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Abstract. The purpose of this paper is to discuss some new characterizations and representations of the
Bott-Duffin core inverse. We characterize the Bott-Duffin core inverse by using the orthogonal projectors,
the matrix equation, the Bott-Duffin group inverse and the solution of the block-rank equation. Some
representations of the Bott-Duffin core inverse are presented by using the full-rank decomposition. Finally,
we provide the least-squares solution of the constrained system of linear equations.

1. Introduction

Bott and Duffin, in their famous paper [1], introduced the “constrained inverse” of a square matrix as an
important tool in the electrical network theory. This inverse is called, in their honor the Bott-Duffin inverse
[2]. In [31], we extend it to the Bott-Duffin core inverse and give some properties and characterizations
of the Bott-Duffin core inverse. Recently, numerous scholars have generalized the Bott-Duffin inverse and
investigated its properties(see [5, 6, 9, 11, 26, 28]).In this paper, C"*" is the set of m X n complex matrices
and C" is the vector space of n—tuples of complex number over C . If L is a subspace of C", we use the
notation L < C".Let CM be the set of n X n matrices of index one, that is,

CM = {A € C™"| rank(A?) = rank(A)} .

For convenience, we provide the definition of the Bott-Duffin core inverse.

Definition 1.1. [31] Let A € C"™", L < C". If APL + P1. € CSM, then
A® = p (AP + P,

is called the Bott-Duffin core inverse of A with respect to L.
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In this paper, we will continue to discuss some new characterizations and representations of it. Our main
contributions can be summarized as below:

(1) We present some new characterizations of the Bott-Duffin core inverse and consider the relationships
between it and other generalized inverses.

(2) We characterize the Bott-Duffin core inverse by using the solution of the block-rank equation:
rank([ é }B; ]) = rank(A). Further, for the solution X = Ag) of the block-rank equation:

rank ([ PL[é P ;iv ]) = rank(P;A*P;), all matrices B and C are described.

(3) The full-rank and integral representations of the Bott-Duffin core inverse are given. Moreover, using
[19], a novel representation of it is also presented.

(4) We give a Cramer’s rule of the least-squares solutions of the constraint system of linear equations and
a condensed determinantal expression of the Bott-Duffin core inverse.

This paper is organized as follows. In Section 2, we introduce some necessary notations, definitions
and lemmas. In Section 3, we present some new characterizations and properties of the Bott-Duffin core
inverse. In Section 4, some new representations of the Bott-Duffin core inverse are provided. A Cramer’s
rule for the unique solution of a constrained matrix equation is given in Section 5.

2. Preliminaries

The symbols R(A), N(A), A%, AT and rank(A) represent the range space, null space, conjugate transpose,
transpose and rank of A € C"™", respectively. We denote the identity matrix in C"" by I,,. The symbol O
means the null matrix of appropriate size. L+ means the orthogonal complement subspace of L < C". The
dimension of L is denoted by dim(L). P; 5 stands for the oblique projector onto L along M, where L, M < C"
and L ® M = C". Py, the orthogonal projector onto L, is equivalent to Py ..

Additionally, the Moore-Penrose inverse A" € C™™ of A € C™" is the unique matrix verifying the
following matrix equations (see [2, 8, 18, 24])

AATA = A, ATAAT = AT, (AAY) = AAT, (ATA) = ATA.
If A € C™", a matrix X € C"™" satisfies the following three equations:
XAX =X, RX)=T and N(X)=S5,

where T is a subspace of C" and S is a subspace of C", then X is unique and is denoted by A(TZ)S (see [2, 24]).

The group inverse of A € C{M is the unique matrix A* € C™" verifying the following matrix equations
(see [2, 8,15, 24])

AA*A = A, ATAAY = A*, AA* = A*A.

For a given matrix A € C$M, the core inverse of A is defined to be the unique matrix A% € C™" satisfying
(see [3])

AA® = A4t R(A®) c R(A).
Moreover, Wang and Liu [22] prove that the core inverse of A € C5M is the unique matrix satisfying

AA®PA = A, A(AP) = AD (AAD) = 4A®. (1)
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Additional symbols used in this paper are C5, C{¥, CIM and CE?, and denote the sets of projectors
(idempotent matrices), orthogonal projectors (Hermitian idempotent matrices), tripotent and EP matrices,
respectively, i.e.

Cl = {A|AeC™, A% =A),
Cr = (AJAeC™, A*=A=AY,
CM = [A|AeC™, A=A},
G = {AJAeC™", AAT = ATA) = (A|A € 7", R(A) = R(A")).

Lemma 2.1. [31] Let A € C™", L < C", T = R(PLAPy) and S = N(PLAPy). If (AP, + Pp.) € CSM, then the
following statements hold:

(l) PLAAES'?) = PT and AE%)APL = PT,S/'

(i) AT = ATy = (APYTL, = (PLAYy, = (PLAPL)T;
(iii) A = (PLAP)®;
(i) AAD = Pyrr and ASDA = Pr ..

Lemma 2.2. [20] Let A € C™", B € C™™, C € C™". Then there exists a unique solution X € C™™ to the equation:

A B
rank([ C X ]) = rank(A)
if and only if N(C) > N(A) and R(B) C R(A), in which case X = CA'B.
Let A € C™" and L < C". In order to discuss some properties of the Bott-Duffin core inverse, we will

consider an appropriate matrix decomposition of A with respect to L. Since P; is an orthogonal projector,
then there exists a unitary matrix U € C"™" such that

I, O], .
PLzl,I[é O]u, )

where [ = dim(L), the matrix A can be written as

A:U[AL B ]u*,

CL DL
where A; € €, B, € CX), C; e €D, Dy € Crhxnd,

Lemma 2.3. [31] Let Py and A be given by (2) and (3), respectively. Ag) exists if and only if A, € CE™. In this
case,

®
@) _ ALY O |, .
A(L)—U[ o O]u. (4)

3. Some new characterizations and properties of the Bott-Duffin core inverse

Motivated by (1), we provide some new characterizations of the Bott-Duffin core inverse of A € C"™" (in
the case when it exists).
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Theorem 3.1. Let A € C™", L < C" and dim(L) = [ be such that AE%) exists and let X € C™". The following
statements are equivalent:

_ A@),
(a) X = A(L) ;

(b) PLAXAP; = PLAP;, P;AX?* = X and (PLAX)* = PLAX;
(c) XPLAP.X = X, X(AP.)? = PLAP; and (PLAX)* = PLAX;
(d) X(APL)2 = PLAPL, PLAX2 = X and (PLAX)* = PLAX

Proof. Let P, A and AE?) be given by (2), (3) and (4), respectively. By simple calculation, (b) — (d) can be
derived from (a).
(b) = (a). Suppose that X is given by the following equation:

_ X1 Xo |5
X_LI[X3 X4]u, 5)

where X; € C™, X, € CX0D, X3 € CD¥, X, € CD*0-D and U is given in (2). Let P, and A be given by
(2) and (3), respectively. From P;AX? = X, we have ALXi? =Xy, ALXiXo = Xo, X3 = O and X4 = O. Since
(PLAX)" = PLAX, it follows that (A.X;)" = A X; and AX; = O. In terms of PLAXAP; = P AP;, we get
ALX1AL = AL. By (1), we can Verify X1 = AL@ From ALX1X2 = X2 and ALX2 = O, we have R(XZ) C R(AL)
and R(Xz) € N(Ap). It follows from A; € CSM that R(Ar) N N(Ar) = {0}, which means X, = O. Thus, using
@), X=A2.

The rest of the proof follows similarly. [

Theorem 3.2. Let A € C™" and L < C" be such that Ag) exists and let X € C"™". The following statements are
equivalent:

@ X =A®,;

(b) X € CEP, PLAX? = X and PLAXAP, = P APy,

(c) X € CEP, P, AX? = X and X(AP.)? = PLAPy;

(d) X € CEP, PLAX? = X and X(APL)"*? = (PLAPL)", where m € Z.*;

(e) X € CEP, PLAX? = X and rank(PLAPy) = rank(X).

Proof. LetP;, Aand Ag) be givenby (2), (3) and (4), respectively. Since Ag) € CEP and by simple calculation,
(b) — (e) can be derived from (a).

(b) = (a). Let X be given by (5). From X € CEF and PLAX? = X, we have X, = O, X3 = O, X4 = O and
A1 Xq? = X. Since PLAXAP; = PLAP,, it follows that A; X1 AL = AL. By [12], the matrix A can be written as

AL = V[ LK XL ]V*, ©)

O O

where V € C™ is unitary, r = rank(Ar), L = diag(o1l,,, . .., 0¢l,,) is the diagonal matrix of singular values of
Ap,01>0>->0;>0,r1+r+-+r,=r,and K€ C™, L € C*"" gatisfy KK* + LL* = I,. Suppose that
X is given by the following equation:

_ X" X |
X1 —V[ Xy Xy ]V.
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where X7’ € C™, Xy’ € O X" € CU%" and X' € CUX-1 From X € Cf’ and A1 X;% = X3, we have
X' =0,X3’ =0and Xy = O. It follows from A; € CfM and A; X1A; = A; that we can obtain Xy’ = (ZK) L.
In [3], it follows from (6) that

A® = v[ (Zlg_l 8 ]V*. 7)

Hence X; = AL® that means X = AE%).
The rest of the proof follows similarly. ]

In the following theorem, we present some characterizations of the Bott-Duffin core inverse in terms of
just two matrix equations.

Theorem 3.3. Let A e C™", L < C", T = R(PLAPL) and S = N(PLAPy) be such that AE? exists and let X € C"™",
The following statements are equivalent:

_ 2@,
(a) X = A(L) ;

(b) PAX = Prand PrX = X;

(c) XAP;, = Prsand XPr = X;
(d) XAP; = Prgand PrXPr =X;
(e) PLAX = Prand PrXPr = X.

Proof. Item (a) implies any of the assertions (b) — (¢) which follows directly by Lemma 2.1 (i), (ii), (iv) and
P1Pr = PrP;, = Pr. For the converse implications, we will only give the proof that (b) implies (a).

(b) = (a). From PLAX = Pr and P7X = X, we have N(X) c T+ and R(X) c T, which imply R(X) = T
and N(X) = T+ D L*. Itis clear that XAX = (XP;)AX = XPr = X. Thus, from Lemma 2.1 (ii), we get

- A®
x=A%. o

In [28], Zhang et al. introduce a new generalized inverse: Bott-Duffin group inverse, Ag)) = Pr (AP, +

Pr.)*. In the following theorem, we use the Bott-Duffin group inverse to characterize the Bott-Duffin core
inverse.

Theorem 3.4. Let A€ C™", L < C"and T = R(PLAPy), be such that Ag) exists and let X € C™". The following
statements are equivalent:

_ A @),
(a) X = A(L) ;

(b) pLAXAgj; = Ag*}), (PLAX)" = PLAX and R(X) C T;

(c) XPLAAE’g = Ag;, (PLAX)" = PLAX and R(X) C T;

XPLA = A" (PLAX)' = PLAX and R(X) C T;

)
@ A i

(L)

(e) XA®

WPLA = AP (P AX) = PLAX and R(X) C T;

(0

() ADPLAX = X, (PLAX)" = PLAX and R(X) C T;

(g) PLAAE*L‘;X =X, (PLAX)" = PLAX and R(X) C T.
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Proof. Item (a) implies any of the assertions (b) — (g) which follows directly by (2), (3) and (4). For the
converse implications, we will only give the proof that (b) implies (a).
(b) = (). Let P1, A and X be given by (2), (3) and (5), respectively. From R(X) € R (PLAP.), we have

_ X1 Xo |,

X = U[ 0 O ] u-.
Since PLAXAE?) = Ag;, it follow that A; X1A;" = AL*. From (PLAX)" = PLAX, we can obtain (A;:X1)" = ALX3
and A; X, = O. Since R(X) c T, it follows that R(X;) + R(Xz) = R(AL), which implies that R(X;) € R(AL) and
R(X) € R(AL). By AL X, = O, we have R(X5) C N(AL). Interms of Ay € CSM, we have R(AL) N N(AL) = {0},
which means X, = O. Since [13, Theorem 5(ii)], it follows from A; X;A;* = Ar*, (AL Xq)" = AL Xq and

R(X1) € R(AL) that X1 = AL®. Thus X = Ag), 0

In [22], we know that X = A® is equivalent to AX? = X, AXA = A and AX = (AX)". In [14], we have
X = A® is equivalent to XA? = A, XAX = X and AX = (AX)". We try to use the characterizations of
A® to study the characterization of AE?). In the following theorem, we investigate the characterization of
Bott-Duffin core inverse of A on the basis of X(P;A)? or P;AX>.

Theorem 3.5. Let A € C™", L < C" and T = R(PLAPy), be such that AE%) exists and let X € C™". The following
statements are equivalent:

_ (@),
(a) X = A(L) ;

(b) X(PLA)2 = PLA and PLXPT = X,‘
(c) X(PLA)2 =PLA PLAX = (PLAX)* and W(X) C R(A),
(d) PLAX? = X, XPr = X and rank(X) = rank(P;AP;);
(e) PLAX? = X, PLAX = (PLAX)" and rank(X) = rank(P;APy).
Proof. Let P, A and AEE?) be given by (2), (3) and (4), respectively. Clearly, items (b) — (d) can be derived

from (a).
(b) = (a). From (2), (3), (4) and Lemma 2.1, we have

o 4aa® o],
Pr = U[ 0 o ] u-.
Let X be given by (5). Since PLXPr = X, it follows that X; = X;1P,4,, X = O, X3 = O and X4 = O. In terms
of X(PLA)?> = PLA, we can obtain X1A.% = A;. Since [13, Theorem 2 (iv)], it follows that X; = AL®. Thus,
X = A®
@ -
The rest of the proof follows similarly. [

To discuss the relationships between the Bott-Duffin core inverse and other generalized inverses, we
first review the concepts and properties of several generalized inverses (see [10, 21, 28]).
The unique matrix X € C"™" satisfying

XAX =X AX=XA and AM1X = A,

where A € C"™" with k = Ind(A), is called the Drazin inverse of A € C"" and is denoted by AP.
The unique matrix X € C"™" satisfying

XAX =X and R(X)=R(X)=R(AY,
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where A € C™" with k = Ind(A), is called the core-EP inverse of A and is denoted by A®.
Let A € C™" with k = Ind(A), the unique matrix X € C™" satisfying
XAX =X, XA=A'A and A*X=AfA'

is called the DMP inverse of A and is denoted by AP/,
Let A € C"™" with k = Ind(A), the unique matrix X € C™" satisfying

AX?=X and AX =A%A

is called the weak group inverse of A and is denoted by A®.
IfAeC™ and L < C", then P (AP + Pi)# is called the Bott-Duffin group inverse (BDG-inverse) and is
defined by A(#;, ie.

Agg = PL(AP, + Py,

Lemma 3.6. [10, 21, 27, 28] Let A € C™" with Ind(A) = k. Then

(@) A" = A)N(A y

(b) AP = AZZAk)NAm

© A® = AR vy

(d) AP =A 2)Ak) N(AkATY

() A® = Afls()A")N(A Ak’
() AD) = Aglp, apoy sp,apy):

Theorem 3.7. Let A € C™", ind(A) = k, L < C" and T = R(PLAPL) be such that A(L) exists. The following
statements hold:

@) AE?’ = At o T = R(A) and A € CEP,
(b) A@’ AP & T = R(A¥) and AF € CEP;

(© A = A & T = R(AY);

(@) AY = APt & T = R(AY) and A*AT € CEF;
(©) AY = A® & T = R(AY) and AHAY)'A € CEF

(f) AD = AD & PLAP, € CEP.

Proof. (a). Since A" = Ag() AN and Ag) A(TZ)TU we have that AE?)) = Atifand only if T = R(A*) and T+ =
N(A*) = R(A)* that are equivalent to T = R(A) and A € CEP.

(b)—(c). Since AP = Ag() AN and A® = Ag() AONAYY , the proof can be obtained directly by AE%) = A(TZ, )Tr
. x L
(d). Since AP = A;()Ak) wtary itfollows thatAE%) = APtifand onlyif T = R(A¥)and T+ = N(AFAT) = R((AFAY))".

However R(AFAY) = R(A¥), so A @) = APt if and only if T = R(A¥) and AFA* € CEP.
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(). Note the fact that A® = Angk),R(A*A,{)L, by R(AF) = R(AK(AF)*A) and R(A*AN)" = N((AF)A) =
N(AK(A¥)*A), we have AE?)) = A® if and only if T = R(A¥) and A¥(A¥)'A € CEP.

(f). Since Agi)) = A?jV(PL AP,y it follows that Ag) = AE?; if and only if T+ = N(P.AP.) which means

P;AP; € CEP O

Theorem 3.8. Let A € C™", L < C", T = R(PLAP.) and S = N(PLAPy) be such that AEE?) exists and dim(T) = t.
Then there is a unique matrix P € C™" such that

P?> =P, PAPr = O, APtP = O and rank (P) = n — £, (8)
a unique matrix Q € C™" such that
Q*>=Q, QPrsA =0, PrTAQ = O and rank (Q) = n — t, 9)

and a unique matrix X € C™" such that

rank([ 1,,13 p I”;(Q ]) = rank (A). (10)

In the case the matrix X is the Bott-Duffin core inverse of A, and
P = PTL,AT, Q = P(A*T)i,T'

Proof. Since Lemma 2.1 (iv), it follows from N (Pr) € N(APr) c N (AE?APT) = N(Pr) that N(Pr) = N(APr)
and rank(APr) = t. Notice the fact that
the condition (8) holds & (I, — P)* = (I, - P), (I, — P)APy = APr
APr(l, — P) = AP, rank(l,, — P) = ¢
& (I, = Py’ = (I, = P),R(I, - P) = R(APr)
=AT,N(I, - P)= N(AP7) =T+
& I, —P=Parm:
& P =Priar.

Similarly, the condition (9) has the unique solution Q = P4.1): r. From Lemma 2.1 (ii) and (iv), we have

_ [ A AAD
rank([ A I =P ]) rank @)

L-Q X AES?)A X
. 1, o] A AAE?))
= ran (@)
| A ] A®a x
(A4 AAD
= rank (()@)
o x-A¢

rank(A) + rank(X — Ag)).

Thus, from (10), X = Ag). |

In the following theorem, we characterize all matrices B and C such that X = Ag) is the solution of

P AP, B
rank([ LC L X ]) = rank(PA*Pr).
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Theorem 3.9. Let L < C", A € C™", PLAP; € CM, rank(PLA*Py) = r and dim(L) = I. Let P and A be given by
(2) and (3). By [12], the matrix Ar can be written as (6). Then X = Agg) is the solution of equation

rank( PLI?: PL )B; ]) = rank(P A*Py) (11)
if and only if
[ (ZK)D 1K) O D O
B=P| (ZL)'DY(ZK)' O |P'andC= P[ o 0 ]P*, (12)
O o}

} is an unitary

where D = My'(ZK)" + My (ZL)" is nonsingular, My’ € C*", My’ € C™*" and P = U[ g ‘9,

matrix, for some unitary matrix V' € Ct=bx@=,

Proof. Consider first that X = Ag) is a solution of (11). From Lemma 2.2, there exist two matrices M and Q
such that B = P A*P;.Q and C = MP; A*Py. Then using the unitary matrix U given in (2), the product U*QU
can be divided as follows

oy | Q1 Q2
(g 8]

where Q; € C* and

B=PA'PLQ= u[ Ag 8 H 8; gi ]u* = u[ ALE)Ql ALC*)Q2 ]u*. (13)

In the same way, supposing

uUMU = [ My My ]

Ms; My

where M; € C* and we have

_ _— My M, [| A" O |, _ MA" O |, .
C_MPLAPL—U[M3 M4H s O]u_u[MﬁL* O]u. (14)

Using Lemma 2.2, (4), (6), (7), (13) and (14), we have
AD = c(pLAP'B
A% o], MA O] " ol A ArQ. |, .
@ u[ }U‘U[MgAL* ol o o] o o |4
A® o], . MALQ1 MiALQ: |,
u u=u . . us,
d [ O O ] [ M3AL" Q1 M3AL Qo
that is, M1A;"Q = AL®, MiA;" Q2 = O, M3AL"Q1 = O and M3A;"Q, = O. Using the unitary matrix V given
in (6), the product V"MV, V*M3V, V*Q1V and V*Q,V can be divided as follows
D MZI M]N MZN
M3, M4, M3// M4/I 7
. Q' QY . Q" Q"
Vv V= ’ 7 | % V= ’” 7|
Q [ Q" Q Q" Qs

V*M1V = [ :|, V*MSV = [
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where D € €™, M3’ € C-7%", ;" € C™ and Q,” € €7, Therefore,

A® =MAQ

@™ 0 ]V* _ V[ (My/(ZK)" + My (L)) Q) (My/(ZK)' + My'(SL)) Qo'

@ V[ o o (My'(ZK)" + My (EL)) Q) (My'(ZK)' + My (EL)) Q2 |V~

that is,
(My"(ZK)" + Mo (ZL)) Qi = (ZK) ™
(M3'(ZK)" + My/(ZL)) Q1" = O
(My(ZK)" + Mo/ (ZL)) Q2" = O
(M5'(ZK)" + My/(ZL)") Qa2 = O.

It is clear that D = M;’(XK)" + My’ (XL)" and Q;’ are invertible and Q," = O, M5'(XK)" + My’ (XL)" = O.
Similarly, from M1AL"Q, = O, M3A;"Q1 = O and M3A;"Q, = O, we have M;"(ZK)" + My”(XL)" = O,
M3"”(ZK)" + My (ZL)" = O, Q;” = O and Q,” = O. From (13) and (14),
[ (ZK)DHZK)' O
14 v .
B=U [ (ZLyD'=ZK)"' O ©lu
@)
[ D O .
c=u V[o O]V °lu.
i O @)
V O 72 ( _I)X( _l . . . . . .
LetP =U o v | where V’ € C=Dx(n=D) ig an unitary matrix. It is clear that P is unitary. Hence, (12)

holds. Conversely, if B and C can be represented in the form (12), we can check N(C) > N(PLA*Pr) and
R(B) € R(PLA*Py). Thus, the theorem holds by using Lemma 2.2. [J
4. Some new representations of the Bott-Duffin core inverse

In [22, Theorem 3.5], Wang gives a representation of the core inverse. Motivated by it, we give a
representation of the Bott-Duffin core inverse.

Theorem 4.1. Let Ae C™", L < C", be C"and T = R(PLAPL) with rank(T) = r be such that Ag) exists, and let
F € ™01 with rank(F) = n — r and R(F) = T*. Then,

AD = (PLAP, + FF) Py, (15)

Proof. Since R(F) = T+, PLAP, € CSM, R(FF*) = R(F) = T+ and R(PLAP.)®) = R(PLAP;) = T, it follows that

(FF)FF)" = P,
PLAPL(PLAP)® = Pgp,apy = Prre,
FF(PLAPH)® = O.

Thus
(PLAP; + FF')(PLAP)® + (FF)" — (PLAP)®P AP, (FF)")
= PLAP (PLAP.)® + (FF)(FF)
= Prre+Prr
= I,
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Therefore, P AP; + FF* is invertible and (P AP} + FF*)™! = (PLAP.)® + (FF*)' — (PLAP;)®P AP, (FF*)'.
From N((FF)") = N(F*) = T, it is clear that (FF*)'Pr = O. Then, (PLAP; + FF)'Pr = (PLAP.)®P; =
@ -

In the following theorem, we present the full-rank representation of the Bott-Duffin core inverse.

Theorem 4.2. Let A € C™" and L < C" be such that Ag) exists. If PLAP; = FG is the full-rank decomposition of
P; AP, where rank(PLAPL) = r, F € C"™" with rank(F) = r and G € C™" with rank(G) = r, then

A® = FGF ' (FPTF.

Proof. Due to the full-rank decompositions of the core inverse [22], it follows immediately that Ag) =
(PLAP)® = F(GE)"Y(F'F)'F*. O
In the following theorems, we will establish two integral representations of the Bott-Duffin core inverse.

Theorem 4.3. Let A € C™" and L < C" be such that Ag) exists. If PLAP; = FG is the full-rank decomposition of
PLAPL, then

AE%) = f F(PLAPLF)* eXp(—PLAPLF(PLAPLF)*t)dt.
0

Proof. From [32, Corollary 3.3] and Lemma 2.1 (iii), it can be directly obtained. [J

Theorem 4.4. Let A € C™" gnd L < C" be such that Ag) exists. Then

A§§> = f PLAP; exp(—(PLA"Y(PLAY2PLt)(PLA" Py dt.
0

Proof. By simple calculation, it follows from [32, Corollary 4.3] and Lemma 2.1 (iii). O

In the following theorem, we provide a new representation of the Bott-Duffin core inverse in terms of
the Bott-Duffin inverse.

Theorem 4.5. Let A € C™", L < C"and T = R(PLAPy) be such that Ag) exists. Then

@ _ (=1)
A® = (pLaP)).

Proof. Tt is well known that (pLAPL)g;)“ = Pr(PLAP;Pr + Pr.)™". Let Py and A be given by (2) and (3),
respectively. We have

(16)

®
Py = u[ AA® o ]u*.

(@) (@)
Then,
PT(PLAPLPT + PTL)_l

gl Aa® o ([ aca® o], [n-Aa® O _1u*
o o o o 0 I

U AA® ol A2A®+1-4,A® O _1u*
o) 6) o) L '
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Below we will discuss the nonsingularity of ALZAL® +1; - ALAL®. From (6), we can obtain

APA® 11 -4,A,P = V[ Z(f I]O ]V*, (17)

where r = rank(Ay). It can be clearly seen from (17) that ALZAL® + 1 - ALAL@ is nonsingular and
-1
(ALZAL® + Il — ALAL®)_1 =V (ZK) O V.
@) Il—r
1) -1 A% o ®
Thus, from (7) and (4), (PLAPL)(T) = PT(PLAPLPT + PTL) =U o) 0 u = A(L)' O
5. Application
Consider the following equation:
PrAx =0, (18)

where PLAP, € CSM, L < C" and T = R(PLAP.). When b ¢ R(PLA), (18) is unsolvalble, it has least-squares
solutions. Therefore, we consider the least-squares solutions of (18) under the certain condition x € T, i.e.,

[IPLAx = b]|p = min subjectto xeT, (19)

where Frobenius norm |||y is defined as the square root of the sum of the squared absolute values of all
matrix elements.
In [31], we have discussed x = A%)b is the unique solution of (19).

When M € C™" is nonsingular, it is well known that the Cramer’s rule for the solution of x of a
nonsingular equation Mx = b (M € C™",b € C",x = (x1,X2,...,X,)7) is

~ det(M(i - b))

xl—T(A/I),lZ].,Z,...,Vl, (20)

where M(i — b) denotes the matrix obtained by replacing the ith column of M with b.
Using Theorem 4.1, we provide a Cramer’s rule for the unique solution of (19).

Theorem 5.1. Let A€ C", L. < C",beC", T = R(PLAPy) and rank(P;AP;) = r be such that AE%) exists, and let

F € €™ with rank(F) = n —r and R(F) = T+. Then, (19) has the unique solution x = (x1,%, ..., x,)" satisfying

_ det(PLAPL + FF*)(] — PTZ’))
T T det(PLAPL + FF)

(21)

where j=1,2,...,n.

A(®)

0 b, we have

Proof. Applying Theorem 4.1 to x =
x = (PLAP, + FF")"'Prb,

that is,
(PLAP, + FF)x = Prb.

It follows from (20) that we get (21). O
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Example 5.2. Let

1 0 20 1 00 2 2 0
1121 010 1 -2 0
A= 0200 L=R 0 01 b= 3 F= 1 0
2 010 0 00 1 0 1

It is clear that b ¢ R(PLA), then (18) is unsolvable. Therefore, by using Theorem 5.1, we consider the least-squares

solutions of (18). We can check rank(F) = 2 and R(F) = T+. Let x = [ X1 X2 X3 X4 ]T be the unique solution of
(19). Applying (21), we can derive the components of x directly, i.e.

4 11 2
§/ Xp = —, X3 =—=, x4=O'

= 9 9

(@)

In the following theorem, using Theorem 4.1, we get a condensed determinantal expression of A e

Theorem 5.3. Let A, L, F and T be defined as in Theorem 5.1. Then the Bott-Duffin core inverse Agi@)) is given by:

@ _ det(PLAPL + FF)(i — PTEJ')

= 22
(L), det(P AP, + FF) ! (22)
wherei, j=1,2,...,n,¢;=(0,...,0,1,0,...,0)7, where j = 1,2,...,n.
——————

j
Proof. From Theorem 4.1, it follows that P AP, + FF"* is invertible. Using (20), we consider
(PLAP + FF")x = Pre;
and get the solution
v det(PLAP, + FF")(i — Pre;)

T T Qet(PLAPL + FFy

where i, j=1,...,n. It follows from (15) and AE?)),)/ = el.TAEg))e]- that we get (22). O

Example 5.4. Let A, L and F be as in Example 5.2. Using (22) and Pr = I — (FF*)(FF*)", we get

1 2
-1 0 2 o
_i 1 i 0

A® = QL 3 4
© 5 5 —5 0
0 0 0 O

6. Conclusion

This paper presents some new characterizations and representations of the Bott-Duffin core inverse and
considers the relationships between the Bott-Duffin core inverse and other generalized inverses. We also
characterize the Bott-Dulffin core inverse by using the solution of the block-rank equation. We provide the
Cramer’s rule for the least-squares solution of the constraint system of linear equations. On the basis of the
current research background, there are many topics on the Bott-Duffin core inverse which can be discussed.
Some ideas are given as follows:

(1) Itis possible to discuss the algebraic perturbation theory of Bott-Duffin core inverse and the expression
of the algebraic perturbation of Bott-Duffin core inverse.

(2) The continuity and iterative methods of the Bott-Duffin core inverse can be discussed.
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