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Symmetric form geometric constant related to isosceles orthogonality
in Banach spaces

Qichuan Ni?, Qi Liu**, Yuxin Wang?, Jinyu Xia?, Ranran Wang?

#School of Mathematics and Physics, Anqing Normal University, Anging 246133, P. R. China

Abstract. In this article, we introduce a novel geometric constant Lx(t), which provides an equivalent
definition of the von Neumann-Jordan constant from an orthogonal perspective. First, we present some
fundamental properties of the constant Lx(t) in Banach spaces, including its upper and lower bounds,
convexity, and non-increasing continuity. Next, we derive identities relating this constant to the function
yx(t) and the von Neumann-Jordan constant, and explore its relationship with several well-known geometric
constants, including the James constant and the modulus of convexity. Furthermore, using the lower bound
of this constant, we characterize Hilbert spaces. Finally, based on these findings, we further investigate
the relationship between this constant and the geometric properties of Banach spaces, including uniform
non-squareness, uniform normal structure, and uniform smoothness.

1. Introduction

The investigation into the geometric properties of Banach spaces represents a crucial domain within the
broader discipline of functional analysis. In this theory, the geometric properties of normed spaces often
play an important role, such as uniform convexity, uniform non-squareness, etc. Quantifying the geometric
constants of the geometric features of normed spaces is very useful for studying geometric properties. For
instance, Clarkson introduced the notion of the modulus of convexity to describe uniformly convex spaces
[4], and the von Neumann-Jordan constant to describe Hilbert spaces and uniformly non-square spaces [3].

In Euclidean geometry, the concept of orthogonality is indispensable. On one hand, it is manifested in
the fourth axiom of Euclidean geometry, and on the other hand, it plays a crucial role in the Pythagorean
theorem. However, Banach space geometry is significantly different from Euclidean geometry because
there is no unique concept of orthogonality in Banach space geometry. With the development of Banach
space geometry, many different orthogonalities have been introduced into general normed linear spaces.
For instance, James [8] introduced isosceles orthogonality (.L;) and Pythagorean orthogonality (Lp):

x Ly yif and only if [|x + yll = |lx — yll,
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and
x Lp yif and only if |[x — yII* = [lxI* + [ly|*

In recent years, many scholars have devoted themselves to the definition and in-depth investigation
of orthogonal geometric constants. Within the realm of Banach space geometry, orthogonal geometric
constants are becoming increasingly significant. In 2022, based on the parallelogram law and isosceles
orthogonality, Liu et al. [13] proposed the orthogonal geometric constant €)’(X) as follows:

l12x + yII* + |lx + 2yl
Ilx + ylI?

Q'(X) = sup{ tx,ye€ X, (x,y) #(0,0),x L y}.

They demonstrated that in a finite dimensional Banach space X, 1 < (¥'(X) < g, O'X) = %yx(%), and X
is a Hilbert space if and only if (J'(X) = 1.

Later, in order to investigate the distance between isosceles orthogonality and Pythagorean orthogonal-
ity, Yang et al. [18] defined a new orthogonal geometric constant, as follows:

llax + ylI* + llx + ayll?
TN x,y€ X, (x,y) #(0,0),x Ly, where0 < a < 1.

Qx(a) = sup {

They first gave the upper and lower bounds of the constant Qx(«), that is, 1 + a® and 2, and then
established the identity of Qx(a) = 12—“27/X(ﬁ). Finally, building on this foundational identity, they
delineated the relationship between the constant Qx(«) and the intrinsic geometric properties of Banach
spaces. This exploration encompasses uniformly non-square, uniformly smooth, uniformly convex, and
normal structure.

Motivated by these constants, we define a new symmetric geometric constant offering an equivalent
characterization of the von Neumann-Jordan constant from an orthogonal perspective, as follows:

tx + (1 = Dyl + [|(1 = Hx + ty|?
Itx + )}|/||9|c+y”|(|2 Jx + tyll :x,yeX,(x,y);é(O,O),xJ_Iy},where0<t<

N —

Lx(t) = sup{

Clearly, the geometric constant Lx(f) has the following equivalent definitions:

7
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L 2(llex + (1 = HyIR + 11 - tyx + tyl?)
x(B) = sup et yE+ = 7P

x,y€X,(x,y) #(0,0),x Ly y}, where 0 <t <

tx + (1 = Dyl + |I(1 = Hx + tyl?
=Sup{||x ( )y|||9|c+y”|(|2 Jx+tyl :x,yeX,(x,y)i(O,O),xLIy},where%<t<1.

This article is organized as follows.

In the second part, we revisit some basic concepts in Banach spaces and present a variety of widely
recognized geometric constants that are associated with the novel geometric constant Lx(t), as well as
significant conclusions about them.

In the third part, we discuss in detail the constant Lx(t). We calculate its bounds. We also list three
examples where the constant Lx(t) achieves its upper bound in these spaces and show that Lx(t) is a convex
and continuous function.

In the fourth part, we first present the identities involving the constant Lx(¢) and the function yx(t), as
well as the von Neumann-Jordan constant. We also calculate a lower bound for the constant Lx(t) in I,
spaces. Additionally, we study some estimates of the constant Lx(¢) and other geometric constants.

In the fifth part, we first use the lower bound of the constant Lx(f) to characterize Hilbert spaces.
Utilizing the connection between the constant Lx(f) and other geometric constants, we further explore the
relationship between the constant Lx(t) and geometric properties of Banach spaces, such as being uniformly
non-square, having a uniformly normal structure, and being uniformly smooth, etc. Finally, we calculate a
lower bound for the constant Lx(t) in lp — lq spaces, as well as precise values in both I — 1 and I, — I; spaces.
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2. Preliminaries

In this article, we consistently assume that X is a real Banach space withdim X > 2, By = {x € X : ||x]| < 1}
and Sx = {x € X : ||x]| = 1} will denote the unit ball and the unit sphere of X, respectively. Now, we will
revisit some concepts of the geometric properties in Banach spaces, along with a discussion on several
widely recognized geometric constants.

If there exists 6 € (0,1) such that for any x, y € Sx, either |[x + y|| < 2(1 - 9) or |[lx — yl| < 2(1 - 9), then
X is called a uniformly non-square space [9]. Given that for any ¢ > 0, there exist x, y € Sx such that
lx + yll > 2 — ¢, then X is not uniformly non-square.

A Banach space X is said to possess a (weak) normal structure [2] if, for every (weakly compact) closed,
bounded, and convex subset K of X containing more than one point, there exists a point xy € K such that

supfllxo — yll : v € K} < d(K) = sup{llx - yll : x, vy € K}.

Furthermore, a Banach space X has a uniform normal structure if, there exists a constant 0 < ¢ < 1 such that
for every closed, bounded, and convex subset K of X containing more than one point, there exists a point
Xo € K such that

supfllxo — Il y € K} < cd(K) = csuplllx - yll : 2,y € K).

The concepts of normal and weakly normal structures play a crucial role in fixed point theory. It is clear
that in every reflexive Banach space, the property of having a normal structure is tantamount to possessing
a weakly normal structure. James [9] demonstrated that if a Banach space X is uniformly non-square, then
it can be inferred that X is reflexive. Additionally, Kirk [11] demonstrated that if a reflexive Banach space X
has a normal structure, then X must possess the fixed point property. It is noteworthy that every uniformly
non-square Banach space possesses the fixed point property, a fact that has been confirmed in [6].

A Banach space X is called uniformly convex if for any 0 < ¢ < 2, there exists a 0 > 0 such thatif x, y € Sx
and [|x — yl| > ¢, it holds that ”x;—y” <1-6.

A Banach space X is called strictly convex if for any x, y € Sx and x # y, it holds that ||x + y|| < 2.

The von Neumann-Jordan constant Cyj(X) was introduced by Clarkson [3] and is defined as follows:

llx + ylI* + Ilx = >
2(llxl* + llyli?)

Since then, numerous scholars have conducted in-depth research on the von Neumann-Jordan constant
and dedicated themselves to its promotion, uncovering many excellent properties. For example,
H1<CyX) <2
(ii) X is a Hilbert space if and only if Cnj(X) = 1;

(iif) X is uniformly non-square space if and only if Cnj(X) < 2 [10].
The modified von Neumann-Jordan constant [3] is defined as

Cnj(X) = sup{ x,yeX (x,y)# 0, 0)}.

, llx + i + llx = yli?
CN](X)zsup{ Y 1 / X, YESx (.

In [15], P.L. Papini mentioned the following constant:

llx + yl> + llx — yI?
2B+ ) Y EX e # OO0 xLiyy.

P.L. Papini showed that the results (ii) and (iii) are also true for the constant C
The modulus of smoothness [12] is defined by the function p(t):

Cy(X) = sup{
(X).

7"
NJ

+tyll + flx — ¢
Mﬂ=sup€u wzﬂx y”—l:xyesx}
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A Banach space X is said to be uniformly smooth if lim;_,g 20 _ o,

In [16], Yang introduced the function yx(#): [0,1] — [1,4], which is defined as

IR _ tylP
)/X(t):sup{llx+ il ;—Hx i :xESX,yESX}.

The function yx(t) has the following properties:

H1<1+2<yx() <A +1)? <4

(ii) X is a Hilbert space if and only if yx(t) = 1 + t* for any ¢ € [0, 1].

(iii) If 2yx(f) < 1+ (1 + ) for some t € (0, 1], then X has uniform normal structure.
(iv) If lim;_,o+ M = 0, then X is uniformly smooth.

It is clear that the von Neumann-Jordan constant Cnj(X) can be defined equivalently as follows:

250

CN](X)Zsup{1+t2 .O<t<1}.

The modulus of convexity [4] is defined by the function 0x:

llx + i
> X, YESkIIx—yll=€ep, 0<e<2

ox(e) = inf{l -

We have compiled a list of properties for this constant, as follows:

(1) If 6x(1) > 0, then X has normal structure [7].

(if) If 0x(e) > 0 for any ¢ € (0, 2], then X is called uniformly convex.

(iif) X is strictly convex if and only if 6x(2) = 1 [17].

(iv) X is uniformly convex if and only if sup{e € [0,2] : 0x(¢) = 0} = 0 [7].

In [5], Gao and Lau introduced the James constant, which is defined as

J(X) = sup{min{llx + yll, llx = yll} : x, y € Sx}.

Note that '
J(X) = sup{min{llx + yll, llx - yll} : x, y € Bx}

=supfllx+yll: x,y € Sx, x L1 y}.

3. Some Bounds and Properties of Lx(t)
First, we compute the bounds of Lx(t).
Proposition 3.1. Let X be a Banach space. Then 2t* — 2t + 1 < Lx(t) < 2t — 4t + 2.
Proof. Letx =0and y # 0, then x 1 y and
I3 = Oyl + lltyIP

llyI?
=22 -2t +1.

Lx(t) >

On the other hand,

I+ A= OyI2 + 1A = x + tyl?P 3+ y) = FEE - pIP + 3 +y) + S -y
llx + ylI? llx + yII?

2
2 (4l + yll + 2 x - yl)
Il + yIP
=21 — 4t +2.

=<
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In the following three examples, we demonstrate that the upper bound of Lx(t) is sharp.
Example 3.2. Let X = (R?,|| - |l1), then Lx(t) = 2t* — 4t + 2.

Proof. Letx =(1,1), y = (1,-1), then x 1 y and ||tx + (1 = )yl = lI(1 — t)x + tyll, = 2 — 2t. Hence, we have
Lx(t) =22 —4t+2. O

Example 3.3. Let X = (R?,|| - ||w), then Lyx(t) = 2> — 4t + 2.

Proof. Letx = (1,0), y = (0,-1), then x 1; y and [|tx + (1 — )Yl = [I(1 — £)x + tyllo = 1 — t. Hence, we have
Lx(t) =22 —4t+2. O

Example 3.4. Let Cla, b] denote the linear space of all real-valued continuous functions, with the norm defined as:

lx|l = sup |x(m)l,
mela,b]

then Lx(t) = 21> — 4t + 2.
Proof. Letxy = al—b(m -b),yo = u%lb(m —b)+1 € Scpgp, then xg L yo, we have

lItxo + (1 = Hyoll® + 111 = £)xo + tyoll*

Lx(t) >

lIxo + yoll?
2t—1 2 1-2t 2
=sup |—(m-b)+1-tl + sup |——(m—b) +t
melap] | & — b melap] 1 ¥ b
=212 — 4t +2.

O
Finally, we determine that the constant Lx(f) is a convex and continuous function.

Proposition 3.5. Let X be a Banach space. Then

(i) Lx(t) is a convex function.

(ii) Lx(t) is continuous on [0, %).

(iii) If X is a Hilbert space, then % is non-increasing on [0, 1).

Proof. (i) Letx Ly, ti,t2 €[0,3),A €(0,1).
Since

(At + (1 = Dt2)x + (1 = (Aty + (1 = D))yl = lIAtx + (1 = t)y) + (1 = A)(bax + (1 = 22)y)l,

and
101 = (At + (1= D)) + (ks + (1= Dt)yll = A1 = B)x + By) + (1= A0 = )x + byl
Then we have
A + (1= D)) + (1 = Aty + (1= D))yl + 111 = Aty + (1 = D)x + (Aty + (1 = Do)y
< [Allax + (1 = Byl + (1= Dlitax + (1 = )Y + [AL = t)x + Byl + (1= DA = b2)x + byl
< Al + (= )yl + 110 = t)x + BylP] + (1= ) [llx + (1 = L)yl + 11— t2)x + aylP],

which implies that
Lx(Aty + (1 = M)t2) < ALx(t1) + (1 = A)Lx(t2).
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(ii) Obvious.
(iif) Since X is a Hilbert space, we have Lx(1) = Lx(0) = 1.
Let0 <t <t < %, then

b1 L1 (1=5) )

1-1t 1-t
_Er () k-1
S 1—t2
Lx(t) -1
1-t; 7

1

thus 201 js 5 non-increasing function. [

4. Lx(t) in Relation to Other Geometric Constants

First, we present the identity for Lx(f) and yx(t), and on this basis, we establish the identity between
Lx(t) and the von Neumann-Jordan constant Cnj(X). This is the core of this article, explaining the von
Neumann-Jordan constant from an orthogonal perspective.

Theorem 4.1. Let X be a Banach space. Then Lx(t) = %yx 1 -2p.
Proof. Letx,y € X such that x L y. We choose a = 5%, = 5, then
tx+(1-tHy=a-1-2t),(1-tx+ty=a+ (1 -2,

thus |lall = [|Bll and

lltx + (1= P + 11— Hx + Il = (1 = 28I + [la + (1 - 26)B]
llx + P2 4lall? ‘

’

Letx’ = la”,y then x’, y’ € Sx and

III3II’

llr = (1 = 20)BI1* + llev + (1 = 20)BI?
llall?

=|x-(@1-

that is, Lx(f) < 3yx (1 - 2¢).
On the other hand, let x, y € Sx, we choose a = J%y,ﬁ = %, then o + B, — B € Sx. Since

- @-20y" +[x+ @ =20 Ja+p-@-206@-p)| +]a+p+a-200-p)

2 - 2lla + BII?
5. llter + (1 = HBIF + 1I(1 — £)a + B2
lla + BII?
< 2Lx(1),

thatis, Lx(f) > 2yx (1 -2f). O

Remark 4.2. Since yx(t) is a non-decreasing function, then it is easy to see that Lx(t) is a non-increasing on [0, 3).

1-3
Theorem 4.3. Let X be a Banach space. Then Cnj(X) = sup{ LH(,]Z ) :0<n< 1}.
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Proof. First, we need to expand upon the definition with Lx(}) = 3. Combined with Theorem we have

Lx() = 5 -y (1 =20,

let1 -2t =1, thenne€[0,1] and

1 —
ren=2-Lx(~57).
Hence, we can obtain that

2Lx(%) o<

Cnj(X) = sup T+ 17
0

In the following two examples, we estimate the value of the geometric constant Lx(t) in the [, space, and
use identity (1) to calculate the value of the von Neumann-Jordan constant in X = (IR?,|| - |;), which is in
agreement with the known result, indicating that the identity is meaningful.

Example 4.4. Let I (1 < p < o0) be the linear space of all sequences in R such that ¥,2; |x;l < co. The norm is

defined as:
Il = [2 |x,-|"]
i=1

Ly, (8) > 2175 (1= £y + )7 .

1
P
for any sequence x = (x;) € IP. Then

Particularly, if 2 < p < oo, then
Ly (B) = 2177 (1= £y + )7 .

Proof. Letx:(%,%,o,m,0),y:(%,—%,0,---,0),thenx,y€SXand
2r” 27 2 ob

Vi, (£) >

e+t + -l (@ ep+a-ppy
2 h 2 ‘

Hence,

(2-2tY + (2t)Y

% 1-2 2
> ) =210 (= + )7

1
L,® >3 (

2

’ [16], so we can infer that

Particularly, if 2 < p < oo, then y, (f) = (W)

Ly (t) = 2'77 (1 =ty + )7 .
O
Example 4.5. Let X = (IR?, | - |l1), then Cnj(X) = 2.

Proof. From Example[3.2} we have
Lx(t) = 21> — 4t + 2,

which implies that

1- 2

Cnj(X) = sup 47’1_1)
Nj(X) = —

nelo] 1+n?
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Finally, we estimate the relationship between Lx(t) and Cj;(X), J(X), and 6x(¢) in turn.

NJ
Proposition 4.6. Let X be a Banach space. Then Lx(t) > (4> — 4t + 1)C1I\II(X)'

Proof. For any x,y € Sx, x+y L x —y. Then

It +y) + (1= = PIP + 11 = Hx +y) + Hx = ]/)IIZ.

Lx(t) >
X0 1+ )+ =P
Since
I+ )+ (1= D = 9 > G+ 1= 10 = = |
and
A =B +y) + tx -yl > ‘II(1 = )+ yll = It = yll],
then
Le() > (t + (1 = ) (llx + yl* + lIx —4]/||2) = 4t(1 = #)llx + yllllx - yll
JA-2t+ 2)(lx + yI? + llx = yI?) — 241 = B)(llx + ylI* + llx = ylI?)
- 4
2 _ IR
gy, B =g
which implies that Lx(t) > (4t> — 4t + NCyX). D
Proposition 4.7. Let X be a Banach space. Then
212 = 2t +

% JA(X) = 2t](X) + 2£* < Lx(t) < ! JP(X) + 2t = 2t)J(X) + 2£> = 2t + 1.

4
Proof. For any x,y € Sx, since

lIx + yll = llx + (1 = 28)y + 2tyll < [lx + (1 = 2t)yll + 2¢
and

llx = yll = llx = (1 = 28)y = 2tyll < [lx = (1 = 20)yll + 2¢,
so we obtain

min{|lx + yll, llx — yII}?
< min {|lx + (1 = 28yl + 2, [lx — (1 = 28)y|| + 2t

< (e (=20l + 26" + (I = (1= 20)yll + 2)°

- 2

b+ (1= 20y1P + [l = (L =20y 4t(lx+ (L= 20yl + = (L= 209D
+ 5 + 4t

2
< yx (1=28) + 4t \[yx (1 - 2t) + 4f?
= (Vox@-2n+2¢),

which implies that J(X) < +/yx (1 —2t) + 2t = /2Lx(t) + 2¢, that is,

% P(X) - 2](X) + 22 < L(#).
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On the other hand, since

- a 1-«a
(x - > llx + yll + > llx =yl

a 1
(x+y)+ >

|u+an—H1+
=1

and

- l1+a
> Ilx + vl +

Ilx = I,

1- 1+
- = [F5 2+ 152

we have

1+ a?
2

JLra (]2(X)+4)+2(1 o) J(X),

which implies that yy (1 — 2f) < 4£=42 ]2(X) + (4 — 42)](X) + 412 — 4t + 2. Hence

22 -2t +1
4

Il + ayll? + llx = eyl < (b + 12 + 1l = yI?) + (1 = a®) llx + yllllx = yll

Lx(t) < J(X) + 2t = 2t)J(X) + 21> = 2t + 1.
O

Theorem 4.8. Let X be a Banach space. Then

—(1 26 (-—5X(é)+1) < Lx(®)

< (22 - 2t +1) (1= 5x(2)) + 241 = B)e (1 - 5x()) + thj#gz,
where 0 < e < 2.
Proof. For any x,y € Sx, it holds that
llx + tylP + llx — tylP?
2

yx(t) =

1+ #
> —— (e + ylP + e = yiIP) -

2
S tz(llxﬂ/ll ; IIx—yII) .

(1-£2) Il + ylllx - yi
2

Combined with the definition of the constant px(1), we have yx(t) > #* (px(1) + 1)2. Hence,
1 1
Lx(t) = 5yx (1-26) > 5(1 -2 (px(1) + 1),

In [12], it is noted that px(1) = sup {— —0x(e):0< e < 2} so we obtain

Ly(t) > = (1 262 (— — Sx(e) + 1)
On the other hand, for any x, y € S, |lx + yII <2 - 26x(¢). Then

llx + tyl? + |lx — tyl? - 1+

2 4

< 1” (41 = 6x(@) + 2) + (1 - ) (1 - 5x(e)) ¢,

which implies that yx(t) < (1 + tz) 1- 6X(e)) + ( tz) e(1-06x(e)) + 1” 2. Therefore,

222 -2t +1 ,
—_— &,
4

—f?
[lx + yllllx — yll

(e + yI? + 1x = yI?) +

Lx(t) = %yx (1-26) < (26 = 2t +1) (1 = 5x(€))* + 21 — e (1 - 5x(e)) +
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5. Some Geometric Properties Associated with Lx ()

First, we use the lower bound of the geometric constant Lx(t) to characterize Hilbert spaces, showing
that the lower bound of Lx(t) is also sharp, and provide three equivalent forms. Here, we introduce two
lemmas that will be used in the proof.

Lemma 5.1. [14] A normed space X is an inner product space if and only if x 1; y & x L1p y for all
x,y€X.

Lemma 5.2. [1] A normed space X is an inner product space if and only if for any x,y € Sx, there exist
a,b # 0 such that
llax + byl? + llax = by|* ~ 2 (a* + b?)

where ~ stands for =, < or >.

Theorem 5.3. Let X be a Banach space, then the following conditions are equivalent:

(i) X is a Hilbert space.

(ii) Lx(t) = 2#* =2t + 1 forany t € [0, %)

(iii) Lx(t) = 2t2 — 2ty + 1 for some t € [0, 3).

Proof. Assuming (i) holds, for any two non-zero vectors x, y € X such that x L; y, it follows thatx Lp y, i.e.,
llx + ylI* = lIx|I* + [lyl|*>. Therefore

It + (1 = HyI? + 111 = Bx + tylP = [P + 1L = Oyl + 1L = Dl + lieyl + 461~ H{x, y)
= 2 =2t + (Il + llyIP),

which implies that
It + (1= OylP + 1A = Hx + tylP @282 =2t + D(IIIP + llyl*)
llx + yII? - [l + Iyl
=28 -2t +1.

Assuming (ii) holds. Then (iii) clearly holds.
Assuming (iii) holds. Then forany x,y € Sx, x +y Ly x -y,
lIto(x + y) + (1 = to)(x = YIP + [I(1 — to)(x + y) + to(x — Y)II?
I+ y) + (x =yl

that is, [lx — (1 = 26)yll* + |lx + (1 — 2t0)yll* < 4(2t5 — 2o + 1). Leta = 1,b = (1 - 2ty), then a,b # 0 and
llax + byl + llax — byl? < 2(a% + b?). Combining Lemmal5.2} then (i) holds. [

<215 -2t +1,

Next, we demonstrate that if X is not uniformly non-square, Lx(f) attains its upper bound. Furthermore,
when Lx(#y) is less than a certain value for some ty, X exhibits a (uniform) normal structure.

Theorem 5.4. Let X be a Banach space. Then
(i) If X is not uniformly non-square, then Lx(t) = 2t*> — 4t + 2 for any t € [0, %)

2_
(ii) If Lx(tp) < ! it0+5 for some ty € [0, %), then X has uniform normal structure.

2
(iii) If Ly (fp) < @ for some ty € [0, %), then X has normal structure.

Proof. (i) Since X is not uniformly non-square, then yx (1 —2f) = (1+(1 - 20))* = 4(1 — £)2. Hence, Lx(f) =
Iyx(1—2t) =2 — 4t +2.

(if) Since Ly(to) < 25 then 2y (1 - 2¢) = ALx(t) < 482 — 8ty + 5 = 1+ (1 + (1 — 2t))*, which implies that

X has uniform normal str;ucture. ) ,
(iii) Since Ly (t) < 25225, then (1 — 2t0)* (5 — 6x(e) + 1) < 2522 Hence, 6x(e) > %, then 6x(1) > 0.
Therefore, X has normal structure. [
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Now, we make use of the following lemma, which is indispensable in the proof of Theorem 5.6}

Lemma 5.5. [8] Let X be a Banach space and x, y € X. If x 1} y, then the following inequalities hold.
@) llx + ayll < lelllx = yll and [Ix = yl| < |lx + ayl, when |a] > 1.
(i) [Ix + ayll < lIx = yll and |alllx + y|| < [Ix + ayl|l, when |a| < 1.

In Theorem 5.4(i), this does not appear to be a necessary and sufficient condition. In contrast, we derive
the following conclusion:

Theorem 5.6. Let X be a finite dimensional Banach space. If Lx (to) = 21% — 4to + 2 for some ty € [0, %), then X is
not uniformly non-square.

Proof. Since Lx (tg) = 2té — 4ty + 2, then there exist x,, € Sx, ¥, € Bx such that x,, 1; y, and

. foxs + (1 = o)yl + (1 = to)xs + toy”

n—oo

=212 — 4tg + 2.

e + il

Since X is finite dimensional, then there exist x¢, 1o € Bx such that xg L; 1o and
tim [l | = lbcoll, lim [l | = [|yo -

Combining Lemma 5.5 we obtain

([t + (1 = to)yul| < @ = to) || xu + yul| and ||(1 = to)xu + toyu|| < (1 = to) [Jxn + v,

thus, ) )
(1 - t0)2 ||xn + ynH + (1 - tO)Z ||xn + yn”

e + 30

then HtoXo + (1 - to)]/o” = (1 - to) ||XO + ]/0” and ”(1 - to).’Xfo + toy()H = (1 - to) “XQ + y()H
On the other hand, |toxo + (1 — to)yo” < (1-2ty) ||y0|| +ty ||x0 + 1o/, then ||x0 + yo|| < ||y0“.
Xo + yo) < |lxol| also holds. Therefore,

<25 — 4ty +2,

Similarly,

7

max{“xo + yol[, ||x0 — ]/0“} = ||xo + y()“ < min{llxoll, IyOH} <1<1+6

for any 0 € (0,1), which shows that X is not uniformly non-square. [J

Additionally, we apply the inequality between Lx(f) and the modulus of convexity as described in
Theorem 4.8} along with the properties of the modulus of convexity, to elucidate the relationship between
Lx(t) and both uniformly convex spaces and strictly convex spaces.

Proposition 5.7. Let X be a Banach space and Lx(0) > 1, then X is not uniformly convex. Particularly, if
Lx(t) > 2> = 2t + 1 for any t € [0, 1), then X is not strictly convex.

2
i}

Proof. 1f Lx(0) > 1, then there exists ¢ € (0,2] such that Lx(0) > 1 + .
Since Ly() < (262 = 2t + 1) (1 = 6x(¢))” + 2K(1 = £)e (1 = 6x()) + Z=2+L¢2, then

&2 &2
1+ ZO < (1 - dx(eq))* + ZO’
we can obtain 0x(&o) = 0. Therefore, sup {¢ € [0,2] : 6x(¢) = 0} > ¢ > 0, X is not uniformly convex.
Particularly, if Lx(f) > 2> — 2t + 1 for any t € [0, }), we suppose that X is strictly convex, then 6x(2) = 1.
We have

212 -2t +1

22 =2 -2t+1
4 7

22 -2t +1< (22 -2t +1)(A-17 + 41 -H(1-1)+

this is a contradiction, X is not strictly convex. [
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Now, we discuss the relationship between Lx(t) and uniformly smooth spaces

. 2Lx(h) -1
lim =2~ — o,
o =0

Theorem 5.8. Let X be a Banach space. Then X is uniformly smooth if
- & a — 0". We have

1

Proof. Letaw =1—2t, thent=15%andt— 1
Ay -1  yx(1-26)-1
1-2t  1-2t

_rx(@) -1
=

=0, then X is uniformly smooth. [

x(@)-1
a
Finally, we compute a lower bound for the geometric constant Lx(t) in [, — [;(1 < g < p < o0) spaces and
compute its exact values in special I, — I; and I, — 11 spaces. We also note that [, — /1 and I, — I; are uniformly

Therefore, lim,_,o+

non-square.
||(x1/x2)||p ’
x1xp < 0.

Example 5.9. Let [, — I,(1 < g < p < o0) be R? with the norm defined as:
x1x 2 0,
”(xl/ x2)||q ’

[1(x1, 22)Il = {
14 1_1 1_1 P H
: t) + (1 —2v77 425t t) ]”

4t>-8t+5

Ly, () > 277 [(1 +257 — 20t
4

Then

=N

1 _ 1

Particularly, Ly, (t) = 2t* = 3t + 2 and L, () =
), thenx 1; y and

(1+e-2075) + (1t 2%‘%)’7]

Proof. Letx = (Zi%, ZL%),]/ = (2% s
2 2
+ty|* + |-t
Vi (8) > ==l - b=t _ [
Hence, )
Ly, (8) = >Vl (1-2t)
) G e

> [(1 207 = 25"

Particularly, since y;,_,(t) = 1+t + > and y;__;, () = 3 (1 +(1+ t)2) [16], then
3
2

1
Ly, (8) = 5710 (1= 26) = 212 — 3t +
1 42 -8t +5
Lloo_ll(t) = E)/Im_ll (1-2t) = T

and
By simple calculation, we obtain Ly, (), Li__, (t) < 2t> — 4t + 2 for any t € [0, %), combined with Theorem

O
(i), this shows that I, — I, I — 1 both are uniformly non-square.
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Remark 5.10. Using identity (1), we calculate that

3 3+ 5
Cny(—1h) = > Cnj(lo — 1) = -

In Remark we calculate the value of Cyj(X) in these two specific spaces, which is consistent with the
known results. This further demonstrates that the definition of the geometric constant Lx(f) is meaningful
and the identity is valid.
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