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Topological properties on warped product submanifolds of space forms
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Abstract. The current article aspires to formulate the sufficient condition for the Laplacian and the gradient
of the warping function of a compact warped product submanifold F*1*%2 in a space form F21**2*1(c) that
provides the trivial homology and fundamental groups. Also, we validate the instability of current flows

in 11 (F*1**2). The constraints also apply to the warped function eigenvalues, integral Ricci curvature, and
Hessian tensor.

1. Introduction and Main Results

Any non-trivial integral homology class in H,, (F",Z) is associated with the topological properties
of submanifolds in different ambient spaces. According to [7], this was the first time this had been
demonstrated. Lawson-Simons provide a variational calculus representation of geometric measure [8] by
using the Federer and Fleming method [7]. As a result, the second fundamental form is escalated, which
enforces the vanishing of homology in an intermediate dimension region and the nonexistence of stable

currents in the connected space form submanifold. This work has achieved the following main objective,
which is the following result.

Theorem 1.1. [8, 20] If the following optimization inequality hold for a compact n-dimensional submanifold in a
space form IF.(c) such that the curvature ¢ > 0 and oy + ap = 1,

Y. ) (2||A<vbl,vb2>n2—g(A(vbl,vm,A(vbz,vb2>))<a1azc, (1.1)

b1=1 b2=a1+1
then no any stable ay-currents flow in F* and
H, (F",Z)=H,,(F',Z) =0,

for any a1 € F* and H;(F", Z) is the i-th homology group of F* with integer coefficients.
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Submanifold geometry and topological properties have been studied extensively in various ambient
spaces in recent years. It has been demonstrated in numerous papers such as the Euclidean spaces [9],
complex projective spaces [11], CR-warped product submanifolds in Sasakian space forms [14], CR-warped
product submanifold in the Euclidean spaces [15], CR-warped product in nearly Kaeher manifold [2, 15],
CR-warped product in hyperbolic spaces [3] and many others (see [1, 10, 20, 21]). Vanishing homology
groups between submanifolds and stable currents have a closed relationship in various ambient manifold
classes. A pinching condition was applied to the second fundamental form to reach these conclusions.
There have been many studies on topological features in response to the nonexistence of stable currents
and stable submanifolds [1, 12, 17-19], motivated by the Theorem [8] in references. In the present paper,
we study some topological properties of warped product submanifolds in space form and generalize the
previously proven results.

2. Preliminaries

A complete and simply connected space with a constant sectional curvature is represented by F™ (),
with ¢ = 1 > 0 and (m + k;) dimensions. Given that F"™(c) accepts a canonical isometric immersion in
% Hmthiand R™*1+1 with ¢ = 1, —1 and ¢ = 0 respectively, we use this as our main argument.

The Riemannian curvature tensor is therefore R of space form ]PT”‘1 (c) satisfies the following

R(Vy, V3, Vy, Vs) = C{Q(Vz, Vs5)g(Vs, Va) — g(V3, Vs5)g(Va, V4)}, (2.1)

forany V3, V, V4, Vs € I'(TIF), where TF is the tangent bundle of ]F?Hk1 (c) and g is the Riemannian metric. In
other words, the space form ]szrk1 (c) is a manifold of constant sectional curvature one with co-dimension k.

Remark 2.1. The space form F"*"(c) is equivalent to sphere 8/"**1(1) for ¢ = 1, hyperbolic space H"**'(-1)
for ¢ = —1 and an Eculidean space E"** for ¢ = 0, respectively.

If R and R are represented as the curvature tensors on IF and F”, respectively, then the Gauss equation is
given by:
R(V2, V3, Vi, Vs) =R(Va, V3, Vi, Vs) + g(A(Va, Va), A(V3, V)
— 9(A(V2, V5), A(V3, V), 22)

for any V3, V3, V4, Vs € I(TF). A local orthonormal frame’s {v1, vy, - - - , v,} mean curvature vector H on F is
defined by

m+k1

07 = 5 (3 An) 23)

r=m+1 b=1

where A is the second fundamental form of F. The scalar curvature of submanifold F”, and denoted by
7(T,F™), is accustomed as follows:

w(TF = Y Ky, 2.4)

1<by <by<m

where Kj,p, = K(vb1 A sz)- The first equality (2.4) is proportionate to the following equation, it will be used
often in later proofs:

27(T,F™) = Z Koy, 1<by,by<n. 2.5)

1<bi<by<n



F. Mofarreh et al. / Filomat 39:29 (2025), 10327-10338 10329

Similarly, the scalar curvature 7(Ly) of an L—plane is given by

T(Ly) = Z Kp,p, (2.6)

1<bi<by<n

If the plane sections are spanned by vp, and vy, at x, then the sectional curvature of the submanifold F”

and Riemannian manifold IF"*% are denoted by Kp,s, and Khlbz, respectively. Thus Kj,;, and Eblbz are the
intrinsic and the extrinsic sectional curvature of the span {vy,, vp,} at x, respectively. Using Gauss equations
(2.2), and (2.4), we have

m+k1
— 1% r (AT 2
Z Kblhz - Z Kble + Z (AblblAbzbz (Ahlbz) )
1<b;<b,<n+k 1<bi<b,<n+k r=m+1

.7)

A warped product manifold is product F¥1*% = F{* x,, F;* with the Riemannian metric g = g1 + y?g,
in [4]. Assuming that F**% = F" X, F;* is a warped product manifold, then for any V, € a(TF;) and
V4 € a(TF,), we find that

VV4 V2 = VVZ V4 = (Vz In [J)V4 (28)

Therefore, the warping function is represented by the function y on F***2. Further, V (In u) is the gradient
of In i, given by

g(Vinpu, V) = Vao(ln p). (2.9)
Thus, from [4], we have

HH(V,, V:
R(Va, Vi)V = %w, (2.10)

where H" is a Hessian tensor of p. Then the ||[Vy|* the gradient of the positive differential function y for an
orthonormal frame {vy,...,v,} is defined as:

m

IVelP = Y (o) (211)

i=1

The gradient 6;1 is given by:

g(?)[u, Vi) = Vou, and ﬁy = vi()v;. (2.12)
i=1
The Laplacian Ap of p is expressed as:
Ap=- Z{(Vv[vi)‘u - vi(vi(w))} = Z g(Vo,gradu, v;) = trHess(u). (2.13)
i=1 i=1

Remark 2.2. It should be emphasized that we take into account Chen’s opposite sign of [6] of the function’s
Laplacian y, that is Ay = div(Vy). The sign convention for the Laplacian A adapted by the authors is that

A= % on the real line.
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In addition, as the vector fields V; and V, are tangent to F’fl and ng, respectively, we get:
K(V2 A Vi) = gR(Va, Vi)Va, Vi) = (Vy,Va) Inhg(Va, Vi) = g(Vv, (V2 In 1) Vs), Vi)
= (Vy,V2)Inhg(Vy, Vy) - g(sz(Vz Inu)Vy + (Volnu)Vy,Vy, V4)
= (V,V2) In ug(Vs, Vi) = (Vo In p)* = Vo(Va In ). (2.14)

Taking summing up over the vector fields concerning orthonormal frame’s {vy, - - - v,}, one obtains:

ar ap ap  ap

Z Z K(v; Avj) = Z Z ((Vviv,-) Inp —v;i(v;Inu) — (v;In y)z),

i=1 j=1 i=1 j=1
which implies that:

aq ap A
Y K@i no) = —azy g 2.15)

i=1 j=1

Main results

We are also essential to use the technique which is an invaluable tool for verifying our results. In the

first case, assuming that the warped product submanifold is embedding in IF"**(c) with co-dimension k,
and utilizing Theorem 1.1, we intend to get some identical conclusions of warped product submanifold hy-
pothesis where pinching criteria on the second fundamental form shall be replaced by the warping function.

Using Theorem 1.1, the first major outcome of this memo is now provided.

Theorem 2.1. Let W : F*% = F" x, F;* — etk o gp F{'-minimal isometric embedding from a compact

warped product submanifold F*1*® into an (a; + oy + ky)-dimensional space form F¥*%1(¢) such that the following
inequality satisfies

3uAu < 2(alVulP + cane?) (2.16)

where Au and Vu stand for the Laplacian and gradient of a function i, respectively. Then there are the subsequent

(a) There is not existent any stable integral ai-currents flow in a warped product submanifold F*1+%2,
(b) The i-th integral homology groups of F'**2, are vanished, which means:

Hm (Fal +(X2/ Z) — HLYZ (Fal +(X2/ Z) — 0’

(c) If a1 = 1 then the fundamental group 111(F) is null, i.e., m1(F) = 0. Moreover, F*'**2 is a simply connected
warped product manifold.

Proof. Let dim(F1) = a; and dim(F,) = ap and let {vq,v2,- -+, 04}, and {U:;l 417"+ Uy} to be orthonormal

frames of TF; and TF,, respectively. Then, from Gauss equation (2.2) for the standard unit sphere IFZ”J’k1 (c),
we have

a; Az
YY), {2||A(vb1,vbz)nz—g(A(vbz, o,), A0, vm)}
by=1 by=1
5] ap
= Z Z g(R(vhl’ Ub, )vbl’ vhz)
b1=1by=1
A ap m+k; a1 an

=YY o(R@w, o )on, o) + Y)Y (A 2.17)

b1:1 h2:1 r=1 b1:1 b2:1
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From R(vp,, vp,)0p, = w b, in (2.10), we derive
aq [0%)
Z Z R(vbuvbz)vb],vbz) = Z 9(Va,, Vi, Ubl)' (2.18)
=1 bz bl

Thus, from (2.17) and (2.18), we derive

Z ZZ: {ZIIA(Ub1  O)IP=9(A(Vs,, V1), Avs,, 00, ))}
b=l b=

Wl+k1 aq an

= % 1 [ Vvh 4 vbl Z Z Z(Ablbz

bi=1 r=1 b1=1by=1
[25] [2%3
- Z Z R(Uhlzvbz)vbl/vbz) (2.19)
e

Calculation of the Laplacian Ay on F*1*%2, one obtains:

m o 23
Ap = Z g(Vvi gradu, vi) = Zl g(val grady, vbl) + ZZ: g(V% grady, 01,2).
i=1 by=1 by=1

We know this from the warped product submanifold, hypothesizing that F{" is a totally geodesic in F". Tt
implies that gradu € X(TF;), and from the description of the warped product, we obtain

Z 91, 0, IV + 2 9(Vo,, gradys, oy, ).

b=

Multiply the above equation by %, we get:

Ap 14
7“ = Y 9(Vo,, gradu, vy, ) + aclIV(in )|
b1=1

Following some calculations, we discover that

2 y g(vvbl grad”’ vbl) = w

— |[VIn plf. (2.20)
” b]=1

Thus, from (2.19) and (2.20), one obtains;

a;  az

Y. Y {21AGe o) P-g( A, o), A, o, ))}
b1=1by=1
mtk; a1 o a
Z Z( b1b2)2 Z Z R(vbll vbz)vbwvbz)

r=m+1b;=1by=1 b1=1by=1

Next, using the Gauss equation (2.2) for the unit sphere F"**!(c), we find that

m?|HI* + cm(m — 1) = ||Al* + Z K(va A vp). (2.21)
1<A<B<n
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The warped product manifold F*1*% can be expressed using the aforementioned equation and using (2.3)
and respectively (2.10), we get:

m+ky m 2 m+k;  ai m+ki

r _ r 2 r\2
I DIEHIED WD WIS WP MOV
r=m+1 ‘Y A=1 r=m+11i,j=1 r=m+1a,b=1

m+ky o

2 )Y ) Ay, 7+ i Z K(0p, A 03,)

r=m+1 bl =1 hz:l bl =1 b2=1
+ Z K(oi A 0j) + Z K(va A 0p). (2.22)
1<i<j<m 1<a<b<ay

Using (2.7) and (2.15) in the above equation, we derive

m+ky m 2 m+k;  ay m+ki

r _ 72 2
S (Yan) = Y S ¥ S
r=m+1 ‘' A=1 r=m+11i,j=1 r=m+1a,b=1

m+k1 a1 [2%)

~2 3, ) Y, r -

r=m+1 by1=1 by=1
+ Z K(vi A vj) + Z K(va A vp)
1<i<j<aq 1<a<b<a,
m+ky

+ 2 Z (A’Af (A;j)z)

r=m+1 1<i<j<ay

m+k1

DY (AZaAr (Arb)z) (2.23)

r=m+1 1<a<b<a,

Thus, by modifying the previous equation and applying the sphere’s curvature equation IF7**1(c), one can
obtain.

m+ky o m+ky an m+ky o 2%

m+ky
Z (ZAZM) - Z Z(Ar)2+ Z Z(AZ[’)2+2 Z ZZ(AW’Z
r=m+1 r=m+1i,j=1 r=m+1a,b=1 r=m+1b;=1by=1
asz m+ky
2
MDD W WYY
r=m+1 1<i<j<ay r=m+1 1<i<j<a;
m+ky m+ky
£ ) (AR AP - Y (AP (AP
r=m+1 r=m+1
m+ky m+k
* Y, ), AuAL- ) ), A
r=m+1 1<a<b<ay r=m+1 1<a<b<ay
m+ky
£ ) (A g+ + AP
r=m+1
m+ky
Z ((Ar1+1a2+1)2 -t (Ann)z)
r=m+1

+cai(a; — 1) + caz(az — 1) — cm(m — 1). (2.24)
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The result of rearranging the equation as mentioned earlier is

m+k m m+ky o m+ky  an m+k; g
M DITHIED W YUUED VP VUKD 1 W NN,
r=m+1 ‘' A=1

r=m+11i,j=1 r=m+1a,b=1 r=m+1b;=1by=1
m+kq
AT 2 2
+ ) { Y AAT (AL (Aga) }
r=m+1 \1<i<j<m

m+k1

Z (Ar )2 + (‘Arl)2 +-- (Aa131)2}

r= m+1 1<i<j<m

m+k1

m+k1
r r r 2 2
{ AuuAbb + (Aa1+1a1+1) +oo+ (Ann) }
r=m+1 N 1<a<b<a,

(Arb)2 ( 1+10¢1+1)2 -t (A””)z}

r= m+1

azA

1<a<b=za;

+ 2caraz.

It is straightforward to verify this using the binomial theorem and the knowledge that the base manifold
F}' of a warped product manifold F{* X, F;” is totally geodesic. Then we have

m-+k; m+k; o m+k; @y
7 2 r\2
E ( E AAA) =2carap + E E i)+ z E (As)
r=m+1 ‘ A=p+1 r=m+1i,j=1 r=m+1a,b=1

m+k1 A ap

ZZ(AM)H Z (A2 + -+ (A )

r=m+1 by=1by=1 r=m+1
m+kr m+ky
- A= ), )y
r=m+11i,j=1 r=m+1a,b=1
Wl+k1
aAu
+ Z (( al+1a1+1 -t (Ann)z) - (2.25)
r=m+1 nu

Since the base manifold F{" of the warped product submanifold F{" x,, F,* is known to be minimal according

to the theorem’s hypothesis, we can use this knowledge to determine that V term on the right side of
Equation (2.25) is equal to zero and VII" term is equal to the first term on the left side. So, here we are:

m+k; o

2ZZZmJ

r=m+1b;=1by=1

From (2.21) and (2.26), we get:

(2.26)

(5] an
Y {214, 00)IP-g(Ar, o), Alen,o0,)|
b1=1by=1

A
=“l“—aﬂvmmﬁ+

a1 [2%)

— Z Z g(R(Z)bl, UbZ)vhl’th)'

b1:1 b2:1
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Then, from Eq. (2.1) one obtains

anq ap

Z Z g(f{(vbl,vbz)vbl,vbz) = —cajay. (2.27)

b1=1 b2=1
From this, we get:

aq ap

3an A a?
Y Y {2AC 0P Ar, 00), A, )} = o~ VP (2.28)
b1=1br=1 lu ‘u
From our assumption (2.16) and (2.28), we obtain
Y. ) {2180, )P - oA, o), A, o))} < carae (229)

b1=1by=1

Applying Theorem 1.1 for constant curvature c, we achieve that there are not existent stable a;-currents
in F** and H,, (F1"*%,Z) = H,,(F"**,Z) = 0, which reach the proof (a) and (b) of the theorem. On the
other hand, if it (2.28) we make the substitution a; = 1, then we get:

= 3aA
Y {2141, 00)P-g(AGw, o), Al o) ) = 2 VAP (2.30)

bpy=2

If the pinching condition (2.16) for a; = 1 and a, = m — 1 holds, then we get

m

Y {21A@1 00)IP=g( A, ), A1 o)} < 1= 1), (2:31)
by=2

Then there are no stable 1-currents in F'*% and H;(F'*®, Z = H,_(F'**%, Z) = 0. Let’s assume that ; (F) does
not equal 0. The traditional theorem, which uses the findings of Cartan and Hadamard, claims that there is
a minimal closed geodesic in any non-trivial homotopy class in 71 (F), contradicts itself when applied to the
compactness of F'*2. Consequently, 7;(F) = 0. The theorem’s third component is this. This Riemannian
manifold is simply connected if the finite basic group for any Riemannian manifold is null. Therefore, F***
is simply connected. [

Inspired by geometric rigidity, the second mission of this study is to show a novel vanishing result for
compact warped product submanifolds utilizing the Ricci curvature and the eigenvalue of the warping
function’s Laplacian. The following theorem can be provided in detail.

Theorem 2.2. if the warping function i is an eigenfunction of the Laplacian of F*1%%> associated with the first positive
eigenvalue Ay under the same statement of Theorem 2.1, then the subsequent stringent inequality holds.

A1(3A1 + 2CC¥1)‘U2 >0

2112 .
IV24P + Ric(V, V) + ==

(2.32)

Then there are the subsequent
(a) There is not existent any stable integral ai-currents flow in a warped product submanifold F“1+%2,
(b) The i-th integral homology groups of F*'**2 with integer coefficients, are vanished, that is
Ho, (F"*%, Z) = Ha, (F"*, Z) = 0,

(c) The fundamental group 1(F) is null, i.e., m1(F) = 0. Further, F"*% is a simply connected warped product
submanifold.



F. Mofarreh et al. / Filomat 39:29 (2025), 10327-10338 10335

Proof. If u is the first eigenfunction of the Laplacian Au = div(Vu) of F1**2 associated with the first non-zero
eigenvalue A, thatis, Ay = —A;, then we recall now the Bochner formula (see e.g. [5]) which declares that
the next connection is true for a differentiable function u that is defined on a Riemannian manifold:

1 .
SAIVHIP = IV2ulP + Rie(Vis, Vi) + g(Vis, V(Aw)).

Using the Stokes theorem to integrate the aforementioned equation, we arrive at

f IV2ulPdV+ f Ric(Vy, Vi)dV
Fd‘l +(Y2 F(\“l +£!2

__ fF oV Vv (2.33)

Now, using Ay = —A; 1 and change something in Eq. (2.33), we derive

f ||vy||2dV=l( f IV2ul2dV + f Ric(Vy,Vy)dV). (2.34)
F”“l +ap /\1 F(\'] +ap F(v] +ap

If (2.32) holds, then one obtains:

M (3/\1 + 2C0(1)

24V > 0. 2.35
2(12 F“‘l*“Z M ( )

f {||v2 ulP + Ric(Vy, Vy)}dV n
Foi+ay

Substituting Eq. (2.35) in (2.34), we get:

_ A1(3A1 + 2C6¥1)

2 2
v <A f VulPav,
20(2 Fopta ‘u ! Faptag ” !J“

which implies that

-3\ f p?dV < 2caq f p2dv + 2a; f (IVulPdV. (2.36)
Fal-ﬂlz Fal-HYZ F[ll-HYz

Now using A = —A;u in the left hand side of Eq. (2.36), we arrive at

f {3hAy 20Vl = 2can yz}dV <0, 2.37)
Fa‘l+(¥2

Then, one obtains:
BuAp < 2a||Vul* + 2caq . (2.38)

Finally, we arrive after our theorem using the aforementioned equation as well as Theorem 2.1. The
theorem’s proof is now complete. []

As a quick implementation of Theorem 2.2, we can give now the subsequent:

Theorem 2.3. Assuming that W : F** = F{' X, F}*> — Foreth s gy F'-minimal isometric embedding from a

compact warped product submanifold F1+%2 into an (ay + o, + k)-dimensional space form 22 (¢) satisfying the
following inequality

ai
f IV2ulPdv < f Y 1AV, v)iPdv
Fatay Fo1+a i=1

+ ((Xl -1- A1)(3/\1 + 2C(X1)
2(12 Fa1ta

p2dv. (2.39)

Then the conditions (a), (b), and (c) in Theorem 2.1 are satisfied. Moreover, {v;} are orthonormal frame for the base
| S
1
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Proof. As we are aware F**® is F{'-minimal compact warped product submanifold, then from Gauss
equation, one obtains

k
R;'kl = 0ix0j1 — Oubjk + Z (A?kA;l - A;IA;k)'
r=1

which implies the following

k
Riy; = 6i0j; = 0ijdji + ) (ALAL — ATAT). (2.40)
r=1

Taking into account that F{" is a minimal submanifold and using the argument of the Ricci curvature for a
unit sphere, we get

k a
Ric(v;,vj) = (a1 — 1)0;j — Z 2 AAG

r=1 I=1
The above equation yields that

a1

RiC(hi’()i, Z)]h]) = (0(1 - 1)6,jh,h] - A:ZA;II’ZII’Z] (241)

k
r=1 I=1
Using Eq. (2.41), we get
Ric(Vig, Vi) = (ar = DIVIP = ) IA(Ve, 012
i=1

Putting the aforementioned equation into practice in (2.34), we obtain

aq
| Y ia@uoyeav = [ vy
Fortey 4= Fo+a

+(a—-1-7A) IVulPdv. (2.42)

Fa1+a

If our assumption (2.39) is satisfied, then

aq
f IV2ulPdV < f Y 1A (Vi v)IPav
Fu+a Foptag —1

+ (1 —1—-A1)(BA1 + 2caq)
2&2 Faptag

p*dv.

The following form can be used to express the previously mentioned equation by using Ay = —Aju

3 —1-7A1)

pAudV+ f IV2ulPdv
20(2 Far+an Foq+an

< f 2||A(Vy,vi)||2dv
Fure2 5o

-1-A
N ai(caq 1) W24V,
an F1+a
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Including the previous equation in (2.42), we derive that

3a1—-1-A7
% pAudV < (a1 —1-2A) | VulPdv
2 F“‘l +ay F"l +ag

-1-A
N aq(cay 1) W24V,
[2%) Fopta

which implies the following from the above equation
BuAp < 2a||Vul? + 2caq . (2.43)

Consequently, we achieve the desired outcome (2.39). This completes the proof of the result. [

Another intriguing outcome that can be attained as a consequence of Theorem 2.3 is the following one:
Corollary 2.1. Under the same assumption as Theorem 2.3 and if Vi € KerA with the following holds

f ”v2y“2dv < (0(1 -1- /\1)(3A1 + 2(,‘(11) p
Fte2 2(12 For+an

Then the conditions (a), (b), and (c) in Theorem 2.1 are satisfied.

24y, (2.44)

Proof. Using the hypothesis of corollary,Vu € KerA, we get A(Vy, v;) = 0. Using this condition in (2.39), we
can easily obtain the desired outcome. [

Remark 2.3. If we used the Remark 2.1 for non-negative constant section curvature ¢ = 1 and c = 0 only,
then all the results proved above are generalized results to [13] and [12] for c = 1 and ¢ = 0.
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