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On atom bond sum connectivity index of chemical unicyclic graphs
with a perfect matching

Jianwei Du?, Xiaoling Sun?, Yinzhen Mei®

?School of Mathematics, North University of China, Taiyuan 030051, China

Abstract. The atom bond sum connectivity (ABS) index of a graph I' = (V(T'), E(T) is formulated by

ABS(T) = Layerm %, where dr(x) denotes the degree of vertex x in I'. In this work, we determine

the maximum value of atom bond sum connectivity index of chemical unicyclic graphs with a perfect
matching and identify the corresponding extremal graphs. Our discoveries extend the results of the recent
paper [Wang et al., MATCH Commun. Math. Comput. Chem. 92 (2024) 653-669] from chemical trees with
a perfect matching to chemical unicyclic graphs with a perfect matching.

1. Introduction

In this paper, we are only concerned with simple, undirected and connected graphs. For such a graph T,
the vertex and edge sets of I' are denoted by V(I') and E(I'), respectively. Let Nr(x) = {y € V(I') : xy € E(I')}
and dr(x) = |Nt(x)|. Generally, a pendent vertex is a vertex with degree 1, and a pendent edge is an edge
incident to a pendent vertex. Let I' — uv and I' + uv be the graphs obtained from I' by deleting the edge
uv € E(T') and by connecting two vertices u,v € V(I') (uv ¢ E(T')), respectively. We use I — v to denote the
subgraph of I obtained by deleting the vertex v € V(I') and the edges incident with v. Recall that a chemical
graph is a graph I with dr(x) < 4 for all x € V(I'). A unicyclic graph is a graph with exactly one cycle.

A set of pairwise nonadjacent edges of a graph I' is called a matching in I'. A perfect matching is defined
as a set of edges that cover every vertex of the graph. Let CT,, be the set of 2m-vertex chemical unicyclic
graphs with perfect matchings. For undefined notations and terminologies, one can see [8, 16, 17].

In the realm of mathematical chemistry and chemoinformatics, topological indices have emerged as
indispensable tools for characterizing molecular structures and predicting physicochemical, biological, or
pharmacological properties of compounds [11, 12]. The atom-bond sum connectivity (ABS) index, a recently
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proposed topological descriptor by Ali et al. [6], has attracted great attention and has been widely studied.
For a graph I', ABS index is defined as

. dr(x) +dr(y) 2 2
ABS(T) = ) \/m— 2, \/1 dr() + dr(y)

xyeET) xyeEI)

Alietal. [5] showed that the ABS index has good predictive potential for some physico-chemical properties.
For recent mathematical investigations on the ABS index, we refer the readers to [14, 7, 9, 10, 13-15, 18, 19]
and the references therein. Motivated by these works, in this paper, we aim to determine the maximum
ABS index of chemical unicyclic graphs with a perfect matching.

The paper is structured as follows: Section 2 gives useful lemmas which will be used in the proof of
our main results. Section 3 shows the process of characterizing chemical unicyclic graphs with a perfect
matching achieving the maximum ABS index. Our discoveries extend the results of the recent paper [18]
from chemical trees with a perfect matching to chemical unicyclic graphs with a perfect matching.

2. Preliminaries

LetA(a, b) = /=22 wherea,b > 1 are positive integers and a+b > 3. Clearly, A(a, b) is strictly increasing

with respect to a or b. Next, we provide two lemmas which are specifically used in our main results.

Lemma 2.1. [18] Let f(x) = A(x,a) — A(x,a - 1) = 1/’%1;2 — 293 where a > 2 and x > 1. Then f(x) is

x+a-1"
decreasing with respect to x.

Lemma 2.2. LetT' € CTyyy, (m > 4) and M be a perfect matching of I'. If T has the maximum ABS index and uv € M,
then uv must be a pendent edge of .

Proof. On the contrary, we assume that uv is a non-pendent edge. Therefore, 2 < dr(u),dr(v) < 4. Let C be
the unique cycle of I'. Next, we consider the following six cases.

Case 1. dr(u) = 2 and dr(v) = 2.

Denote Nr(u) \ {v} = {u1} and Nr(v) \ {u} = {v1}.

Case 1.1. u ¢ V(C).

Case 1.1.1. u is the vertex that is situated closer to C than v.

Notice that dr(v1) > 2 since uv € M. LetI'y = U — vv; + uvy. Then I'; € CIp,, and one has

ABS(T'1) — ABS(T')
=A(3,dr(i1)) + AB, dr(v1)) + A3, 1) — A2, dr(u1)) — A2, dr(v1)) — A(2,2)
=(A(3,dr(u1)) — A2, dr(u1))) + (A3, dr(v1)) — A2,dr(v1))) + A3, 1) — A(2,2)
>A(3,1) — A(2,2)
=0.
Thus ABS(I'1) > ABS(I'), which contradicts the assumption that I" has the maximum ABS index.

Case 1.1.2. v is the vertex that is situated closer to C than u.
Note that v ¢ V(C) otherwise dr(v) > 3. Let I'; = U — uuq + vuy. ThenT', € CI'p,, and we derive

ABS(I';) — ABS(T')
=A(@3,dr(u1)) + A@,dr(v1)) + A, 1) — A2, dr(u1)) — A(2,dr(v1)) — A(2,2)
>0.

Hence ABS(I';) > ABS(T'), a contradiction.
Case 1.2. u € V(C).
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Now, v € V(C), otherwise dr(u) > 3. So u1, v, € V(C).
Case 1.2.1. uy # vy.
LetT's = U — vvy + uvy. Then I'; € CI'y,, and we derive

ABS(T3) — ABS(T)
=A(@3,dr(u1)) + AB,dr(v1)) + A3, 1) — A(2,dr(u1)) — A(2,dr(v1)) — A(2,2)
>0.

Therefore, ABS(I'3) > ABS(T'), which is a contradiction.

Case 1.2.2. uy = vq.

Observe that C = uovu;u is the only cycle of I'. Since uv € M and m > 4, there exist a neighbor 1] of u;
other than u and v such that uyu] € M and dr(u]) > 2, or there exist a pendent neighbor and a non-pendent
neighbor u] of u; other than u and v such that dr(u}) > 2. Suppose P is a maximal path from u; to x and
containing u;u]. It is obvious that dr(x) = 1, and we denote Nr(x) = {y}. Then dr(y) = 2 since I has a perfect
matching. Denote Nr(y) \ {x} = {y1}. LetI'y = U — uuy + yu1. Then I'y € CI'y,, and it can be concluded that

ABS(T'4) — ABS(T)
=A(@3,dr(u1)) + AG,dr(y1)) + AGB, 1) + A2, 1)
— AQ,dr(w)) - AR, dr(y) - AR,2) - AR, 1)
>A@(3,1) + A2, 1) - A2,2) — A2, 1)
=0.

So ABS(I'y) > ABS(T'), a contradiction.
Case 2. dr(u) = 2 and dr(v) = 3.
Denote Nr(u) \ {v} = {u1} and Nr(v) \ {u} = {v1, v2}.
Case 2.1. u ¢ V(C).
Case 2.1.1. u is the vertex that is situated nearer to C than v.
LetI's = U — {vvy,v0o} + {uv1, uvy}. Then I's € CIy, and it follows that

ABS(T's) — ABS(T)
=A(4,dr(u1)) + A(4,dr(v1)) + A(4,dr(v2)) + A4, 1)
— A(2,dr(u1)) — A, dr(v1)) — A3, dr(v2)) — A(2,3)
SA4,1) - AQ2,3)
=0.

As a result, ABS(I's) > ABS(I'), which contradicts the fact that I' has the maximum ABS index.
Case 2.1.2. v is the vertex that is situated nearer to C than u.
We have dr(u1) > 2 since uv € M. LetT'¢ = U — uuy + vuy. Then I’y € CI'y,, and it can be concluded that

ABS(Tg) — ABS(T)
=A(4,dr(u1)) + A(4,dr(v1)) + A(4,dr(v2)) + A4, 1)
= A(2,dr(u1)) — A3, dr(v1)) — A, dr(v2)) — A(2,3)
>A(4,1) — AQ2,3)
=0.

Thus ABS(I's) > ABS(I'), a contradiction.
Case2.2. u € V(O).
Since v € V(C), we suppose that v; € V(C) and v, ¢ V(C). So dr(v,) > 2.
Case 2.2.1. uy # vy.
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LetT'y = U — uuy + vu;. ThenT'; € CI'y,, and we derive

ABS(T;) — ABS(T)
=A(4,dr(u1)) + A(4,dr(v1)) + A4, dr(v2)) + A(4,1)

— A(2,dr(u1)) — A3, dr(v1)) — A3, dr(v2)) — A(2,3)
SA®4,1) - AQ2,3)
=0.

So ABS(I';) > ABS(I'), which is a contradiction.
Case2.2.2. u; = v;.

10506

Note that C = uvuju is the only cycle of I. Suppose P is a maximal path from v to x and containing
v0p. So dr(x) = 1 and we denote Nr(x) = {y}. Then dr(y) = 2 since I' has a perfect matching. Denote

Nr(y) \ {x} = {y1}. LetI's = U — uu; + yuy. Then I's € CI'y, and one has

ABS(Ts) — ABS(T)
=A(@3,dr(y1)) + AG,dr(u1)) + AG, 1) + A3, 1)
—A(2,dr(y1)) — AQ2,dr(u1)) — A(3,2) — A(2,1)
>A(3, 1)+ A(3,1) - A(3,2) — A2, 1)

i ]

~0.0623 > 0.

Therefore, ABS(I's) > ABS(I'), a contradiction.
Case 3. dr(u) = 2 and dr(v) =
Denote Nr(u) \ {v} = {u1} and Nr(v) \ {u} = {v1, v2, v3}.
Case 3.1. u ¢ V(O).
Case 3.1.1. u is the vertex that is situated closer to C than v.

Since uv € M, then dr(u1),dr(v1),dr(v2),dr(vs) = 2. Suppose P is a maximal path from v to x and
containing vv,. It is clear that dr(x) = 1, and we denote Nr(x) = {y}. Then dr(y) = 2 since I has a perfect
matching. Denote Nr(y) \ {x} = {y1}. LetI'g = U — {uuy, vv3} + {110, yv3}. ThenI'g € CI», and by Lemma 2.1,

we have

ABS(T's) — ABS(T)
=A(4,dr(u1)) + AB,dr(y1)) + A3, dr(vs)) + A(4,1) + A3, 1)
—A(2,dr(u1)) — A2,dr(y1)) — A(4,dr(vs)) — A(2,4) — A(2,1)
>AQB, dr(vs)) — A4, dr(vs)) + A4, 1) + A3, 1) — A2, 4) — A2, 1)
>A®3,2) - A(4,2) + A(4, 1) + AG3, 1) — A2, 4) — A(2,1)

3 1 2 1
By T
~0.0460 > 0.

Hence ABS(I'9) > ABS(I'), which is a contradiction.
Case 3.1.2. v is the vertex that is situated closer to C than u.

Without loss of generality, we suppose that v is the vertex that is situated nearer to C than v,, v3 when
v ¢ V(C), and v1,v3 € V(C) when v € V(C). Suppose P is a maximal path from v to x and containing vv,.
We know that dr(x) = 1 and we denote Nr(x) = {y}. Then dr(y) = 2 since I' has a perfect matching. Denote
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Nr(y) \ {x} = {y1}. LetI'io = U — uuy + yuy. Then I';p € CTy, and we have

ABS(T'19) — ABS(T)
=A(@3,dr(u1)) + AG,dr(y1)) + A4, 1) + A3, 1)

— AQ,dr(w)) - AR, dr(y1) - AR, 4) - AR, 1)
>A(4,1) + A3, 1) — A(2,4) — A2, 1)

e

~0.0879 > 0.

Thus ABS(I'1g) > ABS(I'), a contradiction.

Case 3.2. u € V(C).

Since v € V(C), we suppose that v; € V(C) and v;,v3 ¢ V(C). So dr(v2), dr(vs) = 2.

Case 3.2.1. uy # v1.

Suppose P is a maximal path from v to x and containing vv,. We see that dr(x) = 1 and we denote
Nr(x) = {y}. Then dr(y) = 2 since I' has a perfect matching. Denote Nr(y) \ {x} = {y1}. Let I'y =
U — {uuq, vv3} + {u10, yvs}. ThenI'y; € CIyy and by Lemma 2.1, we dereive

ABS(I'11) — ABS(T)
=A(4,dr(u1)) + AG,dr(y1)) + AG, dr(vs3)) + A4, 1) + A3, 1)

= A(2,dr(u1)) — A2, dr(y1)) — A(4,dr(vs)) — A(2,4) - A(2,1)
>A(3,dr(vs)) — A(4,dr(v3)) + A4, 1) + A(B,1) — A(2,4) — A(2,1)
>A(3,2)-A4,2)+ A4,1)+ A3, 1) - A(2,4) - A(2,1)

3 1 2 1
BN
>0

So ABS(I'11) > ABS(T'), which is a contradiction.

Case 3.2.2. uy = v1.

Note that C = uvu;u is the only cycle of I. Suppose P is a maximal path from v to x and containing vv,.
It is clear that dr(x) = 1, and we denote Nr(x) = {y}. Then dr(y) = 2 since I' has a perfect matching. Denote
Nr(y) \ {x} = {y1}. LetI'i, = U — uuy + yu;. ThenI'1p € CTy, and we have

ABS(T'12) — ABS(T)
=A(@3,dr(u1)) + AG,dr(y1)) + A4, 1) + A3, 1)

— A(2,dr(u1)) — AQ2,dr(y1)) — A2,4) — A(2,1)
>A(4,1) + A3, 1) — A(2,4) — A2, 1)

As a result, ABS(I';2) > ABS(T'), a contradiction.

Case 4. dr(u) = 3 and dr(v) =

Denote Nr(u) \ {v} = {u1, u2} and Nr(v) \ {u} = {vq, v2}.

Case4.1. u ¢ V(O).

Case 4.1.1. u is the vertex that is situated nearer to C than v.

Since uv € M, then dr(u1),dr(u2), dr(v1), dr(v2) > 2. Suppose u; is the vertex that is situated nearer to C
than u, and P is a maximal path from u to x and containing uu,. So dr(x) = 1, and we denote Nr(x) =
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Then dr(y) = 2 since I has a perfect matching. Denote Nr(y) \ {x} = {y1}. LetI'i3 = U — {vv1, vva} + {yv1, yvs).
Then I'13 € CI'»;; and we have
ABS(T'13) — ABS(T)
=A(4,dr(v1)) + A(4, dr(v2)) + A(4,dr(y1)) + A4, 1) + A3, 1)
— A@,dr(v1)) — AG, dr(v2)) — A2, dr(y1)) — A, 3) — A(2,1)
>A(4,1)+ A(G,1) - A(3,3) — A(2,1)

i

Thus ABS(I'13) > ABS(T'), which is a contradiction.

Case 4.1.2. v is the vertex that is situated nearer to C than u.

Without loss of generality, we assume that v; is the vertex that is situated nearer to C than v, when
v ¢ V(C),and v1,v, € V(C) when v € V(C).

If v ¢ V(C), suppose P is a maximal path from v to x and containing vv,. It is obvious that dr(x) = 1,
and we denote Nr(x) = {y}. Then dr(y) = 2 since I has a perfect matching. Denote Nr(y) \ {x} = {y1}. Let
Iy = U — {uuy, uuy} + {yuq, yuz}. Then I'ny € CI'y,, and we have

ABS(I'14) — ABS(T')
=A(4,dr(u1)) + A(4,dr(u2)) + A4, dr(y1)) + A4, 1) + A3, 1)

— A(3,dr(u1)) — AB, dr(uz)) — A2, dr(y1)) — AG,3) — A2, 1)
>AH4,1)+A@B3,1)-A@G,3) - A2,1)

i

Hence ABS(I'14) > ABS(I'), which is a contradiction.

If v € V(C), suppose P is a maximal path from u to x and containing uu,. We can see that dr(x) = 1
and we denote Nr(x) = {y}. Then dr(y) = 2 since I has a perfect matching. Denote Nr(y) \ {x} = {y1}. Let
I'is = U — {uuy, uun} + {vuy, yui}. Then I'is € CTyy. If y # up, we have

ABS(I'15) — ABS(T)
=A(4,dr(v1)) + A(4, dr(v2)) + A4, dr(u2)) + AG, dr(y1)) + A4, 1) + AGB, 1)

— A(3,dr(v1)) — A, dr(v2)) — AB, dr(u2)) — A2, dr(y1)) — AG,3) — A(2,1)
>A(4,1)+ A(3,1) - A(3,3) — A(2,1)

i

If y=uy,ie. u=y;, wehave
ABS(T'15) — ABS(T)
=A(4,dr(v1)) + A4, dr(v2)) + A(4,3) + A(4,1) + A(3,1)
— AG,dr(v1)) — AG, dr(v2)) — AB3,2) — A3, 3) — A2, 1)
>A(4,1)+ A(B,1) - A(3,3) — A(2,1)

i
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As aresult, ABS(I';5) > ABS(T'), a contradiction.

Case4.2. u e V(C).

Case 4.2.1. v ¢ V(C).

Since uv € M, then dr(v1), dr(vz) > 2. Suppose P is a maximal path from v to x and containing vv,. Thus,
dr(x) = 1, and we denote Nr(x) = {y}. Thendr(y) = 2 since I'has a perfect matching. Denote Nr(y)\{x} = {y1}.
Let I'ig = U — {vv1, vvp} + {uvy, yu1}. Then Ty € CIyyy. If y # vy, we have

ABS(I'6) — ABS(T)
=A(4,dr(11)) + A(4,dr(u2)) + A(4,dr(v2)) + A, dr(y1)) + A(4,1) + A3, 1)

— A(3,dr(u1)) — A, dr(u2)) — AB, dr(v2)) — A2,dr(y1)) — A3, 3) — A2, 1)
>A(4,1)+ A3, 1) - AB3,3) - A(2,1)

i

If y =v,,ie. v =y, we have

ABS(T'16) — ABS(T)
=A(4, dr(un1)) + A4, dr(u2)) + A4, 3) + A(4,1) + A(3, 1)

— A(3,dr(u1)) — A3, dr(u2)) — A(3,2) — AG3,3) — A(2,1)
>A(4, 1)+ AG, 1) — AG3,3) — A2, 1)

i

As a result, ABS(I';¢) > ABS(I'), which is a contradiction.

Case4.2.2. v e V(O).

Without loss of generality, we assume that u;,v; € V(C) and up,v; ¢ V(C). Since uv € M, then
dr(uz), dr(v2) 2 2. Suppose P is a maximal path from v to x and containing vv,. It can be seen that dr(x) = 1,
and we denote Nr(x) = {y}. Then dr(y) = 2 since I" has a perfect matching. Let Nr(y) \ {x} = {y1}.

Case 4.2.2.1. uy # v;.

Let I'iy = U — {uuy, uun} + {110, yuy}. ThenI'yy € CIypy. If y # v5, we have

ABS(T'17) — ABS(T')
=A(4,dr(v1)) + A(4,dr(v2)) + A4, dr(u1)) + A, dr(y1)) + A4, 1) + A3, 1)

—A(3,dr(v1)) — AB, dr(v2)) — A3, dr(u1)) — A2, dr(y1)) — A, 3) — A(2,1)
>A(4,1) + A3, 1) - AG3,3) — A2, 1)

i

If y =v,,ie. v =y, we have

ABS(T'17) — ABS(T)
=AW, dr(un1)) + A4, dr(01)) + A4, 3) + A(4, 1) + A(3,1)

— A(3,dr(u1)) — A3, dr(v1)) — A3, 2) — A3, 3) — A(2, 1)
>A(4,1) + A3, 1) — AB3,3) — A(2,1)
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‘J§+JT—JE—JT
“\s5 2 3 3
>0.

Thus ABS(I'17) > ABS(T'), which is a contradiction.
Case 4.2.2.2. uy = v;.

Note that C = uovuqu is the only cycle of I'. Let I'ig = U — {uuy, uup} + {vuy, yui}. Then I'ig € CTy,. If
Y # v, we have

ABS(I'1g) — ABS(T)
=A(4,dr(u1)) + A4, dr(u2)) + AG,dr(y1)) + A4, 1) + A3, 1)

= A(3,dr(u1)) — AB, dr(u2)) — A2,dr(y1)) — AG,3) — A2, 1)
>A4,1)+AQ3,1)-A(3,3) - A2,1)

If y = v,,i.e. v = y;, we have

ABS(T'15) — ABS(T)
=A(4, dr(11)) + A(4, dr(in)) + A4, 3) + A(4,1) + A3, 1)
— A(3,dr(u1)) — A, dr(u2)) — AG3,2) — AG3,3) - A(2,1)
>A(4,1) +AB,1) - AG3,3) — A2, 1)

Hence ABS(I'1g) > ABS(I'), a contradiction.
Case 5. dr(u) = 3 and dr(v) = 4.
Denote Nr(u) \ {v} = {u1, u2} and Nr(v) \ {u} = {v1, v, v3}.
Case 5.1. u ¢ V(C).
Case 5.1.1. u is the vertex that is situated closer to C than v.

Since uv € M, then dr(u1), dr(uz), dr(v1), dr(v2), dr(vs) > 2. Suppose u; is the vertex that is situated nearer
to C than u; and P is a maximal path from u to x and containing uu,. It is obvious that dr(x) = 1, and
we denote Nr(x) = {y}. Then dr(y) = 2 since I' has a perfect matching. Denote Nr(y) \ {x} = {y1}. Let
I'g = U — {vv1, vv2, v3} + {uv1, Yoo, yuz}. Then I'ig € CTyy,. If v # 1y, we get

ABS(T'30) — ABS(T)
=A(4,dr(u1)) + A4, dr(u2)) + A(4,dr(y1)) + A(4,1) + A4, 1)

— A@,dr(m)) — AB, dr(u2)) — A2, dr(y1)) — A(4,3) — A(2,1)
SAG, 1)+ A@ 1) — A4, 3) — A2, 1)

~0.1267 > 0.
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If y =uy, ie. u=y;, we derive

ABS(T'19) — ABS(T)
=A(4,dr(u1)) + A(4,4) + A4, 1) + A(4,1)

— A3, dr(u1)) — AB3,2) — A(4,3) — A(2,1)
>A(4,1) + A4,1) - A4,3) - A(2,1)

3 5 1
o - -
>0.

As a result, ABS(I';9) > ABS(I'), which is a contradiction.
Case 5.1.2. v is the vertex that is situated closer to C than u.

Without loss of generality, we assume that v; is the vertex that is situated closer to C than v,, v; when
v ¢ V(C),and v1,v, € V(C), v3 ¢ V(C) when v € V(C).

If v ¢ V(C), suppose P is a maximal path from v to x and containing vv,. Obviously, dr(x) = 1, and
we denote Nr(x) = {y}. Then dr(y) = 2 since I' has a perfect matching. Denote Nr(y) \ {x} = {y1}. Let
Iyo = U = {uuy, uun} + {yuy, yus}. Then I'yg € CI'p, and we have

ABS(I'y) — ABS(T)
=A(4,dr(u1)) + A4, dr(u2)) + A(4,dr(y1)) + A4, 1) + A(4, 1)

= A3, dr(u1)) = AB, dr(uz)) — A2, dr(y1)) — A(4,3) — A2, 1)
>A(4,1) + A4, 1) — A4,3) — A2, 1)

3 5 1
SN
>0.

So ABS(I'yg) > ABS(T'), which is a contradiction.

If v € V(C), suppose P is a maximal path from v to x and containing vvs. It is clear that dr(x) = 1, and
we denote Nr(x) = {y}. Then dr(y) = 2 since I" has a perfect matching. Denote Nr(y) \ {x} = {y1}. Let
I'>1 = U — {uuy, uup} + {yuq, yuz}. ThenI'y; € CI'y, and we have

ABS(I'y1) — ABS(T)
=A(4,dr(u1)) + A4, dr(u2)) + A4, dr(y1)) + A4, 1) + A4, 1)

— A(3,dr(u1)) — AB, dr(u2)) — A2,dr(y1)) — A(4,3) — A2, 1)
>A4,1)+ A4, 1)-A4,3) - A2,1)

3 5 1
R
>0.

Hence ABS(I';1) > ABS(T'), a contradiction.
Case 5.2. u € V(C).
Case 5.2.1. v ¢ V(C).

Since uv € M, then dr(v1),dr(v2),dr(vs) = 2. Suppose P is a maximal path from v to x and containing
vvp. So dr(x) = 1, and we denote Nr(x) = {y}. Then dr(y) = 2 since I' has a perfect matching. Denote
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Nr(y) \ {X} = {]/1} LetI'p, =U - {?)Ul,UUz, UU3} + {Mvz, yvl,yv3}. Then I'y; € CI'yy,. If Y # 0y, we have

ABS(T') — ABS(T')
=A(4,dr(u1)) + A(4,dr(u2)) + A4, dr(y1)) + A4, 1) + A4, 1)

— A3, dr(u1)) — A, dr(u2)) — A2,dr(y1)) — A(4,3) — A2, 1)
>A(4,1) + A4, 1) — A4, 3) — A2, 1)

3 5 1
-
>0.

If y = vy, ie. v =y, we derive

ABS(T'») — ABS(T)
=A(4, dr(un1)) + A4, dr(u2)) + A4, 4) + A(4,1) + A4, 1)
=A@, dr(u1)) — A, dr(u2)) — A(2,4) — A(4,3) — A(2,1)
>A(4,1) + A4, 1) — A4, 3) — A2, 1)

3 5 1
SR
>0.

Thus ABS(I';;) > ABS(TI'), which is a contradiction.

Case 5.2.2. v € V(C).

Without loss of generality, we assume that u;,v1 € V(C) and up,v5,v3 ¢ V(C). Since uv € M, then
dr(uy),dr(v2),dr(vs) > 2. Suppose P is a maximal path from v to x and containing vv,. It is obvious that
dr(x) = 1, and we denote Nr(x) = {y}. Then dr(y) = 2 since I has a perfect matching. Let Nr(y) \ {x} = {y1}.

Case 5.2.2.1. uy # ;.

Let I'y3 = U — {uuy, uuy, vos} + {u10, yuy, yvs}. Then I'pz € CI'yy, and it follows that

ABS(I'»3) — ABS(T')
=A(4,dr(nn)) + A4, dr(u2)) + A(4,dr(11)) + A4, 1) + A(4, 1)

= A(3,dr(u1)) = AB, dr(uz)) — A2, dr(y1)) — A(4,3) — A2, 1)
>AM4,1)+A4,1)-A4,3)-A2,1)

3 5 1
o
>0.

So ABS(I'p3) > ABS(I'), which is a contradiction.
Case 5.2.2.2. u; = v;.
Note that C = uvuju is the only cycle of I'. Let I'py = U — {uuy, uuz} + {yus, yuz}. Then I'yy € CIpy, and we
derive
ABS(I'p4) — ABS(T')
=A(4,dr(u1)) + A(4,dr(u2)) + A(4,dr (1)) + A4, 1) + A4, 1)
= A(3,dr(u1)) — AB, dr(u2)) — A2,dr(y1)) — A(4,3) — A2, 1)
>AM4,1)+A4,1)-A4,3)-A2,1)

3 5 1
SN
>0.
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Hence ABS(I'z4) > ABS(T'), a contradiction.

Case 6. dr(u) =4 and dr(v) =

Denote Nr(u) \ {v} = {u1,uz, us} and Nr(v) \ {u} = {v1,v2, v3}.

Case 6.1. u ¢ V(C).

Case 6.1.1. u is the vertex that is situated nearer to C than v.

Since uv € M, then dr(u1), dr(u2), dr(us), dr(v1), dr(v2), dr(vs) = 2. Suppose u; is the vertex that is situated
nearer to C than uy, u3 and P is a maximal path from u to x and containing uu,. So dr(x) = 1, and we denote
Nr(x) = {y}. Thendr(y) = 2 since I has a perfect matching. Let I';s = U — {vvy, vvy, vvs} + {xv1, X05, xv3}. Then
I'>5 € CI'p,;, and we have

ABS(T'»5) — ABS(T)
=A(4,1) + A(4,2) — A4,4) — A(2,1)

I

~0.1477 > 0.

Thus ABS(I'z5) > ABS(T'), which is a contradiction.

Case 6.1.2. v is the vertex that is situated nearer to C than u.

Without loss of generality, we assume that v is the vertex that is situated nearer to C than v, v3 when
v ¢ V(C),and v1,v, € V(C), v3 ¢ V(C) when v € V(C).

If v ¢ V(C), suppose P is a maximal path from v to x and containing vv,. We see that dr(x) = 1 and we
denote Nr(x) = {y}. Thendr(y) = 2since I has a perfect matching. LetT'»s = U—{uuy, uuy, uuz}+{xuy, xu,, xuz}.
Then I'ys € CI'»,, and we have

ABS(T'») — ABS(T)
=A(4,1) + A(4,2) — A(4,4) — A(2,1)

i

So ABS(I'y6) > ABS(I'), which is a contradiction.

If v € V(C), suppose P is a maximal path from v to x and containing vvs. It can be seen that dr(x) = 1,
and we denote Nr(x) = {y}. Then dr(y) = 2 since I has a perfect matching. Let I';; = U — {uuy, uuy, uus} +
{xu1, xuy, xus}. Then T'y; € CI',,, and one has

ABS(T») — ABS(T)
=A(4,1) + A(4,2) — A4, 4) — A(2,1)

i

Therefore, ABS(I'zy) > ABS(T'), a contradiction.

Case 6.2. u € V(O).

Case 6.2.1. v ¢ V(C).

Without loss of generality, we assume that uj,u, € V(C) and uz ¢ V(C). Since uv € M, then
dr(uz), dr(v1), dr(v2),dr(vs) > 2. Suppose P is a maximal path from u to x and containing uus. So
dr(x) = 1, and we denote Nr(x) = {y}. Then dr(y) = 2 since I' has a perfect matching. Let I'ys =
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U — {vvq, vy, vus} + {x0v1, x00, xv3}. Then I'yg € CI'p,,, and it follows that

ABS(Tas) — ABS(T)
=A(4,1) + A(4,2) — A4,4) — A(2,1)

i

Thus ABS(I'z8) > ABS(T'), which is a contradiction.

Case 6.2.2. v € V(C).

Without loss of generality, we assume that u1,v; € V(C) and up, u3,v2,v3 ¢ V(C). Since uv € M, then
dr(uz), dr(usz), dr(v2), dr(vs) = 2. Suppose P is a maximal path from v to x and containing vv,. Itis obvious that
dr(x) = 1, and we denote Nr(x) = {y}. Then dr(y) = 2 since I has a perfect matching. Let Nr(y) \ {x} = {y1}.

Case 6.2.2.1. uy # v;.

Let I'yg = U — {uuq, uuy, uusz, vos} + {uqv, xuy, xuz, xv3}. Then I'ng € CI'p,;, and we have

ABS(I'») — ABS(T)
=A(4,1) + A(4,2) — A4,4) — A(2,1)

i

Hence ABS(I'y9) > ABS(T'), which is a contradiction.

Case 6.2.2.2. u1 = vy.

Note that C = uvuqu is the only cycle of I' and dr (1) > 3. Suppose P is a maximal path from v to x” and
containing vvs. It is clear that dr(x’) = 1, and we denote Nr(x’) = {y’}. Then dr(y’) = 2 since I has a perfect
matching. Denote Nr(y') \ {x'} = {y}}. Let I'sp = U — {uuy, uua, uus} + {y'uz, y'us, yur}. Then I'sg € CI'y, and
by Lemma 2.1, we have

ABS(T'30) — ABS(T)
=AB,dr(y1)) + A, dr () + AGB,dr(uy)) + 2A(4,1) + A3, 1)

— AQ2,dr(y1)) — A2, dr(y})) — A4, dr(u1)) — A(4,4) — 2A(2,1)
>A@G, dr(u1)) — A4, dr(u1)) + 2A(4,1) + A3, 1) — A4, 4) — 2A(2,1)
>A(3,3) — A(4,3) + 2A(4,1) + A(3,1) — A4, 4) — 2A(2,1)

- e i

~0.2069 > 0.

As aresult, ABS(I'3p) > ABS(T'), a contradiction.
The proof is completed. [

3. Main results

Let % (2m) (m > 3) be the 2m-vertex chemical unicyclic graph obtained from C,, by attaching exactly one
pendent edge to its each vertex (see Fig. 3.1). Observe that ABS(% (2m)) = (# + %)m.
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JZ/(ZTH), m>3 Gy G» G3 Gy
Fig. 3.1. The graphs % (2m), G1, G, Gz and Gg.

Theorem 3.1. Let I' € CI'p,,, where m > 3. Then

ABS(T) < (? + g

ym.

The equality holds only when I = 7/ (2m).

Proof. Let

\/_

+ T)m

Sl
(o))

p(m) = (

SinceI' € CI'»y,, every non-pendent vertex in I" has at most one pendent neighbor. Thus, we can conclude
that the number of pendent vertices of I is less than or equal to m. In the following, we consider two separate
cases.

Case 1. The number of pendent vertices of I is m.

Now, every non-pendent vertex of I' has a pendent neighbor. We prove the conclusion of this case by
inductiononm. If m = 3,T = % (6) (see Fig. 3.1) and ABS(% (6)) = 3%5 + V6= Y3). Ifm=4,T =% 8)or G
(see Fig. 3.1) and ABS(% (8)) = 2 V2 + ¥ = y(4), ABS(G1) = V2+2 V6+2 V35+ 5 4+ 3B+ 60895 < (4) ~
6.0944. If m = 5, T contains % (10), Gy, G3 and G4 (see Fig. 3.1). Notice that ABS(% (10)) = 5%6 + 5%@ =(5),
ABS(Gy) = 3 V2+ V6+2 Y35+ M5 + Y3 ~ 76131 < ¢(5) ~ 7.6180, ABS(G3) = 2 V2+ % 4+ 3 {354+ 2V L 3 o
7.5998 < Y(5), ABS(Gy) = 2 + 2o 1 2354 215 4 295 | 5 1 7 6003 < y(5). Therefore, the result follows
form = 3,4 and 5.

Suppose that the result holds for I' € CI'y, k < m and m > 6. Let M be a perfect matching of
I'. We use x,x1,x,- -+ ,Xyu-1 to denote all pendent vertices of I' and y,z1,22, -+ ,zu-1 are their adjacent
non-pendent vertices, respectively, where dr(y), dr(z1),dr(z2), - -+ , dr(zm-1) = 2. It can be seen easily that
M = {xy,x1z1, %222, , Xm-1Zm-1}-

Case 1.1. T’ contains a pendent vertex x adjacent to a vertex y of degree 2.

Observe that xy € M, we denote Nr(y) \ {x} = {z;}. Since every non-pendent vertex of I has a pendent
neighbor, so dr(z;) > 3.

Case 1.1.1. dr(zs) = 3.

Denote Nr(zs) = {y,Xs,zs+1}, where dr(x;) = 1 and dr(zs+1) = 3. If T’ contains no vertex of degree
4, this leads to a contradiction that I' is a unicyclic graph since every non-pendent vertex of I has a
pendent neighbor. Therefore, there is a vertex zo; (t > 1) with dr(zs++) = 4 such that ze1, Zs12, * , Zs+s-1
are vertices with degree 3 in I We know that {xy, xszs, Xs41Zs+1, - - , Xs4t-1Zs4t-1} € M for I' € CI'»,. Let
Iy =T —{xs, Zs, X541, Zs11, "+, Xstt-1, Zs+t-1} T YZstt. Then M\ {XszZs, Xs41Zs41,* * * , Xs14-1Zs+¢-1} i @ perfect matching
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of I't and I'y € CI'y—p. By the induction hypothesis, we derive

ABS(T) =ABS(T'1) + tA(1,3) + (t — A3, 3) + A(2,3) + A(3,4) — A(2,4)
V2. Ve \/_ V35 Vb

<¢(m—t)+—t+—(t—1) 5 T—T
=y(m) — 2V6 + V15 + V35

=¥ 3 5 7

~ip(m) — 0.0132

<(m).

Case 1.1.2. dr(z;) =4

Denote Nr(zs) = {y, X5, 2s-1, zs+1}, Where dr(xs) = 1, dr(zs-1), dr(zs+1) = 2 and at least one of z;_; and zsq
has degree equal to 3 or 4 since I' € CI';,, and every non-pendent vertex of I" has a pendent neighbor.

Case 1.1.2.1. dr(zs-1) = 2 and dr(zs4+1) = 3

Denote NF(Zs—l) = {x1, Zs} and NT(ZS+1) = {xs+1/ Zs, Zs+2}/ where dr(xs—l) =1, dr(xs+l) =1land dF(Zs+2) > 3.
If I' contains no vertex of degree 4 except z;, then I is not a unicyclic graph, a contradiction. Therefore,
there is a vertex z. (f > 2) with degree 4 such that dr(zs+1) = dr(zs+2) = -+ = dr(zs+¢-1) = 3inI'. We can see
that {xy, Xszs, Xs+1Zs41, *+ , Xs4t-1Zs+1-1} € M for T’ € CIy. Let Ty =T —{x, y, X5, Zs, Xs41, Zs+1, " s Xst-1, Zst-1} +
Zs—1Zs4t. Then M\ {Xy, XsZs, Xs41Zs+1,* =+ , Xs+t-1Zs++—1} 1S a perfect matching of I'; and I'; € CI'yu—¢-1). By the
induction hypothesis, one has

ABS(T) =ABS(I») + (t — DAL, 3) + (t — 2)A(3,3) + A2, 1) + A(2,4)
+ A4, 1) +AG,4) + AG,4)

V3 Ve, V3 VB VB 2V

s¢(m—t—1)+7(t—l)+?(t—2)+ 3 +T+T+ 7

~ip(m) — 0.0050
<y(m).

Case 1.1.2.2. dr(zs—1) = 2 and dr(zs41) =

LetI's =T — {x, y, x5, 25} + Zs-1Z5+1. Then M\ {xy, xsz:} is a perfect matching of I'; and I's € CI'y—p). By
the induction hypothesis, one has

ABS(T) =ABS(I3) + A2, 1) + A(2,4) + A(4, 1) + A4, 4)

<yP(m — 2)+£ \/_+T‘/_+§

o _i_ e Y3, VB A
3 5 2

~p(m) — 0.0127

<yP(m).

Case 1.1.2.3. dr(zs—1) = 3 and dr(zs4+1) = 3
LetI'y = I' = {x,y}. Then M\ {xy} is a perfect matching of I'y and I'y € CI'y4,-1). By the induction
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hypothesis, one has

ABS(T) =ABS(Ts) + 2A(3,4) + A(4,2) + A(4,1) + A(2,1) — 2A(3,3) — A(3,1)
2 x/_ \/_ V3 V6 V2

splm—1)+ 5 ?‘?‘7
~(m) —0.0050
<y(m).

Case 1.1.2.4. dr(z,—1) = 3 and dr(zs1) = 4.
LetI's =T — {x, y,Xs, 25} + Zs—12s41. Then M\ {xy, x,z,} is a perfect matching of I's and I's € CI'y—p). By
the induction hypothesis, we derive

ABS(T) =ABS(I's) + A2, 1) + A(2,4) + A(4, 1) + A4, 4)

<yP(m — 2)+£ §+T\/_+\/_
<yP(m).

Case 1.1.2.5. dr(zs—1) = 4 and dr(zs41) = 4.
LetT's =T — {x, y,Xs, 25} + Zs—12s41. Then M\ {xy, x;z,} is a perfect matching of I'c and I's € CI'y—2). By
the induction hypothesis, it follows that
ABS(T') =ABS(Tg) + A(2,1) + A(2,4) + A(4,1) + A(4,4)
L6, VB 5

<Y(m —2) 3T 5 Ty
<1/’(m)-

Case 1.2. T contains no neighbor of pendent vertex of degree 2.

Now, observe thatI' = % (2m) since I € CI';, and every non-pendent vertex of I has a pendent neighbor,
where % (2m) is displayed in Fig. 3.1. After a simple calculation, we derive ABS(% (2m)) = (%6 + %i)m, as
desired.

DN N e D BN

H H, Hj H, Hs Hg
Fig. 3.2. The graphs H;, Hy, H3, Hy4, Hs and Hg.

Case 2. I contains less than m pendent vertices.

Note that I' contains a vertex with no pendent neighbor. If m = 3, I' contains Hi, Hy, -+, He (see Fig.
3.2) and Cs, where Cs is a cycle of order 6. It is easy to check that ABS(H;) < ¢(3) (i = 1,2,---,6) and
ABS(Cs) < ¢(3). If m > 4, by Lemma 2.2 and the proof of Case 1, one can easily see that any vertex of I" has
maximum ABS index if and only if it has a pendent neighbor. Thus, ABS(I') < i(m).

The proof is completed. [
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