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Diminished Sombor index and its relationship with topological indices

Fateme Movahedi?®

?Department of Mathematics, Faculty of Sciences, Golestan University, Gorgan, Iran

Abstract. In this paper, we investigate the Diminished Sombor index (DSO), a recently introduced degree-
based topological index for a simple graph G, defined by

DSO(G) = Z N +dy

d,+d, ’

uveE

where d,, denotes the degree of a vertex u € V. We establish several sharp bounds for this index in terms
of classical topological indices such as the Zagreb index, the Albertson index, the Harmonic index, the
Randi¢ index, and the geometric-arithmetic index. Furthermore, the relationships between the DSO index

and these indices are thoroughly analyzed, with characterizations of extremal graphs achieving equality
conditions.

1. Introduction

Let G be a simple graph with vertex set V and edge set E, where |V| and |E| denote the order (number
of vertices) and size (number of edges) of G, respectively. The degree of a vertex u, denoted by d,,, refers to
the number of vertices adjacent to . The maximum and minimum degrees of G are denoted by A and 9,
respectively. An edge connecting two adjacent vertices u and v is denoted as uv € E. The complement of G,
denoted by G, is a graph with the same vertex set V, in which two vertices are adjacent if and only if they
are not adjacent in G. Any additional graph-theoretic terminology used in this paper but not defined here
can be found in [9].

In mathematical chemistry, topological indices, numerical descriptors derived from molecular graphs,
have emerged as indispensable tools. These indices quantitatively capture structural features of molecules
and play a key role in uncovering correlations between molecular structure and various physicochemical
properties. Their predictive power, which eliminates the need for experimental synthesis, makes them
highly effective for virtual screening in the search for potential drug candidates or materials with desired
characteristics [3]. For a detailed exploration of degree-based topological indices, readers are referred to
the comprehensive survey in [10].

The first Zagreb index (M;(G)) of a graph G is formulated by Gutman and Trinajsti¢ [11] as follows

M1(G) = Z (du + dv) = Zdlzl

uveE ueV
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In 1975, Milan Randi¢ [26] introduced the Randi¢ index which is defined as follows

R(G) =
Y v
In [1], the Albertson index which is sometimes referred to as the third Zagreb index [6], is defined as
Alb(G) = Z \d,, — d|.
uveE
The geometric-arithmetic index (GA index), introduced by Vuki¢evi¢ and Furtula in [30], is defined as

2 vd,d,

GAG) = ) T =

uvekE

The Harmonic index is defined in [5] as

2
H(G) = XE T

and in [29] the inverse sum indeg index is defined as

dudv

uveE
Kulli in [15] introduced the geometric-arithmetic F-index of a graph G as

2d,d,
a2+ d2

GAE(G) = Z

uveE

The sum—connectivity index (x(G)) was established in [33] and can be expressed as

1
O L Vo

uvekE

A generalization of the x(G) index, known as the general sum-connectivity index, was introduced in [34].
It is formally defined as

Xa(G) = ) (@ +do)",

uveE

where a € R is an arbitrary number. The forgotten index (F(G)) [7] and the multiplicative forgotten index
(TTp(G)) [8] are defined as

FG) = ) (@ +d?), MR(G) = [ [ @2 + ).

uveE uveE

The sum-connectivity F-index, proposed by Kulli in [13], is defined as

=),
uveE du+d

In 2021, Kulli introduced the first Banhatti-Sombor index for a connected graph G in [14]. It is defined as

BSO(G) = Z dlz+ 1

5
uveE u d”
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The Adriatic indices were introduced and studied over a series of publications several years ago [29].
Among them, only a limited number have shown potential utility in modeling physicochemical properties
of molecular structures. One such index is the so-called symmetric division degree index (SDD(G)), which
is defined as
a2+ d2

uveE

The Sombor index, a prominent topological index in graph theory, is proposed in [12]. It is defined as

SO(G) = Y. .wer V% + d2 and has garnered significant attention for its applications in quantitative structure—
property/activity relationships (QSPR/QSAR) studies [12, 16, 17, 21, 22, 24, 28, 32]. Recently, a variant of
the Sombor index was introduced in [27] and is called the Diminished Sombor index in [23]. This index is

defined as follows
Az +d?
DSO(G) = Z e
upeE H T O

Movahedi et al. [23] derived bounds for the Diminished Sombor (DSO) index, identified extremal
graphs, and established Nordhaus-Gaddum-type inequalities. They also presented numerical analyses
regarding the structure-dependence of the DSO index and its potential applications in chemistry. In [20],
the tricyclic graph of a specified order that attains the maximum DSO is identified, and its distinctive
structural characteristics are examined.

In this paper, we aim to advance the study of the DSO index by deriving new bounds in terms of
fundamental graph parameters and exploring its connections with several classical topological indices.
Our objective is to offer a deeper understanding of the Diminished Sombor index and to encourage its
further investigation and application in the field of chemical graph theory.

2. Preliminaries

In this section, we present several known inequalities and results that will be used in the proofs of
our main theorems.

Lemma 2.1. [19] Let a = (@), and b = (b;)!_, be sequences of real numbers where a; > 0 and b; > 0. Then, for any
t<0ort>1, wehave

n ¢ n n —1
(2 ab) < (Y ab))(}a) -
i=1 i=1 i=1
Equality holds if and only ift =0ort =1, 0r by = --- = by, or there exists 1 <r <n —1such thata; = --- = a, and

br+1 :"'—bn-

Lemma 2.2. [25] Let x = (x;), and a = (a;)_, be two sequences of positive real numbers. For any r > 0,

(Zln:l xi)7+1 n x:’+1

(Tiha) ~ &4 a

no— Xn

Equality holds if and only if either r = 0 or 2t = --- = 2%,
Lemma 2.3. [2] Let G be a connected graph with n vertices and m edges. Then
M;(G) <m(m +1),

with equality for n > 3 if and only if G ~ Kz or G = S,,.
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Lemma 2.4. [18] Ifa;, b; > 0 and Ab; < a; < Bb; for 1 <i < n, then

n n (A B)2 5
(AL ) « S (Yoo

i=1 j i=1

The equality holds if and only if A = B and a; = Ab;.

Lemma 2.5. [31] Let G be a simple graph with m edges. Then

2m?

My(G)’

H(G) =

Lemma 2.6. [4] Let a = (a;)!_, and b = (b;)! ;| be two nonnegative sequences arranged in decreasing order, such that
a1 # 0and by # 0, and let w = (w;)!_; be a nonnegative sequence. Then the following inequality holds

n n n n n
(Z wial.z] [Z w,bf] < max (bl Z w;a;, ay Z wib,’] Z witlib,‘.
i=1 i=1 i=1 i=1 i=1
Lemma 2.7. [35] Let a = ()} ,, be positive real number sequence. Then

[Zn: \/61_1] Zzn“ai+n(n—1)[ﬁai]n.

i= i=1

3. Main Results

In this section, we obtain several bounds for the Diminished Sombor index in terms of some graph
parameters.

Theorem 3.1. For a simple graph G of order n > 2, then

V2
4A

V2

1 1
AIb(G) + 3GA(G) < DSO(G) < 55AIN(G) + —-GA(G).

Equality on the left-hand side holds if and only if G = K, and in the right-hand side holds if and only if G consists of
components, each of which is a regular graph.

Proof. For any two real numbers a4,b > 0, we have

2 (i« VB) < Va7, )
and the equality holds if and only if 2 = b.
Leta=(d, — dz,)2 and b = 2d,d,. Therefore, we get

?(\/(du —do)’ + \2d,d,) < \Jd2 + 2.

T dy+d,

So

\/E(ldu - dv| + ﬁdM)

2 4, +d, W+ dy
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Since 26 < d, +d, < 2A for any u,v € V, we obtain

2 2
psoG) = Y Yhtd

d, +d,

uvekE
dy—dy] 1 2 Vdydy
—2Zd+d 52-;5(1”+dv
1,V2 1\ 2Vdd
> £<7 Z |du - dvl) + E Z du +ud:

uveE uvekE
- £Alb(G) + 5GAG).

Equality in the above inequalities holds if and only if G ~ K,,.

For proving the upper bound, we use this fact that Va + b < v+ Vb and the equality holds if and only
ifa = 0 or b = 0. Therefore, by substituting a = (d, — d,)? and b = 2d,d,, we obtain

VB + 2 < (dy = do)? + \2dudy = |dy — dol + V2 yduds.

Since 26 < d, + d, < 2A, we have

uveE d + d
dud
<
du + d +\2 Z d, +
2+vd,d,
- 26 Z . = 2 du +d,
uveE uve

1 V2
= 55AIB(G) + 5-GA(G).

Equality holds if and only if d, = d, foranyuv € E. [
Theorem 3.2. Let G be a simple graph of size m. Then

DSO(G) < %(Alb(c;) +m).

Equality holds if and only if d,, = d,, for every edge uv € E; equivalently, each component of G is a regular graph (not
necessarily with the same degree).

Proof. For any edge uv € E, set
1 1
a= E(du - dv)2/ b= E(du + dv)z-

By the inequality Va + b < va + Vb, with equality if and only if 2 = 0 or b = 0, we have

Jrdi-d s v ap = (V@ ZAF 4 @A)

So
N+ E d, + dv)

du+d - (d +d d, +d,
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Therefore, we get

2, 72 _
DSO(G)=Z \/d1,+dz,< d dy| du+dv)

d,+d, — d +d, du+dv
uveE
d +d,
< —= |d, —d,| +
\2
= 7(Alb(c) + m)

For the equality condition, note that Va+b = +a + Vb holds if and only if a = 0 or b = 0. With
a =3, -d,)?*and b = 1(d, + d,)?, we must have (d, — d,)* = 0 for every edge uv € E (since d, + d, > 0 on
any edge), i.e., d, = d, for every uv € E. This is equivalent to saying that each connected component of G is
a regular graph (though components may have different degrees). This completes the proof. [J

Corollary 3.3. Let G be a connected graph of size m. Then

DSO(G) < %mA ~5+1).

The equality holds if and only if G is a reqular graph.

Proof. Since 6 <d,, < A for any vertex u € V, based on the definition of the Alb(G) index, we have

AIb(G) = Z \dy — do| < Z IA = 6| = m(A - 0).

uveE uveE

By applying Theorem 3.2, we obtain

DSOG) < Y2(AIB(G) + m)

ol

< —(m(A - 06) + m)

Nﬁl\)

=—mA-0+1).

For equality, we need equality in both bounds: in Theorem 3.2 this holds if and only if d, = d, for every
edge uv € E, and in Alb(G) < m(A — 6) it holds if and only if A = 6. Thus the equality holds if and only if G
is a regular graph. O

Theorem 3.4. For a simple graph G,

DSO@G) < % (\/H(G)(Ml(G) - H(G))).

Equality holds if and only if sum of the squares of the degrees of adjacent vertices is a contrast.



F. Movahedi / Filomat 39:29 (2025), 10519-10532 10525
Proof. By substituting a; = —— and b; = /d2 + d2 into Lemma 2.1, we have
Yy 8 T+, u v

(Dso@)) =() Y h Vi + d2

d +d,
uveE
a2 +d
d +d, Zd +d
(dy + dy)? 1 2
S(WGE 4, + 4, . 4, +d 2wze;sdu+dv)

= 3 (M1(G) - H(G) H(G).

Consequently, we have

DSOG) < % (\/H(G)(Ml(G) - H(c))).

Equality holds if and only if v/d2 + d2 is a constant for any uv € E. This implies that the equality holds if
and only if d? + d2 is a constant for any two adjacent vertices. []

Theorem 3.5. Let G be a simple graph of size m. Then

DSO(G) < % Jm+ 12 2.
Proof. We consider f(x) = +/x(a —x) and thus, f'(x) = % <0for § <x<aand f'(x) >0 forx < 3.
Since H(G) < w and using Lemma 2.5 we have H(G) > 2’” thus fHG) < f ( v (G)) Therefore using
Theorem 3.4, we have

DSO(G) < g (VHOM(©G) - H©)

V2 2m? 2m?
F [ \/ ey (MO - M1<G))]
B M;(G) 2m?

B M;i(G)  Mi(GP

2m?2
MG

IA

On the other hand, we suppose that g(x) = /1 — 2’” and g'(x) = \/: > 0. Therefore, using Lemma 2.3,
-2

X

we get

2m?2 m

D < 1-— << —
S0(G) < m MiGR = m+1

(m+1)2-2.

O

Theorem 3.6. Let G be a graph of size m. Then

DSO(G) = yam (m — GAF(G)),

M. Equality holds if and only if each component of G is a reqular graph (not necessarily
(\/M+(A+5))

with the same degree).

where o =
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Proof. We first establish the following bounds for any u,v € V.

VE+&2 A2+ 52
< <

—_ ) 2
VB ditd, T A+0 2)
Consider the function f(x) = —’11;;"2, whose derivative is f'(x) = #ﬁ Therefore, f(x) is increasing for

x > 1. We know that0 < 6 < d, < Aforany u € V, and consequently, { < fl“ < 2. Since f(x) is the increasing

function, we have f ( “) <f ( ) Therefore,

2
VETE N1tE 1+ E v

= < =
d, +d, 1+d 1+% A+6

On the other hand, since (d,, — d ) > 0, we have —= < Vi +d2.

\/“ &+,
1[ 2 4 42 Irosws)
By applying Lemma 2.4 with a; = dd+;d ,bi=1,A %E’ and B = %, we have

2+ & (F+ 5 ) v VA&
(Y asap L) (X )

(dy + dy)? d, +d,

uvekE

N

4
uveE 7 X A+ uveE

So

Ly 2, (¢zp:35+A+®2D
WZE,‘:_ w;(d +d)2 4\/§(A+6)(\/A2+62)(

. 2d,d, _2dudy _
Since GAF(G) = Y ,pcE ik 2 Y ek @,+iy, we have

S0G)) .

4V2(A + 8)(VA? + 82)
(M+A+6)

m (m — GAF(G)) < (DSO(G))*.

4V2(A+8)(VA2+52)
( \/2(A2+62)+(A+6))2 ’

With considering a =

DSO(G) = Jam (m — GAF(G)).
VAZ+52 V % +dd

Equalityholdsifandonlyif%E= A5~ = oar foranyuveE ie, foranyuv e E, 6 =d, =dy = A. [

Theorem 3.7. Let G be a simple connected graph. Then

My(G) - 2ISI(G) + SAH(G)
V2(A + )

DSO(G) >

Equality holds if and only if G is a reqular graph.

Proof. For any u,v € V, we have V26 < /d2 +d2 < V2A. Hence

( 42 + d2 — «/55)(«/5A— 1/dl2¢+d%)20,
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which implies
V2(A + 8) AJd? + d? > d? + d? + 25A.
Using the definition of the DSO index, we get

2 2
DSO@G) = ¥ N+ iy

d, +d,
uveE
S 1 (Zd3+d5+26A)
B \/_(A + 6) uveE du + dv
(dy +dy)? —2d,d,
+ 0A
A +0) sze: d, +d, wze;s d, + d
dudv
(d,+dy) -2 +0A
A+6> Zz Zd wzezdﬁdv)
1
= ———(M1(G) - 2ISI(G) + 6AH(G)).
V2(A + 5)( ' )

Equality holds if and only if d,, = d, for every uv € Eand 6 = A, i.e., G is a regular graph.
Theorem 3.8. Let G be a simple graph. Then

(x(G)?
SFG) = < DSO(G) = VE(G)x(G)

Equality holds if and only if each component of G is a reqular graph (not necessarily with the same degree).

Proof. By the Cauchy-Schwarz inequality,

2 2
Dso@) = (Y Wt hy

4 d, +d,
2
1
<( (V& ) )(;d—(d )
(Z 2 +d2) Z(d +d,)2
uveE uveE
= F(G)x-2(G).

Hence
DSO(G) £ vF(G)x-2(G).

Equality in the upper bound holds if and only if the sequences /d2 + d2 and T R 7 are proportional
over all edges, which is equivalent to d,, = d, on every edge; this forces each component to be regular.
For the lower bound, apply Lemma 2.2 with x; = W, a; = \/ﬁ, and r = 1. Then

1
2 2 2
DSO(G) = Y Nty y am)

d,+d

v
uvekE uvekE o

2
1
N (Zuoer ?/m) _ (x(©)°
Z 1 ~ SFG)
ZuveE ‘/m ( )
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Equality in the lower bound requires 3’ to be constant over edges, i.e., d, = d, on every edge. Therefore,
equality throughout holds if and only if each component of G is regular (not necessarily with the same
degree across components). []

Theorem 3.9. Let G be a connected graph. Then

(R(G))®

DSO(G) > peris:

1[ 2 2
Proof. By substituting t =2, a; = ddjrf” and b; = ./ d‘;’fid into Lemma 2.1, we have

y VETE

uveE dudv

_ [\éf2++dd2)( d+d]

d2 +d? u
uveE d,, +d,
>

B 2 +d?
uveE ", +d,

z
1 V(@o+d3)(d+d) ’
uveE dudy

BSO(G) =

dy+d,

(z
- DSO(G)
2
(ZHUGE ﬁ)( V[(ii*":iiv) ))
> DSO(G)

_ (RG)?
~ DSOG)

(RG))

Rearranging yields DSO(G) > BSO(G)

,as claimed. [
Theorem 3.10. Let G be a connected graph of size m and the minimum degree 6 > 2. Then
Z—‘fSDD(G) < DSO(G) < ( 2A5) JmSDD(G).

Equality holds if and only if G is a regular graph.

Proof. By substitutingr =1, x; = T and a; = G dd Jj, > into Lemma 2.2, we have
2
SDD(G) = a2 + d2 _ Z N +d2) ((dy + dy)?
wveE dltdv dlt + d?} dltdv

dy+dy uvekE dy+dy

(] [ec k)

- dudy - Z dudy
uveE  (d,+d,)? woeE (d,+d,)?

_ _(DSOG)?

Z dudv
uveE (d, +d,)?
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Since for any u € V, 6 < d,, < A, we have % < dd:-il 7w < 452 The equality holds if and only if 6 =

Therefore we get

(DSO(G)?* _ (DSO(G)? _ (DSO(G))?

dudy

SDD(G) > > 5 = =
uveE (d,+d,)? wveE 57 <%) m

Consequently,

DSO(G) < (2%5) mSDD(G) = (;)JWD(G)

Equality here holds if and only if 6 = A, hence G is a regular graph.
For the lower bound, by substituting a; = \d2 +d2 = b; and w; = m into Lemma 2.6, we get

[ dﬁ+d§][ d2+d2]<max[\/—AZ\/d + 2 \/—AZ\/du+d] &2 + @2

Edu+dv d,+d d,+d,
Hence,
Gt vy, VR VIS
uveEd +d, du+dv

Therefore, sinced, > 2 foranyu € V

\/al2 dz P+ P2
VZADSO(G) = \/_AZ al ¥ id
u

d2+d2
>
- d,d,

uveE

= SDD(G),

which yields

V2
DSO(G) = 5+ SDD(G).

The equality in these steps holds if and only if d,, = d, for every uv € E, i.e., G is a regular graph. This
completes the proof. 0O
Theorem 3.11. Let G be a connected graph. Then

SO(G)
A < DSO(G) <

SO(G)
=

Equality holds if and only if G is a reqular graph.
Proof. For any edge uv € E, we have 20 < d, + d, < 2A. Hence

AZ \/d§+d2_z 42+ d2 x d s;—éz,/d;,mg.

uveE uveE uveE

So
%(AG) < DSO(G) <

SO(G)
25

The equality holds if and only if 6 = A, i.e., Gis aregular graph. [



F. Movahedi / Filomat 39:29 (2025), 10519-10532 10530

Theorem 3.12. Let G be a simple graph of size m. Then

DSO(G) > \/F(G) + m(m —1) (TH(G)) .
Proof. For a; = d*> + d2 in Lemma 2.7, we get

N

(2ADSO(G))* ( 7

uveE

el

uveE

> Y (@2 + )+ m(m 1) [H(df, + dg)Jm

uveE uveE

= F(G) + m(m — 1) (Tlx(G))™ .

Therefore, we have

DSO(G) > 5+ \/F(G) +m(m — 1) (TIe(G)) .
O

Theorem 3.13. Let G be a graph of order n and size m. Then
%BSO(G) < DSO(G) < ZBSO(G).

Equality on the left-hand side holds if and only if G = mK, and in the right-hand side holds if and only if each
component of G is a reqular graph (not necessarily with the same degree).

Proof. For each uv € E, by Jensen’s inequality applied to the convex function

f(x) =1/x,

2 <1(1+1) dy + do (3)
d,+d, ~ 2\d d, dd'

Therefore, using 3 and the fact that d, + d, < n for any uv € E, we obtain

VE+ & P—
DSO(G)ZL;E d, ++d 22( i+ dz)( v)
s}IZ(,/dz,mg)(d +d) 72, @it v)(—‘{f‘;d%)

uvekE uve
2 2

Z ”d“ +d EBSO(G)

uveE

Equality in the 1nequalities above holds if and only ifd, = d, for every uv € E in G.
Next, since 0 < & < 1 for any u € V, we have + it dlv <2, and hence
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Thus,
psoG =} Yh+d 1 J2 v ) (—2—
©=) 4, +d, ‘52 ut (du+dv)
uveE uvekE
1 N2 +d2 1
> = N %o 2
> > MEUEE T = 3B50().

Equality here holds if and only if d, = 1 foreveryu € V,ie.,, G = mK,. O

4. Conclusion

In this paper, we conducted a comprehensive investigation of the diminished Sombor index and
its relationships with several classical topological indices. By establishing new bounds and characterizing
extremal graphs, our results contribute to a deeper understanding of the mathematical properties and
potential applications of the DSO indeX, particularly in chemical graph theory. The connections established
between DSO and well-known indices such as the Zagreb, Albertson, Harmonic, Randi¢, and geometric-
arithmetic indices highlight the versatility and relevance of this new invariant.

Future research directions include extending the theoretical framework of DSO to broader graph classes,
investigating algorithmic and computational aspects, and assessing its practical performance in chemical
and interdisciplinary settings (e.g., QSPR/QSAR). Such studies may yield further insights and expand the
utility of DSO in both mathematical analysis and applied modeling.
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