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Periodic non-negative solutions for anisotropic p(z)-Laplacian
parabolic equations with strong nonlinearity

Hamza Jourhmane?®, Abderrazak Kassidi®

?Laboratory of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, Beni Mellal, Morocco

Abstract. In this paper, we investigate a degenerate parabolic equation involving an anisotropic p(z)-
Laplacian operator and a strongly nonlinear source term, subject to Dirichlet-type boundary conditions.
Our main objective is to establish the existence of a nonnegative periodic solution. The proof relies on the

Leray-Schauder topological degree, whose application in this framework requires a careful treatment due
to the degeneracy of the operator and the nonlinear nature of the source.

1. Introduction

Let Q) be a bounded convex domain in RN (N > 1) with smooth boundary. The aim of this work is to
prove the existence of periodic non-negative solution for the following anisotropic parabolic equation

N
af =Y (19 fO20f) + P2 f +a(z, " in D,
k=1

fz,£)=0, z,t) € dQ % (0, 1), @
f(Z,t+’l'):f(Z,t), (Z,t)EQX]R,

where 2 < p1(2),...,pn(z) < oo, and we denote p, = max{pi,...,pn+} and p— = min{pi_, ..., pn-}, where
P+ = maxipi(z),z € Q) and pr- = min{pi(z),z € Q) for all k = 1,...,N. We assume that po(z) > ps,
T > 0, a(z,t) is continuous in QX R, time periodic with period 7 and positive on D; = Q X (0, 7), and that
p+ —1<p-—1+% sothatm verifiesp, -1 <m(z) <p-—1+%.

Mathematical modelling of natural phenomena most frequently end up using differential equations to
understand, use or solve problems. It may be about economics [37], epidemiology and various domains.
The interest in a periodic solution for periodic problems comes from many domains, one of which are
relativistic physics [4, 12], radiative gas [31], and microbiology [15]. Different methods might be referred
to in order study this type of problem, namely, in [29] authors use the Leray-Schauder fixed point theorem,
where the sub- and super-solution method are used by [10], and for further details see [1-3, 36] and the
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references therein.

In the last decades, mathematicians like Antontsev and Shmarev [6], and other scientists from vatious fields
are interested in anisotropic elliptic and parabolic equations. One can argue that the principal reason is
their appearance in physical and mechanical processes in continuous anisotropic medium. One can check
out [5,7, 30], and the references therein for more on this subject.

A much simpler example of a semi-linear equation is studied in [10]

ai.‘f = Af + M(Z, t/f)/ (2)

such that u is periodic with respect to t. If u(z,t, f) = v(z,t)f™, with v(z, t) being a time periodic positive
map, M. J. Esteban [17] proved that the equation (2) has indeed a solution that is nonegative and periodic,
provided that 1 < m < 38 and enhanced the result of [18] by establishing the same results with the more
general condition 1 < m < .

Charkaoui et al. [10] were interested in the equation

oif = Af +u(z,t) — H(z, t, Vu) (z,t) € Dy,
f(z,t)=0 (z,t) € Q% (0, 1),
f(Z,O):f(Z,T) ZEQ,

where H is a Carathéodory function and u € LY(D;) is nonnegative and time periodic. Such that u =
(u1,. . .,MM),f = (f],. . .,fM) and H = (Hl,...,HM).

It was a biological problem denoting f(z, t) as the density of an object at time ¢ and position z that motivated
R.Huang et al. [27] to study the degenerate problem

hf —Af" =@ VYI[f]f (z,t) € Dy,
f(z,t)=0 (z,t) € Q% (0, 7),
f(Z,O)Zf(Z,T) z € (),

such that Af™ represents the way the studied species tend to avoid clutter, m greater than 1, a(z, t) is the
highest possible value of the species’ increasing rate at time t and position z, and W[f] : L>(Q)* — R* being
a continuous bounded functional.

The above cited references are what motivated us to investigate the existence of a nontrivial nonnegative
periodic solution for the equation (1), after utilizing the topological degree of Leray-Schauder as well as
the idea of scaling [17, 18], within [22-24] the same authors discussed the same kind of equation but with
simpler forms.

After presenting the problem and giving a brief historical of the operators and methods used, we will
define in section 2 the form of the solution then announce the main theorem. Sections 3, 4 and 5, we will
introduce the lemmas needed as well as their respective proofs whilst section 6 will use these lemmas to
show the veracity of the main theorem.

2. Main result

Let us first start by introducing the spaces we work with

Definition 2.1. If Q is a bounded and open subset in RN(N > 2), a real-valued continuous function p is said to be
log-Holder continuous on Q when there is a positive number C verifying

— 1
lp(z) —p(y)l < _c forany z,y € Q  provided that |z —y| < =.
|log |z - ] 2
With a log-Hoélder continuous function p we denote

p~ =minp(z) and p* =maxp(z),
zeQ) zeQ)

and the C,(Q) the space of log-Holder continuous functions where 1 < p~ < p* <N
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Definition 2.2. The generalized Lebesgue space LP®(Q) is the set of all measurable maps f : Q — R that allows the
integral:

o) = fQ PPz

to be bounded, this integral is named the convex modular and

1 fllppe = inf{ v >0 verifying Qp(z)(];c) <1 }
is a well defined norm on 1P?(Q) called the Luxemburg norm.

One should notice that the space (U’(Z)(Q), [ - ”Lp(z)) is a Banach space. Moreover, it is separable and

, 1 1
reflexive with the topological dual LV'®(Q) such that — + —— =1
r@  p@

Following the approach proposed in [8], we extend the variable exponent p : Q — (1, +c0) to D, = [0, T]xQ
by setting p(t,z) := p(z) for all (t,z) € D,. Consequently, the variable exponent Lebesgue space L’?(D,) is
defined as follows

L'&(D,) = { f:D; - R, measurable such that f If(t, 2)IP® dzdt < oo}.
D

The associated norm on LF?(Dy,) is given by

t, (2)
I fllpc) :inf{oz>0 : f ‘f( 2) e dzdt < 1}.
D'

With this norm, the space (U’(Z)(DT), | - IIP(Z)) is a reflexive and separable Banach space.
We now introduce the anisotropic Sobolev space with a variable exponent. For this purpose, we consider
the vectorial function 7: Q — RV as follows

p=p =), -, pnE),

where
px € Co(Q) forany k € {1,--- ,N}.

The anisotropic variable exponent Sobolev space W'#0)(Q) is then defined as
W(Q) = {f e WH(Q) : i f € MI(Q) fork =1, N},

note that L
) _ WP 1,1
W, (Q) = W (Q) n W, (Q)

The anisotropic variable exponent Sobolev space W;’ﬁ (Q) can also be defined as the closure of C;’(Q) in
W(Q) with respect to the norm

N
Wl = kZ 2%
=1

These spaces are separable and reflexive Banach spaces [20, 33].
In what follows, we introduce the proposed framework to solve the problem (1). Let 0 < T < oo, we define
the space

()

Lﬁ(Z)(OI T W(l)’ﬁ(z)(Q)) = {f e L'9(D,): i fT ”akf
k=1 Y0

p —
’ dt < oo},
p(2)
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equipped with the norm

of dt)ﬁ

N T
s = Y ([
0

pi(z)

Considering the fact that the equation studied is degenerate, the problem (1) generally lacks a classical
solution. Therefore, we focus on its weak solutions, defined as follows.

Definition 2.3. We denote by C+(Dy) the maps from C(Q X IR) t-periodic by the variable t and take h in C:(D,). A
map f € Lﬁ(z)(O, T; Wé’p (Z)(Q)) N C(D.) is said to be a solution of the problem (1) if it verifies

N
fD T fatt,bdzdt+; fD T 0:f

forally € CY(Dy) subject to (., 0) = Y(., ) and P (z, ) = 0 in case (z, t) is in IQ x (0, 7).

(2)-2
P ok fopdzdt + f (1FP@2f + a(z, ) f"@ )pdzdt = 0,
DT

Theorem 2.4. Equation (1) admits a nonnegative solution that is nontrivial

fec(0,mWe" Q)N C(Dr) with  9,f € LA(D),

for which N > 1and p.(z) — 1 <m(z) <p_(z) -1 + ”T(Z),
To prove this we will regularize the equation and prove the following

Proposition 2.5. Under all assumptions on Theorem 2.4, this problem admits a nonnegative solution f,

N prla)-2
dfo=Y (ool +0) T f+ b2, 4z 0f), (D) e QXR,

k=1
folz, ) =0, (t,2) €9Q x (0, T),
f(f(zro) = MU(Z/ T)/ zZ e Q,

and we have the existence of r and R positive subject to,

r < maxiu,(z,t) < R.
D’[

For the proof of this proposition, the theory of topological degree is employed. Specifically, let’s analyze
a one-parameter equation that connects the semi-linear operator to a simpler operator, the Laplacian:

P2

2f = 3 l(paust +0)
k=1

of) +(z,b), 3)

where v € C(D;) and A € [0,1]. Section 3 holds the proof that for all v in C.(Dy)and 0<v <1, equation (3)
admits exactly one solution f € CT(D_T). Additionally, the functional M : [0,1] x CT(D_T) - CT(D_T) defined

as f = M(v,v) is compact as well as the functional M(v, ¥(f)) such that W(f) = |f,?@2u, +a(z, £) f"®. The
constant A € [0,1] complicates proving the compactness. To address this, let’s first establish what follows

deg(I — M(1,¥(,)), Br(0) \ B,(0),0) # 0,

where B,(0) represents the ball in C;(Q;) that has p as radius and centered at the origin In Section 4, the
existence of a constant r > 0 is shown, independent of ¢, with

deg(I — M(1,¥(-)),B,(0),0) = 1.
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Next, in Section 5, we will demonstrate that
deg(I - M(1,W()), Bx(0),0) = 0

with a sufficiently big R > r, also independent of 0. Once these results are established, proving the
proposition will reduce to deriving a supremum to our solution. As stated before, an upper bound will be
obtained using the blow-up (scaling) argument, a technique extensively utilized in [17, 18], among others.
Finally, in Section 6, Theorem 2.4 will be proven as a consequence of this proposition.

3. Characteristics of M

To keep it simple, suppose a(z, t) is continuous in the Holder sense. This assumption does not restrict
generality, as it can be eliminated through an approximation process.

Lemma 3.1. Forall 0 <v < 1and v in C.(D), equation to (3) admits exactly one solution f € C(O, T; W;’ﬁ (Z)(Q)) N
C:(Dy),d:f € LX(Dy,), and it satisfies

ll7lloo

Il = MO0l < C(5=)™ forall 5 €l0,11, @

10:£[l, = cllel, )
for which C depends only upon N, o, and p(z).
Proof. If v = 0 the references [17, 18] have the solution. Here and below A # 0 is supposed. By [38], equation
(3) admits a unique solution f € L7 (0, T; W(l)’p (z)(Q)) for all v in C¢(D;) and 0 < v < 1. One can check [13], to

see that we have f € C" (D,), and Vu € C™(D5).
By substituting a different test function into the equation associated to f, to [f|“® f, one gets

r7+1

d e = Uis
ZIFO S, +Cp ;‘ (1A% A < Illll A

such thatr] = land foranyk >1, 7. =2r_, +2= 262, f(t) = f(-,t). Letwy = |f|ykT<Z)f, we get

207 +1)

N
at”wiui +C(o, p4)| Z 8kwkH§ < ||U||z”wi||2'7+2 .
k=1

The inequality (4) is established by utilixing the technique of Moser iteration , one can look at [34].
Finally, by simply using d;u as a test function, equation (5) can be easily derived. [

Lemma 3.2. The map M : [0,1] x CT(D_T) — CT(D_T) is well defined and compact.

Proof. We begin by proving that u = M(v, g) € C.(D,) for any 0 < v < 1 and g in C.(D). In case v = 0, from
Theorem 10.1 of [28] and the periodicity of u, one obtains

|f<Z1,t1> - f(Zz, t2)| < ’)/(|21 - Zz| + ‘i’l - t2|%)ﬁ, (6)

such that y and B are positive constants that depend upon N, g, p1, ..., pn, Il flle and, with Lemma 3.1 [|0]|c.
Incase A #0,by (3), w = vi f verifies

P2

N
diw = Z Bk(|8kw|2 + 0) :
i=k

drw + v%w(z, t).



H. Jourhmane, A. Kassidi / Filomat 39:29 (2025), 10477-10490 10482

Observing the time periodicity of w and applying the result from [14], we conclude that w is Holder
continuous in D;. Moreover, by applying Theorem 10.1 in [28] to w, and then returning to f to obtain an
inequality similar to (6), we can use the Arzela-Ascoli theorem to show that the image of any bounded set
in [0, 1] X C;(Q;) under the map M is a compact subset of C.(Qx).

So we can show the continuity of M, let us take v, = v,v, - vasn — oo and f, = M(vn, U,,). Using both
inequalities (4) and (6) we get the existence of f € C:(D;) such that

fi(z,t) = f(z,t) uniformlyin D, (7)
If necessary, f, may represent its own subsequence. To prove that f = M(v, v), we follow the same approach

as in [43].
It is sufficient to multiply (3) by f,, and integrate over D, to obtain that forany 1 <k < N

2 pr()-2 >
fD (viloufi|” +0) 7 (ufi) dzdt < C,
and hence
f e o et < € ®)
D.
f "7 | fdzdt < C. 9)
D-

Notice that C represents a constant number that may have different values. We have
2 e sy 2 E e Pi-(pi-=1)
|(Vn|akfn| + O) 2 akfn|pk,—1 < (Vn)akfn| + U) 2(pp——D |akfn) k—(Pr
P p=—2) Pr—(Pr——2) Pr—_
< C(Vnz(ﬁk_—l) |akfn'pk7 N ) |8kfnlpk:1 )’
the inequalities (8) and (9) allow us to get

P @) Pr—(Pg——2)
)

f )(vn|8kfn|2+o)%8kfn|”:(k%dzdtSCvnz(”* f 104 fu "ttt + Co™ T f 90, dzdt
D D, D:

T

P2 pr2)-2 Pree (Pp_—2) Pk—

- 2 k= (P C 5k

< Cy, 7 f v, 2 |¢9k fn| dzdt + Cg %D (—)2(”"* V<G
D

Pr——1
T 2

Pr(2)
guaranteeing the existence of &, € L»#®-1(D,) where

pr(@-2

((vn|8kf,,|2 + G)T)&(fn — & weakly in L%(DT),

subsequences have the exact notation of their original. Hence, we have

fDT fonpdzdt = f;T .EVl/szdt—LT vipdzdt, (10)

forany ¢ € Cj’(D,), such that & = (51, ..., ¢ N). To finish the proof, we have got to demonstrate the following

)2

N
fD T cfwdzdt=k; fD T (o +0) 7 acfydupsidzat. (11)
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To start with, the following integral is non negative

. 1

forallg € Lﬁ(z)(O, T; W(l)’ﬁ(z)(Q)). Indeed, take R(Z) = (IZI2 + o) * Z; one can see that

2 pk(z)—Z Vk(Z)—Z

+ G) : )8]((1/%1][”) - (|c9kg)2 + O)T&cg][ak(v,%f,,) - 8kg]dzdt,

akfn

P()-2 Pr(2)—4

R(@)=(1ZP+0) * IT+(p2)-2(2P +0) * 22",
is a positive definite matrix, so that we have

(ROW(v £) - R@u))(0k(vi fi) - hg) = 0,

and (12) is proven. By the periodicity of f, as well as the equations it verifies, we get

N Pe(2)-2
Y f (vn(ﬁkfnf+0)%)&kfn|2dzdt: f o fedzdt,
k=1 Dr D:

combined with (12) derive

PE@-2 N pr@)-2

10483

(12)

N
f Uy fudzdt > Zf (Vk|3kfn)2 + O)Takfnﬁkgdzdt + Zf (v,,|8kz;|2 + g) 2 Ik gk(fn — g)dzdt.
D, k=1 v Dx k=1 v Dx

Letting n — oo, we have
pr(@-2

N
f vfdzdt > f EVydzdt + Z f (Vklakg|2 + g)Takgak(fn — g)dzdt.
D, D, = JD.

Additionally, taking 1 = f in (10) yields

fEVfdzdt:fvfdzdt.
D, D,

Together with (13) and (14) give
P2

J, (el )

T

ﬁkg)(akf - akg)dzdt > 0.

Letting g = f — vy withv > 0, ¥ € C7(D-), we get

fD (& — (viow(f — v + a)pk H(f = vi))utpdzdt > 0.

Taking v — 0 yields

Pr()-2

[ (= Glowtf <o) gz 0.

T

(13)

(14)

Following a similar approach, one is able to easily show that the inverse inequality holds as well, which

means (11) is true. O
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4. Topological degree on a small ball B,(0)

Lemma 4.1. Under the assumptions of Theorem 2.4 , we have
deg (I - M(1, (), B,(0), 0) =1 with an r > 0 that is independent on o.

Proof. Observe that the map M(1, A®(f)) is compact, as M is compact and @ is continuous. Using the
homotopy invariance of degree

deg (I — M(1,®()), B,(0),0) = deg (I, B(0),0) =
assuming that
M@, AD(f)) # f forAe[0,1], f € dB,0). (15)
Which we will prove by taking
— 1 m=q+1
B ( AC§*|Q|1*P+/11) ’

Np.

where g = Nepr incase py <N, g=ps +1andifp, > N, A = maxa(z, t), We use f, to denote the periodic
" D

solution to

Pr(2)-2

N
atf = Z ak((pkf)z + G) z akf) + )\(|f|ﬁo(z)—2f + a(z, t)fm(z)), (16)
k=1

Applying the maximum principle and the fact that £, is continuous, one obtains f,(z, t) > 0. By multiplying
equation (16) by f, and integrate within D, one has

K := )\f If, @ 4 a(z, t)f;ﬂ(z)ﬁd At — Zf |8kfv +g) |(9ka| dzdt = (17)

In the following, the embedding theorem will be used

11, = Coll £l

In case p. < N, by (17) we have
" dt. (18)

1 T
K<A | f"Ogzgr - — f 3
Lf cr Jo I q

If my +1 > g, one gets

1<<Amaxf’”+“qf IIFll0dt — cf’+f ||f||”*dt<f

If (15) were not true, then we would have f, € dB,(0). Therefore

1
- )dt. (19)
ch o)

p+(A|Q| 9 maxfm++1 7_
D

1 e
max f,(z,t) =r= (_ — )m+ Rz
D, MO

and the last integral in (19) equals — f ” £ Z*dt < 0, contradicting with the equality (17).
0

If p, < my +1 < g, by applying the Holder inequality for the integral on the right hand side in (18)

f etz <
Q

my+1 g-lomy
q

1€
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R T 1 T - B T e
K<AQ 7 fon” cﬁ*j; ||qudt—j; (AlQ ™

Suppose (15) is not true, then f, € dB,(0), so we get

then

q P+
Co

fr

mo+1-p, 1 )

my+1 dt —
q

|f. ’;’*dt. (20)

7

1
1 ) my+1-py

Wz, t)=r=\—5—
mﬁ?xf(z )=7 (A|Q|1—P+/q

making the final integral on (20) equal to — J(;T

1
) my—p++1

fo
withg=p,+1. O

Z+ dt < 0. This inconsistency implies f, ¢ JB,(0).

If p, >N, we taker:( L
q

5. Topological degree on a large ball Br(0)

From here onwards, v will denote an eigenvalue of —A and ¢, a positive eigenfunction associated with
V.

Lemma 5.1. Let f, be a nonnegative periodic solution of
Pr()-2

N
af =Y a(v]ors +0)
k=1

with the Dirichlet boundary value condition of problem (1), where 0 < A < 1. Assuming that the conditions of
Theorem 2.4 hold, there is a constant L > 0 unrelated to v, and

Ifllo < L.

Ifv =1, L would be independent of o too.

&kf) +a(z, Hu"® + (1 - v)(va¥f + 1), (21)

Proof. Let 0 < ¢ < 1. Assume that f, has no bound. Meaning there will be sequences (V”)n>0 c [0,1] and
( f”)n>o’ where

M, = mjxfn(z, t) = fn(Zn, tn) —S 00 asu — oo.
D

T

We suppose that v, — v, and (zn, tn) - (zoo, too) as n — oo,
We start by showing that v,, # 0 for any n. Indeed, if v, = 0 for an n, then (21) turns into

oif = O‘¥Af +a(z, ) fm@ + va%f +1. (22)

Multiplied by 1),, integrated over D,, and considering the periodicity of f as well, we get

0= f O, fdzdt = f 0T P, A fdzdt + f a(z, 1) f"Op, dzdt
D-[ D'[ DT
+v f 05T fipydzdt + T f Uiz = f a(z, 1) f"Op,dzdt + T f Udz > 0,
D, Q D, Q

which can’t be true.
For each n, we define uy,,z, s, and v, as
P Z—2Zy t—t,

My —p4+1 — = =
Hy Mn = 1/ z= Hn o [,lilm+,1)p+/(m+fp++1)’




H. Jourhmane, A. Kassidi / Filomat 39:29 (2025), 10477-10490 10486

In(2,8) = " i fu(z, ).

Based on the convexity of Q, we have 6y > 0 so that we get dist (zn, BQ) > g from [26] and [32]. Hence, the
map gx(z,s) has proper definition on

) -7 T
Dys, = Dl —
1,00 (ZHH )( luglm+—1)P+/(m+ —P+ +1)V1(1P+—2)/2 4 ‘llilm+ =Dp+/(me—ps +1)V1(1P+—2)/2 ),

such that D(]) is the ball of RN with radius ! and center 0. In D, s,, the map hy(z,s) = v,% Jn(z, s) verifies

P+(P+*2)(1 my) N 2y P2
Ty —pss12 1 2
Iy = 1, N (9wl + ) T Gy
k=1
(m+—Dp+ p+(m+—1) 1 mip+

+—2

+h(Zn + Uz, by + SHWI+ el )gr(Z)*lhn +( —Vn)(VO T, —py 1 h, + v [,1'"* p++1).

Since ”9"”00 =7,(0,0) = 1, we have thHm =h,(0,0) = v,%. For any given 6 > 0, let

24 2 —d d
PR =) and $2=DE) X(V(p+—2>/2’v<p+—2>/z)‘

l’l l’l n n

= D(20) x (

Considering u, — 0 when n — oo, one can see that S, € 51 € D, 5,. Using Theorem 1.1 in [13] knowing that
N > 1, we have

|hn(Z1,S1) - hn(Zz, Sz)| < )/(‘21 - Zz| + |51 - Sz|%)ﬁ,
implying the existence of a function g € C(]RN X ]R) such that
gn(z,5) = 9(z,5)  in Cioc(RY X R), (23)

and a subset Q C S, that contains (0, 0), where for all (z,s) € Q
In(z,8) = % (24)

Set x € CY’ (IRN X ]R) be a smooth cut-off function such that

C

r

%)<
os'! ™ T2—T1'

K(z,t) = 1in D) x (T1, T2),  |Dx| < and

If we multiply, by h,x? (6 > p+), the equation verified by h,, and integrate over D,, 0y, we get

1 Pp+-20-my) N 24 pr(2)-2
2.0 (4 —p++1)2 Mt —pi+L 2 0
EL N dshix"dzds +f TR ; |8kh | + o) Bkhn(?k(hnk )dzds
o p+(my—1) mp+
= f [hgn @, + ( - vn>(vap22y,f* Ty, + vlym* e )]h «%dzds, (25)
An,éo

provided n is sufficiently large so that D,, 5, contains D(2r) X (2T1 —T,,2T, — Tl).
Notice that

|f dsh2 KO dzds| = |f 9s(12x) = ri2 "7, )dzds| = |f Oh2K"~ 9, kdzds|

D, ,00

<y

T meas (D(2r) X (2T — T, 2T - Tl)) = Cv,rV, (26)
2— 11
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On the other hand, we obtain

PAp+-20-my) N s pr2)-2
e Z |8kh( +y’"*"’*“o) : 8kh,,(9k(wn1<9)dzds
D”réo k=1
N s P2
f N (0 + 57 0) T GGk + 1O Oy )dzds
Dusy k=1
1 6 P+ rr1+2ppi+1 W 0-1
<5 fD Vi | dzds + 0 fD . Z (J9chal” + i 0) 7 Aha® hydycdzds, (27)
00 0 k=1

Dn,ég

. p+(my—1) _mapy
f [agzl(z) h, +(1 vn)(va 7 Z[J,Z’* T, +v1 T )]h x%dzds < Cv,,f «%dzds < CvnrN(Tz—Tl). (28)
n ,00
Furthermore, and using Young's inequality

pr@-2

|6f Z |z9kh| + ”*”a) 2 &khnxe’lwn&kkdyds|

D60 k=1

PE2

<cC f Y (O 5 0" ), s

Dngy k=1

N
12 f )" )dzds+CZ f W0 gy, [ dyds
=1

4 D, ,00

(29)

| —

4

n,00

N + (4
Zf ffu(pnnl B |8kh | + Cw2KH 2|8k1<( Ydzds,
o JD

Combining the inequalities (25)-(29) yields

K0\, " dzd f T " KOV, [P dzd
I, Y ZS+Z o Vi, dzds

00 k=1
< Cvyr™ + CrysV(T - Ty ) + Cri (T, - Tl)(c) + Crya T N(T, - T1)( ) i = Cyv,

—T,,sowegetforallr>0,and T, > Ty

P+(p+-2)

such that the constant C; relate only to r and T

p+(p+-2)

P+sz f|¢9gn|pk()d2d5<c and Hm+ 5 Zf f|akgn| dzds < C, (30)

In case Ve, = 0, then for all ¢ € CS"(IRN X ]R)

Pr®)-2

Pr=me p+=2
|f Z‘ Vn)akgn) + ynw P++1 U) 2 akgnakwdzds‘ S Cf (Vn
Dy =1 Dis,
p+(p+-2)

<o [ wTpala) ([ v )
supp ¢ supp ¥
+=2 My —p4+1

P+ (p+—: 1 pe-2 p+(17+—21 P2 P % _
+C(f TN )akgn) dzds) (f pp o |8kz,b| dzds) < va + Cwa T u, ,
supp i supp ¢

P b i 65 By Py
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As a result

Zf vn|¢9kgn| + ym* g )%&kgnakwdzds -0,
k=1

when n — oo.
Applying Lebesgue’s theorem and (23), we have

f g9sydzds + a(zoo, too) f g"pdzds =0  forall ¢ in CY (]RN X ]R),

which gives us

8sg(zo,s) = a(zw, too)gm(z)(zo,s), (31)

for almost all points. Since v is continuous, we demonstrate that the equality (31) holds for all s € (—c0, o).
However, from (23) and (24) we know that there exists of zy such that v(zo, O) > 0 implying the conclusion

that a global solution to (31) cannot exist when m > p, —1 > 1. This Inconsistency indicates the equality
Veo = 0 to not be possible. Therefore, since v, # 0 and by using (30), that

N pr()-2
Z ValOegal + e o) T dgn — &k
k=1

P+

inL) (]RN X ]R) By applying a similar reasoning to that in section 3, we can prove that

M
&k = Voo 10kglP* 20y

Knowing that p, — 0 as n — oo as well as the inequality

f ((valoega|” + y”‘ )p%zakgn (vl + y”' )p?zakh,,)(akg,, — Oghy )dzds > 0,

is fulfilled, we derive that g € C(IRN X IR) nL (]R W, (Z)(IRN )) and satisfy the following equation

loc

dsg = s Z div |(9kg|”k(z) Zakg) + a(zoo tm)gm(z), (z,5) e RN x R. (32)
k=1

However, based on [21, 25], we deduce that the Cauchy problem for (32) cannot have a global nontrivial
nonnegative solution whenp, -1 <m <p_ -1+ p—l\}. This contradiction implies that the first statement of
our lemma holds. The second statement of the lemma can be proven in a similar manner. [

Lemma 5.2. Assuming the conditions of Theorem 2.4 hold, there exists R > r where deg (I - M(@1,W¥()), Br(0), 0) =
0.

Proof. Let W(u)(z,t) = a(z, H)f" + vf, + 1 for f € C:(D-) and define G, f) = M(v, Adu) + (1 — v)¥(f)).
According to Lemma 3.1 and Lemma 3.2, G(v,-) is well defined from C.(D,) to C(D,) and is compact.
Hence, by applying the homotopy invariance of the degree, we get

deg (I — M(1,W(), B(0),0) = deg (I — M(0, (), Br(0),0),

provided that
GWv, f)# f forany f € dBr(0), A €[0,1].
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Actually, Lemma 5.1 shows that this equality holds for R > max{L, r}.
Additionally, following a close approach to the demonstration of Lemma 5.1, there is no nonnegative

periodic solution for (22). Therefore, we conclude that deg (I — M(0, (")), B(0), 0) = 0 which indicates

deg(Z = M(1,¥(-)), Br(0),0) = 0.

O

6. Conclusion

To summarize everything, we get the result of Theorem 2.4 based on the previous lemmas and the
proposition. In fact, after combining Lemma 4.1 and Lemma 5.2, one achieves that

deg (7 — M(1, ®()), Br(0)\B:(0),0) = -1,
translating to the existence of a periodic solution f; to (3), satisfying

r <maxuy(z,t) <R forany0<o <1

T

This proves of the previously claimed proposition. Theorem 3 in [35] and the uniform boundedness of f;
suffice to get the uniform Holder continuity of f; allowing the application of the Arzela-Ascoli theorem in

order to infer the existence of a map f € C.(D.) and a subsequence of { fg}, which we will also denote by

{ fa} without loss of generality, such that

f, = f uniformly in D,.
Recall that ¥ < max f(z,t) < R. Furthermore, based on Lemma 3.1 and the proof of Lemma 3.2, the following

inequalities hold true

|9:foll, < €1, f Z‘(v|3tfa

=

P2

2+c7) : |8th

2
dzdt < Cp,

whith C; and C; being two constants independent of ¢. In an equivalent way to section 3 we can show that
f is actually a periodic solution to the equation (1). Which leads us to the conclusion of Theorem 2.4.
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