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Abstract. Let A be a positive bounded linear operator on a Hilbert space (H , ⟨· , ·⟩) and ⟨u, v⟩A :=
⟨Au, v⟩, u, v ∈ H the induced semi-inner product. In this paper, we study rank one perturbations of
bounded linear operators in the semi-Hilbertian space (H , ⟨· , ·⟩A), R = T + u ⊗ (Av), for u, v ∈ H\N(A). In
addition to proving some properties of these operators related to (A,m)-isometries and (A,n)-symmetries,
we characterize some conditions for R to be A-hyponormal or A-normal.

1. Introduction and preliminaries

In this section, we introduce some basic notations, definitions and known results that are needed to
prove our main results.

Throughout this paper we writeN andR for the sets of positive integers and real numbers, respectively.
We shall denote the set of all complex numbers and the complex conjugate of a complex number λ by C
and λ, respectively. LetH be an infinite dimensional separable complex Hilbert space with inner product
⟨· , ·⟩, and let A be a nonzero positive operator onH . ByB(H) we denote the Banach algebra of all bounded
linear operators on H . For every T ∈ B(H) we denote by R(T) and N(T) the range and null space of T,
respectively. We write σ(T), σp(T) and σap(T), respectively, for the spectrum, the point spectrum and the
approximate point spectrum of the operator T. Recall that a closed subspace M of H is said to be an
invariant subspace under T if TM ⊆ M, that is Tx ∈ M for x ∈ M. Moreover, M is called a reducing
subspace for T if bothM andM⊥ are invariant under T. The closure of R(T) will be denoted by R(T). The
cone of positive (semi-definite) operators is given by

B(H)+ :=
{
A ∈ B(H) : ⟨Au,u⟩ ≥ 0, ∀ u ∈ H

}
.

Definition 1.1. ([8]) Let A ∈ B(H)+ and T ∈ B(H). We say that T is A-positive if AT ∈ B(H)+, which is
equivalent to the condition

⟨Tu,u⟩A ≥ 0, ∀u ∈ H .

We note T ≥A 0.
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The following theorem is due to Douglas (see [17] or [21] for its proof).

Theorem 1.2. (Douglas) Let A,B ∈ B(H). The following conditions are equivalent.

1. R(B) ⊆ R(A).
2. There exists a positive number λ such that BB∗ ≤ λAA∗.
3. There exists C ∈ B(H) such that AC = B.

Any A ∈ B(H)+ defines a positive semi-definite sesquilinear form :

⟨· , ·⟩A : H ×H −→ C, ⟨u, v⟩A := ⟨Au, v⟩.

By ∥ · ∥A we denote the semi-norm induced by ⟨· , ·⟩A, i.e. ∥u∥A = ⟨u,u⟩
1
2
A.Observe that ∥u∥A = 0 if and only if

u ∈ N(A). Then ∥ · ∥A is a norm if and only if A is injective. For a positive operator A, we say that u, v ∈ H
are A-orthogonal, and we note u ⊥A v, if ⟨u, v⟩A = 0. A vector u ∈ H is said to be A-unitary if ∥u∥A = 1.
Given a subspace M ofH , its A-orthogonal subspace is the subspace

M⊥A := {u ∈ H : ⟨u, v⟩A = 0, ∀ v ∈M}.

Definition 1.3. ([38]) Let T ∈ B(H), an operator W ∈ B(H) is called an A-adjoint of T if

⟨Tu, v⟩A = ⟨u,Wv⟩A, ∀u, v ∈ H ,

i.e.,
AW = T∗A.

If T is an A-adjoint of itself, then T is called A-selfadjoint, that is AT = T∗A.

By Douglas theorem, T admits an A-adjoint if and only if R(T∗A) ⊆ R(A). From now on, we denote by
BA(H) the set of all T ∈ B(H) which admit an A-adjoint, namely

BA(H) :=
{
T ∈ B(H) : R(T∗A) ⊆ R(A)

}
.

If T ∈ BA(H), then there exists a distinguished A-adjoint operator of T, namely, the reduced solution of the
equation AX = T∗A, i.e., A†T∗A in which A† is the Moore-Penrose inverse of A. This operator is denoted by
T♯A . Therefore, T♯A = A†T∗A and

AT♯A = T∗A, R(T♯A ) ⊂ R(A) and N(T♯A ) = N(T∗A).

Note that if A = I, then T♯A = T∗. It is well known ([25, Proposition 1.1]) that if T ∈ BA(H) then T♯A ∈ BA(H)
and (T♯A )♯A = PTP, where P is the orthogonal projection onto R(A). Recall that, for T ∈ BA(H), the operators
TT♯A and T♯A T both are A-positive operators, that is ⟨TT♯A u,u⟩A ≥ 0 and ⟨T♯A Tu,u⟩A ≥ 0 for all u ∈ H . For
more details see [5] and [6].
For X,Y ∈ B(H), we denote by [X,Y] := XY − YX the commutator of X and Y. For a bounded operator T
onH , we denote its commutant by {T}′, that is,

{T}′ := {Q ∈ B(H) : [T,Q] = 0}.

Definition 1.4. An operator T ∈ BA(H) is said to be:

• A-normal if [T♯A ,T] = 0 ([43]).

• A-hyponormal if [T♯A ,T] is A-positive, i.e., [T♯A ,T] ≥A 0 ([37]).

It is known that the class of A-hyponormal operators is a larger class containing A-normal operators.

Remark 1.5. ([25]) Let T ∈ BA(H). The following statements hold true:
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1. N(A) is an invariant subspace for T.
2. N(A) is a reducing subspace for T if and only ifN(A) is invariant for T∗.
3. IfN(A) is a reducing subspace for T, then we have

TP = PT and AP = PA = A.

The theory of operators on semi-Hilbertian spaces is rich and promising as a branch of functional anal-
ysis. The interest on semi-Hilbertian analysis stems from the fact that this theory provides a more general
point of view regarding the definition of operators representing physical observables in the context of
quantum mechanics [12]. For some references, the reader can see [4–6, 10, 11, 19, 20, 34, 38, 40–43, 45]. In
view of this, it is natural to consider the rank one perturbations of bounded linear operators in such a spaces.

If u and v are nonzero vectors inH , we write u ⊗ v for the rank one operator defined by

(u ⊗ v)x := ⟨x , v⟩u, x ∈ H ,

where ⟨· , ·⟩ denotes the inner product of the Hilbert space H . Note that all rank-one operators have such
representation. For T ∈ B(H), we say that an operator R ∈ B(H) is a rank one perturbation of T if there exist
nonzero vectors u and v in H such that R = T + u ⊗ v. The rank-one perturbations of bounded operators
can be applied to several related areas in mathematical physics ([15, 27, 39]). For more details on this topic,
we refer the readers for example to [18, 22–24, 26, 32].

Following by the rank one operators in B(H), for u, v ∈ H and for A ∈ B(H)+, A. Zamani ([46]) introduced
the ”A-rank one operator” (u ⊗A v) as follows:

Definition 1.6. For u nonzero vector inH and v ∈ H\N(A), let u ⊗A v be the ”A-rank one operator”, namely the
map

(u ⊗A v) : H −→ H

x 7−→ (u ⊗A v)(x) := (u ⊗ (Av))(x) = ⟨x, v⟩Au.

Remark 1.7. Referring to [44, Proposition 1.2.1], it is easy to verify that for u, v,w, x ∈ H and T ∈ B(H), we have:

1. N(u ⊗A v) = (CAv)⊥.
2. R(u ⊗A v) = Cu.
3. (u ⊗A v)∗ = (Av) ⊗I u.
4. (u ⊗A v)(w ⊗A x) = ⟨w, v⟩A(u ⊗A x).
5. u ⊗A v = w ⊗A z if and only if there exist λ, µ ∈ C∗ such that u = λw, Av = µAz and λµ = 1.
6. ((Av) ⊗I u)A = (Av) ⊗I (Au).
7. A(u ⊗A v) = (Au) ⊗I (Av).
8. T(u ⊗A v) = (Tu) ⊗A v and (u ⊗A v)T = u ⊗ (T∗Av).
9. T(u ⊗A v) = (u ⊗A v)T if and only if there exist α, β ∈ C∗ such that Tu = αu, Av = βT∗Av and αβ = 1.

10. (u ⊗A v)p = ⟨u, v⟩p−1
A (u ⊗A v), for p ≥ 1.

Recall that the space of trace class operators, denoted by τc, is predual to B(H) with the dual action
⟨T, f ⟩ := tr(T f ) for T ∈ B(H) and f ∈ τc ([9, 31]). For a A-rank one operator (u ⊗A v), we have

tr(T(u ⊗A v)) = ⟨T,u ⊗ (Av)⟩ = ⟨ATu, v⟩ = ⟨AT,u ⊗ v⟩ = tr(AT(u ⊗ v)).

LetD ⊂ B(H) be a closed subspace. Define byD⊥A the A-preannihilator ofD, i.e.,

D⊥A :=
{
t ∈ τc : tr(ADt) = 0, f or all D ∈ D

}
.
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The subspaceD is said to be A-transitive if the A-preannihilator ofD does not contain any rank-one oper-
ators, equivalently, if the preannihilator ofD does not contain any A-rank-one operators.

For R, S ∈ B(H), consider the map Θ•(R,S) : B(H) −→ B(H), ΘX(R,S) := RXS − X. An induction
argument shows that

Θ(m)
X (R,S) =

m∑
k=0

(−1)m−k
(
m
k

)
RkXSk, m ≥ 1. (1)

For m ≥ 1, an operator T ∈ B(H) is said to be an (A,m)-isometry if Θ(m)
A (T) := Θ(m)

A (T∗,T) = 0, that is T is left
(A,m)-invertible with T∗ as a left inverse ([42]). Let S•(R,S) : B(H) −→ B(H) be the generalized derivation
operator defined by SX(R,S) := RX − XS. For n ≥ 1, we have

S
(n)
X (R,S) =

n∑
k=0

(−1)n−k
(
n
k

)
RkXSn−k. (2)

For n ≥ 1, an operator T ∈ B(H) is said to be (A,n)-symmetric
(
resp. skew-(A,n)-symmetric

)
if S(n)

A (T) :=

S
(n)
A (T∗,T) = 0

(
resp. if (iT) is (A,n)-symmetric, that is T satisfies

ξ(n)
A (T) =

n∑
k=0

(
n
k

)
T∗kATn−k = 0

)
. (3)

Some notable similarities between (A,m)-isometric and A-isometric operators, as well as between (A,n)-
symmetries and A-symmetries, are their properties

(
see [29, Theorem 5.1] and [38, Proposition 4.1]

)
given

by : if 0 < σap(A); then(
T is (A,m)-isometric, m ≥ 1

)
=⇒

(
σ(T) = D or σ(T) ⊆ ∂D

)
(4)

and (
T is (A,n)-symmetric, n ≥ 1

)
=⇒

(
σ(T) ⊆ R

)
(5)

whereD := {λ ∈ C : |λ| ≤ 1} and ∂D := {λ ∈ C : |λ| = 1}. For proofs and more facts about (A,m)-isometries,
(A,n)-symmetries and skew-(A,n)-symmetries, we refer the reader to [14, 29, 38, 40–42] and the references
therein. Some other related topics can be found in [1–3, 33].

The contents of the paper are the following. In section 2, we focus on (A,m)-isometric rank-one
perturbations. Especially, in Theorem 2.1, we extend the Nakamura characterization established in [35, 36]
to the semi-Hilbertian case. The study of rank one perturbations of the form R = IH + u ⊗ (Av), for
u, v ∈ H\N(A) is examined in Theorems 2.3. Section 3 is devoted to giving some results characterizing
(A,n)-symmetric rank one perturbations. In section 4, we restrict our selves to proving the two main results,
Theorem 4.2 and 4.8, that characterize some conditions for R = T+u⊗A v to be A-hyponormal or A-normal.

2. (A,m)-isometric rank-one perturbations

SinceN(u ⊗ v) = (Cv)⊥ (for u, v non zero) and since every m-isometry is necessarily injective, generally
a rank-one operator can not be m-isometric. For A ≥ 0, if T is (A,m)-isometric thenN(T) ⊆ N(A). Let (en)n≥1
be an orthonormal basis ofH , T := ek ⊗A ek for a fixed k ≥ 1 and A the positive operator defined by

Ae j :=
1
j

e j, j ≥ 1.
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It follows that

N(T) = (CAek)⊥ =
{ ∑

j≥1, j,k

α j e j, α j ∈ C

}
.

Moreover, for α j ∈ C∗, we have

A
( ∑

j≥1, j,k

α j e j

)
=

∑
j≥1, j,k

1
j
α j e j , 0.

So, x =
∑

j≥1, j,k

α j e j ∈ N(T) and x < N(A), that isN(T) ⊈ N(A). Hence, the A-rank-one operator T can not be

(A,m)-isometric.

In this section, we aim to give a characterization of (A,m)-isometric rank one perturbations.

Given an isometry T ∈ B(H) and vectors u, v ∈ H , the perturbation R = T+ u⊗ v is an isometry if and only
if there exist a vector h ∈ H (∥h∥ = 1) and α ∈ C (|α| = 1) such that u = (α − 1)h and v = T∗h. Equivalently,
we have the following result which is due to Nakamura [35, 36] : a rank-one perturbation F of the isometry
T is an isometry if and only if there exists h ∈ H (∥h∥ = 1) and α ∈ C (|α| = 1) such that

R = T + (α − 1)h ⊗ T∗h. (6)

In the following theorem we aim to extend the Nakamura chracterization given by (6) to the semi-Hilbertian
case. In other words, we give some conditions under which the operator T + F is A-isometric, when F is a
A-rank-one operator.

Theorem 2.1. Let T ∈ B(H) be an A-isometry and F be a A-rank one operator. Then, the following properties are
equivalent:

1. R = T + F is A-isometric.
2. There exists a vector h ∈ H (∥h∥A = 1), α ∈ C with |α| = 1, and

F = (α − 1)h ⊗ T∗Ah.

Proof. (⇒) Assume that R = T + u ⊗A v (u, v ∈ H\N(A)) is A-isometric, then we have

R∗AR = A⇐⇒ 0 = (T + u ⊗A v)∗A(T + u ⊗A v) − A.

Let a = u
∥u∥A
, b = v

∥v∥A
and γ = ∥u∥A ∥v∥A. It follows that ∥a∥A = ∥b∥A = 1 and

F = u ⊗A v = (∥u∥Aa) ⊗A (∥v∥Ab)
= ∥u∥A∥v∥A(a ⊗A b)
= γ(a ⊗A b).

Since F∗ = γ(Ab) ⊗ a, we have

0 = (T + F)∗A(T + F) − A
= T∗AT + T∗AF + F∗AT + F∗AF − A
= T∗AF + F∗AT + F∗AF
= γ(T∗Aa) ⊗ (Ab) + γ(Ab) ⊗ (T∗Aa) + |γ|2

(
(Ab) ⊗ a

)(
(Aa) ⊗ (Ab)

)
= γ(T∗Aa) ⊗ (Ab) + γ(Ab) ⊗ (T∗Aa) + |γ|2∥a∥2(Ab) ⊗ (Ab).
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By adding the term
(
(T∗Aa) ⊗ (T∗Aa)

)
to the tow sides of the above equality, we obtain

(T∗Aa) ⊗ (T∗Aa) = γ(T∗Aa) ⊗ (Ab) + γ(Ab) ⊗ (T∗Aa) + |γ|2∥a∥2(Ab) ⊗ (Ab) + (T∗Aa) ⊗ (T∗Aa)

⇐⇒ (T∗Aa)︸ ︷︷ ︸
(=X)

⊗ (T∗Aa)︸ ︷︷ ︸
(=X)

=
(
T∗Aa + γ(Ab)

)
︸            ︷︷            ︸

(=Y)

⊗

(
T∗Aa + γ(Ab)

)
︸            ︷︷            ︸

(=Y)

.

Equivalently, we have(
X ⊗ X = Y ⊗ Y

)
⇐⇒

(
∃ α ∈ C

/
|α| = 1 and X = αY

)
.

It follows from that
∃ α ∈ C

/
|α| = 1, T∗Aa + γ(Ab) = αT∗Aa

and, so, Ab = α−1
γ T∗Aa. Hence, we obtain

F = γ(a ⊗A b) = γ(a ⊗ (Ab)

= γa ⊗ (
α − 1
γ

T∗Aa)

= (α − 1)a ⊗ T∗Aa.

(⇐) Assume, now, that T is A-isometric and there exists an A-unitary vector h ∈ H , α ∈ Cwith |α| = 1, and
F = (α − 1)h ⊗ T∗Ah. Then, we have

(T + F)∗A(T + F) − A = T∗AF + F∗AT + F∗AF

= T∗A
(
(α − 1)h ⊗ T∗Ah

)
+

(
T∗Ah ⊗ (α − 1)h

)
AT +

(
T∗Ah ⊗ (α − 1)h

)
A
(
(α − 1)h ⊗ T∗Ah

)
= (|α − 1|2 + α − 1 + α − 1)∥h∥2A(T∗Ah) ⊗ (T∗Ah)
= 0

which implies that T + F is A-isometric.

Referring to [26, Lemma 2.7], if T is invertible then, for an A-unitary vector h ∈ H , the operator T +
(
(α −

1)h ⊗ T∗Ah
)

is invertible if and only if ⟨T−1
(
(α − 1)h),T∗Ah⟩ , −1.Moreover, for α ∈ Cwith |α| = 1, we have

⟨T−1
(
(α − 1)h),T∗Ah⟩ = ⟨(α − 1)h,Ah⟩ = (α − 1)∥h∥2A = (α − 1) , −1.

As an immediate consequence of Theorem 2.1, we recover the characterization of (A, 2)-isometric rank-one
perturbations.

Corollary 2.2. Let T ∈ B(H) be an invertible A-isometric operator and F be a A-rank one operator. Then, the
following properties are equivalent:

1. R = T + F is (A, 2)-isometric.
2. There exists an A-unitary vector h ∈ H , α ∈ C with |α| = 1, and

F = (α − 1)h ⊗ T∗Ah.

In the case m ≥ 3 and T = IH , the following characterization holds true.
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Theorem 2.3. Let u, v ∈ H\N(A) and let m ≥ 3. Then I + u ⊗A v is (A,m)-isometric if and only if either u ⊥A v
or Av = λAu where λ = ∥u∥−2

A (µ − 1) for some µ ∈ C\{1} with |µ| = 1.

Proof. (⇒) Assume that I + u ⊗A v is (A,m)-isometric and ⟨u, v⟩A , 0. We aim to show that u and v are
linearly dependant. We have

0 = Θ(m)
A (I + u ⊗A v)

= (−1)mA +
m∑

k=1

(−1)m−k
(
m
k

)
(I + (Av) ⊗I u)kA(I + u ⊗A v)k

= (−1)mA +
m∑

k=1

(−1)m−k
(
m
k

) { k∑
j=0

(
k
j

)
((Av) ⊗I u) j

}
A

{ k∑
l=0

(
k
l

)
(u ⊗A v)l

}

= (−1)mA +
m∑

k=1

(−1)m−k
(
m
k

) {
I +

k∑
j=1

(
k
j

)
⟨v,u⟩ j−1

A ((Av) ⊗I u)
}

A
{

I +
k∑

l=1

(
k
l

)
⟨u, v⟩l−1

A (u ⊗A v)
}

= (−1)mA +
m∑

k=1

(−1)m−k
(
m
k

) {
I +

k∑
j=1

(
k
j

)
⟨v,u⟩ j−1

A ((Av) ⊗I u)
}{

A +
k∑

l=1

(
k
l

)
⟨u, v⟩l−1

A ((Au) ⊗A v)
}

= (−1)mA +
m∑

k=1

(−1)m−k
(
m
k

)
A +

m∑
k=1

(−1)m−k
(
m
k

) k∑
j=1

(
k
j

)
⟨v,u⟩ j−1

A︸                                   ︷︷                                   ︸
α

((Av) ⊗I (Au))

+

m∑
k=1

(−1)m−k
(
m
k

) k∑
l=1

(
k
l

)
⟨u, v⟩l−1

A︸                                   ︷︷                                   ︸
β

((Au) ⊗A v)

+

m∑
k=1

(−1)m−k
(
m
k

) k∑
j=1

k∑
l=1

(
k
j

)(
k
l

)
⟨v,u⟩ j−1

A ⟨u, v⟩
l−1
A ∥u∥

2
A︸                                                            ︷︷                                                            ︸

γ

((Av) ⊗A v),

and so,

0 = α
(
(Av) ⊗I (Au)

)
+ β

(
(Au) ⊗A v

)
+ γ

(
(Av) ⊗A v

)
. (7)

Since ⟨u, v⟩A , 0, we have

0 ,
⟨v,u⟩mA
⟨v,u⟩A

=

m∑
k=1

(−1)m−k
(
m
k

)
(⟨v,u⟩A + 1)k

− 1
⟨v,u⟩A

= α = β.

It follows that

Span{Au} = R

(
− β(Au) ⊗A v

)
= R

(
α((Av) ⊗I (Au)) + γ((Av) ⊗A v)

)
= Span{Av},
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that is Au and Av are linearly dependent. So, there exists λ = 1
∥u∥2A
⟨v,u⟩A ∈ C∗ such that Av = λAu. By

using Equation (7), we get

0 =

m∑
k=1

(−1)m−k
(
m
k

) k∑
j=1

(
k
j

)
λ j(∥u∥2A) j−1((Au) ⊗I (Au))

+

m∑
k=1

(−1)m−k
(
m
k

) k∑
l=1

(
k
l

)
λ

l
(∥u∥2A)l−1((Au) ⊗I (Au))

+

m∑
k=1

(−1)m−k
(
m
k

) ( k∑
j=1

(
k
j

)
λ j−1(∥u∥2A) j−1

)( k∑
l=1

(
k
l

)
λ

l−1
(∥u∥2A)l−1

)
∥u∥2Aλλ((Au) ⊗I Au)

=

m∑
k=1

(−1)m−k
(
m
k

) k∑
j=1

(
k
j

)
1
∥u∥2A

(
(1 + λ∥u∥2A)k

− 1
)
((Au) ⊗I (Au))

+

m∑
k=1

(−1)m−k
(
m
k

) k∑
l=1

(
k
l

)
1
∥u∥2A

(
(1 + λ∥u∥2A)k

− 1
)
((Au) ⊗I (Au))

+

m∑
k=1

(−1)m−k
(
m
k

)
1
∥u∥2A

(
(1 + λ∥u∥2A)k

− 1
)(

(1 + λ∥u∥2A)k
− 1

)
((Au) ⊗I Au)

=

m∑
k=1

(−1)m−k
(
m
k

) {
1
∥u∥2A

(
(1 + λ∥u∥2A)(1 + λ∥u∥2A)

)k
−

1
∥u∥2A

}
((Au) ⊗I Au)

=
1
∥u∥2A

(
(1 + λ∥u∥2A)(1 + λ∥u∥2A) − 1

)m
((Au) ⊗I Au)

=
1
∥u∥2A

(
(1 + ⟨v,u⟩A)(1 + ⟨u, v⟩A) − 1

)m
((Au) ⊗I Au)

=
1
∥u∥2A

(
|1 + ⟨u, v⟩A|2 − 1

)m
((Au) ⊗I Au),

which implies that |1 + ⟨u, v⟩A| = 1. Hence, ⟨u, v⟩A = µ − 1 for some µ ∈ C\{1}, |µ| = 1.

(⇐) If u ⊥A v, then the operator (u ⊗A v) is 2-nilpotent. Referring to [13, Theorem 2.1]), (I + u ⊗A v) is
(A, 3)-isometric, and hence it is (A,m)-isometric for m ≥ 3. On the other hand, if Av = λAu where
λ = ∥u∥−2

A (−1 + µ) for some µ ∈ C\{1}with |µ| = 1, then we get

(I + u ⊗A v)∗A(I + u ⊗A v)

= (I + (Av) ⊗ u)
(
A + ((Au) ⊗ (Av)

)
= A + (Av) ⊗ (Au) + (Au) ⊗ (Av) + ∥u∥2A

(
(Av) ⊗ (Av)

)
= A + ∥u∥−2

A (µ − 1)
(
(Au) ⊗ (Au)

)
+ ∥u∥−2

A (µ − 1)
(
(Au) ⊗ (Au)

)
+∥u∥2A∥u∥

−2
A (µ − 1)∥u∥−2

A (µ − 1)
(
(Au) ⊗ (Au)

)
= A +

(
µ + µ − 2 + (µ − 1)(µ − 1)

)
∥u∥−2

A

(
(Au) ⊗ (Au)

)
= A.

It follows that (I + u ⊗A v) is A-isometric and so is (A,m)-isometric.
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3. (A, n)-symmetric rank-one perturbations

The main purpose of this section is to develop some characterizations for the class of rank-one operators
in semi-Hilbertian spaces, in view of (A,n)-symmetries.

It is well-known that a rank-one operator u ⊗ v is symmetric if and only if u = λv for some λ ∈ R\{0}.
The same property holds true for 2-symmetric rank-one operators as well, since the following equivalence
holds:(

T is 2-symmetric
)
⇐⇒

(
T is 1-symmetric

)
;

as shown in [33, Theorem 3.1]. In the following theorem we show that we have the same for A-symmetric
operators, as well as (A, 2)-symmetric operators since we have shown (see [29, Theorem 2.5]) that(

T is (A, 2)-symmetric
)
⇐⇒

(
T is A-symmetric

)
.

Theorem 3.1. Let u, v ∈ H\N(A). Then, he following assertions hold:

1. u ⊗A v is A-symmetric if and only if (Au) = λ(Av) for some λ ∈ R\{0}.
2. The subspace of A-symmetric operators is A-transitive.

Proof. 1. By the statements of Remark 1.7, we have(
u ⊗A v is A-symmetric

)
⇐⇒

(
(Au) ⊗I (Av) = (Av) ⊗I (Au)

)
⇐⇒

(
Au = λ(Av) for some λ ∈ R\{0}

)
.

2. Let denote by ΓA the subspace of A-symmetric operators. Let (en)n be an orthonormal basis ofH such
that en < N(A) for all n ∈N, then (en ⊗A en) ∈ ΓA, for all n ∈N. Let (x ⊗ y) ∈ Γ⊥A

A . It holds that

0 = ⟨A(en ⊗A en), x ⊗ y⟩ = ⟨A(en ⊗A en)x, y⟩ = ⟨x, en⟩A⟨en, y⟩A.

Moreover, since en < N(A) for all n ∈ N, we have x ⊥A en or y ⊥A en for all n ∈ N. Assume that x , 0
and y , 0. Let k ∈ N be the smallest number such that ⟨x, ek⟩A , 0 and l ∈ N be the smallest number
such that ⟨y, el⟩A , 0. It is easily seen that k , l and ⟨x, el⟩A = ⟨y, ek⟩A = 0. For α , 0 and β , 0, let
consider u = αel + βek. Then (αel + βek) ⊗A (αel + βek) ∈ ΓA for any α, β , 0. Thus

0 = ⟨(αel + βek) ⊗A (αel + βek), x ⊗A y⟩

= ⟨x, αel + βek⟩A⟨αel + βek, y⟩A

= β⟨x, ek⟩Aα⟨el, y⟩A

which is impossible since α, β , 0 and ⟨x, ek⟩A , 0, ⟨y, el⟩A , 0. Hence, x = 0 or y = 0.

In the case of (A,n)-symmetric rank-one operators, with n ≥ 3, the following characterization holds true.

Theorem 3.2. Let u, v ∈ H\N(A) and n ≥ 3. Then, (u ⊗A v) is (A,n)-symmetric if and only if either u ⊥A v or
Au = λ(Av) for some λ ∈ R\{0}.

Proof. (⇒) Assume that (u ⊗A v) is (A,n)-symmetric. By using Remark 1.7, we have

0 = S
(m)
A (u ⊗A v)

=

m∑
k=0

(−1)m−k
(
m
k

)
((Av) ⊗I u)kA(u ⊗A v)m−k
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= (−1)mA(u ⊗A v)m +

m−1∑
k=1

(−1)m−k
(
m
k

)
((Av) ⊗I u)kA(u ⊗A v)m−k + ((Av) ⊗I u)mA

= (−1)m
⟨u, v⟩m−1

A ((Au) ⊗I (Av)) + ⟨v,u⟩m−1
A ((Av) ⊗I (Au))

+

m−1∑
k=1

(−1)m−k
(
m
k

)
⟨u, v⟩m−k−1

A ⟨v,u⟩k−1
A ∥u∥

2
A((Av) ⊗I (Av)) (8)

= α((Au) ⊗I (Av)) + β((Av) ⊗I (Au)) + γ((Av) ⊗I (Av))
= (α(Au) + γ((Av)) ⊗I (Av) + β((Av) ⊗I (Au))

for some α, β, γ ∈ C. If ⟨u, v⟩A , 0 and u, v ∈ H\N(A), then β((Av)⊗I (Au)) , 0 and (α(Au)+γ((Av))⊗I
(Av) , 0. It follows that

β((Av) ⊗I (Au)) = −(α(Au) + γ((Av)) ⊗I (Av).

A simple computation shows thatN
(
β((Av)⊗I (Au))

)⊥
= Span{Au} andN

(
(α(Au)+γ((Av))⊗I (Av)

)⊥
=

Span{Av}. Hence, Au = λ(Av) for some non-zero λ = 1
∥v∥2A
⟨u, v⟩A. By using Equation (8), we obtain

0 = (−1)mλm
∥v∥2(m−1)

A ((Av) ⊗I (Av)) + λ
m
∥v∥2(m−1)

A ((Av) ⊗I (Av))

+

m−1∑
k=1

(−1)m−k
(
m
k

)
λm−k−1

∥v∥2(m−k−1)
A λ

k−1
∥v∥2(k−1)

A ∥u∥2A((Av) ⊗I (Av))

= (λ − λ)m
∥v∥2(m−1)

A ((Av) ⊗I (Av))

=
(
− iIm(λ)

)m
∥v∥2(m−1)

A ((Av) ⊗I (Av))

which implies that Im(λ) = 0, so λ ∈ R.

(⇐) Referring to Theorem 3.1, if Au = λ(Av) for some non-zero real λ, then the operator (u ⊗A v) is A-
symmetric and hence is (A,n)-symmetric for any n ≥ 1. On the other hand, if ⟨u, v⟩A = 0, then the
operator (u ⊗A v) is 2-nilpotent. Since every k-nilpotent operator is (A, 2k − 1)-symmetric, we have
(u ⊗A v) is (A, 3)-symmetric, and hence it is (A,n)-symmetric for any n ≥ 3.

Example 3.3. Let (en)n≥1 be an orthonormal basis ofH . Define the operators A, R and S as follows

Aen =
1
n

en (n ≥ 1),

R = ei ⊗A e j (i , j),
S = ek ⊗A ek (k ≥ 1).

We can easily verify that A is a positive operator and (en)n≥1 is A-orthogonal. Applying Theorem 3.2 (respc. Theorem
3.1) we can deduce that R (respc. S) is (A,n)-symmetric for n ≥ 3 (respc. A-symmetric).

Recall that a bounded linear operator T is called (A, 2)-symmetric if it satisfies

⟨T2h, h⟩A − 2∥Th∥2A + ⟨h,T
2h⟩A = 0, ∀ h ∈ H . (9)

Proposition 3.4. Let δ ∈ R, λ ∈ C and T ∈ B(H) be A-symmetric. Then the following statements hold.

1. The operator R = T + u ⊗A v is A-symmetric
(
resp. (A, 2)-symmetric

)
if and only if Au = λ(Av) for some

λ ∈ R\{0}.
2. Suppose that ∥v∥A = 1 and Av ∈ N(T∗ − λ). Then, S = T + iδ(v ⊗A v) is (A, 2)-symmetric if and only if
ℑm(λ) = δ.
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3. For λ ∈ σp(T), there exists u ∈ H such that Tu = λu and u ⊗A u ∈ {T}′.

Proof. 1. If R = T + u⊗A v, then R∗ = T∗ + (Av)⊗I u and R∗A = T∗A+ (Av)⊗I (Au). Since T is A-symmetric
(i.e. AT = T∗A), it follows that AR = T∗A + (Au) ⊗I (Av). Hence, R is A-symmetric if and only if
(Au)⊗I (Av) = (Av)⊗I (Au), which in turns is equivalent to the fact that Au = λ(Av) for some λ ∈ R\{0}.

2. Since T is A-symmetric and S = T+ iδ(v⊗A v), AS = AT+ iδ(Av)⊗ (Av) and S∗Ah = ASh−2iδ⟨h, v⟩A(Av)
for every h ∈ H . It follows from that

⟨S2h, h⟩A = ⟨Sh,S∗Ah⟩
= ⟨Sh,ASh − 2iδ⟨h, v⟩A(Av)⟩
= ∥Sh∥2A + 2iδ⟨v, h⟩A⟨h,S∗Av⟩

= ∥Sh∥2A + 2iδ⟨v, h⟩A⟨h, (λ − iδ∥v∥2A)Av⟩

= ∥Sh∥2A + 2iδ(λ + iδ)|⟨v, h⟩A|2.

By using similar arguments as above, we obtain

⟨h,S2h⟩A = ∥Sh∥2A − 2iδ(λ − iδ)|⟨v, h⟩A|2.

Substituting in (9) we obtain that

⟨S2h, h⟩A − 2∥Sh∥2A + ⟨h,S
2h⟩A = 4iδ

(
δ − ℑm(λ)

)
|⟨v, h⟩A|2.

Hence, S is (A, 2)-symmetric if and only if ℑm(λ) = δ.
3. Since λ ∈ σp(T), there exists u ∈ H such that Tu = λu. This implies that

T(u ⊗A u) = (λu) ⊗ (Au) = u ⊗ A(λu)
= u ⊗ (T∗Au)
= (u ⊗A u)T.

The next theorem shows a characterization of (A,n)-symmetric ran-one perturbation of the identity
operator for some n ≥ 3.

Theorem 3.5. Let u, v ∈ H\N(A) and n ≥ 3. Then, I + (u⊗A v) is (A,n)-symmetric if and only if either u ⊥A v or
Au = λ(Av) for some λ ∈ Fn, where

Fn :=
{
λ ∈ C∗ : 1 −

(
1 + λ∥u∥2A

)n
+

(
− 2iℑmλ∥u∥2A

)n
= 0

}
.

Proof. (⇒) Assume that I + u ⊗A v is (A,n)-symmetric and ⟨u, v⟩A , 0. We have

0 = S
(n)
A (I + u ⊗A v)

=

n∑
k=1

(−1)n−k
(
n
k

)
(I + (Av) ⊗I u)kA(I + u ⊗A v)n−k + (−1)nA + (−1)n

n∑
l=1

(
n
l

)
A(u ⊗A v)l

)

=

n∑
k=1

(−1)n−k
(
n
k

) {
I +

k∑
j=1

(
k
j

)
((Av) ⊗I u) j

}
A

{
I +

n−k∑
l=1

(
n − k

l

)
(u ⊗A v)l

}

+(−1)nA +
n∑

l=1

(−1)n
(
n
l

)
⟨u, v⟩l−1

A (Au) ⊗A v

=

n∑
k=1

(−1)n−k
(
n
k

) {
I +

k∑
j=1

(
k
j

)
⟨v,u⟩ j−1

A ((Av) ⊗ u)
}

A
{

I +
n−k∑
l=1

(
n − k

l

)
⟨u, v⟩l−1

A (u ⊗ Av)
}
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+(−1)nA +
n∑

l=1

(−1)n
(
n
l

)
⟨u, v⟩l−1

A (Au) ⊗A v

= (−1)nA +
n∑

k=1

(−1)n−k
(
n
k

)
A︸                            ︷︷                            ︸

(=0)

+

n∑
k=1

(−1)n−k
(
n
k

) n−k∑
l=1

(
n − k

l

)
⟨u, v⟩l−1

A︸                                      ︷︷                                      ︸
α

(Au ⊗ Av)

+

n∑
k=1

(−1)n−k
(
n
k

) k∑
j=1

(
k
j

)
⟨v,u⟩ j−1

A︸                                  ︷︷                                  ︸
β

((Av) ⊗ (Au))

+

n∑
k=1

(−1)n−k
(
n
k

) k∑
j=1

n−k∑
l=1

(
k
j

)(
n − k

l

)
⟨v,u⟩ j−1

A ⟨u, v⟩
l−1
A ∥u∥

2
A︸                                                                ︷︷                                                                ︸

γ

(Av ⊗ Av)

= α(Au ⊗ Av) + β(Av ⊗ Au) + γ(Av ⊗ Av) (10)

where

α =
(−1)n+1

⟨u, v⟩A

{(
⟨u, v⟩A + 1

)n
− ⟨u, v⟩nA − 1

}
,

β = ⟨v,u⟩n−1
A (, 0),

γ =
∥u∥2A
|⟨u, v⟩A|2

{(
2iℑm(⟨v,u⟩A)

)n
− ⟨v,u⟩nA − (−1)n

⟨u, v⟩nA

}
.

It follows that

0 = (α(Au) + γ(Av)) ⊗ (Av) + β(Av ⊗ Au).

Then,

Span{Au} = R

(
− β(Au) ⊗A v

)
= R

(
α((Av) ⊗I (Au)) + γ((Av) ⊗A v)

)
= Span{Av}.

Hence, Av = λ(Au) for some non-zero λ = 1
∥u∥2A
⟨v,u⟩A. Replacing in Equation (10), we obtain

0 =
(−1)n

∥u∥2A

{
1 −

(
1 + λ∥u∥2A

)n
+

(
− 2iℑmλ∥u∥2A

)n
}
(Au ⊗ Au) (11)

and, so, λ ∈ Fn.

(⇐) If u ⊥A v, then the operator (u ⊗A v) is 2-nilpotent. According to [29, Theorem 4.2.]), (I + u ⊗A v) is
(A, 3)-symmetric, and hence it is (A,n)-symmetric for n ≥ 3. On the other hand, if Au = λ(Av) for
some λ ∈ Fn, then Equation (11) allows to conclude.
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Remark that, for u, v ∈ H \ N(A),we have

σ(I + u ⊗A v) = σ(I + u ⊗ (Av) = {1, 1 + ⟨u, v⟩A},

which is finite. For A = I and Referring to (5), this shows that ⟨u, v⟩ ∈ R. The following corollary is an
immediate consequence of Theorem 3.6.

Corollary 3.6. Let u, v ∈ H\{0} and n ≥ 3. Then, I + (u ⊗ v) is n-symmetric if and only if either u ⊥ v or u = λ v
for some λ ∈ Fn, where

Fn :=
{
λ ∈ R∗ :

(
1 + λ∥u∥2A

)n
= 1

}
.

Example 3.7. LetH = C2 equipped with the norm ∥(x, y)∥2 = |x|2 + |y|2, A =
(

1 −1
−1 1

)
, u =

(
−1
1

)
, v =

(
1
0

)
.

Then, A ∈ B(H)+ and u, v ∈ H \N(A) satisfying ⟨u, v⟩A = −2.According to Theorem 3.6, the operators (I+u⊗A v)
is (A, 6)-symmetric (and so (A, 5)-symmetric).

4. A-hyponormality and A-normality of rank-one perturbations

We aim in this section to characterize the A-hyponormality (resp. the A-normality) of rank one pertur-
bations of A-hyponormal (resp. A-normal) bounded linear operators.

Let begin our study with the following result.

Proposition 4.1. Let u, v ∈ H . Then the following statements hold.

1. u ⊗A v ∈ B
A

1
2
(H) and (u ⊗A v)♯A = v ⊗A u.

2. u ⊗A v is A-normal if and only if u and v are linearly dependant.

Proof. 1. Let x ∈ H . Since A ∈ B(H)+, we have

∥(u ⊗A v)(x)∥A = |⟨x , v⟩A| ∥u∥A
= |⟨A

1
2 x , A

1
2 v⟩| ∥u∥A

≤ ∥A
1
2 x∥ ∥A

1
2 v∥ ∥u∥A ≤ λ ∥u∥A.

On the other hand, we have

⟨(u ⊗A v)♯A (x) , x⟩A = ⟨A(u ⊗A v)♯A (x) , x⟩
= ⟨(u ⊗A v)∗A(x) , x⟩
= ⟨((Av) ⊗I u)A(x) , x⟩
= ⟨⟨x , u⟩Av , x⟩A = ⟨(v ⊗A u)x , x⟩A.

2. Let T = (u ⊗A v). Then we have

T is A-normal ⇐⇒ (u ⊗A v)(u ⊗A v)♯A = (u ⊗A v)♯A (u ⊗A v)
⇐⇒ (u ⊗A v)(v ⊗A u) = (v ⊗A u)(u ⊗A v)
⇐⇒ (∥v∥2Au) ⊗A u = (∥u∥2Av) ⊗A v

⇐⇒ ∃λ, µ ∈ C∗, ∥v∥2Au = λ∥u∥2Av, Au = µAv; λµ = 1.

The following theorem gives a characterization of rank-one perturbation of an A-hyponormal operator.

Theorem 4.2. Let T ∈ BA(H) be A-hyponormal, u ∈ H \ {0H }, v ∈ H \ N(A) and set R = T + u ⊗A v. Then the
following statements hold.
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1. If u and v are linearly dependent, then R is A-hyponormal if and only if, for ΘA(T) := (λT∗A − λ(T∗A)∗) and
λ = ⟨u,v⟩A

∥v∥2A
, the following inequality holds true

ℜe
(
⟨x, v⟩A⟨ΘA(T)v, x⟩

)
≥ −

1
2

(
∥Tx∥2A − ∥T

♯A x∥2A
)
, ∀ x ∈ H . (12)

2. If u and v are linearly independent, then R is A-hyponormal if and only if, for x ∈ Span{u, v} and ΨA(T) :=
⟨x,T∗Au⟩A − ⟨x,u⟩AAT, we have

ℜe(⟨ΨA(T)v, x⟩) +
1
2

(
∥u∥2A|⟨x, v⟩A|

2
− ∥v∥2A|⟨x,u⟩A|

2
)
≥ −

1
2

(
∥Tx∥2A − ∥T

♯A x∥2A
)
. (13)

Proof. 1. We assume that u, v are linearly dependent. Then, there exists λ ∈ C such that u = λv =
1
∥v∥2A
⟨u, v⟩A v. So,

∥u∥2A(v ⊗A v) = |λ|2∥v∥2A(v ⊗A v)

= ∥v∥2A(u ⊗A u).
Moreover, we have

[R♯A ,R] = [T♯A ,T] + (T♯A u) ⊗A v + v ⊗A (T♯A u) − (Tv) ⊗A u − u ⊗A (T♯A )♯A v.
For all x ∈ H , the identity (14) gives

⟨[R♯A ,R]x, x⟩A
= ⟨[T♯A ,T]x, x⟩A + ⟨

(
(λT♯A v − λTv) ⊗A v

)
x, x⟩A + ⟨v ⊗A (λT♯A v − (λT♯A )♯A v)x, x⟩A

= ⟨[T♯A ,T]x, x⟩A + ⟨
(
(λAT♯A v − λATv) ⊗ Av

)
x, x⟩ + ⟨Av ⊗ (λAT♯A v − A(λT♯A )♯A v)x, x⟩

= ⟨[T♯A ,T]x, x⟩A + ⟨
(
(λT∗Av − λ(T∗A)∗v)︸                    ︷︷                    ︸⊗Av

)
x, x⟩ + ⟨Av ⊗ (λT∗Av − λ(T∗A)∗v)︸                   ︷︷                   ︸ x, x⟩

= ⟨[T♯A ,T]x, x⟩A + ⟨
(
ΘA(T)v ⊗ Av

)
x, x⟩ + ⟨

(
Av ⊗ΘA(T)v

)
x, x⟩

= ⟨[T♯A ,T]x, x⟩A + 2ℜe
(
⟨x, v⟩A⟨ΘA(T)v, x⟩

)
.

Hence R is A-hyponormal if and only if

ℜe
(
⟨x, v⟩A⟨ΘA(T)v, x⟩

)
≥ −

1
2
⟨[T♯A ,T]x, x⟩A = −

1
2

(
∥Tx∥2A − ∥T

♯A x∥2A
)
.

2. We assume now that u, v are linearly independent vectors. For x ∈ H , we have

⟨[R♯A ,R]x, x⟩A
= ⟨[T♯A ,T]x, x⟩A + ⟨

(
(T♯A u) ⊗A v

)
x, x⟩A + ⟨v ⊗A (T♯A u)x, x⟩A

+∥u∥2A⟨(v ⊗A v)x, x⟩A − ⟨
(
(Tv) ⊗A u

)
x, x⟩A − ⟨

(
u ⊗A (T♯A )♯A v

)
x, x⟩A − ∥v∥2A⟨(u ⊗A u)x, x⟩A

= ⟨[T♯A ,T]x, x⟩A + ⟨x, v⟩A⟨T♯A u, x⟩A + ⟨x,T♯A u⟩A⟨v, x⟩A + ∥u∥2A|⟨x, v⟩A|
2

−⟨x,u⟩A⟨Tv, x⟩A − ⟨x, (T♯A )♯A v⟩A⟨u, x⟩A − ∥v∥2A|⟨x,u⟩A|
2

= ⟨[T♯A ,T]x, x⟩A + ⟨⟨x,T♯A u⟩Av − ⟨x,u⟩ATv, x⟩A + ∥u∥2A|⟨x, v⟩A|
2

−∥v∥2A|⟨x,u⟩A|
2 + ⟨x, ⟨T♯A u, x⟩Av − ⟨u, x⟩A(T♯A )♯A v⟩A

= ⟨[T♯A ,T]x, x⟩A + ⟨⟨x,T♯A u⟩Av − ⟨x,u⟩ATv, x⟩A + ∥u∥2A|⟨x, v⟩A|
2

−∥v∥2A|⟨x,u⟩A|
2 + ⟨x, ⟨x,T♯A u⟩Av − ⟨x,u⟩A(T♯A )♯A v⟩A

= ⟨[T♯A ,T]x, x⟩A + ⟨⟨x,T∗Au⟩Av − ⟨x,u⟩AATv︸                           ︷︷                           ︸, x⟩
+⟨x, ⟨x,T∗Au⟩Av − ⟨x,u⟩AATv︸                           ︷︷                           ︸⟩ + ∥u∥2A|⟨x, v⟩A|2 − ∥v∥2A|⟨x,u⟩A|2

= ⟨[T♯A ,T]x, x⟩A + 2ℜe(⟨ΨA(T)v, x⟩) +
(
∥u∥2A|⟨x, v⟩A|

2
− ∥v∥2A|⟨x,u⟩A|

2
)
.
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(⇒) If x ∈ Span{u, v} and

ℜe(⟨ΨA(T)v, x⟩ +
1
2

(
∥u∥2A|⟨x, v⟩A|

2
− ∥v∥2A|⟨x,u⟩A|

2
)
≥ −

1
2
⟨[T♯A ,T]x, x⟩A

then ⟨[R♯A ,R]x, x⟩A ≥ 0 which in turn implies that R♯A is A-hyponormal. On the other hand, if

x ∈
(
Span{u, v}

)⊥A
, then ⟨[R♯A ,R]x, x⟩A = ⟨[T♯A ,T]x, x⟩A ≥ 0, and thus R♯A is A-hyponormal.

(⇐) If R♯A is A-hyponormal, then arguing as above we prove that Inequality (13) holds true.

The following example is an application of Theorem 4.2.

Example 4.3. Let T =
(

1 0
0 0

)
and A =

(
0 0
0 1

)
be operators acting on two-dimensional Hilbert space C2. Set

R =
(

1 0
0 0

)
+ (u ⊗A v). Then, T♯A = 0 ([25]) and ΘA(T)v = ΨA(T)v = 0. Referring to Theorem 4.2, we deduce

that:

1. If u and v are linearly dependent, then R is A-hyponormal if and only if (u ⊗A v) is A-hyponormal.
2. If u and v are linearly independent, then R is A-hyponormal if and only if

∥u∥2A|⟨x, v⟩A|
2
≥ ∥v∥2A|⟨x,u⟩A|

2, x ∈ Span{u, v}.

Corollary 4.4. Let A ∈ B(H)+ satisfying ⟨ei, e j⟩A = 0 for all i , j, T ∈ BA(H) be a unilateral shift, u ∈ H \ {0H }
and v ∈ H \ N(A). Then R = T + u ⊗A v is A-hyponormal if and only if either

ℜe
(
⟨x, v⟩A⟨ΘA(T)v, x⟩

)
≥ −

1
2
ΛA, ∀ x ∈ H (14)

or

ℜe(⟨ΨA(T)v, x⟩) +
1
2

(
∥u∥2A|⟨x, v⟩A|

2
− ∥v∥2A|⟨x,u⟩A|

2
)
≥ −

1
2
ΛA, ∀ x ∈ H (15)

where
ΛA =

∑
n,m

xnxm⟨T♯A en,T♯A em⟩A +
∑

n

|xn|
2
(
∥en+1∥

2
A − ∥T

♯A en∥
2
A

)
.

Proof. Let T ∈ B(H) be the unilateral shift defined by Ten = en+1, n ≥ 1. Then, for x =
∑
n≥1

xnen ∈ H , we have

∥Tx∥2A =
∑
n,m

xnxm⟨en+1, em+1⟩A︸                    ︷︷                    ︸
(=0)

+
∑
n≥1

|xn|
2
∥en+1∥

2
A,

∥T♯A x∥2A =
∑
n,m

xnxm⟨T♯A en,T♯A em⟩A +
∑
n≥1

|xn|
2
∥T♯A en∥

2
A.

By applying Theorem 4.2 we finish the proof.
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Example 4.5. Let Aen =
1
n en, n ≥ 1 and Ten = en+1, n ≥ 1. Then, ⟨ei, e j⟩A =

1
i ⟨ei, e j⟩ = 0. Moreover, for

u =
∑
n≥1

ρnen ∈ H , we have

∥Tu∥2A = ⟨Tu,Tu⟩A

=
∑

i, j≥1

ρiρ j⟨Tei,Te j⟩A︸                 ︷︷                 ︸
(=0)

+
∑
i≥1

|ρi|
2
⟨Tei,Tei⟩A

=
∑
i≥1

|ρi|
2 1

i + 1
⟨ei+1, ei+1⟩

=
∑
i≥1

|ρi|
2 i

i + 1
⟨

1
i

ei, ei⟩ ≤ ∥u∥2A,

which implies that T ∈ BA(H). By a simple calculation, we obtain

A†(x1, x2, x3, · · ·) = (x1, 2x2, 3x3, · · ·), i.e. A†en = nen, n ≥ 1,

and it follows from that

T♯A en = A†T∗Aen = T∗en =

{
0, if n = 1;
en−1, if n ≥ 2.

Moreover, we have T is A-hyponormal since ⟨[T♯A ,T]u,u⟩A = ⟨[T∗,T]u,u⟩A = 0, for all u ∈ H .

Corollary 4.6. Let T ∈ BA(H) be a unilateral shift, u ∈ H \ {0H }, v ∈ H \N(A) and set R = T + u⊗A v. Then the
following statements hold.

1. Assume that u and v are linearly dependent vectors. If ΘA(T)v = ηAv, then

η =
2i
∥v∥4A

ℑm
(
⟨u, v⟩A⟨v,Tv⟩A

)
and R is A-hyponormal.

2. Assume that u and v are linearly independent with ∥u∥A = ∥v∥A = 1. If ΨA(T)v = 0 or ΨA(T)v = x for
x = y + z where y = ⟨y,u⟩Au + ⟨y, v⟩Av with |⟨y, v⟩A| ≥ |⟨y,u⟩A| and z ∈ {u, v}⊥A , then R is A-hyponormal.

Proof. 1. Assume that ΘA(T)v = ηAv. Then,
η∥v∥4A = ∥v∥2A⟨ΘA(T)v, v⟩

= ⟨u, v⟩A⟨T∗Av, v⟩ − ⟨u, v⟩A⟨v, (T∗A)∗v⟩

= 2iℑm
(
⟨u, v⟩A⟨v,Tv⟩A

)
.

It follows that η = 2i
∥v∥4A
ℑm

(
⟨u, v⟩A⟨v,Tv⟩A

)
. Moreover, for any x ∈ H , we have

ℜe
(
⟨x, v⟩A⟨ΘA(T)v, x⟩

)
= ℜe

(
η⟨x, v⟩A⟨v, x⟩A

)
= ℜe

(
η|⟨x, v⟩A|2

)
= 0.

By applying (1)-Theorem 4.2 we obtain the desired claim.
2. Under the assumptions, we obtain

ℜe(⟨ΨA(T)v, x⟩) +
1
2

(
∥u∥2A|⟨x, v⟩A|

2
− ∥v∥2A|⟨x,u⟩A|

2
)

=

 1
2

(
|⟨y, v⟩A|2 − |⟨y,u⟩A|2

)
, ifΨA(T)v = 0;

∥x∥2 + 1
2

(
|⟨y, v⟩A|2 − |⟨y,u⟩A|2

)
, ifΨA(T)v = x.

By applying (2)-Theorem 4.2 we finish the proof.
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Example 4.7. Let A and T as in Example 4.5 and let u = e1 + e2, v = i(e1 + e2). Then

η =
2i
∥v∥4A

ℑm
(
⟨u, v⟩A⟨v,Tv⟩A

)
= −

4
5

i

and the operator R = T +
(
(e1 + e2) ⊗A i(e1 + e2)

)
is A-hyponormal.

The following theorem gives a necessary and sufficient conditions that a A-rank one perturbation of an
A-normal operator to be A-normal.

Theorem 4.8. Let u, v ∈ H\N(A) and N ∈ BA(H) be A-normal such thatN(A) is a reducing subspace for N. Then
T = N + u ⊗A v ∈ BA(H) is A-normal if and only if one of the following conditions holds true:

(i) u, v are linearly dependent and (v ⊗ΘA(N)v) is a skew A-symmetric operator.

(ii) u, v are linearly independent and there exist σ, η ∈ C such thatℜe(η) = − 1
2 and

(N − σ)♯A u = ∥u∥2AηPv and (N − σ)v = ∥v∥2Aηu. (16)

Proof. Remark that, for all x ∈ H , we have

u ⊗A ((N♯A )♯A )v(x) = ⟨x, ((N♯A )♯A )v⟩Au
= ⟨x,Nv⟩Au
= u ⊗A (Nv)(x).

Since N is A-normal, the operator T = N + u ⊗A v is A-normal if and only if

(N♯A u) ⊗A v + v ⊗A (N♯A u) + ∥u∥2A(v ⊗A v) = (Nv) ⊗A u + u ⊗A Nv + ∥v∥2A(u ⊗A u). (17)

Obviously, it follows from (17) that

ran([T♯A ,T]) ⊂ Span{u, v,Nv,N♯A u}.

Moreover, we have

⟨x, v⟩AN♯A u + ⟨x,N♯A u + ∥u∥2Av⟩Av = ⟨x,Nv + ∥v∥2Au⟩Au + ⟨x,u⟩A(Nv). (18)

If u, v are linearly dependent, then there exists λ ∈ C such that u = λv = 1
∥v∥2A
⟨u, v⟩A v. So,

∥u∥2A(v ⊗A v) = |λ|2∥v∥2A(v ⊗A v)

= ∥v∥2A(u ⊗A u).

Then, for x ∈ H , the identity (18) gives

⟨[T♯A ,T]x, x⟩A = ⟨

(
ΘA(N)v ⊗ Av

)
x, x⟩ + ⟨

(
Av ⊗ΘA(N)v

)
x, x⟩. (19)

Then T is A-normal if and only if

⟨

(
ΘA(N)v ⊗ Av

)
x, x⟩ = −⟨

(
Av ⊗ΘA(N)v

)
x, x⟩, ∀ x ∈ H .

Equivalently, we have
A(v ⊗ΘA(N)v) = −(v ⊗ΘA(N)v)∗A,
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and this identity holds if and only if (v ⊗ΘA(N)v) is skew A-symmetric.
Now, assume that u, v are linearly independent and (16) holds true. According to Remark 1.5, note first that
sinceN(A) is a reducing subspace for N, we have NP = PN and AP = PA = A. Then for all x ∈ H we have

⟨[T♯A ,T]x, x⟩A

=
〈(

(σPu + ∥u∥2AηPv) ⊗A v + v ⊗A (σPu + ∥u∥2AηPv) + ∥u∥2Av ⊗A v
)
x, x

〉
A

−

〈(
(σv + ∥v∥2Aηu) ⊗A u + u ⊗A (σv + ∥v∥2Aηu) + ∥v∥2Au ⊗A u

)
x, x

〉
A

= σ⟨x, v⟩A⟨u, x⟩A + σ⟨x,u⟩A⟨v, x⟩A + (2ℜe(η) + 1)∥u∥2A⟨x, v⟩A⟨v, x⟩A
−σ⟨x,u⟩A⟨v, x⟩A − σ⟨x, v⟩A⟨u, x⟩A − (2ℜe(η) + 1)∥v∥2A⟨x,u⟩A⟨u, x⟩A

= 0.

Conversely, suppose that T is A-normal. If u and v are dependant, then obviously (19) implies that
(v ⊗ΘA(N)v) is skew A-symmetric. So, (i) holds true.
We assume now that u and v are linearly independent vectors. The identity (18) gives

⟨x,N♯A u⟩A v − ⟨x,Nv⟩A u = 0, x ∈
(
Span{u, v}

)⊥A
=

(
Span{Au,Av}

)⊥
which implies that

⟨x,N♯A u⟩A = ⟨x,Nv⟩A = 0, ∀ x ∈
(
Span{u, v}

)⊥A
.

It follow from that

N♯A u = αPu + βPv, Nv = γu + σv. (20)

On the other hand, we have

Pv ⊗A P∗Pu(z) = ⟨z,P∗APu⟩ = Pv ⊗A P∗u(z), ∀z ∈ H .

By multiplying both sides of (17) by P and P∗ and using (20), we obtain

αPu ⊗A P∗v + αPv ⊗A P∗u +
(
β + β + ∥u∥2A

)
Pv ⊗A P∗v

= σPu ⊗A P∗v + σPv ⊗A P∗u +
(
γ + γ + ∥v∥2A

)
Pu ⊗A P∗u.

This last equality holds if
α = σ, 2ℜe(β) + ∥u∥2A = 2ℜe(γ) + ∥v∥2A = 0.

Combining this with (20), there exists ν1, ν2 ∈ R such that

(N − σ)♯A u = (N♯A − σP)u =
(
−

1
2
∥u∥2A + iν1

)
Pv (21)

and

(N − σ)v =
(
−

1
2
∥v∥2A + iν2

)
u. (22)

Since N is A-normal and NP = PN (see Remark 1.5), it follows that

(N − σ)♯A (N − σ)u =
(
−

1
2
∥u∥2A + iν1

)(
−

1
2
∥v∥2A + iν2

)
Pu.

Thus, since (N − σ) is A-normal, the operator (N − σ)♯A (N − σ) is A-positive, that is

⟨(N − σ)♯A (N − σ)u,u⟩A =

(
∥u∥2A∥v∥

2
A

4
− i(ν2∥u∥2A + ν1∥v∥2A) − ν1ν2

)
∥u∥2A ≥ 0
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which implies that ν2∥u∥2A = −ν1∥v∥2A. By using (21) and (22) we see that

(N − σ)♯A u = ∥u∥2A
(
−

1
2
+ i
ν1

∥u∥2A

)
Pv

and
(N − σ)v = ∥v∥2A

(
−

1
2
− i
ν1

∥u∥2A

)
u.

Hence, u and v satisfies (16).

Corollary 4.9. Let N ∈ BA(H) be A-normal such thatN(A) is a reducing subspace for N and set T = N + u⊗A v ∈
BA(H). If u and v are dependant, then T is A-normal if and only if v ∈ N

(
2ℑm(λN∗A) + itA

)
for some t ∈ R.

Proof. By using Theorem 4.8, we have

[T♯A ,T] = 0 ⇐⇒ A
(
v ⊗ΘA(N)v

)
= −

(
v ⊗ΘA(N)v

)∗
A

⇐⇒ (Av) ⊗ΘA(N)v = −ΘA(N)v ⊗ (Av)
⇐⇒ ΘA(N)v = −itAv (for some t ∈ R)

⇐⇒ v ∈ N
(
2ℑm(λN∗A) + itA

)
(for some t ∈ R).
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