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Construction of 5-helix systems of index 2

Antonio Causa?®, Mario Gionfriddo?, Elena Guardo®*

?Dipartimento di Matematica e Informatica, Viale A. Doria, 6 - 95100 - Catania, Italy

Abstract. A 5-helix S®(1,5) of centre {c} is a 3-uniform hypergraph, with 5 hyperedges, all having in
common exactly the centre {c} of degree 5, and the remaining vertices of degree 1. In this paper we
determine the spectrum of S®)(1, 5)-designs of index 2 with pairwise distinct blocks.

1. Introduction

Let K% = (X,8) be the complete hypergraph, uniform of rank /, defined on the vertex set X =

{x1,x2,...,x}, that is, & is the collection of all the subsets of X whose cardinality is /; we will call a
set of cardinality /1 an h-subset.

If H® is a subhypergraph of K", then an H®-design, having order v and index A, is a pair £ = (X, B), where X
is a finite set of cardinality v, whose elements are called vertices, and 8 is a collection of hypergraphs over X,
called blocks, all isomorphic to H", under the condition that every h-subset of X is an hyperedge of exactly
A hypergraphs of the collection 8. An H"-design, of order v and index A, is also called an H"-decomposition
of /\Kf,h),

The study of hypergraph designs has become an important research area of combinatorial design (see,
for example, [1-9]).

In [7], we started the study of special hypergraph designs called hyperstars. Specifically, a hyper-
star S®(r, s) is the h-uniform hypergraph having s hyperedges and order (h — r)s + 7, such that all the edges
have in common exactly the same r vertices, which form its centre; and all the vertices of the centre have
degree s.

In this paper we focus on the hyperstar S®)(1,5), that is, on the 3-uniform hypergraph having 5 hyper-
edges and order 11, such that all the edges have in common exactly the same vertex, which forms its centre,
and all the vertices of the centre have degree 5. The hyperedges of S¥(1,5) are {{0,1,2},{0,3,4},{0,5,6},

{0,7,8},{0,9,10}}, the border is the set of the pairs {{1, 2}, {3, 4}, {5, 6},{7, 8},{9, 10}}. We call it a 5-helix system.
Figure 1 shows a block of a 5-helix system.

2020 Mathematics Subject Classification. Primary 05C51.

Keywords. G-Designs, uniform hypergraphs.

Received: 07 July 2025; Accepted: 01 November 2025

Communicated by Paola Bonacini

Research supported by "PIACERI 2024/26 Linea di intervento 2 - Universita di Catania” and by GNSAGA Indam; Guardo has
been supported by the project PRIN 2022, “0-dimensional schemes, Tensor Theory and applications”, funded by the European Union
Next Generation EU , Mission 4, Component 2 — CUP: E53D23005670006..

* Corresponding author: Elena Guardo

Email addresses: causa@dmi.unict.it (Antonio Causa), gionfriddo@dmi.unict.it (Mario Gionfriddo), guardo@dmi.unict.it
(Elena Guardo)

ORCID iDs: https://orcid.org/0000-0002-6286-781X (Antonio Causa), https://orcid.org/0000-0002-5360-409X (Mario
Gionfriddo), https://orcid.org/0000-0003-2891-1124 (Elena Guardo)



A. Causa et al. / Filomat 39:29 (2025), 10533-10538 10534

We determine the spectrum of a 5-helix system for index 2 with pairwise distinct blocks. Since a system
of index 2 is constructed from the union of two disjoint systems of index 1, the existence of a system of
index 1 is immediate from the proofs.

In the following we will make use of the following notation.

Notation 1.1. Let X be a finite set of cardinality v. We denote by (if) = {A C X | #A = Kk} for the collection of
k-subsets of X, i.e., it is the set of the subsets of X of cardinality k.

Notation 1.2. Given the cyclic group X = ({1,2,...v},+), asubset Y C X and a € X, we denoteby Y +a:={y+a |
y €Y}, and call it a “translate”of Y.
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9

Figure 1: A 5-helix block

2. Preliminary lemmas

This section is devoted to show some lemmas that will be useful to determine the spectrum of a 5-helix
system for index 2 with pairwise distinct blocks. In the sequel, to shorten the notation, by 5-helix system
for index 2 we mean a 5-helix system for index 2 with pairwise distinct blocks.

The following result gives us a numerical condition for the existence of a 5-helix.

Lemma 2.1. If there exists a 5-helix of index 2 and order v, then v > 11 and v = 0,1,2 mod 5.

Proof. Note that the block of a 5-helix has 11 vertices, then it is v > 11. Given a 5-helix (X, 8) of order v, the
number of triples of X is (3) and, if each triple has multiplicity A = 2 then there are 2(3) triples; since each
block contains 5 triples it follows that 5|8| = 2(;’), hencev=0,1,2 mod 5. I

Definition 2.2. Let X be a set of v elements. We call a A(0, 2, 5)-block the set
A = {{x1, 1), 122, yol, s, yal, (s, b, (s, )]

with xy, yx € Xsuch that {x;, yi}N{x;, y;} = Oifi # j. Apartition of()z() in A(0, 2,5)-blocks is a A0, 2, 5)-decomposition
over X.

We start our study with the case v = 11.

Lemma 2.3. Ifv = 11 then there exist a A(0, 2, 5)-decomposition of index 2.
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Proof. Define

A ={{10,11},{7,9},12,5}, {4, 8},{1,6}}
and

A" =1{{9,10},{1,3},{4,7},{2,6},{11,5}} .
If

D={A+a|0<a<11}
D ={AN+a|0<a<11}

denote the translates of A and A’, it is straightforward to check that (X, D) and (X, ') are two disjoint
A(0, 2, 5)-decompositions over X. Thus, (X, D U 9) is a A(0, 2, 5)-decomposition over X of index 2. O

Remark 2.4. From now on, a system of index 2 is always obtained by joining two disjoint systems of index 1.
Therefore, the existence of a system of index 1 is immediate from the proofs.

Lemma 2.5. Let X be a set of v elements with v = 0,1 mod 5 and v > 15. Then there exist two A(0,2,5)-
decompositions M and N with no blocks in common, i.e., MNN = 0.

Proof. Set X :={1,2,...,v} and consider the cyclic group (X, +) of order v. We observe that the set ()2() can be
decomposed in | 7| sets of the following form

Xo={li+kj+k|0<k<v,j—i=¢)
for1<¢ <|[5]

We have
v ifvis odd and for every ¢
|X¢l ={v if vis even and for every ¢ # [ 5]
5 ifo=131

We consider three cases:

casei) v=0 mod 5.
If v =0 mod 5 then |Xy| is multiple of 5. Given i € X we define the following subsets of X, in the
following way: for 1 < ¢ < 4 we set:

Ay ={{i,i+ 1}, (i+2,i+3){i+4,i+5){i+6,i+7),{i+8,i+9}}
A ={{i,i+2),{i+1,i+3} (i +4,i+6),i+7,i+9),(i+10,i+12)}
A ={li,i+3){i+1,i+4},(i+2,i+5),{i+8,i+11),{i+9,i+12)}
Ag={lii+4), i +1,i+5)(i+2,i+6),1i+3,i+8),(i+9,i+13}}.
For5 < ¢ < |[5] we set
Ap={lii+@hli+Li+¢+1){i+2i+@+2}{i+3,i++3),(i+4,i+¢+4)).
Define a A(0, 2, 5)-decomposition over X by setting
Ay +5a = {{x+5a,y+5a} | {x, y} € A¢}.

Then it is easy to check that if 1 <a < b < ¢ then (Ay + 5a) N (Ay + 5b) = 0. Hence each X, can be

partitioned as X = U (A + 5a). It is worthwhile to remark that, if v is even, X,» is a matching of ()2()
and one can choose a partition of X,» without any restriction.
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caseii) v =1 mod 5 and v odd.
Ifv=1 mod 5and v odd, then [ 5] =0 mod 5. Hence ();) can be decomposed as ()2<) = Uy Xy where
Xyl =vand 1 < ¢ < [5]. Givenk € {0,..., %I_%J — 1}, define a A(0, 2,5)-decomposition over X by
setting

o= {{i,i+1+5k},{i+2,i+4+5k},{i+3,i+6+5kj},

{i+5,i+9+5k},{i+7,i+12 + 5k}}

as base blocks and considering ()2() = U (T +a) with0 <a < 0.

caseiii) v =1 mod 5 and v even.
Ifv=1 mod 5and vis even, then [ 5] =3 mod 5. In this case we have (}2() = Ufzleqg. Decompose
Xj U X5 U X using as base block

opn {{i,i+1},{i+1+g,i+2+g},{i+2,i+4},{i+2+g,i+4+;—)},{i+3,i+3+;}}.

Fora=0,...,3, we consider the other blocks as translates = + 4, hence X; U X, U Xy = Ua(E + a) with
E + a pairwise disjoint A(0,2,5)’s; note that [Xy| =vif 1 < ¢ < [F]and [Xy| = Jif P = [5] = 5.
If 3 < ¢ < 5, the number of remaining sets X, is § — 3 which is a multiple of 5. Define

Br={{i,i+3+5k},{i+1,i+5+5k},{i+2,i+7+5k},{i+4,i+10+ 5k}, {i + 6,1 + 13 + 5k}}

for0 < k < k wherek = ”1;06. The translates di Z and &y, i.e., E+a, B +a, give a A(0, 2, 5)-decomposition
over X.

In summary, if v = 0,1 mod 5, there exists a A(0, 2, 5)-decomposition of X which depends oni € X; it is
straightforward to check that for i = 1,2 we get two different A(0, 2, 5)-decompositions (X, D) and (X, D’)
which are disjoint, i.e. if A€ Dand A’ € D' then A # A’. [0

3. Main results

Theorem 3.1. There exist two disjoint A(0,2, 5)-decompositions of order v over X if and only ifv > 11 andv = 0,1
mod 5.

Proof. If v > 11 such that v = 0,1 mod 5 then we get two A(0, 2, 5)-decompositions over X that are disjoint
from lemmas 2.3 and 2.5. If there exist two disjoint A(0, 2, 5)-decompositions over X thenv > 11 withv =0, 1
mod 5. O

We now give a couple of lemmas that describe a recursive construction for 5-helix designs.

Lemma 3.2. If there exists a 5-helix of order v = 0,1 mod 5 and index 2, then there exists a 5-helix of order v + 1
and index 2.

Proof. Let (X, &) be a 5-helix design of order v > 11 such thatv = 0,1 mod 5 and index 2. From lemmas 2.3,
2.5 there exist (X, D) and (X, 9’) two disjoint A(0, 2, 5)-decompositions of order v. Given * ¢ X and a € D,
let us call a. the hypergraph with centre {+} and border «, i.e., a, = {{*} Uixyl | {xyl e a}, and define
D, ={a. | a € D). Itis easily verified that (X U {#}, EU D,) and (X U {+},E U D) are disjoint 5-helix designs
over XU {x}. O

Another recursive construction is described in the following

Lemma 3.3. Supposev =0,1 mod 5andu =0,1 mod 5 and that there exist 5-helix systems of index 2 and order
v+ 1and u + 1, then there exists a 5-helix of order v + u and index 2.
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Proof. Let X and Y be sets of cardinality v and u as in hypothesis, choose x € X and consider a 5-helix
(YU {x},&) of order u + 1, choose iy € Y and consider a 5-helix (X U {y}, &) of order v + 1 of index 2. Given
(X, D) a A0, 2, 5)-decomposition of X, which exists by lemmas 2.3,2.5, let us call D, the set of 5-helix blocks

ay = {{y} Ufa,b} | {a, bl eac Z)} for every y € Y'\ {y}. Analogously, given (Y, D’) a A(0, 2, 5)-decomposition
of Y, consider 9, the set of blocks a, = {{ YUla, b} | {a, bl ea e D’} for every x € X\ {x}. Itis straightforward

that (XU Y, EUE U D, U D)) is a 5-helix, since if {a,b, c} e(Xuy)thena,b,ceXU{y}ora,b,ceYU{%} or
abeXandceY\{y}ora beYandce X\ {x}. Besides

(u;rv):(u;rl)_'_(v;l).;.(;l)(v—l)+(;)(u—1)

for every u,v € IN, hence each triple {4, b, c} € (XLSJY) appears once and only once in the system (XUY,EUE U
D, U Dy,); since we can consider disjoint systems in the construction of D, 9, &, &' it follows that, given u, v
which satisfy the hypothesis, there exists a 5-helix of order u + v and index 2. [J

In order to exploit the previous constructions we need existence results for 5-helix systems of order v = 11
and v = 15.

Theorem 3.4. There exists a 5-helix of order 11 and index 2.

Proof. The number of blocks of 5-helix of order 11 is 33, hence to construct a 5-helix of order 11 and index
2 we need 66 distinct blocks isomorphic to an S3(1,5). Let (X, +) be the cyclic group of order 11 whose
elements are {0, 1, ..., 10}, and consider the following 3 blocks:

a ={{0,1,10},10,2,3},10,8,9},10,4,7},10,5, 6}
B =1{{0,1,7},10,2,4},10,6,8},{0,5,9}, {0,3, 10}
y ={(0,1,5),0,2,8),10,3,6},{0,4,9),{0,7,10}}.

The 33 blocks a +a, +a,y + a for every a € Z/(11) give a 5-helix Hi; of order 11.

In order to obtain another 5-helix Hj, disjoint from the previous one, one can perform a permutation

on the vertices of every block of Hi; in such a way that the blocks obtained after the permutation do not
belong to Hj;. For example, the cyclic permutation ¢ su X, decomposed into disjoint cycles and written in
cyclic notation, is 0 = (1,2)(5, 6) and it gives a second 5-helix Hil disjoint from Hy;. O

And finally, we construct a 5-helix system of order v = 15 and index 2 in the following
Theorem 3.5. There exists a 5-helix of order 15 and index 2.

Proof. Let us consider 5-helix blocks with vertices in Z/(13) U {«, f}, where Z/(13) is the cyclic group of
order 13 and a, § ¢ Z/(13). In particular consider the following blocks as base blocks

f{0,4,11},{0,7,8},{0,3,10},{0,2,9},{0,5,8})
f{o,1,8},{0,6,12}, {0,5,11},{0,4,10},{0,3, )}
f{0,4,7},{0,6,11},{0,1,5},{0,8, 10}, {0, 2,8}
{0,2,10},{0,8,12},{0,5,9},{0,1,4},{0,6,8}}
{0,5,8},{0,2,11},{0,3,4},{0,12,4},{0,1, o))
{o 10, 11} {0,2,3}, {0, 1,12}, {0,9, ﬁ}, {0,4,a}}
{ } {a,3, 6}, {a,4, 12}, {a,5,11}, {a, 1, ﬁ}}
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and, translation is performed utilizing the following rule

x+a ifxeZ/(13)
xX+a:—-1a fx=«a

B ifx=8

Thus, the 91 blocks obtained form a 5-helix system His and, a second disjoint 5-helix system can be achieved
by swapping a with § in every block of His. O
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