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Periodic non-negative solutions for anisotropic p(z)-Laplacian
parabolic equations with strong nonlinearity
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Abstract. In this paper, we investigate a degenerate parabolic equation involving an anisotropic p(z)-
Laplacian operator and a strongly nonlinear source term, subject to Dirichlet-type boundary conditions.
Our main objective is to establish the existence of a nonnegative periodic solution. The proof relies on the
Leray–Schauder topological degree, whose application in this framework requires a careful treatment due
to the degeneracy of the operator and the nonlinear nature of the source.

1. Introduction

Let Ω be a bounded convex domain in RN
(
N > 1

)
with smooth boundary. The aim of this work is to

prove the existence of periodic non-negative solution for the following anisotropic parabolic equation
∂t f =

N∑
k=1

∂k

(
|∂k f |pk(z)−2∂k f

)
+ | f |p0(z)−2 f + a(z, t) f m(z) in Dτ,

f (z, t) = 0, z, t) ∈ ∂Ω × (0, τ),
f (z, t + τ) = f (z, t), (z, t) ∈ Ω ×R,

(1)

where 2 ≤ p1(z), . . . , pN(z) ≤ ∞, and we denote p+ = max{p1+, . . . , pN+} and p− = min{p1−, . . . , pN−}, where
pk+ = max{pk(z), z ∈ Ω} and pk− = min{pk(z), z ∈ Ω} for all k = 1, . . . ,N. We assume that p0(z) ≥ p+,
τ > 0, a(z, t) is continuous in Ω × R, time periodic with period τ and positive on Dτ = Ω × (0, τ), and that
p+ − 1 < p− − 1 + p−

N so that m verifies p+ − 1 < m(z) < p− − 1 + p−
N .

Mathematical modelling of natural phenomena most frequently end up using differential equations to
understand, use or solve problems. It may be about economics [37], epidemiology and various domains.
The interest in a periodic solution for periodic problems comes from many domains, one of which are
relativistic physics [4, 12], radiative gas [31], and microbiology [15]. Different methods might be referred
to in order study this type of problem, namely, in [29] authors use the Leray-Schauder fixed point theorem,
where the sub- and super-solution method are used by [10], and for further details see [1–3, 36] and the
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references therein.
In the last decades, mathematicians like Antontsev and Shmarev [6], and other scientists from vatious fields
are interested in anisotropic elliptic and parabolic equations. One can argue that the principal reason is
their appearance in physical and mechanical processes in continuous anisotropic medium. One can check
out [5, 7, 30], and the references therein for more on this subject.
A much simpler example of a semi-linear equation is studied in [10]

∂t f = ∆ f + u(z, t, f ), (2)

such that u is periodic with respect to t. If u(z, t, f ) = v(z, t) f m, with v(z, t) being a time periodic positive
map, M. J. Esteban [17] proved that the equation (2) has indeed a solution that is nonegative and periodic,
provided that 1 < m < 3N+8

3N−4 , and enhanced the result of [18] by establishing the same results with the more
general condition 1 < m < N

N−2 .
Charkaoui et al. [10] were interested in the equation

∂t f = ∆ f + u(z, t) −H(z, t,∇u) (z, t) ∈ Dτ,

f (z, t) = 0 (z, t) ∈ ∂Ω × (0, τ),
f (z, 0) = f (z, τ) z ∈ Ω,

where H is a Carathéodory function and u ∈ L1(Dτ) is nonnegative and time periodic. Such that u =
(u1, . . . ,uM), f = ( f1, . . . , fM) and H = (H1, . . . ,HM).
It was a biological problem denoting f (z, t) as the density of an object at time t and position z that motivated
R.Huang et al. [27] to study the degenerate problem

∂t f − ∆ f m = (a −Ψ[ f ]) f (z, t) ∈ Dτ,

f (z, t) = 0 (z, t) ∈ ∂Ω × (0, τ),
f (z, 0) = f (z, τ) z ∈ Ω,

such that ∆ f m represents the way the studied species tend to avoid clutter, m greater than 1, a(z, t) is the
highest possible value of the species’ increasing rate at time t and position z, andΨ[ f ] : L2(Ω)+ → R+ being
a continuous bounded functional.
The above cited references are what motivated us to investigate the existence of a nontrivial nonnegative
periodic solution for the equation (1), after utilizing the topological degree of Leray-Schauder as well as
the idea of scaling [17, 18], within [22–24] the same authors discussed the same kind of equation but with
simpler forms.

After presenting the problem and giving a brief historical of the operators and methods used, we will
define in section 2 the form of the solution then announce the main theorem. Sections 3, 4 and 5, we will
introduce the lemmas needed as well as their respective proofs whilst section 6 will use these lemmas to
show the veracity of the main theorem.

2. Main result

Let us first start by introducing the spaces we work with

Definition 2.1. If Ω is a bounded and open subset in RN(N ≥ 2), a real-valued continuous function p is said to be
log-Hölder continuous on Ω when there is a positive number C verifying

|p(z) − p(y)| ≤
C∣∣∣ log |z − y|

∣∣∣ for any z, y ∈ Ω provided that |z − y| <
1
2
.

With a log-Hölder continuous function p we denote

p− = min
z∈Ω

p(z) and p+ = max
z∈Ω

p(z),

and the C+(Ω) the space of log-Hölder continuous functions where 1 < p− ≤ p+ < N
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Definition 2.2. The generalized Lebesgue space Lp(z)(Ω) is the set of all measurable maps f : Ω 7→ R that allows the
integral:

ϱp(z)( f ) :=
∫
Ω

| f |p(z)dz

to be bounded, this integral is named the convex modular and

∥ f ∥Lp(z) = inf
{
ν > 0 verifying ϱp(z)(

f
ν

) ≤ 1
}

is a well defined norm on Lp(z)(Ω) called the Luxemburg norm.

One should notice that the space
(
Lp(z)(Ω), ∥ · ∥Lp(z)

)
is a Banach space. Moreover, it is separable and

reflexive with the topological dual Lp′(z)(Ω) such that
1

p(z)
+

1
p′(z)

= 1.

Following the approach proposed in [8], we extend the variable exponent p : Ω→ (1,+∞) to Dτ = [0,T]×Ω
by setting p(t, z) := p(z) for all (t, z) ∈ Dτ. Consequently, the variable exponent Lebesgue space Lp(z)(Dτ) is
defined as follows

Lp(z)(Dτ) =
{

f : Dτ → R, measurable such that
∫

Dτ

| f (t, z)|p(z) dzdt < ∞
}
.

The associated norm on Lp(z)(Dτ) is given by

∥ f ∥p(z) = inf
{
α > 0 :

∫
Dτ

∣∣∣∣ f (t, z)
α

∣∣∣∣p(z)
dzdt ≤ 1

}
.

With this norm, the space
(
Lp(z)(Dτ), ∥ · ∥p(z)

)
is a reflexive and separable Banach space.

We now introduce the anisotropic Sobolev space with a variable exponent. For this purpose, we consider
the vectorial function p⃗ : Ω̄→ RN as follows

p⃗ := p⃗(z) =
(
p1(z), · · · , pN(z)

)
,

where
pk ∈ C+(Ω̄) for any k ∈ {1, · · · ,N}.

The anisotropic variable exponent Sobolev space W1,p⃗(·)(Ω) is then defined as

W1,p⃗(Ω) =
{

f ∈W1,1(Ω) : ∂k f ∈ Lpk(z)(Ω) for k = 1, · · · ,N
}
,

note that
W1,p⃗

0 (Ω) =W1,p⃗(Ω) ∩W1,1
0 (Ω)

The anisotropic variable exponent Sobolev space W1,p⃗
0 (Ω) can also be defined as the closure of C∞0 (Ω) in

W1,p⃗(Ω) with respect to the norm

∥ f ∥
W1,p⃗

0 (Ω)
:=

N∑
k=1

∥∥∥∥∂k f
∥∥∥∥

pk(z)
.

These spaces are separable and reflexive Banach spaces [20, 33].
In what follows, we introduce the proposed framework to solve the problem (1). Let 0 < τ < ∞, we define
the space

Lp⃗(z)
(
0, τ; W1,p⃗(z)

0 (Ω)
)
=
{

f ∈ Lp(z)(Dτ) :
N∑

k=1

∫ τ

0

∥∥∥∥∂k f
∥∥∥∥pk−

pk(z)
dt < ∞

}
,
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equipped with the norm

∥u∥Lp⃗(z) =

N∑
k=1

( ∫ τ

0

∥∥∥∥∂k f
∥∥∥∥

pk(z)
dt
) 1

pk− .

Considering the fact that the equation studied is degenerate, the problem (1) generally lacks a classical
solution. Therefore, we focus on its weak solutions, defined as follows.

Definition 2.3. We denote by Cτ(Dτ) the maps from C(Ω ×R) τ-periodic by the variable t and take h in Cτ(Dτ). A
map f ∈ Lp⃗(z)

(
0, τ; W1,p⃗(z)

0 (Ω)
)
∩ Cτ(Dτ) is said to be a solution of the problem (1) if it verifies

∫
Dτ

f∂tψdzdt +
N∑

k=1

∫
Dτ

∣∣∣∣∂k f
∣∣∣∣pk(z)−2

∂k f∂kψdzdt +
∫

Dτ

(
| f |p0(z)−2 f + a(z, t) f m(z)

)
ψdzdt = 0,

for all ψ ∈ C1(Dτ) subject to ψ(., 0) = ψ(., τ) and ψ(z, t) = 0 in case (z, t) is in ∂Ω × (0, τ).

Theorem 2.4. Equation (1) admits a nonnegative solution that is nontrivial

f ∈ C
(
0, τ; W1,p⃗(z)

0 (Ω)
)
∩ Cτ(Dτ) with ∂t f ∈ L2(Dτ),

for which N > 1 and p+(z) − 1 < m(z) < p−(z) − 1 + p−(z)
N .

To prove this we will regularize the equation and prove the following

Proposition 2.5. Under all assumptions on Theorem 2.4, this problem admits a nonnegative solution fσ
∂t fσ =

N∑
k=1

∂k

(∣∣∣∂k fσ
∣∣∣2 + σ) pk (z)−2

2 ∂k fσ + |uσ|p0(z)−2 fσ + a(z, t) f m(z)
σ , (t, z) ∈ Ω ×R,

fσ(z, t) = 0, (t, z) ∈ ∂Ω × (0,T),
fσ(z, 0) = uσ(z,T), z ∈ Ω,

and we have the existence of r and R positive subject to,

r ≤ max
Dτ

uσ(z, t) ≤ R.

For the proof of this proposition, the theory of topological degree is employed. Specifically, let’s analyze
a one-parameter equation that connects the semi-linear operator to a simpler operator, the Laplacian:

∂t f =
N∑

k=1

∂k

((∣∣∣ν∂k f
∣∣∣2 + σ) pk (z)−2

2 ∂k f
)
+ v(z, t), (3)

where v ∈ Cτ(Dτ) and λ ∈ [0, 1]. Section 3 holds the proof that for all v in Cτ(Dτ) and 0 ≤ ν ≤ 1, equation (3)
admits exactly one solution f ∈ Cτ(Dτ). Additionally, the functionalM : [0, 1] × Cτ(Dτ)→ Cτ(Dτ) defined
as f =M(ν, v) is compact as well as the functionalM(ν,Ψ( f )) such thatΨ( f ) = | f+|p0(z)−2u+ + a(z, t) f m(z)

+ . The
constant λ ∈ [0, 1] complicates proving the compactness. To address this, let’s first establish what follows

deg(I −M(1,Ψ(·)),BR(0) \ Br(0), 0) , 0,

where Bρ(0) represents the ball in Cτ(Qτ) that has ρ as radius and centered at the origin In Section 4, the
existence of a constant r > 0 is shown, independent of σ, with

deg(I −M(1,Ψ(·)),Br(0), 0) = 1.
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Next, in Section 5, we will demonstrate that

deg(I −M(1,Ψ(·)),BR(0), 0) = 0

with a sufficiently big R > r, also independent of σ. Once these results are established, proving the
proposition will reduce to deriving a supremum to our solution. As stated before, an upper bound will be
obtained using the blow-up (scaling) argument, a technique extensively utilized in [17, 18], among others.
Finally, in Section 6, Theorem 2.4 will be proven as a consequence of this proposition.

3. Characteristics ofM

To keep it simple, suppose a(z, t) is continuous in the Hölder sense. This assumption does not restrict
generality, as it can be eliminated through an approximation process.

Lemma 3.1. For all 0 ≤ ν ≤ 1 and v in Cτ(Dτ), equation to (3) admits exactly one solution f ∈ C
(
0, τ; W1,p⃗(z)

0 (Ω)
)
∩

Cτ(Dτ), ∂t f ∈ L2(Dτ), and it satisfies

∥ f ∥∞ = ∥M(ν, v)∥∞ ≤ C
(∥v∥∞
δ

)δ+1
for all δ ∈]0, 1[, (4)∥∥∥∂t f

∥∥∥
2
≤ C
∥∥∥v∥∥∥

2
, (5)

for which C depends only upon N, σ, and p⃗(z).

Proof. If ν = 0 the references [17, 18] have the solution. Here and below λ , 0 is supposed. By [38], equation
(3) admits a unique solution f ∈ Lp⃗

(
0, τ; W1,p⃗(z)

0 (Ω)
)

for all v in Cτ(Dτ) and 0 ≤ ν ≤ 1. One can check [13], to

see that we have f ∈ Cm(Dτ), and ∇u ∈ Cm(Dτ).
By substituting a different test function into the equation associated to f , to | f |ri(z) f , one gets

d
dt
∥ f (t)∥r

−

i +2
ri(z)+2 + C(σ, p+)

∥∥∥ N∑
k=1

∂k

(
| f |

ri (z)
2 f
)∥∥∥2

2
≤ ∥v∥∞∥ f ∥r

−

i +1
ri(z)+2,

such that r−1 = 1 and for any k ≥ 1, r−k = 2r−k−1 + 2 = 2k
− 2, f (t) = f (·, t). Let wk = | f |

rk (z)
2 f , we get

∂t

∥∥∥wi

∥∥∥2
2
+ C(σ, p+)

∥∥∥ N∑
k=1

∂kwk

∥∥∥2
2
≤ ∥v∥z

∥∥∥wi

∥∥∥ 2(r−i +1)

r−i +2

2 .

The inequality (4) is established by utilixing the technique of Moser iteration , one can look at [34].
Finally, by simply using ∂tu as a test function, equation (5) can be easily derived.

Lemma 3.2. The mapM : [0, 1] × Cτ(Dτ)→ Cτ(Dτ) is well defined and compact.

Proof. We begin by proving that u =M(ν, 1) ∈ Cτ(Dτ) for any 0 ≤ ν ≤ 1 and 1 in Cτ(Dτ). In case ν = 0, from
Theorem 10.1 of [28] and the periodicity of u, one obtains∣∣∣ f (z1, t1

)
− f
(
z2, t2

)∣∣∣ ≤ γ(∣∣∣z1 − z2

∣∣∣ + ∣∣∣t1 − t2

∣∣∣ 12 )β, (6)

such that γ and β are positive constants that depend upon N, σ, p1, . . . , pN, ∥ f ∥∞ and, with Lemma 3.1 ∥v∥∞.
In case λ , 0, by (3), w = ν

1
2 f verifies

∂tw =
N∑

i=k

∂k

(∣∣∣∂kw
∣∣∣2 + σ) pk (z)−2

2 ∂kw + ν
1
2 w(z, t).
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Observing the time periodicity of w and applying the result from [14], we conclude that w is Hölder
continuous in Dτ. Moreover, by applying Theorem 10.1 in [28] to w, and then returning to f to obtain an
inequality similar to (6), we can use the Arzelà-Ascoli theorem to show that the image of any bounded set
in [0, 1] × Cτ(Qτ) under the mapM is a compact subset of Cτ(Qτ).
So we can show the continuity ofM, let us take νn → ν, vn → v as n → ∞ and fn =M

(
νn, vn

)
. Using both

inequalities (4) and (6) we get the existence of f ∈ Cτ(Dτ) such that

fk(z, t)→ f (z, t) uniformly in Dτ, (7)

If necessary, fn may represent its own subsequence. To prove that f =M(ν, v), we follow the same approach
as in [43].
It is sufficient to multiply (3) by fn, and integrate over Dτ, to obtain that for any 1 ≤ k ≤ N∫

Dτ

(
νk

∣∣∣∂k fk
∣∣∣2 + σ) pk (z)−2

2
(
∂k fk
)2

dzdt ≤ C,

and hence∫
Dτ

ν
pk (z)−2

2
n

∣∣∣∂k fn
∣∣∣pk(z)

dzdt ≤ C, (8)

∫
Dτ

σ
pk (z)−2

2

∣∣∣∂k fn
∣∣∣2dzdt ≤ C. (9)

Notice that C represents a constant number that may have different values. We have

∣∣∣(νn

∣∣∣∂k fn
∣∣∣2 + σ) pk−−2

2 ∂k fn
∣∣∣ pk−

pk−−1
≤

(
νn

∣∣∣∂k fn
∣∣∣2 + σ) pk−(pk−−2)

2(pk−−1)
∣∣∣∂k fn

∣∣∣pk−(pk−−1)

≤ C
(
ν

pk− (pk−−2)
2(pk−−1)

n

∣∣∣∂k fn
∣∣∣pk−
+ σ

pk− (pk−−2)
2(pk−−1)

∣∣∣∂k fn
∣∣∣ pk−

pk−−1
)
,

the inequalities (8) and (9) allow us to get∫
Dτ

∣∣∣(νn

∣∣∣∂k fn
∣∣∣2+σ) pk (z)−2

2 ∂k fn
∣∣∣ pk (z)

pk (z)−1 dzdt ≤ Cν
pk− (pk−−2)

2(pk−−1)

n

∫
Dτ

∣∣∣∂k fn
∣∣∣pk(z)

dzdt + Cσ
pk− (pk−−2)

2(pk−−1)

∫
Dτ

∣∣∣∂k fn
∣∣∣ pk (z)

pk (z)−1 dzdt

≤ Cν
pk−−2

2(pk−−1)

n

∫
Dτ

ν
pk (z)−2

2
k

∣∣∣∂k fn
∣∣∣2dzdt + Cσ

pk− (pk−−2)
2(pk−−1)

( C

σ
pk−−1

2

) pk−
2(pk−−1)

≤ C,

guaranteeing the existence of ξk ∈ L
pk (z)

pk (z)−1 (Dτ) where

((
νn

∣∣∣∂k fn
∣∣∣2 + σ) pk (z)−2

2
)
∂k fn ⇀ ξk weakly in L

pk (z)
pk (z)−1 (Dτ),

subsequences have the exact notation of their original. Hence, we have∫
Dτ

f∂tψdzdt =
∫

Dτ

ξ∇ψdzdt −
∫

Dτ

vψdzdt, (10)

for anyψ ∈ C∞0 (Dτ), such that ξ =
(
ξ1, . . . , ξN

)
. To finish the proof, we have got to demonstrate the following

∫
Dτ

ξ∇ψdzdt =
N∑

k=1

∫
Dτ

(
ν
∣∣∣∂k fk
∣∣∣2 + σ) pk (z)−2

2 ∂k fn∂kpsidzdt. (11)
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To start with, the following integral is non negative∫
Dτ

[((
νn

∣∣∣∣∂k fn
∣∣∣∣2 + σ) pk (z)−2

2
)
∂k

(
ν

1
2
n fn
)
−

(∣∣∣∂k1
∣∣∣2 + σ) pk (z)−2

2
∂k1
][
∂k

(
ν

1
2
n fn
)
− ∂k1

]
dzdt, (12)

for all 1 ∈ Lp⃗(z)
(
0, τ; W1,p⃗(z)

0 (Ω)
)
. Indeed, take R(Z) =

(
|Z|2 + σ

) pk (z)−2
2 Z; one can see that

R′(z) =
(
|Z|2 + σ

) pk (z)−2
2
I + (pk(z) − 2)

(
|Z|2 + σ

) pk (z)−4
2 ZZT,

is a positive definite matrix, so that we have(
R(∂k

(
ν

1
2
k fk
)
) − R(∂k1)

)(
∂k

(
ν

1
2
n fn
)
− ∂k1

)
≥ 0,

and (12) is proven. By the periodicity of fn as well as the equations it verifies, we get

N∑
k=1

∫
Dτ

(
νn

∣∣∣∂k fn
∣∣∣2 + σ) pk (z)−2

2
∣∣∣∂k fn

∣∣∣2dzdt =
∫

Dτ

vk fkdzdt,

combined with (12) derive∫
Dτ

vn fndzdt ≥
N∑

k=1

∫
Dτ

(
νk

∣∣∣∂k fn
∣∣∣2 + σ) pk (z)−2

2 ∂k fn∂k1dzdt +
N∑

k=1

∫
Dτ

(
νn

∣∣∣∂kv
∣∣∣2 + σ) pk (z)−2

2 ∂k1∂k( fn − 1)dzdt.

Letting n→∞, we have∫
Dτ

v f dzdt ≥
∫

Dτ

ξ∇1dzdt +
N∑

k=1

∫
Dτ

(
νk

∣∣∣∂k1
∣∣∣2 + σ) pk (z)−2

2 ∂k1∂k( fn − 1)dzdt. (13)

Additionally, taking ψ = f in (10) yields∫
Dτ

ξ∇ f dzdt =
∫

Dτ

v f dzdt. (14)

Together with (13) and (14) give∫
Dτ

(
ξk −

(
ν
∣∣∣∂k1
∣∣∣2 + σ) pk (z)−2

2 ∂k1
)(
∂k f − ∂k1

)
dzdt ≥ 0.

Letting 1 = f − νψ with ν > 0, ψ ∈ C∞0 (Dτ), we get∫
Dτ

(
ξk −

(
ν
∣∣∣∂k( f − νψ)

∣∣∣2 + σ) pk (z)−2
2 ∂k( f − νψ)

)
∂kψdzdt ≥ 0.

Taking ν→ 0 yields∫
Dτ

(
ξk −

(
ν
∣∣∣∂k f
∣∣∣2 + σ) pk (z)−2

2
)
∂k∂kψdzdt ≥ 0.

Following a similar approach, one is able to easily show that the inverse inequality holds as well, which
means (11) is true.
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4. Topological degree on a small ball Br(0)

Lemma 4.1. Under the assumptions of Theorem 2.4 , we have
deg
(
I −M(1,Φ(·)),Br(0), 0

)
= 1 with an r > 0 that is independent on σ.

Proof. Observe that the map M(1, λΦ( f )) is compact, as M is compact and Φ is continuous. Using the
homotopy invariance of degree

deg
(
I −M(1,Φ(·)),Br(0), 0

)
= deg

(
I,Br(0), 0

)
= 1,

assuming that

M(1, λΦ( f )) , f for λ ∈ [0, 1], f ∈ ∂Br(0). (15)

Which we will prove by taking

r =
( 1
ACp+

0 |Ω|
1−p+/q

) 1
m+−q+1 ,

where q = Np+
N−p+

in case p+ < N, q = p+ + 1 and if p+ ≥ N, A = max
Dτ

a(z, t), We use fν to denote the periodic

solution to

∂t f =
N∑

k=1

∂k

((∣∣∣∂k f
∣∣∣2 + σ) pk (z)−2

2 ∂k f
)
+ λ(| f |p0(z)−2 f + a(z, t) f m(z)), (16)

Applying the maximum principle and the fact that fν is continuous, one obtains fν(z, t) ≥ 0. By multiplying
equation (16) by fν and integrate within Dτ one has

K := λ
∫

Dτ

| fν|p0(z) + a(z, t) f m(z)+1
ν dzdt −

N∑
k=1

∫
Dτ

(∣∣∣∂k fν
∣∣∣2 + σ) pk (z)−2

2
∣∣∣∂k fν
∣∣∣2dzdt = 0, (17)

In the following, the embedding theorem will be used∥∥∥ fν
∥∥∥

q ≤ C0

∥∥∥ fν
∥∥∥

Lp⃗(z) .

In case p+ < N, by (17) we have

K ≤ A
∫

Dτ

f m(z)+1
ν dzdt −

1
Cp+

0

∫ τ

0

∥∥∥ fν
∥∥∥p+

q dt. (18)

If m+ + 1 ≥ q, one gets

K ≤ A max
Dτ

f m++1−q
ν

∫ τ

0
∥ f ∥qqdt −

1
Cp+

0

∫ τ

0
∥ fν∥

p+
q dt ≤

∫ τ

0

∥∥∥ fν
∥∥∥p+

q

(
A|Ω|

q−p+
q max

Dτ

f m++1−q
ν −

1
Cp+

0

)
dt. (19)

If (15) were not true, then we would have fν ∈ ∂Br(0). Therefore

max
Dτ

fν(z, t) = r =
( 1

M|Ω|1−
p+
q

) 1
m++1−p+ ,

and the last integral in (19) equals −
∫ τ

0

∥∥∥ fν
∥∥∥p+

q dt < 0, contradicting with the equality (17).

If p+ < m+ + 1 < q, by applying the Hölder inequality for the integral on the right hand side in (18)∫
Ω

f m++1
ν dz ≤

∥∥∥ fν
∥∥∥m++1

q |Ω|
q−1−m+

q ,
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then

K ≤ A|Ω|
q−1−m+

q

∫ τ

0

∥∥∥ fν
∥∥∥m++1

q dt −
1

Cp+
0

∫ τ

0

∥∥∥ fν
∥∥∥p+

q dt =
∫ τ

0

(
A|Ω|

q−p+
q
∥∥∥ fν
∥∥∥m++1−p+

q −
1

Cp+
0

)∥∥∥ fν
∥∥∥p+

q dt. (20)

Suppose (15) is not true, then fν ∈ ∂Br(0), so we get

max
Dτ

fν(z, t) = r =
( 1
A|Ω|1−p+/q

) 1
m++1−p+ ,

making the final integral on (20) equal to −
∫ τ

0

∥∥∥ fν
∥∥∥p+

q dt < 0. This inconsistency implies fν < ∂Br(0).

If p+ ≥ N, we take r =
(

1

A|Ω|1−
p+
q

) 1
m+−p++1 with q = p+ + 1.

5. Topological degree on a large ball BR(0)

From here onwards, ν will denote an eigenvalue of −∆ and ψν a positive eigenfunction associated with
ν.

Lemma 5.1. Let fν be a nonnegative periodic solution of

∂t f =
N∑

k=1

∂k

((
ν
∣∣∣∂k f
∣∣∣2 + σ) pk (z)−2

2 ∂k f
)
+ a(z, t)um(z) + (1 − ν)

(
νσ

p+−2
2 f + 1

)
, (21)

with the Dirichlet boundary value condition of problem (1), where 0 ≤ λ ≤ 1. Assuming that the conditions of
Theorem 2.4 hold, there is a constant L > 0 unrelated to ν, and

∥ f ∥∞ ≤ L.

If ν = 1, L would be independent of σ too.

Proof. Let 0 < σ ≤ 1. Assume that fν has no bound. Meaning there will be sequences
(
νn

)
n≥0
⊂ [0, 1] and(

fn
)

n≥0
, where

Mn = max
Dτ

fn(z, t) = fn
(
zn, tn

)
→∞ as n→∞.

We suppose that νn → ν∞ and
(
zn, tn

)
→

(
z∞, t∞

)
as n→∞.

We start by showing that νn , 0 for any n. Indeed, if νn = 0 for an n, then (21) turns into

∂t f = σ
p+−2

2 ∆ f + a(z, t) f m(z) + νσ
p+−2

2 f + 1. (22)

Multiplied by ψν, integrated over Dτ, and considering the periodicity of f as well, we get

0 =
∫

Dτ

∂tψν f dzdt =
∫

Dτ

σ
p+−2

2 ψν∆ f dzdt +
∫

Dτ

a(z, t) f m(z)ψνdzdt

+ ν

∫
Dτ

σ
p+−2

2 fψνdzdt + τ
∫
Ω

ψνdz =
∫

Dτ

a(z, t) f m(z)ψνdzdt + τ
∫
Ω

ψνdz > 0,

which can’t be true.
For each n, we define µn, z, s, and vn as

µ
p+

m+−p++1
n Mn = 1, z =

z − zn

µn
, s =

t − tn

µ(m+−1)p+/(m+−p++1)
n

,
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1n(z, s) = µ
p+

m+−p++1
n fn(z, t).

Based on the convexity ofΩ, we have δ0 > 0 so that we get dist
(
zn, ∂Ω

)
≥ δ0 from [26] and [32]. Hence, the

map 1n(z, s) has proper definition on

Dn,δ0 = D
( δ0

2µn

)( −τ

µ(m+−1)p+/(m+−p++1)
n ν(p+−2)/2

n

,
τ

µ(m+−1)p+/(m+−p++1)
n ν(p+−2)/2

n

)
,

such that D(l) is the ball of RN with radius l and center 0. In Dn,δ0 , the map hn(z, s) = ν
1
2
n1n(z, s) verifies

∂shn = µ
p2
+ (p+−2)(1−m+ )

(m+−p++1)2

n

N∑
k=1

∂k

((∣∣∣∂kwn

∣∣∣2 + µ 2p+
m+−p++1
n σ

) pk (z)−2
2 ∂kwn

)
+ h
(
zn + µnz, tn + sµ

(m+−1)p+
m+−p++1
n

)
1

m(z)−1
n hn +

(
1 − νn

)(
νσ

p+−2
2 µ

p+(m+−1)
m−p++1

n hn + ν
1
2
nµ

m+p+
m+−p++1
n

)
.

Since
∥∥∥1n

∥∥∥
∞
= 1n(0, 0) = 1, we have

∥∥∥hn

∥∥∥
∞
= hn(0, 0) = ν

1
2
n . For any given δ > 0, let

S1 = D(2δ) ×
( −2d

ν(p+−2)/2
n

,
2d

ν(p+−2)/2
n

)
, and S2 = D(δ) ×

( −d

ν(p+−2)/2
n

,
d

ν(p+−2)/2
n

)
.

Considering µn → 0 when n→∞, one can see that S2 ⊂ S1 ⊂ Dn,δ0 . Using Theorem 1.1 in [13] knowing that
N > 1, we have ∣∣∣hn

(
z1, s1

)
− hn

(
z2, s2

)∣∣∣ ≤ γ(∣∣∣z1 − z2

∣∣∣ + ∣∣∣s1 − s2

∣∣∣ 12 )β,
implying the existence of a function 1 ∈ C

(
RN
×R
)

such that

1n(z, s)→ 1(z, s) in Cloc

(
RN
×R
)
, (23)

and a subset Q ⊂ S2 that contains (0, 0), where for all (z, s) ∈ Q

1n(z, s) ≥
1
2
. (24)

Set κ ∈ C∞0
(
RN
×R
)

be a smooth cut-off function such that

κ(z, t) = 1 in D(r) ×
(
T1,T2

)
, |Dκ| ≤

C
r

and
∣∣∣∂κ
∂s

∣∣∣ ≤ C
T2 − T1

.

If we multiply, by hnκθ (θ > p+), the equation verified by hn, and integrate over Dn,σ0, we get

1
2

∫
Dn,,δ0

∂sh2
nκ

θdzds +
∫

Dn,δ0

µ
p2
+(p+−2)(1−m+)

(m+−p++1)2

n

N∑
k=1

(∣∣∣∂khn

∣∣∣2 + µ 2p+
m+−p++1
n σ

) pk (z)−2
2 ∂khn∂k

(
hnκ

θ
)
dzds

=

∫
An,δ0

[
h1m(z)−1

n hn +
(
1 − νn

)(
νσ

p+−2
2 µ

p+(m+−1)
m+−p++1
n hn + ν

1
2
nµ

m+p+
m+−p++1
n

)]
hnκ

θdzds, (25)

provided n is sufficiently large so that Dn,δ0 contains D(2r) ×
(
2T1 − T2, 2T2 − T1

)
.

Notice that∣∣∣ ∫
Dn,δ0

∂sh2
nκ

θdzds
∣∣∣ = ∣∣∣ ∫

Dn,δ0

(
∂s

(
h2

nκ
θ
)
− rh2

nκ
θ−1∂sκ

)
dzds
∣∣∣ = ∣∣∣ ∫

Dn,δ0

θh2
nκ

θ−1∂sκdzds
∣∣∣

≤ νn
C

T2 − T1
meas

(
D(2r) ×

(
2T1 − T2, 2T2 − T1

))
= CνnrN, (26)
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On the other hand, we obtain∫
Dn,δ0

µ
p2
+(p+−2)(1−m+)

(m+−p++1)2

n

N∑
k=1

(∣∣∣∂khn

∣∣∣2 + µ 2p+
m+−p++1
n σ

) pk (z)−2
2 ∂khn∂k

(
wnκ

θ
)
dzds

≤

∫
Dn,δ0

N∑
k=1

(∣∣∣∂khn

∣∣∣2 + µ 2p+
m+−p++1
n σ

) pk (z)−2
2 ∂khn

(
∂khnκ

θ + rκθ−1hn∂kκ
)
dzds

≤
1
2

∫
Dn,δ0

κθ
∣∣∣∇hn

∣∣∣p+dzds + θ
∫

Dn·δ0

N∑
k=1

(∣∣∣∂khn

∣∣∣2 + µ 2p+
m+−p++1
n σ

) pk (z)−2
2 ∂khnκ

θ−1hn∂kκdzds, (27)

and∫
Dn,δ0

[
a1m(z)−1

n hn+
(
1−νn

)(
νσ

p+−2
2 µ

p+(m+−1)
m+−p++1
n hn+ν

1
2
nµ

m+p+
m+−p++1
n

)]
hnκ

θdzds ≤ Cνn

∫
Dn,δ0

κθdzds ≤ CνnrN
(
T2−T1

)
. (28)

Furthermore, and using Young’s inequality∣∣∣∣θ∫
Dn,δ0

N∑
k=1

(∣∣∣∂khn

∣∣∣2 + µ 2p+
m+−p++1
n σ

) pk (z)−2
2 ∂khnκ

θ−1wn∂kκdyds
∣∣∣∣

≤ C
∫

Dn,δ0

N∑
k=1

(∣∣∣∂khn

∣∣∣pk(z)−2
+ µ

p+ (p+−2)
m+−p+1

n σ
pk−2

2

)
κθ−1wn

∣∣∣∂khn

∣∣∣∣∣∣∂kκ
∣∣∣dzds

≤
1
4

N∑
k=1

∫
Dn,δ0

κθ
∣∣∣∂khn

∣∣∣pk(z)
dzds + C

N∑
k=1

∫
Dn,δ0

wpk(z)
n κθ−pk(z)

∣∣∣∂khn

∣∣∣pk(z)
dyds

+
1
4

N∑
k=1

∫
Dn,δ0

µ
p+ (p+−2)
m+−p++1
n σ

p+−2
2 (κθ

∣∣∣∂khn

∣∣∣2 + Cw2
nκ

θ−2
∣∣∣∂kκ
∣∣∣2)dzds, (29)

Combining the inequalities (25)-(29) yields

∫
Dn,δ0

N∑
k=1

κθ
∣∣∣∇hn

∣∣∣p+dzds +
N∑

k=1

∫
Dn,δ0

µ
p+ (p+−2)
m+−p++1
n σ

p+−2
2 κθ
∣∣∣∇hn

∣∣∣2dzds

≤ CνnrN + CνnsN
(
T2 − T1

)
+ Cν

p+
2

n rN
(
T2 − T1

)(C
r

)p+
+ Cνnσ

p+−2
2 rN(T2 − T1)

(C
r

)2
µ

p+ (p+−2)
m+−p++1
n = C1νn,

such that the constant C1 relate only to r and T1 − T2, so we get for all r > 0, and T2 > T1

ν
p+−2

2
n

N∑
k=1

∫ T2

T1

∫
Br

∣∣∣∂k1n

∣∣∣pk(z)
dzds ≤ C and µ

p+ (p+−2)
m+−p++1
n σ

p+−2
2

N∑
k=1

∫ T2

T1

∫
Br

∣∣∣∂k1n

∣∣∣2dzds ≤ C, (30)

In case ν∞ = 0, then for all ψ ∈ C∞0
(
RN
×R
)

∣∣∣∣ ∫
Dn,δ0

N∑
k=1

(
νn

∣∣∣∂k1n

∣∣∣2 + µ 2p+
m+−p++1
n σ

) pk (z)−2
2 ∂k1n∂kψdzds

∣∣∣∣ ≤ C
∫

Dn,δ0

(
ν

p+−2
2

n

∣∣∣∂k1n

∣∣∣p+−2
+ µ

p+ (p+−2)
m+−p++1
n σ

p+−2
2

)∣∣∣∂k1n

∣∣∣∣∣∣∂kψ
∣∣∣dzds

≤ C
( ∫

suppψ
ν

p+−2
2

n

∣∣∣∂k1n

∣∣∣p+dyds
) p+−1

p+
( ∫

suppψ
ν

p+−2
2

n

∣∣∣∂kψ
∣∣∣p+dzds

) 1
p+

+ C
( ∫

suppψ
µ

p+ (p+−2)
m+−p++1
n σ

p+−2
2

∣∣∣∂k1n

∣∣∣2dzds
) 1

2
( ∫

suppψ
µ

p+(p+−2)
m+−p++1
n σ

p+−2
2

∣∣∣∂kψ
∣∣∣2dzds

) 1
2
≤ Cψν

p+−2
2

n + Cψσ
p+−2

4 µ
p+ (p+−2)
m+−p++1
n ,
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As a result
N∑

k=1

∫
Dn,δ0

(
νn

∣∣∣∂k1n

∣∣∣2 + µ 4p+
m+−p++1
n σ

) pk−2
2 ∂k1n∂kψdzds→ 0,

when n→∞.
Applying Lebesgue’s theorem and (23), we have∫

1∂sψdzds + a
(
z∞, t∞

) ∫
1m(z)ψdzds = 0 for all ψ in C∞0

(
RN
×R
)
,

which gives us

∂s1
(
z0, s
)
= a
(
z∞, t∞

)
1m(z)
(
z0, s
)
, (31)

for almost all points. Since v is continuous, we demonstrate that the equality (31) holds for all s ∈ (−∞,∞).
However, from (23) and (24) we know that there exists of z0 such that v

(
z0, 0
)
> 0 implying the conclusion

that a global solution to (31) cannot exist when m > p+ − 1 ≥ 1. This Inconsistency indicates the equality
ν∞ = 0 to not be possible. Therefore, since ν∞ , 0 and by using (30), that

N∑
k=1

(
νn

∣∣∣∂k1n

∣∣∣2 + µ 4p+
m−p++1
n σ

) pk (z)−2
2 ∂k1n ⇀ ξk,

in L
p+

p+−1

loc

(
RN
×R
)
. By applying a similar reasoning to that in section 3, we can prove that

ξk = ν
p+−2

2
∞ |∂k1|

p+−2∂k1.

Knowing that µn → 0 as n→∞ as well as the inequality∫ ((
νn

∣∣∣∂k1n

∣∣∣2 + µ 4p+
m−p++1
n σ

) p+−2
2 ∂k1n −

(
νn

∣∣∣∂khn

∣∣∣2 + µ 4p+
m−p++1
n σ

) p+−2
2 ∂khn

)(
∂k1n − ∂khn

)
dzds ≥ 0,

is fulfilled, we derive that 1 ∈ C
(
RN
×R
)
∩ Lp+

loc

(
R; W1,p⃗(z)

loc

(
RN
))

and satisfy the following equation

∂s1 = s
p+−2

2
∞

N∑
k=1

div
(
|∂k1|

pk(z)−2∂k1
)
+ a
(
z∞, t∞

)
1m(z), (z, s) ∈ RN

×R. (32)

However, based on [21, 25], we deduce that the Cauchy problem for (32) cannot have a global nontrivial
nonnegative solution when p+ − 1 < m < p− − 1 + p−

N . This contradiction implies that the first statement of
our lemma holds. The second statement of the lemma can be proven in a similar manner.

Lemma 5.2. Assuming the conditions of Theorem 2.4 hold, there exists R > r where deg
(
I−M(1,Ψ(·)),BR(0), 0

)
=

0.

Proof. Let Ψ̂(u)(z, t) = a(z, t) f m
+ + ν f+ + 1 for f ∈ Cτ(Dτ) and define G(ν, f ) = M(ν, λΦ(u) + (1 − ν)Ψ̂( f )).

According to Lemma 3.1 and Lemma 3.2, G(ν, ·) is well defined from Cτ(Dτ) to Cτ(Dτ) and is compact.
Hence, by applying the homotopy invariance of the degree, we get

deg
(
I −M(1,Ψ(·)),BR(0), 0

)
= deg

(
I −M(0, Φ̂(·)),BR(0), 0

)
,

provided that
G(ν, f ) , f for any f ∈ ∂BR(0), λ ∈ [0, 1].
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Actually, Lemma 5.1 shows that this equality holds for R > max{L, r}.
Additionally, following a close approach to the demonstration of Lemma 5.1, there is no nonnegative
periodic solution for (22). Therefore, we conclude that deg

(
I −M(0, Ψ̂(·)),BR(0), 0

)
= 0 which indicates

deg(I −M(1,Ψ(·)),BR(0), 0
)
= 0.

6. Conclusion

To summarize everything, we get the result of Theorem 2.4 based on the previous lemmas and the
proposition. In fact, after combining Lemma 4.1 and Lemma 5.2, one achieves that

deg
(
I −M(1,Φ(·)),BR(0)\Br(0), 0

)
= −1,

translating to the existence of a periodic solution fσ to (3), satisfying

r ≤ max
Dτ

uσ(z, t) ≤ R for any 0 < σ < 1.

This proves of the previously claimed proposition. Theorem 3 in [35] and the uniform boundedness of fσ
suffice to get the uniform Hölder continuity of fσ allowing the application of the Arzelà-Ascoli theorem in
order to infer the existence of a map f ∈ Cτ(Dτ) and a subsequence of

{
fσ
}
, which we will also denote by{

fσ
}

without loss of generality, such that

fσ → f uniformly in Dτ.

Recall that r ≤ max
Dτ

f (z, t) ≤ R. Furthermore, based on Lemma 3.1 and the proof of Lemma 3.2, the following

inequalities hold true

∥∥∥∂t fσ
∥∥∥

2
≤ C1,

∫
Dτ

N∑
k=1

(
ν
∣∣∣∣∂t fσ
∣∣∣∣2 + σ) pk (z)−2

2
∣∣∣∣∂t fσ
∣∣∣∣2dzdt ≤ C2,

whith C1 and C2 being two constants independent of σ. In an equivalent way to section 3 we can show that
f is actually a periodic solution to the equation (1). Which leads us to the conclusion of Theorem 2.4.
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