋

h=0 γ +
∑2r+i+⌊ j

3 ⌋

s=0 δ
∏2r+i+⌊ j

3 ⌋

h=s+1 γ
, (21)

for m ∈N0, i ∈ {0, 1} and j = 1, 3.
Now, we obtain the solutions of system (19) for four cases. We obtain the following forms from formulas in
(20) and (21) for m ∈N0, i ∈ {0, 1} and j = 1, 3,

x6m+3i+ j = x3i+ j−6
∏m

r=0
X2 jY2 j

X1 jY1 j

γ2r+i+1((1−γ)−δY1 j)+δY1 j

γ2r+i+1+⌊
j−3
3 ⌋((1−γ)−δY2 j)+δY2 j

α2r+i((1−α)−βX1 j)+βX1 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)+βX2 j

,

y6m+3i+ j = y3i+ j−6
∏m

r=0
X2 jY2 j

X1 jY1 j

α2r+i+1((1−α)−βX1 j)+βX1 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)+βX2 j

γ2r+i((1−γ)−δY1 j)+δY1 j

γ2r+i+1+⌊
j
3 ⌋((1−γ)−δY2 j)+δY2 j

,
(22)

if α , 1 and γ , 1,
x6m+3i+ j = x3i+ j−6

∏m
r=0

X2 jY2 j

X1 jY1 j

γ2r+i+1((1−γ)−δY1 j)+δY1 j

γ2r+i+1+⌊
j−3
3 ⌋((1−γ)−δY2 j)+δY2 j

1+β(2r+i)X1 j

1+β(2r+i+1+⌊ j
3 ⌋)X2 j
,

y6m+3i+ j = y3i+ j−6
∏m

r=0
X2 jY2 j

X1 jY1 j

1+β(2r+i+1)X1 j

1+β(2r+i+1+⌊ j−3
3 ⌋)X2 j

γ2r+i((1−γ)−δY1 j)+δY1 j

γ2r+i+1+⌊
j
3 ⌋((1−γ)−δY2 j)+δY2 j

,
(23)

if α = 1 and γ , 1,
x6m+3i+ j = x3i+ j−6

∏m
r=0

X2 jY2 j

X1 jY1 j

1+δ(2r+i+1)Y1 j

1+δ(2r+i+1+⌊ j−3
3 ⌋)Y2 j

α2r+i((1−α)−βX1 j)+βX1 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)+βX2 j

,

y6m+3i+ j = y3i+ j−6
∏m

r=0
X2 jY2 j

X1 jY1 j

α2r+i+1((1−α)−βX1 j)+βX1 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)+βX2 j

1+δ(2r+i)Y1 j

1+δ(2r+i+1+⌊ j
3 ⌋)Y2 j
,

(24)

if α , 1 and γ = 1,
x6m+3i+ j = x3i+ j−6

∏m
r=0

X2 jY2 j

X1 jY1 j

1+δ(2r+i+1)Y1 j

1+δ(2r+i+1+⌊ j−3
3 ⌋)Y2 j

1+β(2r+i)X1 j

1+β(2r+i+1+⌊ j
3 ⌋)X2 j
,

y6m+3i+ j = y3i+ j−6
∏m

r=0
X2 jY2 j

X1 jY1 j

1+β(2r+i+1)X1 j

1+β(2r+i+1+⌊ j−3
3 ⌋)X2 j

1+δ(2r+i)Y1 j

1+δ(2r+i+1+⌊ j
3 ⌋)Y2 j
,

(25)

if α = 1 and γ = 1.

2.1.1. Asymptotic behavior of solutions of system (19)
In this section, we will examine the asymptotic behavior of well-defined solutions of system (19). Before

giving the results that was obtained by us, we show some notations that we will use in the results. Let

M1 j =
(1 − α) − βX1 j

α⌊
j−3
3 ⌋

(
(1 − α) − βX2 j

) , M2 j =
(1 − α) − βX1 j

α1+⌊ j
3 ⌋
(
(1 − α) − βX2 j

) ,

N1 j =
(1 − γ) − δY1 j

γ⌊
j
3 ⌋+1

(
(1 − γ) − δY2 j

) , N2 j =
(1 − γ) − δY1 j

γ⌊
j−3
3 ⌋

(
(1 − γ) − δY2 j

) ,
where j = 1, 3. In the first result, we consider the case α , −1 , γ, β , 0 , δ.
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Theorem 2.1. Assume that α , −1 , γ, β , 0 , δ and (x6m+3i+ j, y6m+3i+ j)m≥−1 for i ∈ {0, 1}, j = 1, 3 is a
well-defined solutions of system (19). Then the following statements are true.

(a) If |α| > 1, X1 j ,
1−α
β = X2 j, Y1 j =

1−γ
δ = Y2 j, then |x6m+3i+ j| → ∞, |y6m+3i+ j| → ∞ as m→∞.

(b) If |α| > 1, X1 j =
1−α
β , X2 j, Y1 j =

1−γ
δ = Y2 j, then x6m+3i+ j → 0, y6m+3i+ j → 0 as m→∞.

(c) If |γ| > 1, X1 j =
1−α
β = X2 j, Y1 j ,

1−γ
δ = Y2 j, then |x6m+3i+ j| → ∞, |y6m+3i+ j| → ∞ as m→∞.

(d) If |γ| > 1, X1 j =
1−α
β = X2 j, Y1 j =

1−γ
δ , Y2 j, then x6m+3i+ j → 0, y6m+3i+ j → 0 as m→∞.

(e) Assume that |α| > 1, X1 j ,
1−α
β , X2 j, Y1 j =

1−γ
δ = Y2 j.

(i) If |M1 j| < 1, then y6m+3i+ j → 0 as m→∞.

(ii) If |M1 j| > 1, then |y6m+3i+ j| → ∞ as m→∞.

(iii) If |M2 j| < 1, then x6m+3i+ j → 0 as m→∞.

(iv) If |M2 j| > 1, then |x6m+3i+ j| → ∞ as m→∞.

(v) If M1 j = 1, then the sequence y6m+3i+ j is constant.

(vi) If M2 j = 1, then the sequence x6m+3i+ j is constant.

(vii) If M1 j = −1, then the sequences y12m+3i+ j and y12m+3i+ j+6 are convergent.

(viii) If M2 j = −1, then the sequences x12m+3i+ j and x12m+3i+ j+6 are convergent.

(f) Assume that |γ| > 1, X1 j =
1−α
β = X2 j, Y1 j ,

1−γ
δ , Y2 j.

(i) If |N1 j| < 1, then y6m+3i+ j → 0 as m→∞.

(ii) If |N1 j| > 1, then |y6m+3i+ j| → ∞ as m→∞.

(iii) If |N2 j| < 1, then x6m+3i+ j → 0 as m→∞.

(iv) If |N2 j| > 1, then |x6m+3i+ j| → ∞ as m→∞.

(v) If N1 j = 1, then the sequence y6m+3i+ j is constant.

(vi) If N2 j = 1, then the sequence x6m+3i+ j is constant.

(vii) If N1 j = −1, then the sequences y12m+3i+ j and y12m+3i+ j+6 are convergent.

(viii) If N2 j = −1, then the sequences x12m+3i+ j and x12m+3i+ j+6 are convergent.

(g) If |αγ| > 1, X1 j ,
1−α
β = X2 j and Y1 j ,

1−γ
δ = Y2 j, then |x6m+3i+ j| → ∞ and |y6m+3i+ j| → ∞ as m→∞.

(h) Assume that |α| > 1, |γ| > 1, X1 j ,
1−α
β = X2 j, Y1 j =

1−γ
δ , Y2 j.

(i) If |αγ | < 1, then x6m+3i+ j → 0 and y6m+3i+ j → 0 as m→∞.

(ii) If |αγ | > 1, then |x6m+3i+ j| → ∞ and |y6m+3i+ j| → ∞ as m→∞.

(j) If |α| > 1, |γ| > 1, X1 j ,
1−α
β = X2 j and Y1 j ,

1−γ
δ , Y2 j, then |x6m+3i+ j| → ∞ and |y6m+3i+ j| → ∞ as m→∞.

(k) Assume that |α| > 1, |γ| > 1, X1 j =
1−α
β , X2 j, Y1 j ,

1−γ
δ = Y2 j.

(i) If | γα | < 1, then x6m+3i+ j → 0 and y6m+3i+ j → 0 as m→∞.

(ii) If | γα | > 1, then |x6m+3i+ j| → ∞ and |y6m+3i+ j| → ∞ as m→∞.
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(l) If |α| > 1, |γ| > 1, X1 j =
1−α
β , X2 j and Y1 j =

1−γ
δ , Y2 j, then x6m+3i+ j → 0 and y6m+3i+ j → 0 as m→∞.

(m) If |α| > 1, |γ| > 1, X1 j =
1−α
β , X2 j and Y1 j ,

1−γ
δ , Y2 j, then x6m+3i+ j → 0 and y6m+3i+ j → 0 as m→∞.

(n) If |α| > 1, |γ| > 1, X1 j ,
1−α
β , X2 j and Y1 j =

1−γ
δ , Y2 j, then x6m+3i+ j → 0 and y6m+3i+ j → 0 as m→∞.

(o) If |α| > 1, |γ| > 1, X1 j ,
1−α
β , X2 j, Y1 j ,

1−γ
δ = Y2 j, then |x6m+3i+ j| → ∞ and |y6m+3i+ j| → ∞ as m→∞.

(p) If |α| > 1, |γ| > 1, X1 j =
1−α
β = X2 j and Y1 j =

1−γ
δ = Y2 j, then the sequences x6m+3i+ j and y6m+3i+ j are constant.

(r) Assume that |α| > 1, |γ| > 1, X1 j ,
1−α
β , X2 j, Y1 j ,

1−γ
δ , Y2 j.

(i) If |N1 jM1 j| < 1, then y6m+3i+ j → 0 as m→∞.

(ii) If |N1 jM1 j| > 1, then |y6m+3i+ j| → ∞ as m→∞.

(iii) If |N2 jM2 j| < 1, then x6m+3i+ j → 0 as m→∞.

(iv) If |N2 jM2 j| > 1, then |x6m+3i+ j| → ∞ as m→∞.

(v) If N1 jM1 j = 1, then the sequence y6m+3i+ j is constant.

(vi) If N2 jM2 j = 1, then the sequence x6m+3i+ j is constant.

(vii) If N1 jM1 j = −1, then the sequences y12m+3i+ j and y12m+3i+ j+6 are convergent.

(viii) If N2 jM2 j = −1, then the sequences x12m+3i+ j and x12m+3i+ j+6 are convergent.

Proof. (a) If X1 j ,
1−α
β = X2 j, Y1 j =

1−γ
δ = Y2 j, by using (22), then we havex6m+3i+ j = x3i+ j−6

∏m
r=0

α2r+i((1−α)−βX1 j)+βX1 j

βX1 j
,

y6m+3i+ j = y3i+ j−6
∏m

r=0
α2r+i+1((1−α)−βX1 j)+βX1 j

βX1 j
,

(26)

for m ∈N0, i ∈ {0, 1} and j = 1, 3. From (26) and |α| > 1, we obtain

lim
m→∞
|x6m+3i+ j| = ∞, lim

m→∞
|y6m+3i+ j| = ∞. (27)

(b) If |α| > 1, X1 j =
1−α
β , X2 j, Y1 j =

1−γ
δ = Y2 j, by using (22),then we get

x6m+3i+ j = x3i+ j−6
∏m

r=0
βX2 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)+βX2 j

,

y6m+3i+ j = y3i+ j−6
∏m

r=0
βX2 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)+βX2 j

,
(28)

for m ∈N0, i ∈ {0, 1} and j = 1, 3. From (28) and |α| > 1, we have

lim
m→∞

x6m+3i+ j = 0, lim
m→∞

y6m+3i+ j = 0.

The proofs of (c), (d) are similar to proofs of (a), (b). So, they are omitted.

(e) (i), (ii), (iii), (iv) Let

lir :=
α2r+i((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

, ki
r :=

α2r+i+1((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

,
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for i ∈ {0, 1} and j = 1, 3. Then, we obtain

lim
r→∞

lir = lim
r→∞

(1−α)−βX1 j

α1+⌊
j
3 ⌋
+

βX1 j

α2r+i+1+⌊
j
3 ⌋

(1 − α) − βX2 j +
βX2 j

α2r+i+1+⌊
j
3 ⌋

=M2 j, (29)

lim
r→∞

ki
r = lim

r→∞

(1−α)−βX1 j

α⌊
j−3
3 ⌋

+
βX1 j

α2r+i+1+⌊
j−3
3 ⌋

(1 − α) − βX2 j +
βX2 j

α2r+i+1+⌊
j−3
3 ⌋

=M1 j, (30)

for i ∈ {0, 1} and j = 1, 3. From (22), (29) and (30); four statements easily follow.
(v), (vi) In this case,

lir =

(1−α)−βX1 j

α1+⌊
j
3 ⌋
+

βX1 j

α2r+i+1+⌊
j
3 ⌋

(1 − α) − βX2 j +
βX2 j

α2r+i+1+⌊
j
3 ⌋

= 1, ki
r =

(1−α)−βX1 j

α⌊
j−3
3 ⌋

+
βX1 j

α2r+i+1+⌊
j−3
3 ⌋

(1 − α) − βX2 j +
βX2 j

α2r+i+1+⌊
j−3
3 ⌋

= 1, (31)

for i ∈ {0, 1} and j = 1, 3. From (22) and (31), two results easily follow.

(vii) Since M1 j = −1 and by using the following asymptotic relations

1
1 + x

= 1 − x + O
(
x2

)
, ln(1 + x) = x −

x2

2
+ O

(
x3

)
, (32)

we get

ki
r = −

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

= −

1 +
βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

 1(
1 + βX2 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)

)
= −

1 +
βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)


1 −

βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
= −

(
1 + O

( 1
α2r

))
(33)

for large enough r. From (33), the presumption |α| > 1 and by a known criterion for the convergence
of products the result follows.

(viii) Since M2 j = −1 and by using the asymptotic relation (32),

we have

lir = −

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j


= −

1 +
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)


 1

1 + βX2 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)


= −

1 +
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)


1 −

βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
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= −
(
1 + O

( 1
α2r

))
(34)

for large enough r. From (34), the presumption |α| > 1 and by a known criterion for the convergence
of products the result follows.

(f) (i),(ii),(iii),(iv) Let

ai
r :=

γ2r+i+1((1 − γ) − δY1 j) + δY1 j

γ2r+i+1+⌊ j−3
3 ⌋((1 − γ) − δY2 j) + δY2 j

, pi
r :=

γ2r+i((1 − γ) − δY1 j) + δY1 j

γ2r+i+1+⌊ j
3 ⌋((1 − γ) − δY2 j) + δY2 j

, (35)

for i ∈ {0, 1} and j = 1, 3. Then we have

lim
r→∞

ai
r = lim

r→∞

((1−γ)−δY1 j)

γ⌊
j−3
3 ⌋

+
δY1 j

γ2r+i+1+⌊
j−3
3 ⌋

(1 − γ) − δY2 j +
δY2 j

γ2r+i+1+⌊
j−3
3 ⌋

= N2 j, lim
r→∞

pi
r = lim

r→∞

((1−γ)−δY1 j)

γ1+⌊
j
3 ⌋
+

δY1 j

γ2r+i+1+⌊
j
3 ⌋

(1 − γ) − δY2 j +
δY2 j

γ2r+i+1+⌊
j
3 ⌋

= N1 j, (36)

for i ∈ {0, 1} and j = 1, 3. From (22) and (36); four statements easily follow.

(v),(vi) In this case,

ai
r =

((1−γ)−δY1 j)

γ⌊
j−3
3 ⌋

+
δY1 j

γ2r+i+1+⌊
j−3
3 ⌋

(1 − γ) − δY2 j +
δY2 j

γ2r+i+1+⌊
j−3
3 ⌋

= 1, pi
r =

((1−γ)−δY1 j)

γ1+⌊
j
3 ⌋
+

δY1 j

γ2r+i+1+⌊
j
3 ⌋

(1 − γ) − δY2 j +
δY2 j

γ2r+i+1+⌊
j
3 ⌋

= 1, (37)

for i ∈ {0, 1} and j = 1, 3. From (22), (37); two results easily follow.

(vii) Since N1 j = −1 and by using the asymptotic relation (32), we get

pi
r = −

γ2r+i+1+⌊ j
3 ⌋((1 − γ) − δY2 j) + δY2 j

γ2r+i+1+⌊ j
3 ⌋((1 − γ) − δY2 j) + δY2 j


= −

1 +
δY2 j

γ2r+i+1+⌊ j
3 ⌋((1 − γ) − δY2 j)

 1(
1 + δY2 j

γ2r+i+1+⌊
j
3 ⌋((1−γ)−δY2 j)

)
= −

1 +
δY2 j

γ2r+i+1+⌊ j
3 ⌋((1 − γ) − δY2 j)


1 −

δY2 j

γ2r+i+1+⌊ j
3 ⌋((1 − γ) − δY2 j)

+ O

(
1
γ4r

)
= −

(
1 + O

(
1
γ2r

))
(38)

for large enough r. From (38), the presumption |γ| > 1 and by a known criterion for the convergence
of products the result follows.

(viii) Since N2 j = −1 and by using the asymptotic relation (32), we obtain

ai
r = −

γ2r+i+1+⌊ j−3
3 ⌋((1 − γ) − δY2 j) + δY2 j

γ2r+i+1+⌊ j−3
3 ⌋((1 − γ) − δY2 j) + δY2 j


= −

1 +
δY2 j

γ2r+i+1+⌊ j−3
3 ⌋((1 − γ) − δY2 j)

 1(
1 + δY2 j

γ2r+i+1+⌊
j−3
3 ⌋((1−γ)−δY2 j)

)
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= −

1 +
δY2 j

γ2r+i+1+⌊ j−3
3 ⌋((1 − γ) − δY2 j)


1 −

δY2 j

γ2r+i+1+⌊ j−3
3 ⌋((1 − γ) − δY2 j)

+ O

(
1
γ4r

)
= −

(
1 + O

(
1
γ2r

))
(39)

for large enough r. From (39), the presumption |γ| > 1 and by a known criterion for the convergence
of products the result follows.

(g) In this condition, from (22), we have
x6m+3i+ j = x3i+ j−6

∏m
r=0

1
X1 jY1 j

(αγ)2r+i
(
γ((1−γ)−δY1 j)+

δY1 j
γ2r+i

)
δ

(
((1−α)−βX1 j)+

βX1 j
α2r+i

)
β ,

y6m+3i+ j = y3i+ j−6
∏m

r=0
1

X1 jY1 j

(αγ)2r+i
(
α((1−α)−βX1 j)+

βX1 j
α2r+i

)
β

(
((1−γ)−δY1 j)+

δY1 j
γ2r+i

)
δ .

Note that, if |αγ| > 1, we have that limm→∞|x6m+3i+ j| = ∞ and limm→∞|y6m+3i+ j| = ∞.

(h) (i),(ii) In this case, by using (22), we acquire
x6m+3i+ j = x3i+ j−6

∏m
r=0

Y2 jδ
X1 jβ

(αγ )2r+i ((1−α)−βX1 j)+
βX1 j
α2r+i

γ1+⌊
j−3
3 ⌋((1−γ)−δY2 j)+

δY2 j
γ2r+i

,

y6m+3i+ j = y3i+ j−6
∏m

r=0
Y2 jδ
X1 jβ

(αγ )2r+i+1 ((1−α)−βX1 j)+
βX1 j
α2r+i+1

γ⌊
j
3 ⌋((1−γ)−δY2 j)+

δY2 j
γ2r+i+1

.

(40)

From (40), two statements easily follow.

(j) In this case, from (22), we obtain
x6m+3i+ j = x3i+ j−6

∏m
r=0

Y2 j

X1 jY1 j

((1−γ)−δY1 j)+
δY1 j
γ2r+i+1

γ⌊
j−3
3 ⌋((1−γ)−δY2 j)+

δY2 j
γ2r+i+1

α2r+i((1−α)−βX1 j)+βX1 j

β ,

y6m+3i+ j = y3i+ j−6
∏m

r=0
Y2 j

X1 jY1 j

α2r+i+1((1−α)−βX1 j)+βX1 j

β

((1−γ)−δY1 j)+
δY1 j
γ2r+i

γ1+⌊
j
3 ⌋((1−γ)−δY2 j)+

δY2 j
γ2r+i

.

(41)

Note that, in this case, |α| > 1, |γ| > 1 and we get limm→∞|x6m+3i+ j| = ∞, limm→∞|y6m+3i+ j|= ∞.

(k) (i),(ii) In this case, from (22), we acquire
x6m+3i+ j = x3i+ j−6

∏m
r=0

X2 jβ
Y1 jδ

( γα )2r+i+1
((1−γ)−δY1 j)+

δY1 j
γ2r+i+1

α⌊
j
3 ⌋((1−α)−βX2 j)+

βX2 j
α2r+i+1

,

y6m+3i+ j = y3i+ j−6
∏m

r=0
X2 jβ
Y1 jδ

( γα )2r+i
((1−γ)−δY1 j)+

δY1 j
γ2r+i

α1+⌊
j−3
3 ⌋((1−α)−βX2 j)+

βX2 j
α2r+i

.

(42)

From (42), two statements easily follow.

(l) In this condition, from (22), we have

x6m+3i+ j = x3i+ j−6

m∏
r=0

X2 jY2 j
δβ(

αγ
)2r+i+1

(
γ⌊

j−3
3 ⌋

((
1 − γ

)
− δY2 j

)
+
δY2 j

γ2r+i+1

) (
α⌊

j
3 ⌋

(
(1 − α) − βX2 j

)
+
βX2 j

α2r+i+1

) ,

y6m+3i+ j = y3i+ j−6

m∏
r=0

X2 jY2 j
δβ(

αγ
)2r+i+1

(
α⌊

j−3
3 ⌋

(
(1 − α) − βX2 j

)
+
βX2 j

α2r+i+1

) (
γ⌊

j
3 ⌋

((
1 − γ

)
− δY2 j

)
+
δY2 j

γ2r+i+1

) .
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Note that, if |α| > 1 and |γ| > 1, then |αγ| > 1, we have that limm→∞ x6m+3i+ j = 0, limm→∞ y6m+3i+ j = 0.

(m) In this case, from (22), we get

x6m+3i+ j = x3i+ j−6

m∏
r=0

X2 jY2 j

Y1 j

((1 − γ) − δY1 j) +
δY1 j

γ2r+i+1

γ⌊
j−3
3 ⌋

(
(1 − γ) − δY2 j

)
+
δY2 j

γ2r+i+1

β

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

,

y6m+3i+ j = y3i+ j−6

m∏
r=0

X2 jY2 j

Y1 j

β

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

((1 − γ) − δY1 j) +
δY1 j

γ2r+i

γ1+⌊ j
3 ⌋((1 − γ) − δY2 j) +

δY2 j

γ2r+i

.

Note that, |α| > 1, |γ| > 1 and we get limm→∞ x6m+3i+ j = 0, limm→∞ y6m+3i+ j = 0.

(n) In this case, from (22), we obtain

x6m+3i+ j = x3i+ j−6

m∏
r=0

X2 jY2 j

X1 j

δ

γ2r+i+1+⌊ j−3
3 ⌋((1 − γ) − δY2 j) + δY2 j

((1 − α) − βX1 j) +
βX1 j

α2r+i

α1+⌊ j
3 ⌋((1 − α) − βX2 j) +

βX2 j

α2r+i

,

y6m+3i+ j = y3i+ j−6

m∏
r=0

X2 jY2 j

X1 j

((1 − α) − βX1 j) +
βX1 j

α2r+i+1

α⌊
j−3
3 ⌋((1 − α) − βX2 j) +

βX2 j

α2r+i+1

δ

γ2r+i+1+⌊ j
3 ⌋((1 − γ) − δY2 j) + δY2 j

.

Note that, in this case, |α| > 1, |γ| > 1 and we get limm→∞ x6m+3i+ j = 0, limm→∞ y6m+3i+ j = 0.

(o) In this case, by using (22), we obtain

x6m+3i+ j = x3i+ j−6

m∏
r=0

X2 j

X1 jY1 j

γ2r+i+1((1 − γ) − δY1 j) + δY1 j

δ

((1 − α) − βX1 j) +
βX1 j

α2r+i

α1+⌊ j
3 ⌋((1 − α) − βX2 j) +

βX2 j

α2r+i

,

y6m+3i+ j = y3i+ j−6

m∏
r=0

X2 j

X1 jY1 j

((1 − α) − βX1 j) +
βX1 j

α2r+i+1

α⌊
j−3
3 ⌋((1 − α) − βX2 j) +

βX2 j

α2r+i+1

γ2r+i((1 − γ) − δY1 j) + δY1 j

δ
.

Note that, in this case, |α| > 1, |γ| > 1 and we get limm→∞|x6m+3i+ j| = ∞, limm→∞|y6m+3i+ j| = ∞.

(p) In this case, equations in (22) can be written to the following form

x6m+3i+ j = x3i+ j−6, y6m+3i+ j = y3i+ j−6, (43)

for m ∈N0, i ∈ {0, 1} and j = 1, 3. From (43) the result easily follows.

(r) (i), (ii),(iii), (iv) In this case, from (22), we obtain

lim
r→∞

lira
i
r = lim

r→∞

((1−α)−βX1 j)

α1+⌊
j
3 ⌋
+

βX1 j

α2r+i+1+⌊
j
3 ⌋

((1 − α) − βX2 j) +
βX2 j

α2r+i+1+⌊
j
3 ⌋

((1−γ)−δY1 j)

γ⌊
j−3
3 ⌋

+
δY1 j

γ2r+i+1+⌊
j−3
3 ⌋

((1 − γ) − δY2 j) +
δY2 j

γ2r+i+1+⌊
j−3
3 ⌋

=M2 jN2 j,

lim
r→∞

ki
rp

i
r = lim

r→∞

((1−α)−βX1 j)

α⌊
j−3
3 ⌋

+
βX1 j

α2r+i+1+⌊
j−3
3 ⌋

((1 − α) − βX2 j) +
βX2 j

α2r+i+1+⌊
j−3
3 ⌋

((1−γ)−δY1 j)

γ1+⌊
j
3 ⌋
+

δY1 j

γ2r+i+1+⌊
j
3 ⌋

((1 − γ) − δY2 j) +
δY2 j

γ2r+i+1+⌊
j
3 ⌋

=M1 jN1 j,
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and

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1 m∏
r=0

M2 jN2 j

= lim
m→∞

x3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1

(M2 jN2 j)m+1, (44)

lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1 m∏
r=0

M1 jN1 j

= y3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1

(M1 jN1 j)m+1. (45)

From (22), (44) and (45), four statements easily follow.

(v),(vi) If M1 jN1 j = 1 and M2 jN2 j = 1 from (22) we obtain

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1

, lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1

. (46)

From (46), this statement easily follows.

(vii),(viii) If M1 jN1 j = −1 and M2 jN2 j = −1 from (22) we get

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1

(−1)m+1 ,

lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1

(−1)m+1 . (47)

From (47) the sequences x6m+3i+ j and y6m+3i+ j converge to sub-sequences of m depending on whether
they are odd or even number.

Now we introduce the asymtotic behavior of well-defined solutions of system (19) for the case |α| > 1, α = γ,
β , 0 , δ and j = 1, 3, by using the next notation:

L j =

(
(1 − α) − δY1 j

)(
(1 − α) − βX1 j

)
α1+⌊ j−3

3 ⌋+⌊
j
3 ⌋
(
(1 − α) − δY2 j

)(
(1 − α) − βX2 j

) .
Theorem 2.2. Assume that |α| > 1, α = γ, β , 0 , δ and (x6m+3i+ j, y6m+3i+ j)m≥−1 for i ∈ {0, 1}, j = 1, 3 is a
well-defined solutions of system (19). Then the following statements are true.

(a) If |L j| < 1, then x6m+3i+ j → 0 and y6m+3i+ j → 0 as m→∞.

(b) If |L j| > 1, then |x6m+3i+ j| → ∞ and |y6m+3i+ j| → ∞ as m→∞.

(c) If L j = 1, then the sequences x6m+3i+ j and y6m+3i+ j are convergent.

(d) If L j = −1, then the sequences x12m+3i+ j, x12m+3i+ j+6, y12m+3i+ j, y12m+3i+ j+6 are convergent.



M. Dilbeyen, M. Kara / Filomat 39:29 (2025), 10429–10459 10441

Proof. (a), (b)
According to conditions, the solutions in (22) become

x6m+3i+ j = x3i+ j−6
∏m

r=0
X2 jY2 j

X1 jY1 j

α2r+i+1((1−α)−δY1 j)+δY1 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−δY2 j)+δY2 j

α2r+i((1−α)−βX1 j)+βX1 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)+βX2 j

,

y6m+3i+ j = y3i+ j−6
∏m

r=0
X2 jY2 j

X1 jY1 j

α2r+i+1((1−α)−βX1 j)+βX1 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)+βX2 j

α2r+i((1−α)−δY1 j)+δY1 j

α2r+i+1+⌊
j
3 ⌋((1−α)−δY2 j)+δY2 j

.

Let

f i
r :=

α2r+i+1((1 − α) − δY1 j) + δY1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − δY2 j) + δY2 j

α2r+i((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

, (48)

si
r :=

α2r+i+1((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

α2r+i((1 − α) − δY1 j) + δY1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − δY2 j) + δY2 j

. (49)

We get

lim
r→∞

f i
r = lim

r→∞

((1 − α) − δY1 j) +
δY1 j

α2r+i+1

((1−α)−δY2 j)

α−⌊
j−3
3 ⌋

+
δY2 j

α2r+i+1

((1−α)−βX1 j)

α1+⌊
j
3 ⌋
+

βX1 j

α2r+i+1+⌊
j
3 ⌋

((1 − α) − βX2 j) +
βX2 j

α2r+i+1+⌊
j
3 ⌋

= L j, (50)

lim
r→∞

si
r = lim

r→∞

((1 − α) − βX1 j) +
βX1 j

α2r+i+1

((1−α)−βX2 j)

α−⌊
j−3
3 ⌋

+
βX2 j

α2r+i+1

((1−α)−δY1 j)

α1+⌊
j
3 ⌋
+

δY1 j

α2r+i+1+⌊
j
3 ⌋

((1 − α) − δY2 j) +
δY2 j

α2r+i+1+⌊
j
3 ⌋

= L j, (51)

for j = 1, 3, i ∈ {0, 1}. From (22), (50) and (51) we have that

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1 m∏
r=0

L j, lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1 m∏
r=0

L j,

for j = 1, 3, i ∈ {0, 1}. From the last two equations, two statements easily follow.
(c) From (32), (48) and (49), we have

f i
r =

α2r+i+1((1 − α) − δY1 j) + δY1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − δY2 j) + δY2 j

α2r+i((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

=
α2r+i+1((1 − α) − δY1 j)

(
1 + δY1 j

α2r+i+1((1−α)−δY1 j)

)
α2r+i+1+⌊ j−3

3 ⌋((1 − α) − δY2 j)
(
1 + δY2 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−δY2 j)

)

×

α2r+i((1 − α) − βX1 j)
(
1 + βX1 j

α2r+i((1−α)−βX1 j)

)
α2r+i+1+⌊ j

3 ⌋((1 − α) − βX2 j)
(
1 + βX2 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)

)
=

(
1 +

δY1 j

α2r+i+1((1 − α) − δY1 j)

) 1 −
δY2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − δY2 j)

+ O
( 1
α4r

)
×

(
1 +

βX1 j

α2r+i((1 − α) − βX1 j)

) 1 −
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
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=1 +
δY1 j

α2r+i+1((1 − α) − δY1 j)
−

δY2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − δY2 j)

+
βX1 j

α2r+i((1 − α) − βX1 j)

−
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
,

si
r =

α2r+i+1((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

α2r+i((1 − α) − δY1 j) + δY1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − δY2 j) + δY2 j

=
α2r+i+1((1 − α) − βX1 j)

(
1 + βX1 j

α2r+i+1((1−α)−βX1 j)

)
α2r+i+1+⌊ j−3

3 ⌋((1 − α) − βX2 j)
(
1 + βX2 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)

)

×

α2r+i((1 − α) − δY1 j)
(
1 + δY1 j

α2r+i((1−α)−δY1 j)

)
α2r+i+1+⌊ j

3 ⌋((1 − α) − δY2 j)
(
1 + δY2 j

α2r+i+1+⌊
j
3 ⌋((1−α)−δY2 j)

)
=

(
1 +

βX1 j

α2r+i+1((1 − α) − βX1 j)

) 1 −
βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
×

(
1 +

δY1 j

α2r+i((1 − α) − δY1 j)

) 1 −
δY2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − δY2 j)

+ O
( 1
α4r

)
= 1 +

βX1 j

α2r+i+1((1 − α) − βX1 j)
−

βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

+
δY1 j

α2r+i((1 − α) − δY1 j)

−
δY2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − δY2 j)

+ O
( 1
α4r

)
,

for sufficiently large r, j = 1, 3 and i ∈ {0, 1}. From which the convergence of the sequences x6m+3i+ j and
y6m+3i+ j can be seen easily.
(d) From (32), (48) and (49), we have

f i
r =

α2r+i+1((1 − α) − δY1 j) + δY1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − δY2 j) + δY2 j

α2r+i((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

=
α2r+i+1((1 − α) − δY1 j)

(
1 + δY1 j

α2r+i+1((1−α)−δY1 j)

)
α2r+i+1+⌊ j−3

3 ⌋((1 − α) − δY2 j)
(
1 + δY2 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−δY2 j)

)

×

α2r+i((1 − α) − βX1 j)
(
1 + βX1 j

α2r+i((1−α)−βX1 j)

)
α2r+i+1+⌊ j

3 ⌋((1 − α) − βX2 j)
(
1 + βX2 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)

)
= −

(
1 +

δY1 j

α2r+i+1((1 − α) − δY1 j)

) 1 −
δY2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − δY2 j)

+ O
( 1
α4r

)
×

(
1 +

βX1 j

α2r+i((1 − α) − βX1 j)

) 1 −
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)



M. Dilbeyen, M. Kara / Filomat 39:29 (2025), 10429–10459 10443

= − 1 −
δY1 j

α2r+i+1((1 − α) − δY1 j)
+

δY2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − δY2 j)

−
βX1 j

α2r+i((1 − α) − βX1 j)

+
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)

− O

( 1
α4r

)
,

si
r =

α2r+i+1((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

α2r+i((1 − α) − δY1 j) + δY1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − δY2 j) + δY2 j

=
α2r+i+1((1 − α) − βX1 j)

(
1 + βX1 j

α2r+i+1((1−α)−βX1 j)

)
α2r+i+1+⌊ j−3

3 ⌋((1 − α) − βX2 j)
(
1 + βX2 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)

)

×

α2r+i((1 − α) − δY1 j)
(
1 + δY1 j

α2r+i((1−α)−δY1 j)

)
α2r+i+1+⌊ j

3 ⌋((1 − α) − δY2 j)
(
1 + δY2 j

α2r+i+1+⌊
j
3 ⌋((1−α)−δY2 j)

)
= −

(
1 +

βX1 j

α2r+i+1((1 − α) − βX1 j)

) 1 −
βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
×

(
1 +

δY1 j

α2r+i((1 − α) − δY1 j)

) 1 −
δY2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − δY2 j)

+ O
( 1
α4r

)
= − 1 −

βX1 j

α2r+i+1((1 − α) − βX1 j)
+

βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

−
δY1 j

α2r+i((1 − α) − δY1 j)

+
δY2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − δY2 j)

− O

( 1
α4r

)
,

for sufficiently large r, j = 1, 3 and i ∈ {0, 1}, from which the convergence of the sequences x12m+3i+ j,
x12m+3i+ j+6, y12m+3i+ j and y12m+3i+ j+6 can be obtained easily.

Here we introduce the asymptotic behavior of well-defined solutions of system (19) for the case |α| > 1,
γ = −α, β , 0 , δ, by using the notations:

K j =
(−α)−⌊

j−3
3 ⌋

(
(1 + α) − δY1 j

)(
(1 − α) − βX1 j

)
α1+⌊ j

3 ⌋
(
(1 + α) − δY2 j

)(
(1 − α) − βX2 j

) , F j =
(α)−⌊

j−3
3 ⌋

(
(1 + α) − δY1 j

)(
(1 − α) − βX1 j

)
(−α)1+⌊ j

3 ⌋
(
(1 + α) − δY2 j

)(
(1 − α) − βX2 j

) .

Theorem 2.3. Assume that |α| > 1, γ = −α, β , 0 , δ and (x6m+3i+ j, y6m+3i+ j)m≥−1 for i ∈ {0, 1}, j = 1, 3 is a
well-defined solutions of system (19). Then the following statements are true.

(a) If |K j| < 1, then x6m+3i+ j → 0 as m→∞.

(b) If |F j| < 1, then y6m+3i+ j → 0 as m→∞.

(c) If |K j| > 1, then |x6m+3i+ j| → ∞ as m→∞.

(d) If |F j| > 1, then |y6m+3i+ j| → ∞ as m→∞.

(e) If K j = 1, then the sequence x6m+3i+ j is convergent.
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(f) If F j = 1, then the sequence y6m+3i+ j is convergent.

(g) If K j = −1, then the sequences x12m+3i+ j and x12m+3i+ j+6 are convergent.

(h) If F j = −1, then the sequences y12m+3i+ j and y12m+3i+ j+6 are convergent.

Proof. (a), (b), (c), (d) : According to conditions, the solutions in (22) become
x6m+3i+ j = x3i+ j−6

∏m
r=0

X2 jY2 j

X1 jY1 j

(−α)2r+i+1((1+α)−δY1 j)+δY1 j

(−α)2r+i+1+⌊
j−3
3 ⌋((1+α)−δY2 j)+δY2 j

α2r+i((1−α)−βX1 j)+βX1 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)+βX2 j

,

y6m+3i+ j = y3i+ j−6
∏m

r=0
X2 jY2 j

X1 jY1 j

α2r+i+1((1−α)−βX1 j)+βX1 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)+βX2 j

(−α)2r+i((1+α)−δY1 j)+δY1 j

(−α)2r+i+1+⌊
j
3 ⌋((1+α)−δY2 j)+δY2 j

.
(52)

Let

ci
r :=

(−α)2r+i+1((1 + α) − δY1 j) + δY1 j

(−α)2r+i+1+⌊ j−3
3 ⌋((1 + α) − δY2 j) + δY2 j

α2r+i((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

, (53)

di
r :=

α2r+i+1((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

(−α)2r+i((1 + α) − δY1 j) + δY1 j

(−α)2r+i+1+⌊ j
3 ⌋((1 + α) − δY2 j) + δY2 j

. (54)

Then we have

lim
r→∞

ci
r = lim

r→∞

((1 + α) − δY1 j) +
δY1 j

(−α)2r+i+1

((1+α)−δY2 j)

(−α)−⌊
j−3
3 ⌋
+

δY2 j

(−α)2r+i+1

((1−α)−βX1 j)

α1+⌊
j
3 ⌋
+

βX1 j

α2r+i+1+⌊
j
3 ⌋

((1 − α) − βX2 j) +
βX2 j

α2r+i+1+⌊
j
3 ⌋

= K j, (55)

lim
r→∞

di
r = lim

r→∞

((1 − α) − βX1 j) +
βX1 j

α2r+i+1

((1−α)−βX2 j)

α−⌊
j−3
3 ⌋

+
βX2 j

α2r+i+1

((1+α)−δY1 j)

(−α)1+⌊
j
3 ⌋
+

δY1 j

(−α)2r+i+1+⌊
j
3 ⌋

((1 + α) − δY2 j) +
δY2 j

(−α)2r+i+1+⌊
j
3 ⌋

= F j, (56)

for j = 1, 3, i ∈ {0, 1}. From (52), (55) and (56) we have that

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1 m∏
r=0

K j, lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1 m∏
r=0

F j.

Four results can be easily seen using limits of the general terms (55) and (56).
(e), ( f ) From (32), (53) and (54), we have

ci
r =

(−α)2r+i+1 ((1 + α) − δY1 j) + δY1 j

(−α)2r+i+1+⌊ j−3
3 ⌋ ((1 + α) − δY2 j) + δY2 j

α2r+i((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

=
(−α)2r+i+1 ((1 + α) − δY1 j)

(
1 + δY1 j

(−α)2r+i+1((1+α)−δY1 j)

)
(−α)2r+i+1+⌊ j−3

3 ⌋ ((1 + α) − δY2 j)
(
1 + δY2 j

(−α)2r+i+1+⌊
j−3
3 ⌋((1+α)−δY2 j)

)

×

α2r+i((1 − α) − βX1 j)
(
1 + βX1 j

α2r+i((1−α)−βX1 j)

)
α2r+i+1+⌊ j

3 ⌋((1 − α) − βX2 j)
(
1 + βX2 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)

)

=

1 +
δY1 j

(−α)2r+i+1 ((1 + α) − δY1 j)


1 −

δY2 j

(−α)2r+i+1+⌊ j−3
3 ⌋ ((1 + α) − δY2 j)

+ O

(
1

(−α)4r

)
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×

(
1 +

βX1 j

α2r+i((1 − α) − βX1 j)

) 1 −
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
=1 +

δY1 j

(−α)2r+i+1 ((1 + α) − δY1 j)
−

δY2 j

(−α)2r+i+1+⌊ j−3
3 ⌋ ((1 + α) − δY2 j)

+
βX1 j

α2r+i((1 − α) − βX1 j)

−
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
,

di
r =

α2r+i+1((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

(−α)2r+i ((1 + α) − δY1 j) + δY1 j

(−α)2r+i+1+⌊ j
3 ⌋ ((1 + α) − δY2 j) + δY2 j

=
α2r+i+1((1 − α) − βX1 j)

(
1 + βX1 j

α2r+i+1((1−α)−βX1 j)

)
α2r+i+1+⌊ j−3

3 ⌋((1 − α) − βX2 j)
(
1 + βX2 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)

)

×

(−α)2r+i ((1 + α) − δY1 j)
(
1 + δY1 j

(−α)2r+i((1+α)−δY1 j)

)
(−α)2r+i+1+⌊ j

3 ⌋ ((1 + α) − δY2 j)
(
1 + δY2 j

(−α)2r+i+1+⌊
j
3 ⌋((1+α)−δY2 j)

)
=

(
1 +

βX1 j

α2r+i+1((1 − α) − βX1 j)

) 1 −
βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
×

1 +
δY1 j

(−α)2r+i ((1 + α) − δY1 j)


1 −

δY2 j

(−α)2r+i+1+⌊ j
3 ⌋ ((1 + α) − δY2 j)

+ O

(
1

(−α)4r

)
=1 +

βX1 j

α2r+i+1((1 − α) − βX1 j)
−

βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

+
δY1 j

(−α)2r+i ((1 + α) − δY1 j)

−
δY2 j

(−α)2r+i+1+⌊ j
3 ⌋ ((1 + α) − δY2 j)

+ O
( 1
α4r

)
,

for sufficiently large r, from which the convergence of the sequences x6m+3i+ j and y6m+3i+ j for j = 1, 3, i ∈ {0, 1},
can be seen easily.
(1), (h) From (32), (53) and (54), we have

ci
r =

(−α)2r+i+1 ((1 + α) − δY1 j) + δY1 j

(−α)2r+i+1+⌊ j−3
3 ⌋ ((1 + α) − δY2 j) + δY2 j

α2r+i((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

=
(−α)2r+i+1 ((1 + α) − δY1 j)

(
1 + δY1 j

(−α)2r+i+1((1+α)−δY1 j)

)
(−α)2r+i+1+⌊ j−3

3 ⌋ ((1 + α) − δY2 j)
(
1 + δY2 j

(−α)2r+i+1+⌊
j−3
3 ⌋((1+α)−δY2 j)

)

×

α2r+i((1 − α) − βX1 j)
(
1 + βX1 j

α2r+i((1−α)−βX1 j)

)
α2r+i+1+⌊ j

3 ⌋((1 − α) − βX2 j)
(
1 + βX2 j

α2r+i+1+⌊
j
3 ⌋((1−α)−βX2 j)

)

= −

1 +
δY1 j

(−α)2r+i+1 ((1 + α) − δY1 j)


1 −

δY2 j

(−α)2r+i+1+⌊ j−3
3 ⌋ ((1 + α) − δY2 j)

+ O

(
1

(−α)4r

)
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×

(
1 +

βX1 j

α2r+i((1 − α) − βX1 j)

) 1 −
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
= − 1 −

δY1 j

(−α)2r+i+1 ((1 + α) − δY1 j)
+

δY2 j

(−α)2r+i+1+⌊ j−3
3 ⌋ ((1 + α) − δY2 j)

−
βX1 j

α2r+i((1 − α) − βX1 j)

+
βX2 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j)

− O

( 1
α4r

)
,

di
r =

α2r+i+1((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

(−α)2r+i ((1 + α) − δY1 j) + δY1 j

(−α)2r+i+1+⌊ j
3 ⌋ ((1 + α) − δY2 j) + δY2 j

=
α2r+i+1((1 − α) − βX1 j)

(
1 + βX1 j

α2r+i+1((1−α)−βX1 j)

)
α2r+i+1+⌊ j−3

3 ⌋((1 − α) − βX2 j)
(
1 + βX2 j

α2r+i+1+⌊
j−3
3 ⌋((1−α)−βX2 j)

)

×

(−α)2r+i ((1 + α) − δY1 j)
(
1 + δY1 j

(−α)2r+i((1+α)−δY1 j)

)
(−α)2r+i+1+⌊ j

3 ⌋ ((1 + α) − δY2 j)
(
1 + δY2 j

(−α)2r+i+1+⌊
j
3 ⌋((1+α)−δY2 j)

)
= −

(
1 +

βX1 j

α2r+i+1((1 − α) − βX1 j)

) 1 −
βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

+ O
( 1
α4r

)
×

1 +
δY1 j

(−α)2r+i ((1 + α) − δY1 j)


1 −

δY2 j

(−α)2r+i+1+⌊ j
3 ⌋ ((1 + α) − δY2 j)

+ O

(
1

(−α)4r

)
= − 1 −

βX1 j

α2r+i+1((1 − α) − βX1 j)
+

βX2 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j)

−
δY1 j

(−α)2r+i ((1 + α) − δY1 j)

+
δY2 j

(−α)2r+i+1+⌊ j
3 ⌋ ((1 + α) − δY2 j)

−

( 1
α4r

)
,

for sufficiently large r, from which the convergence of the sequences x12m+3i+ j, x12m+3i+ j+6, y12m+3i+ j and
y12m+3i+ j+6 for j = 1, 3, i ∈ {0, 1}, can be obtained easily.

The following theorem associated to the case |α| < 1, |γ| < 1, βX1 j , 0 , βX2 j, δY1 j , 0 , δY2 j.

Theorem 2.4. Assume that |α| < 1, |γ| < 1, βX1 j , 0 , βX2 j, δY1 j , 0 , δY2 j and (x6m+3i+ j, y6m+3i+ j)m≥−1 for
i ∈ {0, 1}, j = 1, 3 is a well-defined solutions of system (19). Then the sequences (x6m+3i+ j)m≥−1 and (y6m+3i+ j)m≥−1 are
convergent.

Proof. In this case, by using (22) and (32), we have

x6m+3i+ j = x3i+ j−6

m∏
r=0

X2 jY2 j

X1 jY1 j

γ2r+i+1((1 − γ) − δY1 j) + δY1 j

γ2r+i+1+⌊ j−3
3 ⌋((1 − γ) − δY2 j) + δY2 j

α2r+i((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

= x3i+ j−6

m∏
r=0

1 +
γ2r+i+1

(
(1−γ)−δY1 j

)
δY1 j

1 +
γ2r+i+1+⌊

j−3
3 ⌋

(
(1−γ)−δY2 j

)
δY2 j



1 +
α2r+i

(
(1−α)−βX1 j

)
βX1 j

1 +
α2r+i+1+⌊

j
3 ⌋
(

(1−α)−βX2 j

)
βX2 j


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= x3i+ j−6

m∏
r=0

1 +
γ2r+i+1

(
(1 − γ) − δY1 j

)
δY1 j


1 −

γ2r+i+1+⌊ j−3
3 ⌋

(
(1 − γ) − δY2 j

)
δY2 j

+ O(γ4r)

 (57)

×

1 +
α2r+i

(
(1 − α) − βX1 j

)
βX1 j


1 −

α2r+i+1+⌊ j
3 ⌋
(
(1 − α) − βX2 j

)
βX2 j

+ O(α4r)


= x3i+ j−6

m∏
r=0

(
1 + O(γ2r)

) (
1 + O(α2r)

)
= x3i+ j−6

m∏
r=0

(
1 + O

(
(αγ)2r

))
,

y6m+3i+ j = y3i+ j−6

m∏
r=0

X2 jY2 j

X1 jY1 j

α2r+i+1((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

γ2r+i((1 − γ) − δY1 j) + δY1 j

γ2r+i+1+⌊ j
3 ⌋((1 − γ) − δY2 j) + δY2 j

= y3i+ j−6

m∏
r=0

1 +
α2r+i+1

(
(1−α)−βX1 j

)
βX1 j

1 +
α2r+i+1+⌊

j−3
3 ⌋

(
(1−α)−βX2 j

)
βX2 j



1 +
γ2r+i

(
(1−γ)−δY1 j

)
δY1 j

1 +
γ2r+i+1+⌊

j
3 ⌋
(

(1−γ)−βY2 j

)
δY2 j



= y3i+ j−6

m∏
r=0

1 +
α2r+i+1

(
(1 − α) − βX1 j

)
βX1 j


1 −

α2r+i+1+⌊ j−3
3 ⌋

(
(1 − α) − βX2 j

)
βX2 j

+ O(α4r)

 (58)

×

1 +
γ2r+i

(
(1 − γ) − δY1 j

)
δY1 j


1 −

γ2r+i+1+⌊ j
3 ⌋
(
(1 − γ) − δY2 j

)
δY2 j

+ O(γ4r)


= y3i+ j−6

m∏
r=0

(
1 + O(α2r)

) (
1 + O(γ2r)

)
= y3i+ j−6

m∏
r=0

(
1 + O

(
(γα)2r

))
.

From (57) and (58) it is clearly seen that (x6m+3i+ j)m≥−1 and (y6m+3i+ j)m≥−1, for i ∈ {0, 1}, j = 1, 3, are conver-
gent.

Let N̂ j := 1
βX1 j
−

1
βX2 j
− 1 − ⌊ j

3 ⌋, Ñ j := 1
βX1 j
−

1
βX2 j
− ⌊

j−3
3 ⌋.

The cases |γ| > 1, α = 1 are considered in the following theorem.

Theorem 2.5. Assume that |γ| > 1, α = 1 and (x6m+3i+ j, y6m+3i+ j)m≥−1 for i ∈ {0, 1}, j = 1, 3 is a well-defined
solutions of system (19), then the following statements are true.

(a) Suppose that Y1 j ,
1−γ
δ , Y2 j and N2 j = 1,

(i) If N̂ j < 0,
∣∣∣Y2 j

∣∣∣ < ∣∣∣Y1 j

∣∣∣, then x6m+3i+ j → 0 as m→∞.

(ii) If N̂ j > 0,
∣∣∣Y2 j

∣∣∣ > ∣∣∣Y1 j

∣∣∣, then |x6m+3i+ j| → ∞ as m→∞.

(iii) If N̂ j = 0, Y2 j = Y1 j, then x6m+3i+ j is convergent.
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(b) Suppose that Y1 j ,
1−γ
δ , Y2 j and N1 j = 1,

(i) I f Ñ j < 0,
∣∣∣Y2 j

∣∣∣ < ∣∣∣Y1 j

∣∣∣, then y6m+3i+ j → 0 as m→∞.

(ii) I f Ñ j > 0,
∣∣∣Y2 j

∣∣∣ > ∣∣∣Y1 j

∣∣∣, then |y6m+3i+ j| → ∞ as m→∞.

(iii) I f Ñ j = 0, Y2 j = Y1 j, then y6m+3i+ j is convergent.

(c) If Y1 j =
1−γ
δ , Y2 j, then x6m+3i+ j → 0 and y6m+3i+ j → 0 as m→∞.

(d) If Y1 j ,
1−γ
δ = Y2 j, then |x6m+3i+ j| → ∞ and |y6m+3i+ j| → ∞ as m→∞.

(e) If Y1 j =
1−γ
δ = Y2 j and N2 j = 1, then x6m+3i+ j is convergent.

(f) If Y1 j =
1−γ
δ = Y2 j and N1 j = 1, then y6m+3i+ j is convergent.

Proof. (a)
(i), (ii), (iii) According to condition, the first equation of (23) become

x6m+3i+ j = x3i+ j−6

m∏
r=0

X2 jY2 j

X1 jY1 j

((1−γ)−δY1 j)

γ⌊
j−3
3 ⌋

+
δY1 j

γ2r+i+1+⌊
j−3
3 ⌋

((1 − γ) − δY2 j) +
δY2 j

γ2r+i+1+⌊
j−3
3 ⌋

1 +
i+ 1
βX1 j

2r

1 +
i+1+⌊ j

3 ⌋+
1
βX2 j

2r

.

If Y1 j ,
1−γ
δ , Y2 j and N2 j = 1, by using (32), we have

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

m∏
r=0

X2 jY2 j

X1 jY1 j

((1−γ)−δY1 j)

γ⌊
j−3
3 ⌋

+
δY1 j

γ2r+i+1+⌊
j−3
3 ⌋

((1 − γ) − δY2 j) +
δY2 j

γ2r+i+1+⌊
j−3
3 ⌋

1 +
i+ 1
βX1 j

2r

1 +
i+1+⌊ j

3 ⌋+
1
βX2 j

2r

= lim
m→∞

x3i+ j−6

m∏
r=0

Y2 j

Y1 j

1 +
i + 1

βX1 j

2r


1 −

i + 1 + ⌊ j
3 ⌋ +

1
βX2 j

2r
+ O

( 1
r2

)
= lim

m→∞
x3i+ j−6

m∏
r=0

Y2 j

Y1 j

1 +
N̂ j

2r
+ O

( 1
r2

) , (59)

for a large r. From (59), the results easily follow.
(b)
(i), (ii), (iii)According to condition, the second equation in (23) becomes

y6m+3i+ j = y3i+ j−6

m∏
r=0

X2 jY2 j

X1 jY1 j

1 + β(2r + i + 1)X1 j

1 + β(2r + i + 1 + ⌊ j−3
3 ⌋)X2 j

γ2r+i((1 − γ) − δY1 j) + δY1 j

γ2r+i+1+⌊ j
3 ⌋

(
(1 − γ) − δY2 j

)
+ δY2 j

.

If Y1 j ,
1−γ
δ , Y2 j and N1 j = 1, by using (32), we get

lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

m∏
r=0

X2 jY2 j

X1 jY1 j

((1−γ)−δY1 j)

γ1+⌊
j
3 ⌋
+

δY1 j

γ2r+i+1+⌊
j
3 ⌋

((1 − γ) − δY2 j) +
δY2 j

γ2r+i+1+⌊
j
3 ⌋

1 +
i+1+ 1

βX1 j

2r

1 +
i+1+⌊ j−3

3 ⌋+
1
βX2 j

2r

= lim
m→∞

y3i+ j−6

m∏
r=0

Y2 j

Y1 j

1 +
i + 1 + 1

βX1 j

2r


1 −

i + 1 + ⌊ j−3
3 ⌋ +

1
βX2 j

2r
+ O

( 1
r2

)
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= lim
m→∞

y3i+ j−6

m∏
r=0

Y2 j

Y1 j

(
1 +

Ñ j

2r
+ O

( 1
r2

))
, (60)

for a large r. From (60), the results easily follow.
(c) If Y1 j =

1−γ
δ , Y2 j, from (23), we obtain

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

m∏
r=0

Y2 j
δ

γ2r+i+1+
⌊ j−3

3

⌋(
(1 − γ) − δY2 j

)
+ δY2 j

1 +
N̂ j

2r
+ O

( 1
r2

) , (61)

lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

m∏
r=0

Y2 j
δ

γ2r+i+1+
⌊ j

3

⌋(
(1 − γ) − δY2 j

)
+ δY2 j

(
1 +

Ñ j

2r
+ O

( 1
r2

))
, (62)

for a large r. By using (61) and (62), the result easily follows.
(d) If Y1 j ,

1−γ
δ = Y2 j, from (23), we have that

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

m∏
r=0

1
Y1 j

γ2r+i+1
(
(1 − γ) − δY1 j

)
+ δY1 j

δ

1 +
N̂ j

2r
+ O

( 1
r2

) , (63)

lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

m∏
r=0

1
Y1 j

γ2r+i
(
(1 − γ) − δY1 j

)
+ δY1 j

δ

(
1 +

Ñ j

2r
+ O

( 1
r2

))
, (64)

for a large r. The results are easily obtained from (63) and (64).
(e) According to conditions, we have

x6m+3i+ j = x3i+ j−6

m∏
r=0

N2 j

(
1 +

i+ 1
βX1 j

2r

)
(
1 +

i+1+⌊ j
3 ⌋+

1
βX2 j

2r

)

= x3i+ j−6

m∏
r=0

1 +
i + 1

βX1 j

2r


1 −

i + 1 + ⌊ j
3 ⌋ +

1
βX2 j

2r
+ O

( 1
r2

)
= x3i+ j−6C1(m0)

m∏
r=m0+1

1 +
N̂ j

2r
+ O

( 1
r2

)
= x3i+ j−6C1(m0)e

∑m
r=m0+1

(
N̂j
2r +O

(
1
r2

))
, (65)

for a large r, C1(m0) =
∏m0

r=0


1+

i+ 1
βX1 j
2r

1+
i+1+⌊

j
3 ⌋+

1
βX2 j

2r



. From (65), the fact that
∑m

r=m0+1
1
r → +∞, as m → ∞, and the

convergence of series
∑+∞

r=m0+1O
(

1
r2

)
, the statements can be seen clearly.

( f ) According to conditions, we have

y6m+3i+ j = y3i+ j−6

m∏
r=0

N1 j

(
1 +

i+1+ 1
βX1 j

2r

)
(
1 +

i+1+⌊ j−3
3 ⌋+

1
βX2 j

2r

)
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= y3i+ j−6

m∏
r=0

1 +
i + 1 + 1

βX1 j

2r


1 −

i + 1 + ⌊ j−3
3 ⌋ +

1
βX2 j

2r
+ O

( 1
r2

)
= y3i+ j−6C2(m0)

m∏
r=m0+1

(
1 +

Ñ j

2r
+ O

( 1
r2

))

= y3i+ j−6C2(m0)e
∑m

r=m0+1

(
Ñj
2r +O

(
1
r2

))
, (66)

for a large r, C2(m0) =
∏m0

r=0

1+
i+1+ 1

βX1 j
2r

1+
i+1+⌊

j−3
3 ⌋+

1
βX2 j

2r


. From (66), the fact that

∑m
r=m0+1

1
r → +∞, as m → ∞, and the

convergence of series
∑+∞

r=m0+1O
(

1
r2

)
, the statements can be seen clearly.

Now, we investigate the cases |α| > 1 and γ = 1 in the following theorem. Let
M̂ j := 1

δY1 j
−

1
δY2 j
− ⌊

j−3
3 ⌋, M̃ j := 1

δY1 j
−

1
δY2 j
− 1 − ⌊ j

3 ⌋.

Theorem 2.6. Assume that |α| > 1, γ = 1 and (x6m+3i+ j, y6m+3i+ j)m≥−1 for i ∈ {0, 1}, j = 1, 3 is a well-defined
solutions of system (19),then the following statements are true.

(a) Suppose that X1 j ,
1−α
β , X2 j and M2 j = 1,

(i) If M̂ j < 0,
∣∣∣X2 j

∣∣∣ < ∣∣∣X1 j

∣∣∣, then x6m+3i+ j → 0 as m→∞.

(ii) If M̂ j > 0,
∣∣∣X2 j

∣∣∣ > ∣∣∣X1 j

∣∣∣, then |x6m+3i+ j| → ∞ as m→∞.

(iii) If M̂ j = 0, X2 j = X1 j, then x6m+3i+ j is convergent.

(b) Suppose that X1 j ,
1−α
β , X2 j and M1 j = 1,

(i) If M̃ j < 0,
∣∣∣X2 j

∣∣∣ < ∣∣∣X1 j

∣∣∣, then y6m+3i+ j → 0 as m→∞.

(ii) If M̃ j > 0,
∣∣∣X2 j

∣∣∣ > ∣∣∣X1 j

∣∣∣, then |y6m+3i+ j| → ∞ as m→∞.

(iii) If M̃ j = 0, X2 j = X1 j, then y6m+3i+ j is convergent.

(c) If X1 j =
1−α
β , X2 j, then x6m+3i+ j → 0 and y6m+3i+ j → 0.

(d) If X1 j ,
1−α
β = X2 j, then |x6m+3i+ j| → ∞ and |y6m+3i+ j| → ∞ as m→∞.

(e) If X1 j =
1−α
β = X2 j and M2 j = 1, then x6m+3i+ j is convergent.

(f) If X1 j =
1−α
β = X2 j and M1 j = 1, then y6m+3i+ j is convergent.

Proof. (a)
(i), (ii), (iii) According to conditions, the first equation in (24) become

x6m+3i+ j = x3i+ j−6

m∏
r=0

X2 jY2 j

X1 jY1 j

1 + δ(2r + i + 1)Y1 j

1 + δ(2r + i + 1 + ⌊ j−3
3 ⌋)Y2 j

α2r+i((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j
3 ⌋((1 − α) − βX2 j) + βX2 j

= x3i+ j−6

m∏
r=0

X2 j

X1 j

(
1 +

i+1+ 1
δY1 j

2r

)
(
1 +

i+1+⌊ j−3
3 ⌋+

1
δY2 j

2r

)


((1−α)−βX1 j)

α1+⌊
j
3 ⌋
+

βX1 j

α2r+i+1+⌊
j
3 ⌋

(1 − α) − βX2 j) +
βX2 j

α2r+i+1+⌊
j
3 ⌋

 . (67)
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If X1 j ,
1−α
β , X2 j and M2 j = 1, by using (32), we have

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

m∏
r=0

X2 j

X1 j

(
1 +

i+1+ 1
δY1 j

2r

)
(
1 +

i+1+⌊ j−3
3 ⌋+

1
δY2 j

2r

)


((1−α)−βX1 j)

α1+⌊
j
3 ⌋
+

βX1 j

α2r+i+1+⌊
j
3 ⌋

(1 − α) − βX2 j +
βX2 j

α2r+i+1+⌊
j
3 ⌋


= lim

m→∞
x3i+ j−6

m∏
r=0

X2 j

X1 j

1 +
i + 1 + 1

δY1 j

2r


1 −

i + 1 + ⌊ j−3
3 ⌋ +

1
δY2 j

2r
+ O

( 1
r2

)
= lim

m→∞
x3i+ j−6

m∏
r=0

X2 j

X1 j

1 +
M̂ j

2r
+ O

( 1
r2

) . (68)

for a large r. From (68), the results easily follow.
(b)
(i), (ii), (iii) According to conditions, the second equation in (24) become

y6m+3i+ j = y3i+ j−6

m∏
r=0

X2 jY2 j

X1 jY1 j

α2r+i+1((1 − α) − βX1 j) + βX1 j

α2r+i+1+⌊ j−3
3 ⌋((1 − α) − βX2 j) + βX2 j

1 + δ(2r + i)Y1 j

1 + δ(2r + i + 1 + ⌊ j
3 ⌋)Y2 j

= y3i+ j−6

m∏
r=0

X2 j

X1 j

 1 +
i+ 1
δY1 j

2r

1 +
i+1+⌊ j

3 ⌋+
1
δY2 j

2r




((1−α)−βX1 j)

α⌊
j−3
3 ⌋

+
βX1 j

α2r+i+1+⌊
j−3
3 ⌋

(1 − α) − βX2 j +
βX2 j

α2r+i+1+⌊
j−3
3 ⌋

 . (69)

If X1 j ,
1−α
β , X2 j and M1 j = 1, by using (32), we have

lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

m∏
r=0

X2 j

X1 j

 1 +
i+ 1
δY1 j

2r

1 +
i+1+⌊ j

3 ⌋+
1
δY2 j

2r




((1−α)−βX1 j)

α⌊
j−3
3 ⌋

+
βX1 j

α2r+i+1+⌊
j−3
3 ⌋

(1 − α) − βX2 j +
βX2 j

α2r+i+1+⌊
j−3
3 ⌋


= lim

m→∞
y3i+ j−6

m∏
r=0

X2 j

X1 j

1 +
i + 1

δY1 j

2r


1 −

i + 1 + ⌊ j
3 ⌋ +

1
δY2 j

2r
+ O

( 1
r2

)
= lim

m→∞
y3i+ j−6

m∏
r=0

X2 j

X1 j

(
1 +

M̃ j

2r
+ O

( 1
r2

))
. (70)

for a large r. From (70), the results easily follow.
(c) If X1 j =

1−α
β , X2 j, from (24), we have that

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

m∏
r=0

X2 j
β

α2r+i+1+
⌊ j

3

⌋(
(1 − α) − βX2 j

)
+ βX2 j

 1 + δ(2r + i + 1)Y1 j

1 + δ(2r + i + 1 + ⌊ j−3
3 ⌋)Y2 j

 , (71)

lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

m∏
r=0

X2 j
β

α2r+i+1+
⌊ j−3

3

⌋(
(1 − α) − βX2 j

)
+ βX2 j

 1 + δ(2r + i)Y1 j

1 + δ(2r + i + 1 + ⌊ j
3 ⌋)Y2 j

 , (72)

for a large r. By using (71) and (72), the result easily follows.
(d) If X1 j ,

1−α
β = X2 j, from (24), we have that

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

m∏
r=0

1
X1 j

α2r+i
(
(1 − α) − βX1 j) + βX1 j

β

 1 + δ(2r + i + 1)Y1 j

1 + δ(2r + i + 1 + ⌊ j−3
3 ⌋)Y2 j

 , (73)
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lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

m∏
r=0

1
X1 j

α2r+i+1
(
(1 − α) − βX1 j) + βX1 j

β

 1 + δ(2r + i)Y1 j

1 + δ(2r + i + 1 + ⌊ j
3 ⌋)Y2 j

 , (74)

for a large r. From (73) and (74), the result easily follows.
(e) According to initial conditions, we have that

x6m+3i+ j = x3i+ j−6

m∏
r=0

1 +
i+1+ 1

δY1 j

2r

1 +
i+1+⌊ j−3

3 ⌋+
1
δY2 j

2r

= x3i+ j−6C3(m0)
m∏

r=m0+1

1 +
M̂ j

2r
+ O

( 1
r2

)
= x3i+ j−6C3(m0)e

∑m
r=m0+1

(
M̂j
2r +O

(
1
r2

))
, (75)

for a large r, C3(m0) =
∏m0

r=0
1+

i+1+ 1
δY1 j

2r

1+
i+1+⌊

j−3
3 ⌋+

1
δY2 j

2r

. From (75), the fact that
∑m

r=m0+1
1
r → +∞, as m → ∞, and the

convergence of series
∑+∞

r=m0+1O
(

1
r2

)
, the result is easily obtained.

( f ) According to initial conditions, we have

y6m+3i+ j = y3i+ j−6

m∏
r=0

(
1 +

i+ 1
δY1 j

2r

)
(
1 +

i+1+⌊ j
3 ⌋+

1
δY2 j

2r

)
= y3i+ j−6C4(m0)

m∏
r=m0+1

(
1 +

M̃ j

2r
+ O

( 1
r2

))

= y3i+ j−6C4(m0)e
∑m

r=m0+1

(
M̃j
2r +O

(
1
r2

))
, (76)

for a large r, C4(m0) =
∏m0

r=0

1+
i+ 1
δY1 j
2r

1+
i+1+⌊

j
3 ⌋+

1
δY2 j

2r


. From (76), the fact that

∑m
r=m0+1

1
r → +∞, as m → ∞, and the

convergence of series
∑+∞

r=m0+1O
(

1
r2

)
, the statements can be seen clearly.

The case α = 1 = γ is considered in the following theorem.

Theorem 2.7. Assume that α = γ = 1 and (x6m+3i+ j, y6m+3i+ j)m≥−1 for i ∈ {0, 1}, j = 1, 3 is a well-defined solutions
of system (19). Then the following statements are true.

(a) If M̂ j + N̂ j < 0, then x6m+3i+ j → 0 as m→∞.

(b) If M̂ j + N̂ j > 0, then |x6m+3i+ j| → ∞ as m→∞.

(c) If M̂ j + N̂ j = 0, then x6m+3i+ j is constant.

(d) If M̃ j + Ñ j < 0, then y6m+3i+ j → 0 as m→∞.

(e) If M̃ j + Ñ j > 0, then |y6m+3i+ j| → ∞ as m→∞.
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(f) If M̃ j + Ñ j = 0, then y6m+3i+ j is constant.

Proof. (a), (b), (c) Let

Ai
r :=

1 + δ(2r + i + 1)Y1 j

1 + δ(2r + i + 1 + ⌊ j−3
3 ⌋)Y2 j

, Bi
r :=

1 + β(2r + i)X1 j

1 + β(2r + i + 1 + ⌊ j
3 ⌋)X2 j

, i ∈ {0, 1}. (77)

From (77), we have

Ai
r =

1 +
i+1+ 1

δY1 j

2r

1 +
i+1+⌊ j−3

3 ⌋+
1
δY2 j

2r

= 1 +
M̂ j

2r
+ O

( 1
r2

)
. (78)

Bi
r =

1 +
i+ 1
βX1 j

2r

1 +
i+1+⌊ j

3 ⌋+
1
βX2 j

2r

= 1 +
N̂ j

2r
+ O

( 1
r2

)
. (79)

Then we have that

lim
m→∞

x6m+3i+ j = lim
m→∞

x3i+ j−6

m∏
r=0

1 +
M̂ j

2r
+ O

( 1
r2

) 1 +
N̂ j

2r
+ O

( 1
r2

)
= lim

m→∞
x3i+ j−6

m∏
r=0

1 +
M̂ j + N̂ j

2r
+ O

( 1
r2

) , (80)

for large enough r and i ∈ {0, 1}, j = 1, 3. From (78), (79) and (80), the results easily follow.
(d), (e), ( f )

Qi
r :=

1 + β(2r + i + 1)X1 j

1 + β(2r + i + 1 + ⌊ j−3
3 ⌋)X2 j

, Ti
r :=

1 + δ(2r + i)Y1 j

1 + δ(2r + i + 1 + ⌊ j
3 ⌋)Y2 j

, i ∈ {0, 1}. (81)

From (81), we have

Qi
r =

1 +
i+1+ 1

βX1 j

2r

1 +
i+1+⌊ j−3

3 ⌋+
1
βX2 j

2r

= 1 +
M̃ j

2r
+ O

( 1
r2

)
. (82)

Ti
r =

1 +
i+ 1
δY1 j

2r

1 +
i+1+⌊ j

3 ⌋+
1
δY2 j

2r

= 1 +
Ñ j

2r
+ O

( 1
r2

)
. (83)
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Then we have that

lim
m→∞

y6m+3i+ j = lim
m→∞

y3i+ j−6

m∏
r=0

(
1 +

M̃ j

2r
+ O

( 1
r2

)) (
1 +

Ñ j

2r
+ O

( 1
r2

))

= lim
m→∞

y3i+ j−6

m∏
r=0

(
1 +

M̃ j + Ñ j

2r
+ O

( 1
r2

))
, (84)

for large enough r and i ∈ {0, 1}, j = 1, 3. From (82), (83) and (84), the results easily follows.

Now we consider the case α = 0 and γ = 0.

Theorem 2.8. Assume that (xn, yn)n≥−5 is a well-defined solutions of system (19). If α = γ = 0, then (xn, yn)n≥−5 is
eventually six periodic.

Proof. If α = γ = 0, then the system (19) becomesxn =
1

βyn−1xn−2
=
δyn−3

β = xn−6,

yn =
1

δxn−1 yn−2
=
βxn−3

δ = yn−6, ,
n ≥ 4. (85)

From (85), this statements easily follows.

Now we consider the case α , 0 , γ, β = 0 = δ. In this case, system (19) becomes

xn =
xn−3yn−4xn−5

αyn−1xn−2
yn =

yn−3xn−4yn−5

γxn−1yn−2
, n ∈N0. (86)

By using (22) for α , 0 , γ, β = 0 = δ,we get
x6m+3i+ j = x3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1 ∏m
r=0

1

γ⌊
j−3
3 ⌋α1+⌊

j
3 ⌋

y6m+3i+ j = y3i+ j−6

(
X2 jY2 j

X1 jY1 j

)m+1 ∏m
r=0

1

α⌊
j−3
3 ⌋γ1+⌊

j
3 ⌋

, m ∈N0, i ∈ {0, 1}, j = 1, 3. (87)

Let

T j :=
1

γ⌊
j−3
3 ⌋α1+⌊ j

3 ⌋
, T̂ j :=

1

α⌊
j−3
3 ⌋γ1+⌊ j

3 ⌋
, j = 1, 3.

By using formulas (87) it is easy to see that the following results. We omit the proof.

Theorem 2.9. Assume that α , 1 , γ, β = 0 = δ, X2 jY2 j

X1 jY1 j
= 1 and (x6m+3i+ j, y6m+3i+ j)m≥−1 for i ∈ {0, 1}, j = 1, 3 is a

well-defined solutions of system (19). Then the following statements are true.

(a) If |T j| < 1, then x6m+3i+ j → 0 as m→∞.

(b) If |T j| > 1, then |x6m+3i+ j| → ∞ as m→∞.

(c) If T j = 1, then the sequence x6m+3i+ j converges to six-period solutions.

(d) If T j = −1, then the sequence x6m+3i+ j converges to twelve-period sub-sequences.

(e) If |T̂ j| < 1, then y6m+3i+ j → 0 as m→∞.

(f) If |T̂ j| > 1, then |y6m+3i+ j| → ∞ as m→∞.

(g) If T̂ j = 1, then the sequence y6m+3i+ j converges to six-period solutions.
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(h) If T̂ j = −1, then the sequence y6m+3i+ j converges to twelve-period sub-sequences.

If α = −1 = γ, β , 0 , δ, then from (22) we have
x6m+3i+ j = x3i+ j−6

∏m
r=0

X2 jY2 j

X1 jY1 j

(−1)2r+i+1(2−δY1 j)+δY1 j

(−1)2r+i+1+⌊
j−3
3 ⌋(2−δY2 j)+δY2 j

(−1)2r+i(2−βX1 j)+βX1 j

(−1)2r+i+1+⌊
j
3 ⌋(2−βX2 j)+βX2 j

,

y6m+3i+ j = y3i+ j−6
∏m

r=0
X2 jY2 j

X1 jY1 j

(−1)2r+i+1(2−βX1 j)+βX1 j

(−1)2r+i+1+⌊
j−3
3 ⌋(2−βX2 j)+βX2 j

(−1)2r+i(2−δY1 j)+δY1 j

(−1)2r+i+1+⌊
j
3 ⌋(2−δY2 j)+δY2 j

,
(88)

for m ∈ N0, i ∈ {0, 1} and j = 1, 3. Using formulas (88) we have

x6m+ j1 = x j1−6

(
X2 j1 Y2 j1

X1 j1 Y1 j1

)m+1 1(
βX2 j1−1
δY1 j1−1

)m+1 , x6m+3 = x−3

(X23Y23

X13Y13

)m+1 1(
δY23−1
δY13−1

)m+1 , (89)

x6m+ j1+3 = x j1−3

(
X2 j1 Y2 j1

X1 j1 Y1 j1

)m+1 1(
δY2 j1−1
βX1 j1−1

)m+1 , x6m+6 = x0

(X23Y23

X13Y13

)m+1 1(
βX23−1
βX13−1

)m+1 , (90)

y6m+ j1 = y j1−6

(
X2 j1 Y2 j1

X1 j1 Y1 j1

)m+1 1(
δY2 j1−1
βX1 j1−1

)m+1 , y6m+3 = y−3

(X23Y23

X13Y13

)m+1 1(
βX23−1
βX13−1

)m+1 , (91)

y6m+ j1+3 = y j1−3

(
X2 j1 Y2 j1

X1 j1 Y1 j1

)m+1 1(
βX2 j1−1
δY1 j1−1

)m+1 , y6m+6 = y0

(X23Y23

X13Y13

)m+1 1(
δY23−1
δY13−1

)m+1 , (92)

for j1 ∈ {1, 2}. By using (16), we have the following equations

X11 = X23, X12 = X21, X13 = X22, Y11 = Y23, Y12 = Y21, Y13 = Y22. (93)

Using (89)- (92) and (93), we get

x6m+1 = x−5

(X21Y21

X11Y11

)m+1 1(
βX21−1
δY11−1

)m+1 , x6m+2 = x−4

(X22Y22

X12Y12

)m+1 1(
βX22−1
δY12−1

)m+1 , (94)

x6m+3 = x−3

(X11Y11

X22Y22

)m+1 1(
δY11−1
δY22−1

)m+1 , x6m+4 = x−2

(X21Y21

X11Y11

)m+1 1(
δY21−1
βX11−1

)m+1 , (95)

x6m+5 = x−1

(X22Y22

X12Y12

)m+1 1(
δY22−1
βX12−1

)m+1 , x6m+6 = x0

(X11Y11

X22Y22

)m+1 1(
βX11−1
βX22−1

)m+1 , (96)

y6m+1 = y−5

(X21Y21

X11Y11

)m+1 1(
δY21−1
βX11−1

)m+1 , y6m+2 = y−4

(X22Y22

X12Y12

)m+1 1(
δY22−1
βX12−1

)m+1 , (97)

y6m+3 = y−3

(X11Y11

X22Y22

)m+1 1(
βX11−1
βX22−1

)m+1 , y6m+4 = y−2

(X21Y21

X11Y11

)m+1 1(
βX21−1
δY11−1

)m+1 , (98)

y6m+5 = y−1

(X22Y22

X12Y12

)m+1 1(
βX22−1
δY12−1

)m+1 , y6m+6 = y0

(X11Y11

X22Y22

)m+1 1(
δY11−1
δY22−1

)m+1 , (99)
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for i ∈ {0, 1}, j = 1, 3. From (94) - (99) it is not difficult to investigate the asymptotic behaviour of well-
defined solutions of the system (88) for case α = −1 = γ.
Let

P j1 := βX1 j1 − 1, Q j1 := δ Y1 j1 − 1, R j1 := βX2 j1 − 1, S j1 := δY2 j1 − 1,

for j1 ∈ {1, 2}.

Theorem 2.10. Assume that α = −1 = γ, β , 0 , δ, X2 j1 Y2 j1 = X1 j1 Y1 j1 for j1 ∈ {1, 2} and (xn, yn)n≥−5 is a
well-defined solutions of system of (19).

(a) If X11 =
2
β , then the following statements are true.

(i) If |S1| < 1, then |x6m+4| → ∞ and |y6m+1| → ∞ as m→∞.

(ii) If |S1| > 1, then x6m+4 → 0 and y6m+1 → 0 as m→∞.

(b) If X11 =
2
β , then the following statements are true.

(i) If |R2| > 1, then |x6m+6| → ∞ and |y6m+3| → ∞ as m→∞.

(ii) If |R2| < 1, then x6m+6 → 0 and y6m+3 → 0 as m→∞.

(c) If Y12 =
2
δ , then the following statements are true.

(i) If |R2| < 1, then |x6m+2| → ∞ and |y6m+5| → ∞ as m→∞.

(ii) If |R2| > 1, then x6m+2 → 0 and y6m+5 → 0 as m→∞.

(d) If Y21 =
2
δ , then the following statements are true.

(i) If |P1| > 1, then |x6m+4| → ∞ and |y6m+1| → ∞ as m→∞.

(ii) If |P1| < 1, then x6m+4 → 0 and y6m+1 → 0 as m→∞.

(e) If X12 =
2
β , then the following statements are true.

(i) If |S2| < 1, then |x6m+5| → ∞ and |y6m+2| → ∞ as m→∞.

(ii) If |S2| > 1, then x6m+5 → 0 and y6m+2 → 0 as m→∞.

(f) If X21 =
2
β , then the following statements are true.

(i) If |Q1| > 1, then |x6m+1| → ∞ and |y6m+4| → ∞ as m→∞.

(ii) If |Q1| < 1, then x6m+1 → 0 and y6m+4 → 0 as m→∞.

(g) If Y11 =
2
δ , then the following statements are true.

(i) If |R1| < 1, then |x6m+1| → ∞ and |y6m+4| → ∞ as m→∞.

(ii) If |R1| > 1, then x6m+1 → 0 and y6m+4 → 0 as m→∞.

(h) If Y11 =
2
δ , then the following statements are true.

(i) If |S2| > 1, then |x6m+3| → ∞ and |y6m+6| → ∞ as m→∞.

(ii) If |S2| < 1, then x6m+3 → 0 and y6m+3 → 0 as m→∞.

(j) If Y22 =
2
δ , then the following statements are true.

(i) If |Q1| < 1, then |x6m+3| → ∞ and |y6m+6| → ∞ as m→∞.
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(ii) If |Q1| > 1, then x6m+3 → 0 and y6m+6 → 0 as m→∞.

(k) If Y22 =
2
δ , then the following statements are true.

(i) If |P2| > 1, then |x6m+5| → ∞ and |y6m+2| → ∞ as m→∞.

(ii) If |P2| < 1, then x6m+5 → 0 and y6m+2 → 0 as m→∞.

(l) If X22 =
2
β , then the following statements are true.

(i) If |P1| < 1, then |x6m+6| → ∞ and |y6m+3| → ∞ as m→∞.

(ii) If |P1| > 1, then x6m+6 → 0 and y6m+3 → 0 as m→∞.

(m) If X22 =
2
β , then the following statements are true.

(i) If |Q2| > 1, then |x6m+2| → ∞ and |y6m+5| → ∞ as m→∞.

(ii) If |Q2| < 1, then x6m+2 → 0 and y6m+5 → 0 as m→∞.

3. Domain of undefinable solutions of system (3)

This section we proved that solutions of system (3) for which x− j = 0, y− j = 0 for some j = 1, 5 are not
defined. The forbidden set of the solutions of system (3) is defined with the following theorem. The next
result characterizes the domain of undefinable solutions of system (3) for the cases αn , 0, βn , 0, γn , 0,
δn , 0 for n ∈N0.

Theorem 3.1. Assume that αn , 0, βn , 0, γn , 0, δn , 0, n ∈ N0. Then the forbidden set of the solutions of
system (3) is given by the set

ℜ =
⋃

m∈N0

2⋃
k=0

{
(x−5, ..., x−1, y−5, ..., y−1) ∈ R10 : xk−3yk−4xk−5 =

1
cm
, yk−3xk−4yk−5 =

1
dm
,

when cm := −
m∑

s=0

β3s+k

α3s+k

s−1∏
r=0

1
α3r+k

, 0, dm := −
m∑

s=0

δ3s+k

γ3s+k

s−1∏
r=0

1
γ3r+k

, 0
}

⋃ 5⋃
j=1

{
(x−5, ..., x−1, y−5, ..., y−1) ∈ R10 : x− j = 0, y− j = 0

}
. (100)

Proof. We have mentioned the set

5⋃
j=1

{
(x−5, . . . , x−1, y−5, . . . , y−1) ∈ R10 : x− j = 0, y− j = 0

}
belongs to the domain of undefinable solutions of (3).
Now we assume that x− j , 0, y− j , 0, j = 1, 5. Note that system (3) is undefined if and only if

αn + βnxn−3yn−4xn−5 = 0, γn + δnyn−3xn−4yn−5 = 0,

that is,

xn−3yn−4xn−5 = −
αn

βn
, yn−3xn−4yn−5 = −

γn

δn
, (101)
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for some n ∈N0 (here we consider that βn , 0 and δn , 0, n ∈N0). Since the change of variables (8) implies
that system in (9) is transformed to the system (10), this along with (101) implies that the solution is not
defined if

u3(m−1)+k = −
β3m+k

α3m+k
, v3(m−1)+k = −

δ3m+k

γ3m+k
, (102)

for some m ∈N0 and k = 0, 2.
Now we consider the following functions

f3m+k(t) := α3m+kt + β3m+k, 13m+k(t) := γ3m+kt + δ3m+k, (103)

for m ∈N0, k = 0, 2. Then

f−1
3m+k(t) =

t − β3m+k

α3m+k
, 1−1

3m+k(t) =
t − δ3m+k

γ3m+k
, (104)

for m ∈N0, k = 0, 2, so that

f−1
3m+k(0) = −

β3m+k

α3m+k
, 1−1

3m+k(0) = −
δ3m+k

γ3m+k
, (105)

for m ∈N0, k = 0, 2. Now we can write equations in (9) as

u3m+k = f3m+k(u3(m−1)+k), v3m+k = 13m+k(v3(m−1)+k), (106)

for m ∈N0, k = 0, 2. Then, we have

u3m+k = f3m+k ◦ f3(m−1)+k ◦ · · · ◦ fk(uk−3), v3m+k = 13m+k ◦ 13(m−1)+k ◦ · · · ◦ 1k(vk−3), (107)

for m ∈N0, k = 0, 2. From (105) and (107) we have that (102) holds for some m ∈N0, k = 0, 2, if and only if

uk−3 = f−1
k ◦ · · · ◦ f−1

3m+k(0), vk−3 = 1
−1
k ◦ · · · ◦ 1

−1
3m+k(0),

that is,

uk−3 = −

m∑
s=0

β3s+k

α3s+k

s−1∏
r=0

1
α3r+k

, vk−3 = −

m∑
s=0

δ3s+k

γ3s+k

s−1∏
r=0

1
γ3r+k

,

for some m ∈N0, k = 0, 2,which along with the relations

uk−3 =
1

xk−3yk−4xk−5
, vk−3 =

1
yk−3xk−4yk−5

, k = 0, 2,

implies that the first union in Theorem 3.1 belongs to the domain of undefinable solutions too, as desired.

4. Conclusion

In this study, the solutions of system (3) have obtained for the following particular cases:

(i) The general solutions of system (3) are given by formulas in (17) and (18).

(ii) If αn, βn, γn and δn are constant, then the general solutions of system (19) is given by formulas in (20)
and (21).
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(iii) If α , 1, γ , 1, then the general solutions of system (19) is given by formulas in (22).

(iv) If α = 1, γ , 1, then the general solutions of system (19) is given by formulas in (23).

(v) If α , 1, γ = 1, then the general solutions of system (19) is given by formulas in (24).

(vi) If α = 1, γ = 1, then the general solutions of system (19) is given by formulas in (25).

Moreover, the asymptotic behaviors of the solutions of system (19) have investigated. Finally, the forbidden
set of the solutions of system (3) is obtained.
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