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Existence and multiplicity of solutions for nonlinear second-order
differential equations with instantaneous and non-instantaneous
impulses via variational methods

Riyadh Nesraoui®*, Nour El Hoda Taibi?

“National Higher School of Advanced Technologies, Algiers, Algeria

Abstract. This paper explores a class of nonlinear second-order differential equations characterized by
both instantaneous and non-instantaneous impulsive effects. We employ variational methods and critical
point theory to investigate the existence and multiplicity of weak solutions. Specifically, we reformulate the
problem as the minimization of an energy functional within an appropriate function space. Critical points
of this energy function correspond to weak solutions of the impulsive problem under consideration. By
imposing distinct growth conditions on the nonlinearities and impulsive functions, we rigorously establish

the existence of at least one solution and infinitely many solutions for the considered problem. We present
some examples to illustrate our results.

1. Introduction

Impulsive differential equations are a powerful tool for modeling dynamic systems that experience
abrupt changes. These changes can represent real-world phenomena like sudden population shifts, power
outages, the firing patterns of neurons, or economic jolts from policy interventions. Within this framework,
two main types of impulses are studied. The first type deals with instantaneous impulses, where the
state of the system changes rapidly compared to the overall timescale of the process. These have been
extensively studied, with detailed discussions readily available in various reference works [6, 10, 11, 17,
18, 22, 23, 29]. However, instantaneous impulses have limitations. They cannot accurately capture events
with a finite duration, such as earthquakes or tsunamis. To address this shortcoming, Herndndez and
O’Regan introduced the concept of non-instantaneous impulses in [16]. These impulses represent an effect
that begins at a specific time and unfolds over a finite time interval, providing a more realistic description

of certain real-world phenomena. This innovation has significantly enriched the field, as evidenced by
subsequent work like the monograph [1].
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In our research, we focus on a specific category of nonlinear second-order differential equations. These
equations exhibit two distinct types of impulses: instantaneous and non-instantaneous. Our investigation
centers around the following problem

=x"(t) + Ai(t)x(t) = oi(t,x(t), te(e,siv1l], i= 0,m,
X -X6) = Ols), i=Lm,
xX'(t) = X(s), te(s,el, i=1,m, (1)
x'(ef) = x'(e;), i=1,m,

x(0) = x(T) = 0.

Where 0 = ¢y <51 <e1 <53 <€ <...<5y <6y <Sps1 =1, A;j € L®(e;,5i41], 0; are Carathéodory functions

defined on (e;, si+1] X R, x'(s7) = lim;s= X'(t), ©; € C(R). In these equations, instantaneous impulses occur
1

at points s;, whereas non-instantaneous impulses persist over intervals (s;, ¢;] while maintaining a constant

derivative.

The existence of solutions to impulsive problems has been explored using various classical tools, in-
cluding fixed point theory, the theory of analytic semigroups, the comparison method, topological degree
theory, and variational methods. A plethora of research has investigated this area, as evidenced by works
such as [5, 7, 8, 21, 27, 32, 33]. Notably, the first researchers to use variational methods to solve boundary
value problems for impulsive differential equations were Tian and Ge [30] and Nieto and O’Regan [26].

Bai and Nieto [4] were the first to delve into the variational structure of general non-instantaneous
impulsive problems. They introduced the concept of weak solutions for linear equations involving non-
instantaneous impulses

=x"(t) = o), t e (e, si1], i=0,m,
X)) = a te(sy,el, i=1,m,

X = x(e), i=1,m, 2)
¥@0) = ao

x(0) = x(T) = 0.

In this formulation, impulses commence abruptly at points s;, maintaining a constant derivative over
finite intervals (s;,¢;]. Here, o; € L%(e;,si+1), and a; are predefined constants. Utilizing the classical Lax-
Milgram theorem, the authors unveiled the variational nature of the problem. Through this approach, they
established the existence and uniqueness of weak solutions as critical points.

The previous study allowed dealing with the corresponding nonlinear problems. The same authors
with Wang [5] considered a class of nonlinear differential equations with non-instantaneous impulses

—x'(t) = OF(tx(t) = x(ti)), tE (€5l i=0,m,

Xt = a te(siel, i=1,m,
X(e) = X)) i=1m, )
¥0) = ao,

x(0) = x(T) = 0.

The nonlinear functions Jd,F(f, x) represent the derivatives of F;(t, x) with respect to x. The authors employ
variational methods and critical point theory to establish a criterion ensuring that problem (3) possesses at
least two distinct nonzero bounded weak solutions.

In contrast, based on the study conducted on problem (2), Tian and Zhang [31] incorporated instan-
taneous impulses into non-instantaneous impulsive differential equations. They expanded linear terms
into nonlinear ones to address the following second-order differential equations featuring simultaneous
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instantaneous and non-instantaneous impulses

—x"(t) = oi(t,x(t)), tel(e,siv], i=0,m,
X -X(6) = OGls), i=1m,
Xt = x'(s:f), te(syel, i=1,m, 4)
x'(ef) = X(e), i=1,m,
x(0) = x(T) = 0.

In this scenario, instantaneous impulses take place at the points s;, while non-instantaneous impulses persist
over the intervals (s;, ¢;]. Through the application of Ekeland’s variational principle, they established the
existence of classical solutions to the formulated problem.

Building upon insights gained from the referenced works ((2), (3), and (4)), and inspired by the afore-
mentioned facts, our objective is to extend the scope of problem (4). We intend to accomplish this by
introducing perturbation terms, thereby establishing and addressing the problem articulated in (1). We
demonstrate that the quest to ascertain the existence and multiplicity of solutions of problem (1) can ef-
fectively be reframed as an equivalent problem of minimizing some energy functional within a suitable
function space. In this context, the critical points of this energy function correspond to solutions of the
impulsive problem under consideration. Assuming distinct growth conditions for the nonlinearities and
impulsive functions, we establish the existence of at least one solution and infinitely many solutions for (1).

In concluding this section, we highlight the investigations conducted by Zhang and Liu [38] and Zhou
et al [40]. They explored fractional differential equations with both instantaneous and non-instantaneous
impulses, expanding upon the findings of [31], and utilized variational methods to derive solutions. For
further recent works, interested readers can refer to, for instance, [2, 3, 20, 35, 37, 39], and explore the
references therein. Additionally, those interested in examining coupled systems of differential equations
with impulsive effects may find relevant insights in works such as [25].

The remainder of the paper is structured as follows: Section two outlines the necessary assumptions
and presents the principal results. Section three covers essential preliminaries to provide background
information. Section four details the framework of our problem, and the final section presents the proof of
the principal results. Additionally, two examples are provided to illustrate our main findings.

2. Assumptions and main results

Throughout the paper, we make the following set of assumptions.

(A) Assuming that
Vi= O,_m: v := essinfie(e, 5., Ai(t) > = A1,

where A; = ;—; is the first eigenvalue of the Dirichlet problem

—xX"(f) = Ax(t), t € (0,T), >
x(0) = x(T) = 0. ?

(B1) There exista;, b; > 0, and y; € [0,1) fori = 0, m, such that for all (t,x) € (e, si+1] X R :

loi(t, x)| < a; + bylx|H.

(B2) There existc;, d; > 0,and n; € [0,1),i =1, m, such that forallx e R :
1©;(x)] < c; + dilx[™.

(C1) (I) There exists a > 2 such that for all i = 1,m and for all x € RR:

0 <Oi(x)x < af ©;(t)dt.
0
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(II) There exist 6; > 0 fori = 1,m, such that for all x € R:

X
f O:(hdt < &ilx*.
0

(Cy) Foralli = 0,m, we define Pi(t,x) = fox 0i(t,s)ds. We assume that the functions P; and o; satisfy the
following conditions

(i) There exist R > 0,K > 0, and 2 < a <  such that for a.e. t € (¢;, 5;41] and for all x € R:
x| > R = P;(t, x) > K|x/°.
(ii) Forall t € (¢;,si+1] and x € R, we have
aPi(t, x) < xoi(t, x).
(iii) Forall t € (¢;,si+1] and x € R, then

oi(t,x) = o(]x|) as x — 0.

(D1) Foralli=0,m, o;(t,x) is an odd function with respect to the variable x.

(Dy) For alli = 1,m, the function ©; is odd.
(E) Foralli= 1,_m, ®; is non-decreasing.
The following theorems summarize the main findings of this study.

Theorem 2.1. Assume that the conditions (A), (B1) and (By) are fulfilled. Under these assumptions, the problem (1)
possesses at least one weak solution.

Theorem 2.2. Let (A) and (C1), (Cy) be assumed true. In such a scenario, the problem (1) possesses at least one weak
solution.

The subsequent results relate to the existence of an infinite number of solutions.

Theorem 2.3. Assume that the conditions (A), (C1), (C2) and (D1), (D,) are satisfied. Under these assumptions, the
problem (1) admits an infinite number of weak solutions.

Theorem 2.4. Under the assumptions (A), (Bz), (Cz), (D1), (D2) and (E), the problem (1) exhibits an infinite set of
weak solutions.

3. Prerequisites

This section provides a concise overview of key tools in differential calculus and critical point theory
that will be utilized throughout this paper. For a more comprehensive review, we recommend referring to
the sources [24, 28].

We use the symbol X to represent a real Banach space.

Definition 3.1. (Weakly lower semicontinuous) A functional F : X — R is said to be weakly lower semicontinuous
if, for any sequence (x;) C X such that x; — x weakly in X, we have

liminf F(x;) > F(x).
J—0
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Remark 3.2. [24, Th. 1.2.] If F is continuous and convex on X, then F is weakly lower semicontinuous. As an
illustrative application, consider the norm, which is a weakly lower semicontinuous function. Specifically, for any
sequence (x;) C X converging weakly to x, the following inequality holds

lim inflx;llx > llxllx
]—)DO

Definition 3.3. (Minimizing sequence) A sequence (x;) C X is termed a minimizing sequence for the functional
F: X — R if it satisfies the following condition

inf F(x) = lim F(x;).
xeX j—oo
Definition 3.4 (Coercive). A functional F : X — R is said to be coercive if for all x € X,
F(x) — +oo if |lxllx — +oo.

The following theorem represents a classical result in the calculus of variations, ensuring the existence
of a critical point for a given functional F defined on a reflexive Banach space.

Theorem 3.5. [24, Th. 1.1.] In a reflexive Banach space X, if a function F is weakly lower semicontinuous and
possesses a sequence that minimizes it and is bounded, then F reaches its minimum on X.

Remark 3.6. [24, Page 4] The existence of a bounded minimizing sequence is particularly guaranteed when F is
coercive.

The mountain pass theorem is a fundamental result in the calculus of variations, establishing the
existence of a critical point for a functional F defined on a Banach space X, subject to certain conditions.
Let B, denote the open ball in X with a radius r centered at the origin, and let dB, denote its boundary.
The Palais-Smale condition (a compactness condition) an essential concept for the theorem, is defined as
follows

Definition 3.7 (Palais-Smale condition (PS)). [24, Def. 6.3.] The Palais-Smale condition is satisfied if, for any
sequence (x;) in X with (F (xj)) bounded and F'(x;) (the derivative of F at x;) tending to zero, there exists a convergent
subsequence.

Theorem 3.8 (Mountain Pass Theorem). [28, Page 4] Assume that F satisfies the following conditions

1. F e CYX,R) with F(0) = 0.

2. F satisfies the Palais-Smale condition (PS).
3. There exists 1, p > 0 such that Fipp, > p.

4. There is an xo € X\B, such that F(xq) < 0.

Then F possesses a critical value.

Theorem 3.9 (Symmetric Mountain Pass Theorem). [28, Page 5] Assume that F is defined on an infinite-
dimensional real Banach space X, with the following conditions

F € CY(X, R) with F(0) = 0.

F satisfies (PS).

F is an even functional.

Assume that X = Y €D Z, with Y being of finite dimension.

There exists 1, p > 0 such that Fippnz > p.

Whenever W is a finite-dimensional subspace of X, there exists a specific constant ¢ = ¢(W) such that F(x) < 0
everywhere on W\B..

SRR N e

Then, F attains a sequence of critical values that is unbounded.
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4. Functional spaces and norms

We begin by defining the functional space relevant to our problem. We will use the Sobolev space
denoted by X = H}(0, T) equipped with inner products

T
o= [ [xono + 0y o
T
mw=ﬁxmwwu

which naturally leads to the associated norms
T 5
a2
uﬂh:(f[umf+uaﬂpg,
0

T 3
[Ixl> = ( ) .
0

We introduce Poincaré’s inequality, expressed as

T

T
Vx e Hy(0,T): Ay f X*(tydt < (6)
0

where Ay = 7;—; represents the first eigenvalue associated with problem (5). This inequality readily implies
the equivalence of the norms || - ||; and || - |I>.

We now define a new norm, denoted by || - ||x, that incorporates additional information specific to our
problem. This norm is given by

Il = LLT

This norm is well-defined. For any x € Hé(O, T), we can utilize assumption (A) along with Poincaré’s
inequality (6) to observe the following

X (t)| dt+z f (DRt > f

Si+1

A,-(t)xz(t)dt] 2 )

) dt+Zv, f 2(t)dt
)\12 f 2t
-M f x2(t)dt
0
T

>

=

=0.
This demonstrates the non-negativity of the expression.

Proposition 4.1. If assumption (A) is satisfied, the norms || - ||z and || - ||x in the Sobolev space X are equivalent.
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Proof. Assuming (A) is satisfied, we have v; > —A4, allowing us to find ; € (0,1) such that v; > —=A;(1 - C;).
This implies v; > —=A;(1 - C) fori = (),_m, where { = min{(;, i = O,_m}. Thus, for all x € X, we get

B > f ' i .1x2(t)dt
> f M(1-10) Z f " et
> A1 - C)f (t)dt.

Applying Poincaré’s inequality (6), we obtain

T
2
2 > f
0
leading to
2 2
llxllx = Clixll3.

On the other hand, considering |Als = max {IIAiIIOO, i= O,_m} This implies

m Sivl
I < Z f 2(t)dt
0 i=0 Ve
T , 5 T 5
< 2()dt.
0 0

Referring to (6), we additionally derive

2 IAloo
llxll%

IA

(t)| dt +

(14 )i

Thus, the norms || - || and || - ||x are equivalent. [

(t)( dt

We conclude this section by defining C[0, T] as the set of all continuous functions on [0, T] with the
natural norm
o = t)|.
[l max x(®)l
Lemma 4.2. There exists a positive constant y such that for any x € H, the following inequality holds

oo < 3/l

Proof. Utilizing the continuity of the injection from Hj(0, T) into C[0, T], and incorporating Proposition 4.1,
we establish the desired result. [J

5. Proof of the main results

Below, we prove the core results established earlier in this paper.
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5.1. Variational formula

Building upon the ideas from the variational approach, for each y € X. First, we have

T Sit1
- fo X (ByHdt = —Z f X (B)y( t)dt—Z f X (By(H)dt
i=0 Si

T
fo X By (t)dt + Z (¥'(s5) =% 6D)yts) + Z (¥ - x'€)yer)
i=1 i=1

T m
[ wowons Y o) @)
i=1

On another note,

-[ i i f 2 (Oy(eyt - 2 f ity
Si+1 f - s’“A df — - + d
f (b 200yt ZO‘ f Oxoa -3 f () eyt
f ®0 y(t)dt—z f Ayt ®)
i=0

Consequently, combining (7) and (8), we derive

T m m Si+1 m Si+1
fo (B (Bt + ) O(x(s))y(s) = Y f oilt,x())yyat - Y | f AiOx(Oy(bdt. 9)
i=1 i=0 Y€ i—0 Vei

The equality (9) leads us to the introduction of a weak solution for problem (1).

i=

Definition 5.1. We say x € X is a weak solution to problem (1) if equation (9) is satisfied for every y € X.
Now, considering the energy functional @ : X — R corresponding to problem (1), defined as
Si+1

D(x) = f X' (£)[dt + Z fm O;(s)ds — Z fsm it x(t) dt + = Zf Ai(O)X2(H)dt,

where Pi(t, x(t)) = fox(t) 0i(t, s)ds. Alternatively, we have

D(x) = —||x||X+Z f " @i(s)ds—i f " P,-(t,x(t))dt. (10)
i=0 V¢

Given the continuity of 0; and ©;, we easily deduce that @ € CY(X,R). The derivative of ® at x € X is, for
any y € X, expressed as

Si+1

T m m Si+1
YW= [ oyoas Y efes - [ o) y(t)dt+2 | soxouon. an
0 i=1 i=0 Vei

This confirms that the weak solutions of problem (1) correspond to critical points of ®, meaning that x € X
is a weak solution of problem (1) if and only if @’'(x)(y) =0 forall y € X.
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5.2. Proof of Theorem 2.1
Lemma 5.2. The functional ® defined by (10) is weakly lower semicontinuous and coercive.

Proof. To demonstrate the weak lower semicontinuity of @, consider a sequence (x;) C X such that x; — x.
By leveraging the compactness of the injection from H;(0, T) into C[0, T], we observe uniform convergence
of (xj) to x over the interval [0, T]. Given that liminf;_, [|x;llx > ||lx[lx (see Remark 3.2), we can conclude that

xj(si) Si+1
11m1nf ||x,||2 +Zf G)(s)ds—Zf I370) dt)
X(Si) Si+1
> —||x||X+Zf @(S)ds—Zf i(t,x(H)d

= D(x).

lim inf ®(x;)
j—00

This implies that the functional @ is weakly lower semicontinuous.
On the other hand, for any x € X, by (B1), (B2) and Lemma 4.2, we have

m x(s;) m Si+1
ow = - Y fo (ci+dilsi)as = Y f (asbe(t)] + il )t
i=1 i=0 i

1 m ‘ m )
ol = mmaxieilixlo — maxid) Z;‘ Il = maxta Tl — max {bi)T ) Ivlls”

\

v

[\

1 - 0 +1
5 Il = m maxdeilylilly - maxid;} )yl — maxta) Tyl
i=1

i+1
-~ max TZV“‘+1IIXI|”+

Since p;+1,n;+1 < 2, it follows that limy, -0 P(x) = co. In simpler terms, ® exhibits coercive behavior. [

Using Lemma 5.2 and Remark 3.6, it follows that the functional ® fulfills all the requirements outlined in
Theorem 3.5. Consequently, ® possesses a minimum within H, which constitutes a critical point of ®. Thus,
problem (1) admits at least one solution.

Directly thereafter, we have the following corollary.

Corollary 5.3. Under the fulfillment of assumption (A) and the boundedness of ;,i = 0,m,and ©;,i = 1, m, problem
(1) possesses at least one solution.

5.3. Proof of Theorem 2.2

The proof is structured across four segments. Firstly, by direct replacement we get easily ©(0) = 0. To
show that ® € C'(X, R), we need, for any fixed x € X, to write the increment ®(x + y) — ®(x) as the sum of a
linear continuous form in y € X, denoted @’(x)(y), plus a remainder o(y), with

lo(y)l

1m
=0 [[yllx

We compute

T n x(si)+y/(si) x(s7)
D(x + y) — D(x) = % fo (Iv'(®) + ¥/ ()P =[x (D )dt + Z ( fo ®;(s)ds — fo @,-(s)ds)
i=1

m

_ Z Lsiﬂ (Pi(t’ x(t) + y(t)) _ f X(t) % EO fszﬂ N (t) (x(l’) + y(t))z _ Xz(f)))

i=0
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Expanding the first integral gives
() + Yy (OF = I (OF = 2¢Oy () + Iy OF,

. T | . . . T
so the linear contribution is fo x'(t)y’ (t)dt, while the remainder is % fo ly’ (+)*dt.
For the impulse terms we use the mean value theorem

x(si)+y/(si) x(si)
[ s [ e = @ sts)yts) + ot

Since P; (t x(t)) fx() i(t,s)ds, we obtain

Pi(t,x(t) + y(t) = Pi(t, x(1) = oi(t, x(8))y(t) + o(ly(e)).
Expanding the quadratic term yields

(x(t) + y(£)? = 2%(t) = 2x(B)y (D) + ly (1),

which gives the linear contribution fe _SM Ai(H)x(t)y(t)dt.
Collecting all the linear parts we arrive at

' (0)(y) = fo ¥ (ty (t)dt+Z® s)y(s)—z f ot x(0) y(t)dt+2 f

and the remaining terms are of order o(||yl|x).

10470

Secondly, we establish that ® fulfills the (PS) condition. Take a sequence (x;) C X with (CD(x j)) bounded

and @’(x;) — 0. Utilizing (10), (11), (C1)-(I), and (Cz)-(ii) we conclude that

(xj) (x]) (x)) = “x]”X +aZf ©;(s)ds —aZfsm t, x] dt

m

[ifﬂ (t,x; x]dt—az “p Pi(t,x)) ]
2 (& -1) ol

xj—x inX
xj — x uniformly in C[0, T1],
as j— +oo.

i i d y 2(nd
;@ x](s)x](s)+2f o; tx] xjdt — ,Zo‘f Ai(Dx(t)dt
(3l o [ o To e

Assuming a > 2, we deduce that the sequence (x;) is bounded in X. Furthermore, leveraging the reflexivity
of H(0, T) and the compact injection from H}(0, T) into C[0, T], and if required, by passing to a subsequence,
we can establish the existence of (x;) € X such that
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Therefore, as j — +00, we acquire

m

Z (©i(xj(s1)) — ©i(x(s))) (x;(s0) — x(s1)) = 0

i=1

n e (12)
Z f (0i(t, x)) = 01(t, %)) x; — x)dt — 0.
i=0 Vei
Moreover, by (11), we have
((D’ (x]) D’ (x) )( ; ) ”x] - xH + Z x](s ) ,-(x(si)))(x]-(s,-) - x(s,-))
o (13)
- Z f (a,-(t, x;) = oi(t, x))(x]- - x)dt
i=0 Vei
Given that @’ (x]-) — 0and x; — x, we can infer that
(@(xj) - @' (@))(x;—=x) > 0, as j— +co. (14)

Hence, (12), (13), and (14) lead to ”x]- - x”X — 0 as j — +oo. In other words, x; — x in X, indicating the
satisfaction of the (PS) condition by ®.

Thirdly, we confirm that ® meets the requirement stated in assumption 3 of Theorem 3.8. The Sobolev
embedding theorem asserts the existence of a positive constant ¥ > 0 such that, for any x € X, the following
inequality holds

lxl17> < elll- (15)
Utilizing condition (C;)-(iii), it follows that
Pi(t,x) = o(xz), asx — 0,

for the proof, please refer to Appendix.
Let ¢ = -, then there exists T > 0 such that for any x € X, the inequality

1
|Pi(t, x)| < Exz, (16)

holds whenever |x| < T.
Furthermore, based on condition (C;)-(I), we deduce

x(s:)
f ®;(s)ds > 0. (17)
0

It is evident that the condition ||x||x < £ ) , with y as defined in Lemma 4.2, implies ||x||l.c < 7. Consequently,
this leads to [x(t)| < 7 for all t € [0, T]. Hence, employing (10), (15), (16), and (17), we can conclude that

1 m x(s7) m Sit+1
o) =3Il + ) f Oi(s)ds - Y| f Pi(t, x(t))dt
i=1 Y0 i=0 ¢i
1 1 m Si+1
>JB- =Y [ o
i=0 Vei
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1 1 (T
Z—Ilelf{—Ef x2(t)dt
0

1

1
=l = Il

1
>l

Wesetr=Tandp = e ,2 With this selection, we can ensure that ®(x) > p > 0 for any x € dB,.

Fmally, we demonstrate the satisfaction of assumption 4 of Theorem 3.8. Consider any x € X\{0}, we

define y; = {t € (e;,si+1] / Ix(t)] # 0}, X5 = {t € (e;,si+1] / Ix()] = } Let Y be a positive real number considered
large enough. Utilizing (C;)-(i), we obtain

f P(t, Yx(t))dt = f Pi(t, Yx(t))dt + f Py(t, 0)dt

Xi bed

= f Pi(t, Yx(t))dt

Xi

>K f |V x()Pdt. (18)
Xi

Next, using (C1)-(II) and Lemma 4.2, and taking (18) into account, we get

Si+1

Tx(s;)
O(Tx) —||1fx||X + Z f @i(s)ds — Z f (£ Tx(t)d
L+ 1Y ok - K1Y [ wopa
i=1 i=0 Y Ai
Yz m m
< I+ Il T Y8 - KYP Y [ (o)t
i=1 i=0 YA
12 m m
< I+ Il Y ) 8= KYP Y [ el (19)
i=1 i=0 Y AXi

Now, consider any element x € X where |lx||x = V2. Applying (19), we have

(IJ(Yx)sY2+((\/§y)“26,-)]f“—(1<2 f |x(t)|ﬁdt)rﬁ,
i=0 VX

i=1

given that 2 < a < g, this inequality implies that limy_, . ®(Yx) = —c0. Consequently, there exists Yy € R}
with Yy > r such that @ (Yox) < 0. According to Theorem 3.8, there is at least one solution for problem (1).

5.4. Proof of Theorem 2.3

To establish this result, we utilize Theorem 3.9. Drawing from the proof of Theorem 2.2, we conclude
that ® € C1(X,R) and ®(0) = 0, fulfilling the (PS) condition. Moreover, the conditions (D;) and (D) together
signify that @ exhibits even symmetry.

2
The equation (5) yields eigenvalues expressed as a sequence of positive numbers A, = (%) forn =

1,2,.... Denoting E, as the feature space asso associated with A,,. Consequently, wehave X = H;(0, T) = @:ool E,.

Now, let Y = @ E,and Z = @ E,. This implies X = Y @ Z, where Y is of finite dimension. As
observed in the proof of Theorem 2.2, there exist constants r and p > 0 such that ®(x) > p for any x € dB, N Z.
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Additionally, following a similar argument as in the proof of Theorem 2.2, for any x in a finite-dimensional
subspace W C X, we can deduce that limy_, 1. ®(Yx) = —co. Consequently, there exists ¢ = ¢(W) such that
®(Tx) <0on W\B..

By applying Theorem 3.9, we can assert that problem (1) admits an infinite number of solutions.

5.5. Proof of Theorem 2.4

We begin by noting that ® € C'(X, R) with ®(0) = 0 is an even function. Our first task is to establish that
® fulfills the (PS) condition. Drawing from the proof of Theorem 2.2 and utilizing (10), (11), (B2), (C2)-(ii),
and Lemma 4.2, we can express the inequality

m xj(si) n
a® (1) =@ (x)) (1)) = (5 =1 I + )3 fo O~ )01 6 ) 5)
+ [i fsM 0; (t,X]')det -« i fsM P; (l’,x]‘) dt]
i=0 Ve i=0 V¢
> (3 =1l - “Zl. (enlbell+ asllell) = 3 (el + 27

i=1
m

(51l -@+ v (Z el + 3 do” ||x]-|);g+1J_

i=1
This confirms that (x;) is bounded in X. The remainder of the proof, demonstrating the satisfaction of the
(PS) condition, closely parallels that in Theorem 2.2.

Secondly, considering the odd and non-decreasing nature of ®;,7 = 1, m, it follows that f()x(si) ©;(s)ds = 0.
By employing similar reasoning as in the proofs of Theorems 2.2 and 2.3, we can readily confirm the
satisfaction of condition 5 in Theorem 3.9.

Finally, the proof of condition 6 of Theorem 3.9 mirrors that in Theorem 2.3, with assumption (B,)
replacing (Cq)-(II). Thus, according to Theorem 3.9, problem (1) possesses infinitely many solutions.

Examples

Following are two examples demonstrating the practical use of our findings.

Example 1.
Examine the problem defined for T = 1 involving both instantaneous and non-instantaneous impulses

_x”(t) + Al(t)x(t) Ui(tr x(t))/ te (eir Si+1]/ i= 0/ 1/

X'(s7) = x'(s]) = Oi(x(s1)),
xX'(t) = X(s]), te (s, e, (20)
x'(ef) = X(e)),
x(0) = x(1) =0,
where,
Ai(t) = (t—e) + (t —€)?,
oi(t,x) = e = sin(x) + |x|2,

©1(x) = 3sin(x) + |x|%.

Firstly, it is evident that v; = 0 > —A4, thus satisfying assumption (A). Secondly, for a; = 2, b; = 1, and
Ui = %, condition (B;) is met. Finally, withc; =3,d; =1,and 1 = %, we satisfy (B,). Therefore, by Theorem
2.1, the impulsive problem (20) has at least one solution.
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Example 2.
Consider problem (20) with the following parameter definitions

Ai(t) = (t—e) + (t — €)?,
oi(t,x) = x5,
O (x) = 3.

Clearly, condition (A) holds. By selecting & = 4 and 6; = i, condition (C;) is satisfied. Since P;(t,x) = %6,
taking K = % and p = 6 ensures condition (C;) is met. Hence, problem (20) has at least one solution
by Theorem 2.2. Furthermore, conditions (D;) and (D,) are fulfilled. Applying Theorem 2.3, it can be
concluded that problem (20) possesses an infinite number of solutions.

Appendix

Lemma 5.4. Under the condition (Cy)-(iii), we have

Pi(t,x) =0 (xz), asx — 0.

Proof. Consider any x € R*. Using the variable change s = xh, along with the assumption (C,)-(iii), we

obtain
Pi(t,x) = i(t 9)d
(t, %) foa( s)ds
1
= i(t, xh)dh
xfo oi(t, xh)
1
= dh
v [ ot
= xo(|x])
= o(x?).

Thus, we have shown that P;(t, x) is indeed o(x?) as x — 0. The lemma is thereby proven. [
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