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Weighted generalized core-EP inverse in Banach *-algebras
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Abstract. In this paper, we introduce the weighted generalized core-EP inverse in the context of a Banach *-
algebra. We extend certain properties of the weighted core-EP inverse for rectangular complex matrices and
bounded linear operators on Hilbert spaces, and we also establish some new properties. Furthermore, we
present properties of the weighted generalized core-EP orders for all elements that are weighted g-Drazin
invertible within a Banach *-algebra.

1. Introduction

Let C"™" be the Banach algebra of all n X n complex matrices with conjugate transpose *. The core-EP

inverse of a complex matrix was introduced by Prasad and Mohana (see [26]). Let R(X) represent the range
space of a complex matrix X. A matrix A € C"" has core-EP inverse X if and only if

XAX = X, R(X) = R(X") = R(A),

where k = ind(A) is the Drazin index of A. Such X is unique, and we denote it by A® (see [29]). Recently, Gao
et al. extended the concept of the core-EP inverse and introduced the notion of weighted core-EP inverse

for a complex matrix (see [12]). Let A € C"™", W € C™" and k = max{ind(AW), ind(WA)}. The weighted
core-EP inverse of A is the unique solution to the system:

WAWX = (WA (WA, R(X) € R(AW)"),

and we denote X by A®". Then Mosi¢ introduced and studied weighted core-EP inverse for a bounded
linear operator between two Hilbert spaces as a generalization of the weighted core-EP inverse of a rect-
angular matrix (see [21]). Let X and Y be Hilbert spaces. Denote by B(X, Y) the set of all bounded linear

operators from X and Y. Set B(X) = B(X, X). Let W € B(Y, X). A Wg-Drazin invertible A € B(X, Y) has the
weighted core-EP inverse X if X is the unique solution to the system:

WAWX = Prayay, R(X) € R(AW)),
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and we denote X by A®" (see [21]). Here, Pryyay is a projection on R(WA)'. Since every bounded
linear operator in B(X,Y) can be regarded as a restriction of an operator in B(X B Y), it could be seen
as an element in a C*-algebra. Recently, Mosi¢ extended the weighted core-EP inverse of bounded linear
operators on Hilbert spaces to elements of a C*-algebra and the weighted core-EP inverse in a C*-algebra
was characterized by means of range projections (see [23]).

A Banach algebra is called a Banach *-algebra if there exists an involution * : x — x* satisfying (x + y)* =
X +y,(Ax) = Axt, (xy)* = y'x*,(x")" = x. Let A be a Banach *-algebra, and let w € A. Following Mosi¢
(see [24]), an element a € A has wg-Drazin inverse x if there exists a unique x € A such that

awx = xwa, xwawx = x and a — awxwa € A",

Here, AT = {z € A | lim || " ||% = 0}. We denote the preceding x by a% (see [6]). In the case that w = 1,

a = a*% is the g-Drazin inverse of a (i.e., generalized Drazin inverse). Evidently, we have the connection
between weighted g-Drazin inverse 4 and g-Drazin inverse:

ad,w — [(aw)d]Za — a[(wa)d]2 — (LZZ/U)dﬂ(ZUﬂ)d.

The objective of this paper is to broaden the scope of the weighted core-EP inverse, initially defined
for rectangular matrices, bounded linear operators, and elements within a C*-algebra, by extending its
application to elements in a Banach *-algebra. Furthermore, we aim to investigate the additional properties
of this generalized inverse.

Definition 1.1. An element a in a Banach *-algebra A has a w-weighted generalized core-EP inverse if there exists
x € A such that

a(wx)? = x, (wawx)* = wawx, lim ||(aw)" - (xw)(aw)”“llrl’z =0.

The preceding x is unique if exists, and we denote it by 4®%. Interestingly, we shall demonstrate that
the w-weighted generalized core-EP inverse and the weighted core-EP inverses for a complex matrix and a
linear operator mentioned above are identical. In other words, this weighted generalized inverse naturally
extends the definitions of those weighted generalized inverses provided in [12, 21, 23]. We say that a has
generalized core-EP inverse if it has generalized 1-core-EP inverse and denote a®! by a®. Many properties
of generalized core-EP inverse are presented in [4, Theorem 1.2], which can be proved by choosing the
weighte =1in[2, 3].

In Section 2, we introduce weighted generalized core-EP inverse for an element in a Banach *-algebra.
We give a characterization of weighted generalized core-EP inverse a®“ in terms of generalized core-EP
inverse and generalized Drazin inverse.

In Section 3, we establish the relationships between the weighted generalized core-EP inverse and the
weighted g-Drazin inverse for an element within a Banach *-algebra. We prove that a € A has w-weighted
generalized core-EP inverse if and only if 2 € A has weighted g-Drazin inverse and there exists x € A such
that wawx = Py, iM(x) C im(aw)?.

In Section 4, a connection of a weighted generalized core-EP inverse a®“ and Mary inverse (Theorem
4.1); (b, c)-inverse (Theorem 4.3) and 2-inverse (Theorem 4.5) is shown.

Finally, a new kind of order, called the weighted generalized core-EP order, is presented and proved that
itis a pre-order. Also, there are some results showing the equivalent conditions for two elements which are
in that pre-order.

Throughout the paper, all Banach *-algebras are complex with an identity. A4, A®, AY“ and A
denote the sets of all g-Drazin invertible, generalized core-EP invertible, wg-Drazin invertible and w-
weighted generalized core-EP invertible elements in A, respectively. Leta € A. Set im(a) = {ax | x € A} and
ker(a) = {x € A | ax = 0}. We use pim(,) to denote the projection p such that im(p) = im(a).
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2. Equivalent characterizations

This section aims to introduce the weighted generalized core-EP inverse in a Banach *-algebra and
subsequently establish its equivalent characterizations. We start by

Theorem 2.1. Let a,w € A. Then the following are equivalent:
(1) There exists x € A such that
a(wx)? = x, (wawx)* = wawx, }}ggo [|(aw)" — (xw)(aw)””lﬁ =0.
(2) wa e A°.
In this case, x = a[(wa)®]?.
Proof. (1) = (2) By hypothesis, we have
a(wx)? = x, (wawx)" = wawx, &g{}o l(aw)" — (xw)(aw)"”llrl’f =0.

Then
(wa)(wx)* = wx, [(wa)(wx)]" = (wa)(wx).

Moreover, we have

||(wa)”+1 _ (wx)(wa)”*zllﬁ
llw(aw)"a — wxw(aw)"*al|=
lwl(aw)" - xw(aw)"* al| 7

IA I

Jol| = [Il(ae)" = xeo(azo)™* ||+ 171 [l ==
Therefore
lim [|(wa)"™" — (wx)(wa)" 2|7 = 0.
n—oo
This implies that
wa € A® and (wa)® = wx.
Accordingly,

x = a(wx)? = a[(wa)®]?,

as required.
(2) = (1) Let x = a[(wa)®]?>. Then we check that

a(wx)?> = awa[(wa)®Pwal(wa)®]?
= a[(wa)°P = x,
(wawx)* = [wawa((wa)®)?]* = [wa(wa)®]*
= wa(wa)® = wawx.
Observing that
(xw)@aw)™! = a[(wa)®Pw(aw) !

a(wa)®[(wa)®(wa)* ! w

a(wa)®(wa)"w — a(wa)®[(wa)" — (wa)®(wa)" 1w
= a(wa)"'w — a[(wa)" — (wa)®(wa)")|w

~  a(wa)®[(wa)" — (wa)®(wa)**Jw

= (aw)" —al(wa)"™" — (wa)®(wa)"w

a(wa)®[(wa)" — (wa)®(wa)w
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Hence, we have
ll(aw)" — (xw)(az)™ |
< lall# leway'™" — (wa)®(wa)"||+|[w]|
+ lla(wa)®||*[|(wa)" — (wa)® @a)™ || [few]| .
Thus,
lim (azo)" = (xz0)(az0)"™ |7 = 0.

This completes the proof. [J
Corollary 2.2. Let a,w € A. Then the following are equivalent:

(1) The system of conditions
a(wx)? = x, (wawx)* = wawx, lim ||(aw)" — (xw)(aw)””ll'l? =0

is consistent and it has the unique solution given by x = a[(wa)?]>.
(2) wa € A°.

Proof. In view of Theorem 2.1, x = a[(wa)®]. By virtue of [4, Theorem 1.2], the uniqueness is proved. [

The unique solution x above is called the w-weighted generalized core-EP inverse of a, and denote it by
a®%. That is, we have
a®" = af(wa)®]*.

The set of all w-weighted generalized core-EP invertible elements will be denoted by A®™.
An element a in A has Moore-Penrose inverse x if it satisfies the following equations:

(1) axa = a, (2) xax = x, (3) (ax)" = ax, (4) (xa)" = xa.

Such x is unique if it exists, and we denote it by at. We say that x is the (1, 3)-inverse of a if x satisfies the
equations (1) and (3). By A" and A3, we denote the set of all Moore-Penrose invertible and (1, 3)-invertible
elements in A, respectively.

Theorem 2.3. Let a € A®Y. Then
a%" = [(aw)?Palw(aw)?a] ).

Proof. In view of [4, Theorem 1.2], we have
(wa)® = (wa)[(wa) (wa) ]

By virtue of Cline’s formula (see [15, Theorem 2.1]), aw € A? and (wa)? = w((aw)?)?a. In light of Theorem
2.1, we check that

a®? = g[(wa)®]?

al(wa)? ((wa)(wa)) ]2

al(wa)? ((wa)(wa)") ] [(wa)((wa)(wa)) ]
a(wa)'[(wa)(wa)?]((wa)(wa)®) " (wa)[(wa)® (wa)*] (wa) (wa)*) 1)
a(wa)! (wa)[(wa) [ (wa)(wa)']*.

al(wa)? 1 [(wa) (wa)*1*?)

a(wa)! (wa)[(wa)w((aw)?)*a] )

(aw)((aw)*)* (aw)((aw)?)2al(wa)w((aw)?)?a]*~)

= ((aw)*)?a[w(aw)?a]>).
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As an immediate consequence, we provide a new formula of the weighted core-EP inverse which also
extends [12, Theorem 2.10].

Corollary 2.4. Let A € C"™", W € C"™". Then
AN = [(AW)PPA[IWAW)P AT

Proof. By adding some zero columns and rows, we may regard A and W as square matrices. Then the result
is obtained by Theorem 2.3. [

Theorem 2.5. Let a € A®Y. Then the following are equivalent:

(1) a(wa)®w € A1),
(2) aw € A®and
a®” = (aw)®a(wa)®.

Proof. Since a € A%Y, it follows by Theorem 2.1 that wa € A°.
(1) = (2) Choose the weight e = 1 in [2, Corollary 4.6], we show that aw € A°. Then we derive

[1 — (aw)®aw]al (wa)® T’
= [1 - ((aw)")*((aw)")"Dawla(wa)® (wa)®
[1 = ((aw)")*((aw)") "D aw]a(wa) (wa) (wa) ) (wa)®
[1 = ((aw)")*((aw)") "D aw]aw((aw)’)*a(wa) (wa)*) > (wa)>?
[1 = ((aw)")*(aw)") "D aw] (azo)*a(wa)’ (wa)*) ) (wa)®
[(aw)? = ((aw)")*((aw)") " (aw) aw]a(wa)® (wa)) ) (wa)®
[(aw)" = ((aw)")?aw]a(wa)’ (wa))* (wa)®
0.

Hence,
a[(wa)®]* = (aw)®awal(wa)®]>.

In light of Theorem 2.1, we have

@ = a(wan)P
(aw)®awa[(wa)®]?
(aw)®a(wa)[(wa)®]*

(aw)®a(wa)®,

as desired.
(2) = (1) This is proved by choosing the weight e = 1 in [2, Corollary 4.6]. O

Corollary 2.6. Let A € C"™",W € C"™". Then
AW = (AW)PA(WA)®.

Proof. This is obvious by Theorem 2.5. [

3. Relations with weighted g-Drazin inverses

This section primarily aims to introduce new properties of the weighted core-EP inverse related to
weighted g-Drazin inverses within the context of Banach *-algebras. Hereafter, we proceed to derive these
properties.

Theorem 3.1. Let a,w € A. Then the following are equivalent:

1) a € A,
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(2) a € A and there exists x € A such that
xwawx = x, im(xw) = im(aw)” and im(wx)* = im(wa).
In this case, a®® = a(wx)?.

Proof. (1) = (2) Set x = a®”. Then x = a[(wa)®]* by Theorem 2.1. Hence, wx = wa[(wa)®]* = (wa)®. In view
of [4, Theorem 1.2], we have

wxwawx = wx, im(wx) = im(wa)? and im(wx)* = im(wa)®.
By virtue of [4, Theorem 1.2], we have
xwawx = af(wa)®]?(wa)?[(wa)®]? = a[(wa)®]?(wa)(wa)® = a[(wa)®]? = x.

Moreover, we have

af(wa)®*w

= [a(wa)®][(wa)®w]

= [a(wa)(wa)® (wa)®][(wa)®w]
= a(aw)? (wa)[(wa)®]?w

= a(wa)?[(wa)®w].

xXw

Set g = (wa)®w. By using Cline’s formula, we derive xw = a(wa)’q = aw[(aw)?*aq, and so im(xw) C im(aw)?.
In view of [4, Theorem 1.2], (wa)? € AL and (wa)® = [(wa)?]*[(wa)?]?). Then we check that

(aw)? a[(wa)?Pw = a(wa)*(wa)*[(wa)?]V (wa)tw
al(wa)"[(wa)" 1" (wa)*w
al(wa)"*[(wa)* 14 (wa)* (wa)w
al(wa)"[(wa)" 1% (wa)[ (wa)? ((wa)?) ) (wa) Jwaw
al(wa) P [(wa)" 13 [(wa) "1 [(wa)" 1" (wa) waw
a[(wa)®?(wa) waw
= xwa(wa)'w.

Hence, im(aw)? C im(xw). Therefore im(xw) = im(aw)?, as desired.
(2) = (1) By hypothesis, there exists x € A such that

xwawx = x, im(xw) = im(aw)” and im(wx)* = im(wa)®.

Then xw = (aw)'y for some y € A. By using Cline’s formula, we have wx = wxwawx = w(xw)awx =
w(aw)?yawx = wal(wa)'Pwyawx. This implies that wxA C (wa)’A. On the other hand, we can find some
z € A such that (wa)? = w[(aw)??a € wxwA(aw)?a, and then (wa) A C (wx)A. Therefore im(wx) = im(wa)®.
Obviously, wx(wa)wx = wx. According to [4, Theorem 1.2], wa € A® and wx = (wa)®. In light of Theorem
2.1, a € A%". Moreover, a®" = a[(wa)®]*> = a(wx)?, as asserted. [

Corollary 3.2. Let a € A®" and x € A. Then the following are equivalent:

(1) a®® = x.
(2) The system of conditions
y
WAWX = Piyy(payt, 1M(X) C im(aw)?

is consistent and it has the unique solution x.

Proof. (1) = (2) Let x = a®“. By virtue of Theorem 2.1, x = a[(wa)®]?. Then wawx = wawa[(wa)®]* = wa(wa)®.
Set p = (wa)(wx). Then p?> = p = p, i.e, p € A is a projection. Clearly, im(p) = im(wa)?; whence,
WAWX = Piyy(ayt- In light Theorem 3.1, we have im(x) C im(aw)?.
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Assume that there exists y € A such that
WawyY = Pimway, 1M(Y) S im(aw)?.

Then we check that
waw(x —y) =0,

and so im(x — y) C ker(waw) C ker(aw)?. Since im(x), im(y) C im(aw)?, we have im(x — y) C im(aw)?. Therefore
im(x — y) C ker(aw)? (" im(aw)? = 0, and so x = y. The uniqueness is proved.
(2) = (1) By the preceding discussion, the system of conditions

WAWX = Piyy(payt, 1M(X) S im(aw)?
has the solution a®®. Therefore a®“ = x by the uniqueness. [

We note that every bounded linear operator on a Hilbert space can be regarded as a restriction of
an element in a Banach *-algebra. The preceding theorem shows that the weighted core-EP inverse for
a Hilbert space operator coincides with the weighted generalized core-EP inverse in a Banach *-algebra
(see [21, Theorem 2.3]). An element a in A has core inverse if there exists some x € A such that ax*> =
x, (ax)* = ax,a = xa®. Such x is unique if it exists and is denoted by a® (see [5, 30]). For subsequent use, we
derive

Lemma 3.3. Let a € A®Y. Then

(1) a@,w — ad,wp(wa)d_
) at = a@’wpim(wa)d,ker(wa)""

Proof. (1) In view of [4, Theorem 1.2], we have (wa)® = [(wa)?1?[(wa)?]®. According to Theorem 2.1, we have

a0 = al(wa)

al wa)' P wa)'°[(wa)’ [ (wa)']*
al (wa)’ P[(wa)']°
al(woa)' P (wa)[(wa)']®

— d,
= 4a wp(wa)dr

where p(ya = (wa)?[(wa)?]®.
(2) By the preceding discussion, we have a®® = a[(wa)?]?(wa)?[(wa)?]®; hence, a®*[(wa)?]* = a[(wa)?1*[(wa)*]?.
Thus, we have
ad,w — u[(wa)d]z
= af(wa)"[(wa)"]*(wa)?
= a®*[(wa)"1*(wa)?

@,w
A~ Pim(way! ker(wa) -

Here, piway ker(wayt = wa(wa)?, as required. [

Leta € A SetaV = (x € A | axa = a) and a® = (x € A | (ax)* = ax}. If a € A, then
(wawa®“waw)a®™ (wawa®waw) = wawa®*waw; hence, (wawa®*waw) # 0. We now derive

Theorem 3.4. Let a € A*" and s € (wawa®“waw)V. Then the following are equivalent:
(1) a®* = g(wawa™ waw)s.
3)

(2) a®* = qwawa®® and s € (wawa’“waw)®.
(3) g =a"™ + y(1 — wa*“wa) and s = a*“wa®* (wa®*)13 + (1 - a"“waw)z for some y,z € A.
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Proof. (1) = (2) Clearly, wawa®*waw = (wa)?*(wa)*w. In view of Lemma 3.3, we have

a'v = a@/wpim(wa)d,ker(wu)" = a@,wwa(wa)d
g(wawa®*waw)swa(wa)*
glwawa®“waw)s[(wa)*(wa) wlal (wa)*]?
ql(wa)*(wa)*w]al (wa)’]*
quawal(wa)?]?

= quawa™™®.

Hence,

d,w] d

wawa®” = waw[qwawa™ Jwaws = wawa™*waws.

In light of Corollary 3.2,

d,

(wawa®“waw)s = wawa®® = Pim(away!-

Then [(wawa®“waw)s]* = (wawa®“waw)s, and so s € (wawa*“waw)®.

(2) = (3) Since a®* = qwawa®™, we see that a»* = quwawa® = qwa(wa)’. Then q = qua(wa)® + q(1 -
wa(wa)?) = a® + q(1 — wa*“wa).

By hypothesis, we have [(wa)*(wa)'w]s[(wa)?(wa)?w] = (wa)?(wa)?w. Then

(wad'w)((wa)zws) = (wa)*(wa)?ws = wawa®waws,
(wa®®)((wayws)) = (wa®*)((wa)ws),
(wad'w)((wa)zws)(wad'w) [(wa)*(wa) w]s[(wa)?(wa) w][a((wa)?)?]
[(wa)*(wa)'w][a((wa)")*] = wa™™.

Hence (wa)?ws = (wa®®)13). Clearly, a®*wa®™ = a[(wa)*wa[(wa)']* = a[(wa)?]?, and so

2% waws

al[(wa)?Pwaws = a(wa)?ws = a[(wa)?]?(wa)*ws
[ad,wwad,w][(wu)zwsl — ad,wwad,w(wad,w)(l,S)‘

Therefore s = a®“waws + (1 — a*“waw)s = a®“wa®* (wa™*)13) + (1 — a*waw)s, as desired.

(3) = (1) By hypothesis, we can find some y,z € A such that g = a%* + y(1 — wa“wa) and s =
a%Pwa® (wa® )13 + (1 — a*Pwaw)z. In view of [4, Theorem 1.2], we have [(wa)?]*[(wa)?]"?) = (wa)®. Since
wa® = (wa)?, one directly verifies that

g(wawa®* waw)s

[a%* + y(1 — wa®*wa)][wawa“waw][a® wa®™ (wa
(1 = a%“waw)z]

a® [wawa®* waw][a® wa®® (wa®®) 13 + (1 — a®“waw)z]
ad,w [wawad,wwaw] [ ad,ww ad,w (wad,w)(lﬁ)]

= a[(wa)"P[(wa)"]? = a(wa)’[(wa)'1*[(wa)"] >
a(wa)(wa)® = a(wa)*(wa)[(wa)®]*

= a[(wa)®]? = a®®.

d,w)(1,3)

1+ 1

This completes the proof. O
Corollary 3.5. Let a € A® and s € (aa’a)V. Then the following are equivalent:

(1) a® = g(aa’a)s.
(2) a = gaa® and s € (aaa)®.
(3) g =a'+ y(1 —aa) and s = (a?)*(@)" + (1 - a“a)z for some y,z € A.

Proof. This is obvious by choosing w = 1 in Theorem 3.4. [J
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We are ready to extend [22, Theorem 3.2] as follows.
Theorem 3.6. Let a € A" and s € (a*“w)V. Then the following are equivalent:
(1) a®® = (wawa® ws)*.
() s e @*w)®,
(3) 5 = AWPjy(awy + (1 — a"waw)z for some z € A.
Proof. (1) = (2) By using Cline’s formula (see [15, Theorem 2.1]), we have wawa®“ws = wawa[(wa)]?
(wa)(wa)?ws. In view of [4, Theorem 1.2], we see that

ws =

a®®(wa)(wa)'ws = a[(wa)®]*(wa)(wa)ws
al((wa)")*((wa)") A (wa)(wa) ws
a((wa)?)?ws = (aw)s.

By hypothesis, [(aw)?s]* = (aw)?s. By using Cline’s formula again, we have a»“w = a[(wa)?]*w = (aw)?. Then
[a%®ws]* = a*Pws, and therefore s € (a®™w)®).

(2) = (3) By Cline’s formula , (a%“w)s = a[(wa)?]*ws = (aw)’s. Let p = (aw)’s. By hypothesis, p = p* = p?
and im(p) = im(aw)?. Hence, (4%W)s = Pjyy(ayi- Accordingly,

s = a“waws + (1 — a*“waw)s
= a[(wa)PPwaws + (1 — a®“waw)s
= aw(aw)’s + +(1 — a* waw)s
= WPy + (1 — A" waw)s,

as desired.
(3) = (1) Write s = awpj,(uy + (1 — a”waw)z for some z € A. Then

wawa™ws = wawa w[awp, ey + (1 — A" waw)z]
= (wawad’wwaw)pim(uw)d
= w(aw)z(aw)dpim(aw)4
= WAWPjm(awyt -

In view of [4, Theorem 1.2], (wa)® = [(wa)?]*[(wa)']". Then we directly verify that

AY WAV iy gy
= a[(wa)@]zwawpim(aw)d
al(wa)' T*[(wa)* 1% [(wa) [ (wa)*]*Dw(aw)* (@w) piaw)
a[(wa)d]Z [(wa)d] [(wa)d](l'3) (wa)dw(aw)zpim(aw)d
a[(wa)d]zw(aw)dawuwpim(aw)d
a[(wa)d]zwawpim(uw)d
(aw)dawpim(uw)d

Pim(aw)? -

Then Wawp ;i A% WAWP iyt = WAW[Piyaiyt 1> = WAWP (s Moreover, we check that

wawa[(wa)?Pwsal(wa)®]? = wa(wa)*wsa[(wa)®]>
wawal(wa)? 2wsal(wa)®]?
waw(aw)*sa[(wa)**wawal (wa)®]?
waw[(aw)*s(aw)?|awa[ (wa)°]?

= wawa(wa)(wa)?[(wa)®]?

(wa)*[(wa)®}* = (wa)[(wa)((wa)®)?]

wa(wa)®,

A% WAWP gy a®” = a®“wa(wa)® = a[(wa)®Pwa(wa)®

a[(wa)®)* = a®",

WAWP im(awyt ase.

W
WAWP i(aww)y? a®

(w‘lwp im(aw)? a®®y*
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Therefore a®% = (wawa’“ws)" and so the proof is complete. [J

Now, it is straightforward to present the following corollary for the generalized core-EP inverse.
Corollary 3.7. Let a € A® and s € (a®). Then the following are equivalent:

(1) a® = (aa%s)*.

() s € (@)®.

(3) s = ap;, i + (1 —a'a)z for some z € A.
Pima)

4. Relations with other outer inverses

The primary focus of this section is to explore the relationships between the weighted generalized core-
EP inverse and different types of outer inverses. Let a,d € A. We say that x € A is the Mary inverse of a
relatively to d provided that

xad = d = dax, x € dA( | Ad.
We denote x by " (see [16]). We now derive

Theorem 4.1. Let a € A®®. Then a®® = (waw)@a) (@a))

Proof. Obviously, a € A, Let x = a®“. By virtue of Theorem 2.1, x = a[(wa)®]%. In view of [4, Theorem
13
1.2], (wa)® = [(wa)d]z((wa)d)( ) Then we check that

x(wawaa!(wa)’) = af(wn)®P(wa) (o) (wa)’)
all(ny'P((wa)?) " P (wa)? (wa)! (Gwa)y
= af(wa)'P((wa)) " (wa)!(wa)((wa)')y
= a(wa)'((wa)’y,
a(wa)!((wa)') (waw)x = a(wa)((wa)) (waw)al(wa)* I

a(wa)® (wa)?)* (wa)(wa)®

a(wa)? ((wa)(wa)@(wa)d)*

a(wa)’ ((wa)((wa)?((wa)!) (wa)!)
= a(wa)*((wa)?)".

Furthermore, we have

al(wa)*

a(wa)[(wa)]-) (wa) (za) [(wa)® |
[a(wa)d«wa)d)j(((wa)d)ﬂﬁ))*(wa)[(wa)@]%

al(wa)' P(wa)) 1] (wa)’ P (wa)')

= al(wa)' P(wa) (wa)')

= al(wa)y'P((wa))*) ((wa)’)

= al(wa)'P((wa)) " (wa)’ (wa)')*Y ((wa)’)

= af(wa)y'P((wa)) ™) (wa))* wa)’((wa)’)

= al(wa)'P((wa))) (wa)") " wa)'w|a(wa)((wa)") |

Hence, x € [a(wa)d((wa)d)*]ﬂ N ﬂ[a(wa)d((wu)d)*]. Therefore we conclude that x = (waw)lt@?" (@)

Corollary 4.2. Let a € A°. Then a® = al®'@),
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Proof. This is obvious by choosing w = 1 in Theorem 4.1. [J

Leta,b,c € A. An element a has (b, ¢)-inverse provide that there exists x € A such that
xab = b,cax = c and x € bAx ﬂ xAc.

If such x exists, it is unique and denote it by a®9 (see [9]).
Theorem 4.3. Let a,w € A. Then the following are equivalent:

(1) a € A%,
(2) a € A" and a has ((aw)?, (wa)?)*)-inverse.

In this case, a®% = af(waw) @) (@"))]2,
Proof. (1) = (2) In view of Theorem 2.1, a € A, Let x = a®. Set q = aa®". We verify that

x = a(wx)? = awa[(wa)®Pwx
= awa[(wa)d]z(wa(wa)d))(1’3)(wa)@wx
(1,3)
= aw(aw)?a(wa)? (wa(wa)d)) (wa)®wx € (aw) Ax,
x = xwawx = xwawal[(wa)®]* = xwawa(wa)@(wu)d(wa(wa)d)(l'S)

= xwawa(wa)®(wa)*(wa)(wa)? (wa(wa)d)(l'3)
(13)\
= xwawa(wa)®(wa)* ((wa)(wa)d(wa(wa)d)

= xwawa(wa)@(wa)d((wa)(wa(wa)d)(1'3>)*((w11)d)* € xA(aw)?,

x(waw)(aw)? = a[(wa)®]*(waw)(aw)?
al(wa)*((wa)?) D [(wa)?*(wa)?) ) (waw)[ (aw)* > (aw)
al(wa)*(wa)?) I [(wa)*(wa)?)Dwa(wa) ' w)
al(wa)' P ((wa)?) ¥ [(wa)' Pwaw)
al(wa)'Pw = (aw)?,
(wa)?) wawal (wa)*(wa)?) D [(wa)?*((wa)?)
= ((way'y (wa)’(wa)y) 1 = ((wa)?)"((wa)!((wa))?)
= ((wa)l)".
Therefore waw has ((aw)?, (wa)?)*)-inverse x, as desired.
(2) = (1) Let x = (waw)@'A@Y) Then we can find some s, t € A such that

(wa)?) wawx

x = (aw)*sx = xt((wa)?)*, xwaw(aw)? = (aw)?, (wa)*) wawx = (wa)?)".
Claim 1. xwawx = x. We verify that

xwawx

[xt((wa)?)* Jwawx
xt[((wa)?) wawx]
xt((wa)?y*

X.

Claim 2. im(xw) = im(aw)?. Since xwaw(aw)? = (aw)?, we have im(aw)? C im(xw). It follows from
x = (aw)?sx that im(xw) C im(aw)?; hence, im(xw) = im(aw)®.

Claim 3. im(wx)* = im(wa)®. As ((wa)?)'wawx = ((wa)?)*, we have wa? = (wx)*(wa)*(wa)? € im(wx)*, and
so im(wa)? C im(wx)*. By hypothesis, we have x = xt((wa)?)*, and then wx = wxt((wa)?)*. This implies that
(wx)* = (wa)*(wxt)*; whence, im(wx)* C im(wa)?. Thus, im(wx)* = im(wa)®.

In light of Theorem 3.1, a4 € A®“ and a®® = a(wx)?, as required. [J
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Consequently, we derive
Corollary 4.4. Let a € A. Then the following are equivalent:

(1) a e A°.
(2) a € A% and a has (a%, (a%)*)-inverse.

N2
In this case, a® = a[a(“d'(ﬂd) )] )

Proof. This is obvious by choosing w = 1 in Theorem 4.3. [J

Let a € A. We say that a has {2}-inverse x provided that x = xax. We denote a?. = {x € A|xax =

TS
x,im(a) = T, ker(a) = S}. We now proceed with the derivation.
Theorem 4.5. Let a € A®™. Then (2)

@,w _
a - (wuw)lm(uw)“’ Jker((wa)d)13) "

Proof. Let x = a®“. In view of Theorem 3.1, we have x = x(waw)x.
Step 1. im(x) = im(aw)?. In view of Theorem 2.1 and [4, Theorem 1.2], we have

a[(wa)*P = al (wa)'((wa)")" (wa)®

(al (wwa) Pro)a(wa)! (wa)?) ) (wa)®
(aw)*a(wa)® ((wa)?) 13 (wa)e.

X

Hence, im(x) C im(aw)“. It is easy to verify that

(aw)’ = al(wa)'TPw
al(wa)'1*((wa)") A (wa)'w
al(wa)®](wa)w
al(wa)®][(wa)' T ((wa)?) (wa) waw
a[(wa)®)?(wa) waw

= x(wa)*waw.

Hence, im(aw)? C im(x), as required.

Step 2. ker(x) = ker((wa)?)?). Since x = a(wa)®[(wa)?]*((wa)?)?), we see that ker(x) C ker((wa)!)13). If
xz = 0 for some z € A, then a[(wa)®]*z = 0, and so wa[(wa)®]*z = 0. This implies that (wa)®z = 0. In light of
[4, Theorem 1.2], we have

((wa)H)z

((wa)") 3 (wa)! ((wa)!) 1)z
(wa)) 13 (wa)[(wa) T((wa)) Dz
(wa)) (wa)[ (wa)®z]

0.

We infer that ker((wa)?)3) C ker(x). This completes the proof. [

Corollary 4.6. Leta € A®. Then
RO
im(ad),ker(a?)13) "

We now provide a new properties of weighted core-EP inverse for a complex matrix.

Corollary 4.7. Let A € C"™", W € C"™™. Then

AW

A[(WAW)A@WP(WA)) ]2
_ 2
= (WA W)R(AW)D,N((WA)D)* )

Proof. This is an immediate consequence of Theorem 4.3 and Theorem 4.5. (O
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5. Weighted Generalized core-EP orders

In 1978, Drazin [8] introduced the star partial order on a semigroup with involution. That s, ifa,b € st
then a is below b under star partial order (written asa <* b), ifaa® = ba* and a'a = a’b. After this publication,
other partial orders such as minus, sharp, core and core-EP partial orders (see [1, 7, 10, 13, 17, 20, 27]),
induced by specific generalized inverses, are defined and studied. Recently, in [28] Stanisev et al. studied
a binary relation ”<!®9”, induced by the (b, c)-inverse, and proved that this relation is not a partial order,
but an equivalence relation. Various weighted binary relations induced by specific weighted generalized
inverses are studied. In [18], Mosi¢ introduced and characterized new weighted pre-orders on the set
of all bounded linear operators between two Banach spaces. In [11], Gao et al. investigated a binary
relation on the set of rectangular complex matrices related to the weighted core-EP inverse. The weighted
core-EP pre-order was introduced on the set of all weighted generalized Drazin invertible elements within
a C*-algebra (refer to [23]). For further reading on operator binary relations defined by various weighted
generalized inverses, see [14, 19, 25, 31]. In this section, we investigate the weighted generalized core-EP
order for two elements within a Banach *-algebra A. Our exploration begins with the following definition.

Definition 5.1. Let a,b € A,w € A\ {0} and a € A®Y. We define a binary relation "<®*” on A in the following
way: a < b if and only if
(aw)a®® = (bw)a®?,a®" (wa) = a®* (wb).

Theorem 5.2. The following statements are equivalent:
(1) a <o b.
(2) a(wa)® = b(wa)?, (wa)*(wa)? = (wh)*(wa)’.
(3) a(wa)® = b(wa)®, (wa)®(wa) = (wa)®(wb).
Proof. (1) = (3) Since a <®“ b, we have
(aw)a®® = (bw)a®®,a®" (wa) = a®"* (wb).
In view of Theorem 2.1, a®“ = a[(wa)®]*. Hence,

(aw)al(wa)®* = (bw)al(wa)* 1.

As wal(wa)®]* = (wa)®, we see that a(wa)® = b(wa)®. Similarly, we prove that a®“(wa) = a®"(wb), as desired.
(3) = (2) In view of [4, Theorem 1.2], (wa)® = ((wa)?)?((wa)?)1?). Since (wa)®(wa) = (wa)®(wbh), we have

[(wa)' P (wa)")" (wa) = [(wa)'((wa)*) (wb).
As (wa)? = wal(wa)?]?, we get (wa)* (wa)") 1 (wa) = (wa)?((wa)*) > (wb). Thisimplies that (wa)*(wa)® ((wa)?)>) =

(wb)*(wa)®((wa)?)3). Accordingly, we have (wa)*(wa)? = (wb)*(wa)?, as required.
(2) = (1) Since a(wa)? = b(wa)?, by virtue of [4, Theorem 1.2], we have

al(wa)"P*((wa)")
bl(wa)"]*((wa)?)
b(wa)®.

a(wa)®

One easily checks that
wa®" = wal(wa)®]? = (wa)®,

and then (aw)a®® = (bw)a®®. Analogously, a®*“(wa) = a®“(wb). Therefore we complete the proof. [

We note that the relation <®™ is a pre-order as the following shows.

Corollary 5.3. Ifa <®“ band b <®% ¢, then a <" c.
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Proof. In view of Theorem 5.2, we have

a(wa)® = b(wa)®, (wa)®(wa) = (wa)®(wb);
b(wb)® = c(wb)®, (wb)®(wb) = (wb)®(wc).

Then

a(wa)®

= b(wa)® = blwa(wa)®](wa)®

= b(wb)[(wa)® = --- = b(wb)"[(wa)®]"™*"

= Dl(wb)" — (wb) (wb) 1[(wa)®]"*" + b(wb)" (wb)" [(wa)®]*";
c(wa)®

= clwa(wa)®](wa)® = c[wb(wa)®](wa)®

= cwb[(wa)®P = -+ = c(wb)"[(wa)®]"*!

c[(wb)" — (wb)* (wb)  |[(wa)®]*! + c(wb) (wb)"™ [(wa)®]"+.
Since b(wb)* = c(wb)?, we have
lla(oa)® = cwa)®|[* < [Ib = ll l|(wb)" — (wb)" (wb)"* || | (ewa) || .

As lim,,_,, ||(wb)" — (wb)d(wb)”*llli =0, we see that

lim [la(wa)® — c(wa)®||+ = 0.

n—oo
Therefore a(wa)® = c(wa)®. By a similar route, we check that (wa)®(wa) = (wa)®(wc). Therefore a <® ¢, the
corollary is true. [

We are now ready to prove the following.
Theorem 5.4. Let aw,wa € A°. Then the following statements are equivalent:

(1) a <o b.
(2) wa <® wb and aw <° bw.

Proof. (1) = (2) Since a <®" b, we have
(aw)a®™” = (bw)a®",a®" (wa) = a®*(wb).

In view of Theorem 2.1,
a®" = af(wa)®]*.

Hence

(wa)(wa)® w(aw)al(wa)®?
w(aw)a®®
w(bw)a®®
w(bw)al(wa)®]?
(wb)(wa)®.

Furthermore, we check that

(wa)®(wa) wal(wa)®]*(wa)
wla((wa)®)*](wa)
wl[a®™ (wb)]
wla[(wa)®1*(wb)]
[wa((wa)®)*](wb)
(wa)®(wb).

Therefore wa <® wb. Analogously, we prove that aw <® bw, as required.
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(2) = (1) By hypothesis, we have

(wa)(wa)® = (wb)(wa)®, (wa)®(wa) = (wa)® (wb);
(aw)(aw)® = (bw)(aw)®, (aw)®(aw) = (aw)®(bw).

In view of [4, Theorem 1.2],

(aw)(aw) [ (aw)(aw) ']+ (aw)(aw)®
(bw)(aw)®

(bw)(aw)? [ (aw)(aw)*] ),

d
e () (@) P (o) @) [(ac0) (a1 () (o)
— () l(aw) Plaw)aw) [(aw) aw) 19 (@) acw)’.

10589

We infer that aw[(aw)?]?(aw)(aw)? = bw[(aw)?]*(aw)(aw)?, hence aw(aw)? = bw(aw)?. In view of Cline’s

formula and [4, Theorem 1.2], we derive

a(wa)[(wa)(wa)?]*)
aw(aw)"Pal (wa)(wa)]1?
[aw(aw)?|(aw)?a[ (wa)(wa)']
[bw(aw)” | (aw)? al (wa)(wa)]*
bwl(aw)Pal (wa)(wa)?1>)
b(wa)[(wa)(wa)?]1-)

b(wa)®.

a(wa)®

Since a®® = a[(wa)®]?, we verify that

(aw)a®* (aw)al(wa)®]*
alwa((wa)®)’]
a(wa)®
b(wa)®

(bw)al (wa)®T*
(bw)a®®.

Likewise, we prove that
a®®(wa) = a®*(wb).

Therefore a <®% b, as asserted. [
Corollary 5.5. Let aw,wa € A®. Then the following statements are equivalent:

(1) a < b,
2)

(wa)(wa)? = (wb)(wa)’, (wa)* (wa)’ = (wb)*(wa)";
(aw)(aw)? = (bw)(aw)?, (aw)* (aw)* = (bw)*(aw)*.

Proof. (1) = (2) In view of Theorem 5.4, aw € A® and aw <® bw. Moreover, we have

(aw)(aw)® = (bw)(aw)®, (aw)®(aw) = (aw)®(bw).

As in the proof of Theorem 5.2, we prove that (aw)(aw)? = (bw)(aw)?. Since (aw)®(aw) = (aw)®(bw), we have

(aw)(aw)®(aw) = (aw)(aw)®(bw).

Then
[(aw)(aw)®T (aw) = [(aw)(aw)®]" (bw).
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This implies that
(aw)* (aw)(aw)® = (bw)* (aw)(aw)®.

Obviously,
(aw)(aw)®[(aw)(aw)|(aw)” = (aw)*;
hence, (aw)*(aw)? = (bw)*(aw)?. Similarly, we prove that (wa)(wa)? = (wb)(wa)?, (wa)*(wa)* = (wb)*(wa)?, as
desired.
(2) = (1) by hypothesis, wa, aw € A?. Since (aw)(aw)? = (bw)(aw)?, we see that

() (@) [(aw) (@)1 = (b)) [(axw) @),

and then (aw)(aw)® = (bw)(aw)®.
By hypothesis, (aw)*(aw)? = (bw)*(aw)?. Then

(aw)' (aw)[(aw)* ((aw)(aw)") D] = (bw)* (aw)[(aw) ((aw)(azw)) )],

This implies that

(aw)* (aw)(aw)® = (bw)* (aw)(aw)®.
Then

(aw)(aw)®(aw) = (aw)(aw)®(bw).
We infer that

(aw)®(aw) = (aw)®(bw).
Accordingly, aw <° bw. Likewise, wa <® wb. This completes the proof. [

Letp,q € Abe idempotents. Then for any x € A, we have x = pxg + px(1 —p) + (1 —p)xg + (1 = p)x(1 - q).
pxp px(1-p)
A=pap A-px(1-9g)

Thus x can be represented in the matrix form x = . We possess all the

(pa)
information required to substantiate the following.
Theorem 5.6. Let aw, wa € A°. Then the following are equivalent:

(1) a <% b.
(2) a,w and b are represented as

| a1 a4 | w1 w2 [ m b1z
a_(O ﬂz) ,ZU—( 0 Zl)z) ’b_(O bz) 4
pXxq qxp pXq

p = (aw)(aw)?, g = (wa)(wa)®, wiar2 + w12y = w1b12 + Wi2by,
mwy € (pAp)~L, apw, € (1 - p) AL - p))™il.

where

Proof. (1) = (2) Letp = (aw)(aw)® and g = (wa)(wa)®. Then [1-(aw)(aw)®](aw)? = 0and [1—(wa)(wa)®](wa)* =
0.

(1-pag = [1- (aw)(aw)®la(wa)(wa)®
= [1 - (aw)(aw)®](aw)a(wa)(wa)? (wa)®
= [1 - (aw)(aw)®](aw)’[(aw)’ *a(wa)®
= [1 - (aw)(aw)®](aw)*(aw)?a(wa)®
= 0

I-quwp = [1- (wa)(wa)®lwaw)@aw)®
= [1~ (wa)(wa)®](wa) (wa)*w(aw)®

0.
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We verify that
lla(wa)® — (aw)®(aw)]a(wa)® ||

= lla(wa)"((wa)®)™! — (aw)®(aw)]a(wa)" ((wa)®)™**||»

= [(aw)" - (aw)®(aw)™ |a((wa)®)||»

= |(aw)" - (aw)®(aw)" || llall#||(wa)®||"* .
Hence, .

lim [|a(wa)® ~ (aw)® (aw)]a(wa) || = 0.

This implies that

[(aw)®(aw)]a(wa)® = a(wa)®.

Similarly, we have

[(wa)?wa](wa)w(aw)® = (wa)w(aw)®.
Thus we deduce that
(aw)(aw)®a(wa)(wa)®w(aw)(aw)®
(aw)[(aw)® (aw)]a(wa)*w(aw)(aw)®
awa[(wa)®wa](wa)w[(aw)®]>
a(wa)*w[(aw)®)? = aw(aw)?[(aw)®]?
(aw)?(aw)®.

a1wn

Therefore
[(aw)*(aw)®)(aw)® = (aw)®[(aw)*(aw)®] = (aw)(aw)® = p.

Hence a1w; = [(aw)®]™! € (pAp)~L.
Moreover, we have

[1 - (aw)(aw)®]a[1 — (wa)(wa)®]w[1 - (aw)(aw)°]

[1 - (aw)(aw)®]aw[1 — a(wa)®w][1 — (aw)(aw)®]

aw[1 — (aw)®aw][1 — (aw)(aw)® — a(wa)®w + a((wa)®wa)w(aw)®]
aw[1 — (aw)®aw][1 — a(wa)®w]

aw[1 — a(wa)®w — (aw)®aw + ((aw)®aw)a(wa)®w]

aw[1 — (aw)®aw].

axwr

Since [1 - (aw)®awlaw = aw — (aw)®(aw)* € A™, by Cline’s formula, aw, € A™!. Accordingly, a,w, €
(1 - p)A1 - p).

We check that wia,w; = w(aw)?(aw)® and (wyayw)~! = (aw)®a(wa)®. Furthermore, we have

28 = (wimwy)™ 0
- 0 0 ’
pxq

Write b = by bia . Since a <®¥ b, we get
) o

mwy (wiawr)™t 0
0 0/

ap ap wy w2 (iawy)™ 0
0 ap 0 (%) 0 0
pxq axp pxq
(aw)a®? = (bw)a®®
_ by b wy w2 (wiawy)™ 0
T\l b 0 w 0 0
pxq axp pxp

_ biwy(wiaywy)™ 0
N\ bhwi(wimw)™t 0 qu'
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Thenalwl(wlalwl)’l = blwl(wlalwl)fl,bmwl(wlalwl)*l = 0. Hence, 1w, = blwl,and thena1 = (alwl)(alwl)(wlalwl)’l =
(byw1)(@yw)(wrayw) ! = by. Also we have byjw; = 0, and 5o by, = (boywq)aywy (wia;w;)~t = 0. Moreover, we
obtain

0 0

(wimwy)™ 0 wr Wi ar ap
0 0 0 wy 0 m
pxq axp pxq

a®"(wa) = a®“(wb)

(wimwy)™ 0 wr Wi a1 bip
0 0 0 wy 0 b
pxq axp pxq

( (Wimwr) " wiar  (wiaywr)twibip + (Wiarwy) Fwinb, )
pxq

( (iarw) " wiay  (wiarwy) " wiary + (wiarws) " wia, )
pxq

0 0
Thus, we derive
(imwr)  wiar + (Wiarwr) winay = (wiaiwy) " wibiy + (wiarwy) " wiabs.

Consequently,
wWiap + Wiy = Wibip + winby,

as desired.
(2) = (1) By hypothesis, we have

2o = (wimwy)™ 0
- 0 0 ’
pxq

Moreover, we derive

_ | mwr mwip +apw; | mw1 awin + bipwy
aw = 0 a,w bw = 0 byw
2W> 2W2

pxp

pxp
Then

-1
(aw)a@,w — ( ﬂlwl(wbﬂlwl) 8 ) — (bw)u@'w.
pxp

Likewise, we prove that
a®*(wa) = a®*(wb).
Therefore a <®% b, as asserted. [

Corollary 5.7. Let a,b € A°. Then the following are equivalent:

(1) a<®b.
(2) a and b are represented as

[ m a2 _| M a2
“‘(o 612) 'b‘(o b2) '
pxp pxp

p =aa®,a1 € (pAp)~", a2 € (1 = p)AQL - p)™™.

where

Proof. This is evident by setting w = 1 in Theorem 5.6. [J
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