Filomat 39:29 (2025), 10557-10574
https://doi.org/10.2298/FIL2529557M

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2 S
) @
b, &
Ty xS’

5
TIprpor®

Error bounds of multiplicative Boole’s type inequalities for twice
differentiable functions with applications to numerical integration

Abdul Mateen?, Artion Kashuri®*, Hiiseyin Budak“4

?School of Mathematics and Statistics, Shandong Normal University, Jinan 250000, China
YDepartment of Mathematical Engineering, Polytechnic University of Tirana, 1001 Tirana, Albania
¢Department of Mathematics, Saveetha School of Engineering, SIMATS, Saveetha University, Chennai 602105, Tamil Nadu, India
Department of Mathematics, Faculty of Science and Arts, Kocaeli University, Kocaeli 41001, Tiirkiye

Abstract. This paper introduces a new multiplicative integral identity for functions that are twice dif-
ferentiable in the multiplicative sense. Using this identity, we establish Boole-type inequalities under the
assumption of convexity within the framework of multiplicative calculus. The results provide improved
absolute error bounds for integral approximations compared to those obtained through classical calculus,
especially for higher-degree polynomials. To demonstrate the usefulness of these inequalities, we apply
them to numerical quadrature formulas and special means. Finally, numerical examples accompanied by
graphical representations are presented to validate the theoretical findings and demonstrate their practical
relevance.

1. Introduction

Inequalities are the most fundamental concepts in mathematics, serving as powerful tools for analysis,
estimation and problem-solving in various domains. They provide a framework for comparing quantities,
establishing bounds and refining approximations, making them indispensable in both theoretical and
applied research. Many optimization problems in economics, engineering and operations research rely
on inequalities to define constraints and feasible regions. Inequalities play a crucial role in checking the
stability of numerical schemes and in machine learning, minimization of a loss function. Throughout
history, inequalities have played a big role in the advancement of mathematical sciences, leading to the
development of entire fields such as optimization, functional analysis, differential equations and numerical
analysis. The concept of inequalities has been a fundamental part of mathematics for a long time, with
records of their use dating back to ancient civilizations. However, the systematic study of inequalities and
their properties gained prominence in the 17th and 18th centuries. German mathematician Karl Hermann
Amandus Schwarz is credited with introducing convex functions in the late 19th century, significantly
influencing mathematical theory and its applications. These functions play a crucial role in optimization
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problems across various fields, including economics, engineering, and computer science, aiding in tasks
like portfolio optimization and control theory. As a result, inequalities are now regarded as essential tools
in the modern mathematical research landscape. For further insights into the history and applications of
convexity, refer to [1, 2].

Definition 1.1. A function F : I ¢ R — R" is considered convex, if
Flto+(1-1)0) <tF(w)+(1-17)F(2), (1)
where w,® € Iand T € [0,1].

On the other hand, if the inequality (1) is inverted, the function F is deemed a concave function.

The Hermite-Hadamard inequality is a fundamental tool in various fields of applied mathematics. Its
versatility extends across multiple disciplines, rendering it essential for mathematical analysis in real-world
contexts. Let’s review it once more:

Theorem 1.2. The double inequalities for a convex function F : [w, ®] € R — R is stated as:

F(w+@)S 1 wF(x)d%<F(w)+F(°D). )

2 ®-w J, - 2
If F is a concave function, both inequalities hold in the reverse direction. For more examples and insights,
please refer to [3-9] and the sources cited therein.

In calculus and analysis, differentiation and integration are fundamentally based on the operations of
addition and subtraction. However, alternative formulations exist in which these operations are replaced
by multiplication and division, leading to the development of multiplicative calculus, also known as non-
Newtonian calculus. Although this framework satisfies the essential axioms of calculus, it has not achieved
the same prominence as the Newton-Leibnitz formulation. Given its relatively limited range of applications
compared to classical calculus, one may question the necessity of developing a system with a narrower
scope. However, this concern is analogous to questioning the use of polar coordinates in planar geometry,
despite the ubiquity and generality of Cartesian coordinates. The utility of a mathematical framework is
not solely determined by its breadth, but also by its suitability to specific classes of problems. Multiplicative
calculus offers a natural framework for modeling systems governed by proportional change, particularly in
domains such as economics, finance, and population dynamics, where exponential growth and ratio-based
behavior are intrinsic. In such contexts, multiplicative calculus provides analytical tools that are often more
appropriate and effective than those offered by classical methods. The concept of a multiplicatively convex
function is particularly important and can be defined as follows:

Definition 1.3. [10] Multiplicative convex function FF : I SR — [0, o0) is stated as:
Ftw+(1-1)0) < [F()] [F@)]"", forallw,® € land T €[0,1].

From Definition 1.3, we have
F(to+(1-1)) < [F@)] [F@)]" " <tF (@) +(1-1)F ().

This shows that every function that is convex in the multiplicative sense is also convex in the traditional
sense. However, it is important to emphasize that the converse is not always true. Throughout this
section, let F and Q be positive functions from R to R*. In 2008, Bashirov [11] introduced multiplicative
operators denoted by fw “ (F())™, where f(f F(»t)dx represents the ordinary integral. It's noteworthy that
F is considered multiplicatively integrable on the interval [w, @] if it is positive and Riemann integrable on
that interval, and satisfies the condition:

0]
[ Goe = el e
w

Additionally, Bashirov et al. established the following properties of the multiplicative integral:
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Proposition 1.4. [11] Assuming that F and () are both positive functions that are Riemann integrable over the
interval [w, @], then F is multiplicatively integrable on [w, @] and

() [ (o™ = [7(F oo™,
) [T FG)QGO)™ = [TF G0y, [T(Qe))>,

INGEY
”l)f ( ) - fj(gz(z))d%’

w)f (F )™ = fc (F ()™ . f@ FE)™, w<c<a,
(0] W -1
o) [T FG)™ =1 and [7(FCO)™ = ([ Fc)™)

(i)
(
(
(

Lemma 1.5. [11] Suppose F : [w,®] — R be multiplicative differentiable and suppose Q : [w,®] — R to be
differentiable, so the function F is multiplicative integrable, then

? F* () 200\ = F (LD)Q((D)' 1
L (( (%)) ) F(a))Q(w) L(D((F (%))QI(%))M

Lemma 1.6. Suppose F : [w, ®] — R be multiplicative differentiable, suppose Q) : [w,®] - RandF : I C R —
[w, @] be both differentiable functions, then

© % Qo) 1
P (F () 20F ooy _ FE@) ‘
ja\) ( ) F(F (CL)))Q((U) L‘D ((F (%))Q'(%))d%

Definition 1.7. [11] The definition of the multiplicative derivative for a positive function F is given by:

d*F

F(r)

When F is positive and differentiable at t, the multiplicative derivative F* can be defined. The connection between F*
and the ordinary derivative F’ is described as follows:

(T) F(z ):}li_{%(F(T-'—h))h,

F* (1) = eFOT = o7

Definition 1.8. The second derivative of multiplicative function F is stated as:

FH (T) — e[lnF*(T)]/ — e[h‘lF(T)]”'

Here, (InF)” (1) is occurred because F” (1) is extant. If we continue this process to n-times for F and its
derivative of nth order subsist at 7, then F*" (1) also exists:

FO ()= emP"@  _ 123 ...

Theorem 1.9. [11] Considering the multiplicative differentiable functions F and Q. If ¢ is an arbitrary constant,
then the functions cF, FQ, F + Q, £ and F® are also multiplicative differentiable, then

(i) (cF) (1) = cF* (1),

(i) (FQY" (1) = F (D) ' (1), -

(i) (F + Q)" (1) = F* (7)o Q* (1)@ ,

(

(

i (5) (0 - 58,
o) (F?) (0 = F (@@ F (07 @,

This study also utilizes some special functions, whose definitions are provided below for clarity [18]:
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Gamma function:

I'(z) :f wle™du, Re(z)> 0.
0

Beta function:

_T@r@) _ (" .- o
B(CL),(D) = m = fo‘ u 1(1 — M) 1du.

Incomplete Beta function:

By(w,®) = f u® 11— u)® du.
0

Gauss hypergeometric function:

(@)(@), 2"
©n n!

oF1(w, @;¢;z) = Z

n=0
where (v), = w(w + 1) -+ (w + n — 1) is the Pochhammer symbol.

These functions appear frequently in our analysis of the integral expressions presented in Sections 2.
In particular, the incomplete Beta function and hypergeometric function arise naturally when evaluating
integrals of the form f |P(7)PdT where P(7) is a quadratic polynomial.

Alietal. [19] formulated a Hermite-Hadamard type inequality in the context of multiplicatively convex
functions, it is stated as:

Theorem 1.10. [19] Consider multiplicative convex function F on [w, @], then the double inequalities hold:

F552) < (f(F(x))”’%)ml“ < F@F @)

See [19, 21, 22] for more information and additional references. In [7], Khan and Budak explored mid-
point and trapezoidal type inequalities for multiplicative integrals, establishing fundamental bounds for
multiplicatively convex functions. Mateen et al. discussed error bounds for several inequalities, including
Simpson’s, Hermite-Hadamard, midpoint, trapezoid, and Bullen-type, focusing on twice differentiable
functions in the context of multiplicatively convex functions in [23], providing a unified framework for
analyzing different quadrature rules. Additionally, Chasreechai et al. proved the multiplicative version
of Newton and Simpson’s 1/3 formula type inequalities in [24], extending classical numerical integra-
tion techniques to the multiplicative calculus setting. Recent work has extended fractional calculus to
multiplicative settings, with applications to inequalities and numerical analysis. Du and Ai [12] estab-
lished Katugampola-type multiplicative fractional integral inequalities, introducing new tools for handling
non-local multiplicative operators. Meanwhile, Peng and Du [13] derived Maclaurin-type inequalities for
multiplicatively convex functions, refining earlier results on exponential-type convexity. These were further
improved by Peng et al. [14] for exponential-kernel integrals, where sharper error estimates were obtained.
For applications, Ai and Du [15] studied Newton-type bounds, demonstrating their use in multiplica-
tive numerical schemes, while Zhou and Du [16] developed error estimates for multiplicative quadrature,
highlighting their efficiency in approximating multiplicative integrals.

Inspired by ongoing research, this research presents a novel formulation of Boole’s formula-type in-
equalities for twice differentiable functions, framed within the innovative context of multiplicative calculus.
The motivation for exploring Boole’s formula within the context of multiplicative calculus stems from the
desire to enhance the accuracy and applicability of integral approximations in various fields, including
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finance and engineering. Traditional approaches to numerical integration often rely on assumptions and
properties inherent to classical calculus, which may not capture the unique characteristics of multiplicative
processes. Since multiplicative calculus is modern calculus with a lot of applications in banking and fi-
nance, the study of multiplicative calculus is valuable. The main advantage of using multiplicative calculus
is its ability to capture more accurate error bounds, especially for higher-order derivatives, particularly
when dealing with exponential functions. Classical calculus often struggles to achieve the required pre-
cision in these scenarios, whereas multiplicative calculus provides a more robust framework. By proving
integral inequalities through multiplicative calculus, the aim is to unveil novel insights that enhance our
understanding of mathematical concepts and their applications [17, 20].

The remaining paper is outlined as follows: Section 2, presents the key results regarding Boole’s
formula-type integral inequalities for log-convex functions within the framework of multiplicative calculus.
Applications to quadrature formulas and special means in the context of multiplicative calculus for real
numbers are developed in Section 3. Section 4 includes numerical examples and graphical representations
that illustrate and validate the findings. Lastly, Section 5 concludes with reflections on the significance of
this work and proposes potential directions for future research.

2. Main Results

In this section, we derive an integral identity for multiplicatively twice differentiable functions. This
identity acts as a foundational tool for exploring properties and inequalities within the realm of multiplica-
tive calculus.

Lemma 2.1. Consider F : [w,®] € R — R* to be a multiplicative differentiable function with a continuous
derivative on (w, ®) and F* € Li[w, ®]. Then subsequent equality is satisfied:

1

(5 F eoy™)™
7 w+a )12 3w+d w30 )\ 7 %
F@) (F(252)) " (F(252)F (=52))” ¢ @)
_ *% A(T) dt
=1 (F o+ 1 - Dw)*®) , )
0
where
7 1
% - ET, 0<t< 11;
28,8 Yool
A1) = 15 45’ 4~ 2
15 45’ 27 T 4
% - gT + 38 3 <7<l
45 45’ 4~ 7

Proof. By multiplicative integration and change of variable % = 7@ + (1 — 7) w, it suffices to note that:

(0-w)?
2

1
I= [j(; ([F**(Tca +(1- T)w)]A(T))dT]

- [ f (P o+ (1 - T)w)](fz—zsf))“]
0

(mmf)z
2



A. Mateen et al. / Filomat 39:29 (2025), 10557-10574 10562

(m—m)z

2

X 'ﬁz ([F**(m +(1- ’[)a))](—fz_gﬂ'ﬂi))h}

(@0-w)?

X fl‘4 ([F**(uo +(1- T)w)](fz,%ﬂ% )dT} 3

L™ 2

(0-w)?
dt
X

r 1
N P}
[y

([F**(T@ +(1- T)w)](fz_%H% )

=11 X X I3 X Iy. (4)

Now using multiplicative integration to solve these integrals as follows:

(0-w)?
2

L = [ fo 1 (IF*(r@ + (1 - T)a))](TZ_ZST))dT}

(@ - w)’

= exp [ 5 f04 (Tz - %’c) (InoF)’ (to + (1 — 1) w) d’c]

1
4
= exp

(@ — w)? (2 7 )1nF’(TcD+(1—T)a))
2 R - w

45 )

b 04 (2’[ - %) (InoF) (t@ + (1 — 1) a))]]

W —w
_ (@ - w) 17 (3w + @
‘eXp[ 2 (720((0—(0) inf ( 4 )
—( ! (21—1)(lnoF)(TcD+(1—T)w)i
(60—60)2 45 0
_(ca _Zw)z f04 (InoF) (to + (1 - T) w) d’c])]
_ (@ - w)? 17 (3w + @ 31 3w+ @
‘eXp[ 2 (720(@—w)1“F( 4 )_90(@_w)2 “F( 4 )
7 2 e
! _InF F .
o @ fw In (F (%)) d%]] 5)
Similarly,
L= [fz ([F**(no +(1- T)cu)](TL%H%))dT
B (@ - w)* -1 w0+ @ 17 (3w +@
‘eXp[ 2 (180(@—a})lnF( 2 )_720(@_w)21“F( 4 )
2 w+o 11 3w+ @
- - 1
15 (@ — w)? " ( 2 ) 30 (@ — w)> " ( 4 )

w+®

2 2
P f In (F (%)) d%]], 6)
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(m—m)z
2

I3 = {ﬁ4 ([F**(TCD +(1- T)(u)](Tz‘g”?é))dT]

2

B (@ - ) 17 ,(a)+3ca 1 ,(a)+ca)
"R T 20— (T3 )+180((D—a)) "2
11 w + 3@ 2 w+ @
- 1 - F
30@-w)p ( 4 ) 5@-w? | ( 2 )
2 w+43u)
+ @y f; In (F (%)) dk)] , (7)
and
1 2_ 83 38)\AT %
L= U (IF(ra + (1 - D) (TR ) ]
B (@ - w)* -17 , (W + 30 7
_exp[ 5 (720(@—(0) In ( 1 )_45((D—a))2 InF (@)
31 W+ 3@ 2 ©
- InF In(F dnl]. 8
90 (@ — ) " ( 4 )+(o—w)3fm e %]] ®)
Substituting (5)-(8) into (4), we have
(@)

U (P o+ (- T)cu)]‘““)ﬂ]
0

([ F oy™)™
(F@F @ (F(2)(F(22)F(252) ]

7

which completes the proof. [

Theorem 2.2. Considering the conditions stated in Lemma 2.1, if F** is multiplicatively convex on [w, @], then the
following inequality is satisfied:

(L2 FGoy™)™
[ @rr @ (¢ ()" ( (252 ()"

509(0—w)2
<[F* (@) F" (@)] 7% . )

Proof. From Lemma 2.1, it becomes

([ Ee0r)™
[ wrr @ (¢ ()" ( (252)r ()"
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- 2
<exp @-w) f |1n F*(to+ (1 - T)a)))A(T)| d’[]

] 0

- 2l
<exp| @- ‘”) f IA (0] [In (F*(t + (1 — T)a)))|d’[]
= exp - —T In (F"(t@ + (1 - T)w))ld’c]
X exp T + —‘ In (F"(t@ + (1 — T)w))| dT]
Xexp|——=—— T+ E‘ In (F*(t@ + (1 — T)w))| d’c]

45

X exp T+ %' In(F*(t@ + (1 — 1)w))| dT} . (10)

Since F** is multiplicatively convex,

2

2 i
exp[(m—zw)fo 2-L
:exp[(‘D 260) ((£4T

Similarly,
(cv w) f
1

<exp @ _2w ﬁ
Xp @ _Zw)z ((f;r
( f -1

F*(to + (1 — 1)w))| d’c]

T TInF*(@)+ (1 - 1) InF™ (w)) dT]

d’() InF* (@) + (f 1-1)

T——T

T——T

d’[] InF* (a)))] (11)

ex 2 - —T + —‘ In (F*(t@ + (1 — 1)w))| dT]

213
15

(tIn(F* (@) + (1 - 1) In(F" (w))) dT]

TS
45

Tz—ET-f-—
15

=e€

dr]ln F*(@))

8
7 ——T+—

dT] In (F* (a))))] (12)

2_ Y _‘ In (F*(t@ + (1 = T)w))| dT]

-
()
([ o-ob

17, 1
45

15 (tIn(F*(@)) + (1 — 7) In (F* (w))) dT]

12—21+—
15

d’[) In (F**(w)))] (13)

d’[]ln F*(@))

RV
T 151'
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and

exp

T + —‘ [In (F*(t@ + (1 — 1)w))| d’[]

<ex [ T + — (Tl F* (@) + (1 - 1) In(F~ (w))) d’I]
1
=exp (LD _20)) ((ﬁ T Tz— Z—;T+ — dT]ln(F ((D))
(f (1-1)|z2 - —T % dT] ln(F**(w))]]. (14)

Using (11)-(14) into (10), it becomes

([ F oy™)™
[(F(w)F(cD)) (F (M))12 (F(222)F (%3"’))32]%

509(@-w)®

< [F** (@) F* (a)) 277375 .

Here, we used the following equalities:

475 f (1-7)

38
2 ——’L’ 45'd

3325187
12597120000"

7 — —1|dt

1
83 38 7 16854253
2 _ 2V g — _ 2 _ d _ o
fi | fo 1-9" -3 ' * = 12597120000”
3 1
P, 17 14 : , 13 8 ‘ 1679
_o B - 1— _ 2 =7
f; G i L ; =97 - 57+ 5|7 = Taa160"
1 3
Pl 1B 81 (]l E‘ __ %1
fi T L ) (1=D|" = 157+ 5|7 = Toaa160°

Thus, the proof is completed. []

Theorem 2.3. Considering the conditions stated in Lemma 2.1, if (In (F**)) is convex on [w, ®] and q > 1, then the
following inequality is satisfied:
(f5, F o)™
12 327%
(F@F @ (F(e52))" (F(42)F (=52))7]

Ho- +12(p)+1s(p)+ 14
I @ ()] ] OO -
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where
—2p-1 ;
) (£)™ (- VraP(sec(rp) ~2)T(p +1) — 4T (p + 3) Bx(-2p — 1,p + 1))
R 4r(p+a)
1 34
= ) - )

1

3 V(sec(mp) - DI(p + 1)]]” |
r(p+3) '

1._ op 1 3 4
1) = (5270577 (4281 5,57

—BB%(—p—%,p+l)

3 V(sec(mp) - DI(p + 1)]]'1’ |

I(p+3)

- o 1
Ya(p) = {2 RARVAR [—B;gg (_P —5P+ 1) -

1

Vr(sec(mp) — 2)T(p + 1>]]”
r(p+3) '

and ;17 + % =1. TheT(.), B(.,.) and 2F1(., .; .; .) are well-known special functions.

Proof. By employing Lemma 2.1 and Holder’s inequality, it follows that

([° F Goy)™
[rorort <w+o>>“ <F<%¥>F<%>>ﬁ]%

<exp - —T [In (F*(t@ + (1 - T)a)))ldT]
X exp - —’L’ + —‘ [In (F*(to+ (1 - ’c)a)))ldr]
X exp . [In (F"(t@ + (1 = T)w))| d’l’}

<exp ((D —za)) (f4 - A%Tpdr]p (f4 (In (F™ (TcD+(1—T)a))))da)q‘
0 0

- 2 % 1
X exp ((D_zw) f T2——T+—’ dT] (f (In ( **(T®+(1—T)w)))qd’f]
. |

. , : 1 3 i
X exp @_zw) f T _pdT) U (In(F" (@ + (1 - D) w)))' dr

515
exp 3 I
1

83
2——T+

45

] (f (In(F* (t@ + (1 — 1) w)))" d’c)q} ,

10566

(16)
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where ’17 + }] = 1. Using the convexity of (In (F*))?, one can obtains

f4 (InF* (to + (1 -1 w))?drt < f4 [t(InF” (@) + (1 = 7) (InF™ (w))"] dt
0 0

_ (InF" (@))" + 7 (InF* ()
B 32 ’

ﬁz (InF*(to+ (1 -1)w))ldr < fz [t(InF* (@) + (1 = 7) (InF* (w))"] dt

3 SEInF” (@) +5(InF* (w))*
B 32 ’

ﬁ X (InF* (@ + (1 - 1) )T dt < f e nF (@) + (1 - 7) (InF* ()] dr

5 ZInF** (@) + 3 (InF™ (w))?
= 32 7

4

_ 7 ZInF** (@)1 + (InF* (w))"

1 1
‘ﬁ (InF' (to + (1 - 1) w))dt < f [t(nF™ (@) + (1 = 7) (InF* (w))"] dt

32
Here, one used the following facts:
1
4 7 P
2 —_——
f(; T T drt
-2p-1 _
) (£) ™ (- VraP(sec(mp) —2T(p + 1) — 4T (p+ 3) By (=2p - 1,p + 1))
ar(p+3)
I, 13 8F
2 _ = —
j; TGt dt

1 3 4

3 V(sec(rp) = DI(p + 1)

_ 1 opeyz—2p-1 ( L2, ) ( 1 )
—32 5 4,F > p,2,9 SB% p 2,p+1

r(p+3)

3 2775

1
T
3
4

_ oy 1
= 2 A+ lyHly5-2p-1 [—B;g«; (—p — 5Pt 1) -

, 8 38f

5T T

V(sec(mp) — 2T(p + 1)]
Ip+3) '

_)I(p +1
_ Loapang-2p-1 [421-"1(1 > 4)—3313261(—p—%,p+1)-3ﬁ(sec(”p ) 3) )
rp+3)

10567

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)
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1 1 1
\L‘TdTZI;(l_T)dT:ﬁ'
fl(l—)d—fld—z
; T)dt = %17—32,

1 3

3 i 3

j; Tdt = j; 1-1)dt = X
% Lo
f}l(l_T)dT_ﬁTT_ﬁ.

2

and

If we apply the inequalities (17) to (20) and (21)-(24) in (16), then obtains the inequality (15).
Now, let w1 = 7(InF* (w)), @1 = (InF* (@), w, = (InF* (w))" and @, = 7 (InF** (@))" . Using the facts
that

n n n
Z(wi+@i)5§2wf+2coj, 0<s<1,
i=1 i=1

i=1

and 1+ 7% < 8, one obtains

7(InF~ (@) + (nF~ (@))')'
( %)
(31—2)q (1+79) InF* (@) + InF* (@)]

1
q

8(55) I @F @),

(InF~ (@))! +7 (nF~ (@))')'
G

IN

IN

8 (312)1’ In (F* (0) F* (@)).

Similarly, let w3 = 3(InF* (w))!, @3 = 5(InF* (@))7, ws = 5(InF* (w))? and @4 = 3(InF* (@))". Using the
facts that one obtains

n n n
Y @+a)y <) wi+) @), 0<s<1,
i=1 i=1 i=1

1 1 .
and 37 + 57 < 8, one obtains

3(InF* ()7 +5AnF* (o))" g
( 5

< 8 (%)é In (F* () F* ().

This completes the proof. [
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3. Applications

Boole’s type inequalities play a vital role in numerical integration and the analysis of special means for
real numbers. In quadrature formulas, they improve the accuracy and efficiency of integral approximations
by establishing precise error bounds. For special means, these inequalities uncover fundamental relation-
ships and bounds that are essential in various mathematical investigations. These applications underscore
the significance of Boole’s type inequalities in advancing both theoretical and applied mathematics.

3.1. Application to Quadrature Formula

In this part, the application of the derived Boole’s type inequalities to quadrature formulas within the
framework of multiplicative calculus is investigated. By incorporating these inequalities into the quadra-
ture formula, we significantly enhance the accuracy and efficiency of numerical integration techniques. The
use of Boole’s inequalities refines the approximation process, especially for functions with specific charac-
teristics, such as convexity. Additionally, these inequalities optimize the selection of sampling points and
weights in the quadrature formula, thereby improving the precision of definite integral estimations. This
application not only extends the theoretical understanding of Boole’s inequalities but also demonstrates
their practical significance in numerical analysis and computational mathematics.

Let Y be a partition of the points w = 69 < 01 < 02 < .... < 04—1 = @ of the interval [w, ®], and consider
Boole’s quadrature formula within the framework of multiplicative calculus:

f " Fo) = Ex(F, 1) - S5, ), (25)

w

where Sg(F, Y) is the multiplicative quadrature sum, which is always positive for F(c) > 0, and defined as
follows:

(0i41-9)

SeFY) = T ((F(a»)%(M)H(F(M))?’Z(F(M))32(F(a,-+l>)7) i

2 4 4

is the multiplicative Boole’s version and Ep (F, Y) denotes the approximation error.
Now, we derive some error estimates for Boole’s formula.

Proposition 3.1. Let F : [w,®] € R — R be *differentiable function on (w, ®) . If F** be a multiplicatively convex
function on [w, @], then in (25), for every division Y of [w, ®], we have

3
509(9i11-9;)

|Es (F, V)| < T [F™ (00) F™ (0i)] ™ 755 . (26)

Proof. Applying Theorem 2.2 on the subinterval [0}, 0i41] of the division Y, we get

7 F )"

o

(00 F ()™ 7 () (F (252))” ¢ o)

509(0;11=0;)°

< [F7 (o) F" (o)) 7575
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wherei=0,1,2,...,n—1. Hence, we have

INGQN
Sg(F,Y)
g [ o
(7P (2252) ™ F (252)" (F (252)" ¢ )

[ (F (o)™

S H:Z:_Ol ” (on] : : M
((F (Ui))7F (O'x‘+20'i+1 ) (F (30,:0i+1 ))3 (F (ai+ia,'+1 ))3 (F (Oi+1))7)
509(0;11-0;)”
= H?:_ol [F*(0)F" (0i41)] 757

O

Proposition 3.2. Let F : [w,®] € R — R* be *differentiable function on (w, ®) . If (In (F**))7 be a convex function
on [w, @], then in (25), for every division Y of [w, ®], we have

|Eg (F, )|

oo [, () 2 ()3 () + T ()]
< TP (0) F* (0i)] @7 :

where Y1 (p) — Y4 (p) are defined as in Theorem 2.3.

Proof. With the help of Theorem 2.3, the proof is similar to Proposition 3.1. [

3.2. Application to Special Means

Special means, like arithmetic, geometric, and harmonic means, are crucial in various mathematical
applications. Boole’s type inequalities provide valuable bounds and insights into the relationships between
these means, offering tighter estimates and enhancing their mathematical and statistical understanding.

We shall consider the means for arbitrary real numbers w, @

(i)- The arithmetic mean: A (v, ®) := %2,

2
(ii)- The harmonic mean: H (w, ®) := 3%‘;, w,® > 0.
(iii)- The logarithmic mean: L (v, ®) := 25—, w,® > 0 and w # @.

Pl P+l

2w N\ 50, w # @ and p € Z\{~1,0).
(p+1)(@-w) p

(iv)- The p-logarithmic mean: L, (v, ®) := (

Proposition 3.3. Lef w,® € Rwith 0 < w < @, then we have

exp (91—0 (2A7” (w, @) + A% (0, ®) + A% (0, 0, w, D) + A% (v, d, D, cD)))

L)

< ) (@ e )

Proof. The assertion follows from Theorem 2.2, applied to the function F(u) = e with p > 2 whose

L > = ,
(L?F(u)du)m—w — (ejl: lneul”du) — eLﬂ(w,zD) and F* (u) — ep(pfl)uﬂ 2. O
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Proposition 3.4. Let w,® € Rwith 0 < w < @, then we have

exp (& (14H ™ (,0) + 447 (0, @) + 3247} (0, , w, @) + 3247 (0, @, @, D))
eL Hwo)

2
TR e M ORE OIREORAD)
_ |
[e4H*1(a)3,m3) !
where Y1 (p) — Y4 (p) are defined as in Theorem 2.3.

Proof. This inequality can be obtained from Theorem 2.3, for the function F (1) = ei. [

4. Numerical Examples and Graphical Analysis

This section provides some numerical examples with graphical representations of newly established
Boole’s formula type inequalities in multiplicative calculus. This graphical representation demonstrates
that the main results are practically valid for multiplicatively convex functions.

Example 4.1. Let F : [w,®] — R* be a function defined by F (%) = e, then by applying inequality (9) to the
function F (%) = e. Then, solved by Mathematica, the left-hand side of (9) becomes:

( FGay™)™
7 wra |\ 12 3w+® w30 )2 =
[F@r @ (F(2)" (F (252)r (=52)]
1
o () " ()"} 1 16 16 3 \.7 7
:[ o o (-gre((5 5+ 5ram * va) Tt o)) 7
and the right-hand side of (9) becomes:

509(@—w)?

[F”* (CD) F* (w)] 273375
o\

- (ee&ﬂ"ﬁ) o (28)

From Figure 1, it is confirmed that inequality (9) of Theorem 2.2 is valid.

Example 4.2. Let F : [w,®] — R* be a function defined by F (x) = e*°, then by applying inequality (9) to the
function F (%) = €%, Then, solved by Mathematica, the left-hand side of (9) becomes:

1

([ F o)™
[F@F @7 (F(e52)" (F ()P ()]

— (e z (cu3 —03) (emz )—a) (emz )CD ) o e—%Re(w2+w(D+mz)’ (29)
and the right-hand side of (9) becomes:
509(@—w)?
IF @F (@) %
2036(0-w)?
=@ 27375 (30)

From Figure 2, it is confirmed that inequality (9) of Theorem 2.2 is valid.



A. Mateen et al. / Filomat 39:29 (2025), 10557-10574 10572

M Left Inequality
M Right Inequality

B Left Inequality
H Right Inequality

Figure 1: 3D plot for w € [3,5] and @ € [11,12] in Example 4.1, Figure 2: 3D plot for w € [0.1,0.5] and @ € [0.5,1] in Example 4.2,
computed and plotted with Mathematica. computed and plotted with Mathematica.

Example 4.3. Let F : [w,®] — R* be a function defined by F () = ex, then by applying inequality (15) to the
function F (%) = ex and p = q = 2. Then, solved by Mathematica, the right-hand side of (15) becomes:

F (@) F (@)] b L OR0r @)l

(V327+21)(w-0)?
2 % 2160 V2
=[e®“ *ec . (31)

From Figure 3, it is confirmed that inequality (15) of Theorem 2.3 is valid.

Example 4.4. Let F : [w,®] — R* be a function defined by F () = e*°, then by applying inequality (15) to the
function F (x) = *. Then, solved by Mathematica, the right-hand side of (15) becomes:
1P [, (p) o () + 15 ()4 )]
Fr@F @) w0
( \/3277+21)eZ (0-)?
=e 1080 V2 . (32)

From Figure 4, it is confirmed that inequality (15) of Theorem 2.3 is valid.

[l Left Inequality
M Right Inequality

M Left Inequality
H Right Inequality

Figure 3: 3D plot for w € [2,5] and @ € [11,12] in Example 4.3, Figure 4: 3D plot for w € [1,1.5] and @ € [1.5,2] in Example 4.4,
computed and plotted with Mathematica. computed and plotted with Mathematica.
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Table 1: Comparison of Absolute Errors in Multiplicative and Classical Calculus.
Function | Absolute Error in Multiplicative Calculus | Absolute Error in Classical Calculus
e* 0.0131237 4980.83
P 0.0204848 2224.23

5. Conclusion

This article has established significant advancements in the field of multiplicative calculus by presenting
refined inequalities for Boole’s formula applicable to twice differentiable functions. The rigorous proofs
provided demonstrate that these inequalities yield sharp error bounds for integral approximations, thereby
enhancing the effectiveness of Boole’s formula in numerical methods. Applications to quadrature formulas
and special means for real numbers show the practical utility of derived findings. Additionally, illustrative
examples and graphical representations underscore the efficacy of the proposed enhancements. As shown
in Table 1, multiplicative calculus attains better absolute error bounds compared to classical calculus.
This work not only contributes to the theoretical framework of multiplicative calculus but also opens
new avenues for further research, particularly in optimizing techniques for integral approximation and
expanding the applicability of multiplicative calculus in diverse fields.

Key Points

e Multiplicative calculus provides sharper error bounds compared to classical calculus, especially for
higher-degree polynomials.

e The error in classical calculus grows exponentially for functions like %, while multiplicative calculus
maintains controlled error growth.

e Multiplicative calculus offers better convergence, stability, and reliability in numerical approximation,
integral estimation, and error control.

o The theoretical foundation of multiplicative calculus supports its enhanced performance, as it captures
proportional changes rather than absolute changes.

This work contributes to the ongoing development of multiplicative calculus and suggests future research
directions involving g-calculus, symmetrized g-calculus, and multiplicative fractional calculus in higher-
dimensional contexts.
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