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Abstract. In this paper, we present the concept of the generalized w-core inverse within the context
of a Banach *-algebra. We delineate the characteristics of this new generalized inverse by using the
generalized weighted core decomposition and elucidate its representations via the weighted 1-Drazin
inverse. Additionally, we delve into an examination of the generalized w-core orders. This work broadens
the scope of the weighted core inverse and pseudo core inverse, previously defined for complex matrices
and linear bounded operators, to a more general setting.

1. Introduction

A Banach algebra A is called a Banach *-algebra if there exists an involution ∗ : x → x∗ satisfying
(x + y)∗ = x∗ + y∗, (λx)∗ = λx∗, (xy)∗ = y∗x∗, (x∗)∗ = x. A C∗-algebra is a Banach *-algebra that satisfies the
C∗-identity: ||x∗x|| = ||x||2 for all x ∈ A. All C∗-algebras are Banach *-algebras, but the converse is not true.

Rakić et al. generalized the core inverse of a complex matrix to the case of an element in a ring (see [21]).
An element a in a Banach *-algebraA has core inverse if there exists x ∈ A such that

ax2 = x, (ax)∗ = ax, xa2 = a.

If such x exists, it is unique, and denote it by a #O (see [1, 6]).
Zhu et al. introduced and studied w-core inverse for a ring element (see [30]). Let a,w ∈ A. An element

a ∈ A has w-core inverse if there exists x ∈ A such that

awx2 = x, (awx)∗ = awx, xawa = a.

If such x exists, it is unique, and denote it by a #O
w. LetA #O

w denote the set of all w-core invertible elements in
A. The w-core inverse was studied by many authors, e.g., [7, 10–12, 24, 25, 30, 32]. As is well known,

a ∈ A #O
w ⇔ awx2 = x, (awx)∗ = awx, xawa = a, awxa = a, xawx = x

for some x ∈ A (see [30, Theorem 2.13]).
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Prasad et al. extended the concept of the core inverse and introduced the notion of core-EP inverse (i.e.,
pseudo core inverse) (see [8, 19]). An element a ∈ A has core-EP inverse (i.e., pseudo core inverse) if there
exist x ∈ A and k ∈N such that

ax2 = x, (ax)∗ = ax, xak+1 = ak.

If such x exists, it is unique, and denote it by aDO. The core-EP inverse has been investigated from many
different views, e.g., [2, 8, 9, 13–16, 19, 22, 27, 28].

The motivation of this paper is to introduce and examine a new type of generalized weighted inverse,
which serves as a logical extension of the generalized inverses mentioned above. Let

A
qnil = {x ∈ A | lim

n→∞
∥ xn
∥

1
n= 0}.

As is well known, x ∈ Aqnil if and only if 1 + λx ∈ A is invertible for any λ ∈ C. Set Aqnil
w = {x ∈

A | xw ∈ Aqnil
}. In Section 2, we introduce the generalized weighted core inverse in terms of a new kind

of generalized weighted core decomposition. Many new properties of the w-core inverse and the core-EP
inverse are thereby obtained.

Definition 1.1. An element a ∈ A has generalized w-core decomposition if there exist x, y ∈ A such that

a = x + y, x∗y = ywx = 0, x ∈ A #O
w, y ∈ A

qnil
w .

Let a,w ∈ A. We prove that an element a ∈ A admits a generalized w-core decomposition if and only if
there exists a unique element x ∈ A such that

x = awx2, (awx)∗ = awx, x(aw)2x = awx, lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.

Recall that an element a ∈ A has 1-Drazin inverse (i.e., generalized Drazin inverse) if there exists some
x ∈ A such that

ax2 = x, ax = xa, a − a2x ∈ Aqnil.

Such x is unique, if exists, and denote it by ad. A fundamental result in operator theory states that a bounded
linear operator on a Hilbert space possesses a 1-Drazin inverse if and only if it admits an EP-quasinilpotent
decomposition (see [18, Theorem 1]). The 1-Drazin inverse is of great importance in matrix and operator
theory (see [3]). An element a ∈ A has generalized w-Drazin inverse x if there exists a unique x ∈ A such
that

awx = xwa, xwawx = x and a − awxwa ∈ Aqnil.

We denote such x by ad,w (see [17]). Evidently, ad,w = [(aw)d]2a = a[(wa)d]2 = (aw)da(wa)d. In Section 3,
we establish equivalences between the generalized w-core inverse and the weighted 1-Drazin inverse for
elements in a Banach algebra, utilizing involved image characterizations.

The aim of Section 4 is to characterize the generalized weighted core inverse of an element in a Banach
*-algebra in terms of other related generalized inverses, such as the weighted core inverse.

Finally, in Section 5, we introduce a new pre-order derived from the generalized w-core inverse in a Ba-
nach algebra. This relation provides a novel framework for analyzing the connections between generalized
w-core invertible elements by extending the established w-core pre-order.

Throughout the paper, all Banach *-algebras are complex with an identity. Ad,w andA #O
w denote the sets

of all weighted 1-Drazin and w-core invertible elements inA, respectively. Let Cn×n be the Banach algebra
of all n × n complex matrices with conjugate transpose ∗.

2. Generalized w-core decomposition

The objective of this section is to introduce the concept of the generalized w-core inverse within the
framework of a Banach *-algebra. We begin with
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Theorem 2.1. Let a,w ∈ A. Then the following are equivalent:

(1) a ∈ A has generalized w-core decomposition.
(2) There exists x ∈ A such that

x = awx2, (awx)∗ = awx, x(aw)2x = awx, lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.

Proof. (1)⇒ (2) By hypothesis, there exist z, y ∈ A such that

a = z + y, z∗y = ywz = 0, z ∈ A #O
w, y ∈ A

qnil
w .

Set x = z #O
w. Then

awx = (z + y)wz #O
w = zwz #O

w,
(awx)∗ = (zwz #O

w)∗ = zwz #O
w = awx,

awx2 = (awx)x = (zwz #O
w)z #O

w = zw(z #O
w)2 = x.

It is easy to verify that

xawx = z #O
w(zwz #O

w) = z #O
w = x,

x(aw)2x = (xaw)(awx) = z #O
w(z + y)wzwz #O

w = z #O
wzwzwz #O

w
= z #O

wzwzwz #O
w = zwz #O

w = awx.

Moreover, we have
awxa = (awx)a = zwz #O

w(z + y) = zwz #O
wz = z,

and so
a − awxa = a − z = y ∈ Aqnil

w .

Then
||(aw)n

− awx(aw)n
|| = ||(a − awxa)w(aw)n−1

||

= ||yw(aw)n−1
|| = ||ywaw(aw)n−2

||

= ||yw(z + y)w(aw)n−2
|| = ||(yw)2(aw)n−2

||

= · · · = ||(yw)n
||.

Since y ∈ Aqnil
w , we see that lim

n→∞
||(yw)n

||
1
n = 0. Therefore

lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0,

as required.
(2)⇒ (1) By hypotheses, there exists x ∈ A such that

x = awx2, (awx)∗ = awx, x(aw)2x = awx, lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.

Then we check that
xawx = xaw(awx2) = [x(aw)2x]x = awx2 = x.

Set z = awxa and y = a − awxa. We verify that

ywz = (a − awxa)wawxa = awawxa − awx(aw)2xa
= awawxa − aw(awx)a = 0,

z∗y = (awxa)∗y = a∗(awx)y = a∗(awx)(a − awxa)
= a∗aw(xa − xawxa) = 0.

We claim that z ∈ A #O
w and z #O

w = x.
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Claim 1. x = zwx2. We verify that

zwx2 = awx(awx2) = awx2 = x.

Claim 2. (zwx)∗ = zwx. Clearly, we have zwx = aw(xawx) = awx, and then (zwx)∗ = (awx)∗ = awx = zwx.
Claim 3. xzwz = z. One checks that

xzwz = (xawx)awawxa = x(aw)2xa = awxa = z.

Therefore z ∈ A #O
w. Moreover, we see that

||(aw)n
− awx(aw)n

|| = ||(a − awxa)w(aw)n−1
||

= ||yw(aw)n−1
|| = ||ywaw(aw)n−2

||

= ||yw(z + y)w(aw)n−2
|| = ||(yw)2(aw)n−2

||

= · · · = ||(yw)n
||.

Therefore
lim
n→∞
||(yw)n

||
1
n = 0,

and then y ∈ Aqnil
w . This completes the proof.

Corollary 2.2. Let a,w ∈ A. Then the following are equivalent:

(1) a ∈ A has generalized w-core decomposition.
(2) There exist unique elements x, y ∈ A such that

a = x + y, x∗y = ywx = 0, x ∈ A #O
w, y ∈ A

qnil
w .

Proof. (1)⇒ (2) In view of Theorem 2.1, there exists v ∈ A such that

v = awv2, (awv)∗ = awv, v(aw)2v = awv, lim
n→∞
||(aw)n

− awv(aw)n
||

1
n = 0.

Set z = awva and y = a − awva. As in the proof of Theorem 2.1, we have

a = z + y, z∗y = ywz = 0, z ∈ A #O
w, y ∈ A

qnil
w .

Suppose that there exist b, c ∈ A such that

a = b + c, b∗c = cwb = 0, b ∈ A #O
w, c ∈ A

qnil
w .

Obviously, awv = aw(awv2) = (aw)2v2 = · · · = (aw)nvn. Since a = b + c, we have aw = bw + cw. As
(cw)(bw) = (cwb)w = 0, we have

(aw)n =

n∑
i=0

(bw)i(cw)n−i = (cw)n +

n∑
i=1

(bw)i(cw)n−i.

Hence,
[(aw)n]∗c = [(cw)n]∗c.

Since cwb = 0, we see that (aw)nb = (aw)n−1(bw + cw)b = (aw)n−1bwb = · · · = (bw)nb, and then (aw)nbw =
(bw)nbw = (bw)n+1. This implies that

(aw)nbw[(bw) #O]n+1 = (bw)n+1[(bw) #O]n+1 = (bw)(bw) #O.
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Therefore
b = bwb #O

wb = (bw)(b #O
wb)

= [(aw)nbw[(bw) #O]n+1bw](b #O
wb)

= (aw)nbw[(bw) #O]n+1[bwb #O
wb]

= (aw)nbw[(bw) #O]n+1b
= (aw)ns,

where s = bw[(bw) #O]n+1b. Accordingly,

b − z = b − awva = b − awv(b + c) = b − awvb − awvc
= b − (aw)vb − [(aw)nvn]∗c
= b − (aw)vb − (vn)∗((aw)n)∗c
= (aw)ns − (aw)v(aw)ns − (vn)∗((cw)n)∗c
= [(aw)n

− (aw)v(aw)n]s − (vn)∗((cw)n)∗c

Hence,
||b − z||

1
n ≤ ||(aw)n

− (aw)v(aw)n
||

1
n ||s||

1
n + ||(vn)∗||

1
n ||((cw)n)∗||

1
n ||c||

1
n .

Since cw ∈ Aqnil, we have 1 − λcw ∈ A−1; hence, 1 − λ(cw)∗ ∈ A−1. We infer that (cw)∗ ∈ Aqnil. Thus, we
prove that lim

n→∞
||((cw)n)∗||

1
n = 0. This yields that

lim
n→∞
||b − z||

1
n = 0.

Therefore b = z, and then c = a − b = a − z = y, as required.
(2)⇒ (1) This is trivial.

Theorem 2.3. Let a,w ∈ A. Then the following are equivalent:

(1) a ∈ A has generalized w-core decomposition.
(2) There exists a unique x ∈ A such that

x = awx2, (awx)∗ = awx, x(aw)2x = awx, lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.

Proof. (2)⇒ (1) This is obvious by Theorem 2.1.
(1)⇒ (2) By hypothesis, there exists x ∈ A such that

x = awx2, (awx)∗ = awx, x(aw)2x = awx, lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.

Assume that there exists y ∈ A such that

y = awy2, (awy)∗ = awy, y(aw)2y = awy, lim
n→∞
||(aw)n

− awy(aw)n
||

1
n = 0.

Set a1 = awxa, a2 = a − a1 and b1 = awya, b2 = a − b1. As in the proof of Theorem 2.1, we prove that

a∗1a2 = a2wa1 = 0, a1 ∈ A
#O
w, a2 ∈ A

qnil
w ,

b∗1b2 = b2wb1 = 0, b1 ∈ A
#O
w, b2 ∈ A

qnil
w .

As in the proof of Corollary 2.2 , we verify that awxa = a1 = b1 = awya. Therefore

x = (awxa) #O
w = (a1) #O

w = (b1) #O
w = (awya) #O

w = y.

Accordingly, x = y, the result follows.

We denote x in Theorem 2.3 by adO
w, and call it the generalized w-core inverse of a. LetAdO

w stand for the
set of all elements inA that have a generalized w-core inverse.
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Corollary 2.4. Let a = x + y be the generalized w-core decomposition of a ∈ A. Then adO
w = x #O

w.

Proof. Let a = x + y be the generalized w-core decomposition of a ∈ A. Similarly to the proof of Theorem
2.1, x #O

w is the generalized w-core inverse of a. So the theorem is true.

Theorem 2.5. Let a,w ∈ A. Then a ∈ AdO
w if and only if there exists a projection p ∈ A such that

(1) (1 − p)a ∈ (1 − p)awA and (1 − p)aw ∈ A#;
(2) aw + p ∈ A is right invertible and paw = pawp ∈ Aqnil.

Proof. (1)⇒ (2) Since a ∈ AdO
w, by using Theorem 2.3, there exist x, y ∈ A such that

a = x + y, x∗y = ywx = 0, x ∈ A #O
w, y ∈ A

qnil
w .

Since x ∈ A #O
w, we have

x #O
w = xw(x #O

w)2, (xwx #O
w)∗ = xwx #O

w, x
#O
wxwx #O

w = x #O
w, x

#O
wxwx = x, x = xwx #O

wx.

Let p = 1 − xwx #O
w. Then p2 = p = p∗ and px = 0. We directly check that

(xw + 1 − xwx #O
w)(x #O

w + 1 − xwx #O
w) = 1 + x(1 − xwx #O

w) ∈ A−1.

Let q = [x #O
w+1−xwx #O

w][1+x(1−xwx #O
w)]−1. Then (xw+p)q = 1. This implies that xw+p ∈ A is right invertible.

Moreover, we have

1 + ywq = 1 + [ywxw(x #O
w)2 + yw − (ywx)wx #O

w][1 + x(1 − xwx #O
w)]−1

= 1 + yw[1 + x(1 − xwx #O
w)]−1 = 1 + yw ∈ A−1.

By using Jacobson’s lemma, 1 + qyw ∈ A−1. Therefore, we check that

pa = p(x + y) = py = (1 − xwx #O
w)y = y ∈ Aqnil

w ,
paw(1 − p) = ywxwx #O

w = 0,
aw + p = xw + yw + p = (xw + p)[1 + qyw] ∈ A is right invertible.

Since (1 − p)a = xwx #O
w(x + y) = xwx #O

wx = x ∈ A #O
w, it follows by [30, Theorem 2.10] that (1 − p)aw ∈ A# and

(1 − p)a ∈ (1 − p)awA, as required.
(2)⇒ (1) By hypothesis, there exists a projection p ∈ A such that (1 − p)a ∈ A #O

w;

aw + p ∈ A right invertible, paw(1 − p) = 0, pa ∈ Aqnil
w .

Set x = (1 − p)a and y = pa. Then
x∗y = [a∗(1 − p)∗]pa = 0,

ywx = paw(1 − p)a = 0,
y = pa ∈ Aqnil

w .

Write (aw+p)q = 1 for some q ∈ A. Then (1−p)awq = (1−p)(aw+p)q = 1−p, and so (1−p)awq(1−p)a = (1−p)a
and [(1 − p)awq]∗ = (1 − p)∗ = 1 − p = (1 − p)awq. Hence, (1 − p)a ∈ A(1,3).

By hypothesis, (1 − p)a ∈ (1 − p)awA and (1 − p)aw ∈ A#. In light of [30, Lemma 2.8], w ∈ A||(1−p)a.
According to [30, Theorem 2.6], (1 − p)a ∈ A #O

w. That is, x ∈ A #O
w. Therefore a ∈ AdO

w.

We useAdO to denoteAdO
w in the case where w = 1. That is, a ∈ AdO if and only if there exist x, y ∈ A such

that a = x + y, x∗y = yx = 0, x ∈ A #O, y ∈ Aqnil.We denote adO

1 by adO. Evidently, a ∈ AdO if and only if a ∈ Ae,dO

in the case where e = 1 (see [4, Theorem 2.3]).

Corollary 2.6. Let a,w ∈ A. Then a ∈ AdO if and only if there exists a projection p ∈ A such that

(1) (1 − p)a ∈ A#;
(2) a + p ∈ A is right invertible and pa = pap ∈ Aqnil.

Proof. This is obvious by choosing w = 1 in Theorem 2.5.
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3. Characterizations by weighted 1-Drazin inverses

The goal of this section is to elucidate the generalized w-core inverse through the lens of the image
associated with the weighted 1-Drazin inverse. Evidently, a #O

w = (aw) #O. But aw ∈ A #O do not imply a ∈ A #O
w.

For instance, letting a =
(
−i 1
0 i

)
,w =

(
i −1
0 0

)
. Then aw ∈ C2×2 has the core-inverse

(
1 0
0 0

)
, while a

has not w-core inverse. Contract to this observation, we now derive the following result which enable us
to investigate the generalized w-core inverse by using the weighted 1-Drazin inverse.

Lemma 3.1. Let a,w ∈ A. Then the following are equivalent:

(1) a ∈ A has generalized w-core decomposition.
(2) aw ∈ AdO.
(3) a ∈ Ad,w and there exists a unique x ∈ A such that

x = awx2, (awx)∗ = awx, lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.

In this case, adO
w = x = (aw)dO.

Proof. (1)⇒ (2) Since a ∈ AdO
w, there exist x, y ∈ A such that

a = x + y, x∗y = ywx = 0, x ∈ A #O
w, y ∈ A

qnil
w .

Hence, aw = xw + yw. Since x ∈ A #O
w, we have

xw(x #O
w)2 = x #O

w, (xwx #O
w)∗ = xwx #O

w, x
#O
wxwx = x.

Then
xw(x #O

w)2 = x #O
w, (xwx #O

w)∗ = xwx #O
w, x

#O
w(xw)2 = xw.

This shows that xw ∈ A #O. Obviously, yw ∈ Aqnil. Moreover, we check that

(xw)∗(yw) = w∗(x∗y)w = 0, (yw)(xw) = (ywx)w = 0.

In light of [4, Corollary 2.2], aw ∈ AdO. Moreover, we have adO
w = x #O

w = (xw) #O = (aw)dO.
(2)⇒ (1) Let x = (aw)dO. Then aw ∈ Ad. In view of [4, Theorem 2.1], we have

x = awx2, (awx)∗ = awx, lim
n→∞
||(aw)n

− x(aw)n+1
||

1
n = 0.

We easily check that
||awx − x(aw)2x||

1
n = ||awx − x(aw)[(aw)x]||

1
n

= ||awx − x(aw)[(aw)nxn]||
1
n

= ||(aw)nxn
− x(aw)n+1xn

||
1
n

≤ ||(aw)n
− x(aw)n+1

||
1
n ||x||.

Hence,
lim
n→∞
||awx − x(aw)2x||

1
n = 0.

Therefore x(aw)2x = awx, and then a ∈ AdO
w.

(2)⇒ (3) In view of [4, Theorem 2.5], a ∈ Ad,w and there exists x ∈ A such that

x = awx2, (awx)∗ = awx, lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.
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Moreover, we have (aw)(aw)dx = (aw)dO. Since x = awx2, by induction, we have x = (aw)nxn+1 for any n ∈N.
Then

||x − (aw)(aw)dx||
1
n = ||[1 − (aw)(aw)d](aw)nxn+1

||
1
n

= ||(aw)n
− (aw)d(aw)n+1

||
1
n ||x||1+

1
n .

As lim
n→∞
||(aw)n

− (aw)d(aw)n+1
||

1
n = 0, we see that

lim
n→∞
||x − (aw)(aw)dx||

1
n = 0,

and therefore x = (aw)(aw)dx = (aw)dO, as required.
(3)⇒ (2) Since a ∈ Ad,w, we have aw ∈ Ad. Therefore aw ∈ AdO by [4, Theorem 2.5].

We are ready to prove:

Theorem 3.2. Let a,w ∈ A. Then a ∈ AdO
w if and only if

(1) a ∈ Ad,w;
(2) There exists x ∈ A such that

xawx = x, xA = ad,w
A,Ax = A(ad,w)∗.

In this case, adO
w = x.

Proof. =⇒ Choose x = adO
w. Then aw ∈ AdO and x = (aw)dO. In view of [4, Theorem 3.3], aw ∈ Ad and

x(aw)x = x, xA = (aw)d
A,Ax = A((aw)d)∗.

Since ad,w = [(aw)d]2a = a[(wa)d]2 = (aw)da(wa)d, we easily check that (aw)d = [(aw)d]2aw = ad,ww, and then

(aw)d
A = ad,w

A.

On the other hand, (ad,w)∗ = [(aw)da]∗[(aw)d]∗ and [(aw)d]∗ = [((aw)d)2aw]∗ = w∗(ad,w)∗. Thus, A[(aw)d]∗ =
A(ad,w)∗. Therefore

xA = ad,w
A,Ax = A(ad,w)∗

.
⇐= By hypothesis, there exists x ∈ A such that

xawx = x, xA = ad,w
A,Ax = A(ad,w)∗.

As the argument above, we have

(aw)d
A = ad,w

A,A[(aw)d]∗ = A(ad,w)∗.

Therefore we have
xawx = x, xA = (aw)d

A,Ax = A((aw)d)∗.

In light of [4, Theorem 3.3], aw ∈ AdO. According to Lemma 3.1, adO
w = x.

An element a ∈ A has pseudo w-core inverse if there exist x, y ∈ A such that

a = x + y, x∗y = ywx = 0, x ∈ A #O
w, y ∈ A

nil
w .

The preceding x is unique if it exists, and we denote its w-core inverse by the pseudo w-core inverse of a,
i.e., aDO

w = x #O
w. Evidently, aDO

w = z if and only if there exists n ∈N such that

z = awz2, (awz)∗ = awz, z(aw)2z = awz and (aw)n = awz(aw)n.

In this case, aDO
w = z.
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Corollary 3.3. Let a,w ∈ A. Then a has pseudo w-core inverse if and only if

(1) a ∈ AdO
w.

(2) aw has Drazin inverse.

Proof. =⇒ Obviously, a ∈ AdO
w and aw ∈ ADO. In view of [8, Theorem 2.3], aw has Drazin inverse, as desired.

=⇒ In view of Theorem 3.2, there exists x ∈ A such that

xawx = x, xA = ad,w
A,Ax = A(ad,w)∗.

Since aw has Drazin inverse, we have ad,w = [(aw)d]2a = [(aw)D]2a = aD,w. Hence,

x(aw)x = x, xA = (aw)D
A,Ax = A((aw)D)∗.

Analogously to Theorem 3.2, we prove that aw ∈ ADO. Similarly to Lemma 3.1, a has pseudo w-core
inverse.

Let R(X) represent the range space of a complex matrix X and X∗ be the conjugate transpose of X. We
improve [2, Theorem 3.5] and provide a new characterizations of pseudo W-core inverse for any complex
matrix.

Corollary 3.4. Let A,X,W ∈ Cn×n. Then the following are equivalent:

(1) X is the pseudo W-core inverse of A.
(2) XAWX = X,R(X) = R(X∗) = R((AW)D).

Proof. Obviously, AW ∈ Cn×n has Drazin inverse. Since AD,W = [(AW)D]2A and (AW)D = [(AW)D]2AW =
AD,WW, we see that R(AD,W) = R((AW)D). Therefore we obtain the result by Theorem 3.2 and Corollary
3.3.

Recall that an element x is a (1, 3)-inverse of a if a = axa and (ax)∗ = ax. Such an element x is denoted by
a(1,3) (see [8]). LetA(1,3) denote the set of all elements inA that have a (1, 3)-inverse. We now derive

Theorem 3.5. Let a,w ∈ A. Then the following are equivalent:

(1) a ∈ AdO
w.

(2) a ∈ Ad,w and ad,w
∈ A

(1,3).
(3) a ∈ Ad,w and there exists a projection q ∈ A such that ad,w

A = qA.

In this case, adO
w = ad,wwad,w(ad,w)(1,3) = ad,wwq.

Proof. (1) ⇒ (2) In view of Theorem 3.2, a ∈ Ad,w. Let x = adO
w. By virtue of Theorem 2.1, there exists x ∈ A

such that
x = awx2, (awx)∗ = awx, x(aw)2x = awx, lim

n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.

Let z = (wa)2wx. Then
ad,wz = [(aw)d]2a[(wa)2wx] = (aw)2(aw)dx

= (aw)2(aw)d(aw)dO = (aw)(aw)dO.

Therefore (ad,wz)∗ = [(aw)(aw)dO]∗ = (aw)(aw)dO = ad,wz. Moreover, we verify that

ad,wzad,w = (aw)(aw)dOad,w

= (aw)(aw)dO[(aw)d]2a
= (aw)(aw)dO(aw)2[(aw)d]4a
= (aw)2[(aw)d]4a = [(aw)d]2a = ad,w.

Accordingly, ad,w
∈ A

(1,3), as required.
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(2)⇒ (1) Let x = ad,wwad,w(ad,w)(1,3). Then we check that

xawx = ad,wwad,w(ad,w)(1,3)(aw)ad,wwad,w(ad,w)(1,3)

= ad,ww[ad,w(ad,w)(1,3)ad,w]w(aw)ad,w(ad,w)(1,3)

= ad,wwad,ww(awad,w)(ad,w)(1,3)

= [ad,wwawad,w]wad,w(ad,w)(1,3)

= ad,wwad,w(ad,w)(1,3) = x.

Clearly, xA ⊆ ad,w
A. Also we see that

ad,w = (ad,ww)2a = ad,wwad,w(ad,w)(1,3)ad,wwa = xad,wwa;

hence, ad,w
A ⊆ xA. Thus xA = ad,w

A.
We easily verify that

x = ad,wwad,w(ad,w)(1,3) = ad,ww[ad,w(ad,w)(1,3)]
= ad,ww[ad,w(ad,w)(1,3)]∗ = ad,ww[(ad,w)(1,3)]∗[ad,w]∗;

and then,Ax ⊆ A(ad,w)∗. Also we check that

[ad,w]∗ = [ad,w(ad,w)(1,3)ad,w]∗ = [(ad,w(ad,w)(1,3))∗ad,w]∗

= [ad,w]∗ad,w(ad,w)(1,3)

= [ad,w]∗[ad,wwawad,w](ad,w)(1,3)

= [ad,w]∗aw[ad,wwad,w(ad,w)(1,3)]
= [ad,w]∗awx,

and thenA(ad,w)∗ ⊆ Ax. HenceAx = A(ad,w)∗. Accordingly, a ∈ AdO
w by Theorem 3.2.

(2)⇒ (3) By hypothesis, ad,w
∈ A

(1,3), and so ad,w = ad,w(ad,w)(1,3)ad,w and [ad,w(ad,w)(1,3)]∗ = ad,w(ad,w)(1,3). Let
q = ad,w(ad,w)(1,3). Then ad,w

A = qA, q2 = q = q∗, as required.
(3)⇒ (2) Let x = ad,wwq. Then awx = awad,wwq = aw[(aw)d]2awq = aw(aw)dq = q, and so (awx)∗ = q∗ = q =

awx. Moreover, we have
awx2 = (awx)x = qad,wwq = ad,wwq = x.

Obviously, ad,ww(aw) = (aw)ad,ww, and then we verify that

||(aw)n
− x(aw)n+1

||

= ||[(aw)n
− (ad,wwq)ad,ww(aw)n+2] − [x((aw)n+1

− ad,ww(aw)n+2)]||
≤ ||(aw)n

− ad,ww(aw)n+1
|| + ||x||||(aw)n+1

− ad,ww(aw)n+2
||

≤

(
1 + ||x||||aw||

)
||(aw)n

− ad,ww(aw)n+1
||

=
(
1 + ||x||||aw||

)
||(aw)n(1 − ad,wwaw)n

||

=
(
1 + ||x||||aw||

)
||(aw − ad,ww(aw)2)n

||.

This implies that

||(aw)n
− x(aw)n+1

||
1
n ≤

(
1 + ||x||||aw||

) 1
n
||(aw − ad,ww(aw)2)n

||
1
n .

Since aw − ad,ww(aw)2 = aw − (aw)d(aw)2
∈ A

qnil, we have

lim
n→∞
||(aw − ad,ww(aw)2)n

||
1
n = 0.

Therefore
lim
n→∞
||(aw)n

− x(aw)n+1
||

1
n = 0.

Then x = (aw)dO. In view of Theorem 2.1, a ∈ AdO
w. In this case, adO

w = x = ad,wwq = ad,wwad,w(ad,w)(1,3).
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Corollary 3.6. Let a,w ∈ A. Then the following are equivalent:

(1) a has pseudo w-core inverse.
(2) a ∈ AD,w and aD,w

∈ A
(1,3).

(3) a ∈ AD,w and there exists a projection q ∈ A such that aD,w
A = qA.

In this case, aDO
w = aD,wwaD,w(aD,w)(1,3) = aD,wwq.

Proof. As a ∈ AD, we have ad = aD. Therefore we complete the proof by Theorem 3.5.

4. Relations with weighted core inverses

The objective of this section is to delineate the connections between the generalized weighted core
inverse and other types of weighted generalized inverses. We now proceed to the demonstration that forms
the crux of this section’s development.

Theorem 4.1. Let a,w ∈ A. Then the following are equivalent:

(1) a ∈ AdO
w.

(2) a ∈ Ad,w and ad,w
∈ A

#O
w.

In this case,
adO

w = [ad,ww]2(ad,w) #O
w.

Proof. (1)⇒ (2) In view of Theorem 3.2, a ∈ Ad,w. Let x = adO
w. Then we have

x = awx2, (awx)∗ = awx, x(aw)2x = awx, lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.

We verify that
||aw(aw)d

− awx(aw)(aw)d
|| = ||(aw)n[(aw)d]n

− awx(aw)n[(aw)d]n
||

≤ ||(aw)n
− awx(aw)n

||||(aw)d]n
||.

Since lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0, we deduce that

lim
n→∞
||aw(aw)d

− awx(aw)(aw)d
||

1
n = 0.

Hence, awx(aw)(aw)d = aw(aw)d. Since awx−aw(aw)d(awx) = (aw)nxn
−(aw)d(aw)n+1xn = [(aw)n

−(aw)d(aw)n+1]xn,
we deduce that

||awx − aw(aw)d(awx)||
1
n ≤ ||(aw)n

− (aw)d(aw)n+1
||

1
n ||x||.

This implies that lim
n→∞
||awx − aw(aw)d(awx)||

1
n = 0, and then aw(aw)d(awx) = awx. Let z = (aw)2x. Then

ad,wwz = ad,ww(aw)2x = [(aw)d]2aw(aw)2x
= aw(aw)d(awx) = awx,

ad,wwz2 = (awx)z = (awx)(aw)2x = aw[x(aw)2x] = (aw)2x = z,
(ad,wwz)∗ = (awx)∗ = awx = ad,wwz,

zad,wwad,w = (aw)2xad,wwad,w = aw[awx(aw)(aw)d]ad,wwad,w

= aw[(aw)(aw)d]ad,wwad,w = aw[(aw)(aw)d][(aw)d]2awad,w

= aw(aw)dad,w = ad,w.

Accordingly, ad,wwz2 = z, (ad,wwz)∗ = ad,wwz, zad,wwad,w = ad,w. Then ad,w
∈ A

#O
w and (ad,w) #O

w = z = (aw)2adO
w, as

desired.
(2) ⇒ (1) Set x = (ad,w) #O

w. Then we have ad,wwxad,w = ad,w, [ad,wwx]∗ = ad,wwx. Hence, ad,w
∈ A

(1,3).
According to Theorem 3.5, a ∈ AdO

w. Moreover, we have

adO
w = ad,wwad,w(wx) = ad,wwad,ww(ad,w) #O

w = [ad,ww]2(ad,w) #O
w.
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As an immediate consequence, we present formulas for the generalized weighted core inverse of a
complex matrix.

Corollary 4.2. Let A,W ∈ Cn×n. Then

ADO

W = [AD,WW]2(AD,W) #O

W
= (AW)kA[(AW)k+1A]†,

where k = max{ind(AW), ind(WA)}.

Proof. By virtue of Theorem 4.1, ADO

W = [AD,WW]2(AD,W) #O

W . In view of [9, Theorem 2.10],

W †O,A = (WA)k[A(WA)k+1]†.

According to Lemma 3.1, we get

ADO

W = (AW)DO = A[W
(
(AW)DO

)2
] = A[W †O,A]

= A[(WA)k[A(WA)k+1]†] = (AW)kA[(AW)k+1A]†,

as asserted.

Example 4.3.

Let A =

 1 1 0
0 0 0
1 1 −1

 ,W =
 1 1 0

0 −1 0
1 0 0

 ∈ C3×3. We take the involution onC4×4 as the conjugate transpose.

Then

AW =

 1 0 0
0 0 0
0 0 0

 ,WA =

 1 1 0
0 0 0
1 1 0

 .
Hence, max{ind(AW), ind(WA)} = 1. Moreover, we have

ADO

W = AWA[(AW)2A]†

=

 1 1 0
0 0 0
0 0 0


 1 1 0

0 0 0
0 0 0


†

=

 1 1 0
0 0 0
0 0 0




1
2 0 0
1
2 0 0
0 0 0


=

 1 0 0
0 0 0
0 0 0

 .
Evidently, we check that

AW(ADO

W)2 = ADO

W , (AWADO

W)∗ = AWADO

W ,AW = AWADO

WAW.

Let a, x ∈ A. x is called (1, 4)-inverse of a and is denoted by a(1,4) provided that axa = a and (xa)∗ = xa.
We useA(1,4) to stand for sets of all (1, 4) invertible elements inA.

Lemma 4.4. Let f ∈ A be an idempotent. Then the following are equivalent:
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(1) f ∈ A(1,3).
(2) fπ ∈ A(1,4).

Proof. See [20, Lemma 3.2].

Theorem 4.5. Let a,w ∈ A. Then the following are equivalent:

(1) a ∈ AdO
w.

(2) a ∈ Ad,w and awad,ww ∈ A(1,3).
(3) a ∈ Ad,w and (aw)π ∈ A(1,4).

In this case, adO
w = ad,ww(awad,ww)(1,3) = ad,ww[1 − (aπ)(1,4)aπ].

Proof. (1)⇒ (2) In view of Theorem 3.2, a ∈ Ad,w. For any m ∈N, we check that

||awad,ww − awadO
wawad,ww|| = ||(aw)m(ad,ww)m

− awadO
w(aw)m(ad,ww)m

||

≤ ||(aw)m
− awadO

w(aw)m
||||(ad,ww)m

||.

Since
lim

m→∞
||(aw)m

− awadO
w(aw)m

||
1
m = 0,

we have
lim

m→∞
||awad,ww − awadO

wawad,ww||
1
m = 0.

Hence awadO
wawad,ww = awad,ww, and then

[awad,ww][awadO
w] = aw[(aw)d]2awawadO

w = awadO
w,

((awad,ww)(awadO
w))∗ = (awadO

w)∗ = awadO
w = (awad,ww)(awadO

w),
(awad,ww)(awadO

w)(awad,ww) = awadO
wawad,ww = awad,ww.

Accordingly, awad,ww ∈ A(1,3), as desired.
(2)⇒ (1) Let x = ad,ww(awad,ww)(1,3). Then we verify that

awx = awad,ww(awad,ww)(1,3) = aw(aw)d(aw(aw)d)(1,3),
(awx)∗ = awx,

awx2 = aw(aw)d(aw(aw)d)(1,3)ad,ww(awad,ww)(1,3)

= aw(aw)d(aw(aw)d)(1,3)aw[(aw)d]2(awad,ww)(1,3)

= (aw)d(awad,ww)(1,3) = x,

||(aw)n
− awx(aw)n

||

= ||(aw)n
− aw(aw)d(aw(aw)d)(1,3)(aw)n

||

≤ ||(aw)n
− (aw)d(aw)n+1

|| + ||(aw)(aw)d(aw)n
− aw(aw)d(aw(aw)d)(1,3)(aw)n

||

≤ ||(aw)n
− (aw)d(aw)n+1

|| + ||(aw)(aw)d(aw(aw)d)(1,3)(aw)(aw)d(aw)n

− aw(aw)d(aw(aw)d)(1,3)(aw)n
||

≤ ||(aw)n
− (aw)d(aw)n+1

|| + ||(aw)(aw)d(aw(aw)d)(1,3)
||||(aw)d(aw)n+1

− (aw)n
||

= ||(aw)n
− (aw)d(aw)n+1

||[1 + ||(aw)(aw)d(aw(aw)d)(1,3)
||].

Hence,
lim
n→∞
||(aw)n

− awx(aw)n
||

1
n = 0.

Therefore a ∈ AdO
w. In this case, adO

w = ad,ww(awad,ww)(1,3).
(2) ⇔ (3) In view of Lemma 4.4, aw(aw)d

∈ A
(1,3) if and only if (aw)π = 1 − (aw)(aw)d

∈ A
(1,4), as

desired.

Corollary 4.6. Let a,w ∈ A. Then the following are equivalent:
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(1) a ∈ AdO.
(2) a ∈ Ad and aad

∈ A
(1,3).

(3) a ∈ Ad and aπ ∈ A(1,4).

In this case, adO = ad(aad)(1,3) = ad[1 − (aπ)(1,4)aπ].

Proof. This is obvious by choosing w = 1 in Theorem 4.6.

5. Generalized w-core orders

Let w ∈ A and a, b ∈ AdO
w. We define the relation a ≤dO

w b to hold if the following conditions are satisfied:
awadO

w = bwadO
w, a

dO
wa = adO

wb. This section investigates such generalized weighted core orders for pairs of
elements in a Banach *-algebra. The subsequent result will serve as a fundamental tool for analyzing the
properties of these orders.

Lemma 5.1. Let a, b ∈ AdO
w. Then the following are equivalent:

(1) a ≤dO
w b.

(2) awad,w = bwad,w, a∗ad,w = b∗ad,w.

Proof. (1)⇒ (2) Since a ≤dO
w b, we have

awadO
w = bwadO

w, a
dO
wa = adO

wb.

By virtue of Theorem 4.5, adO
w = ad,ww(awad,ww)(1,3). Then

awad,ww(awad,ww)(1,3) = bwad,ww(awad,ww)(1,3),

and so
awad,ww(awad,ww)(1,3) = bw(aw)d[awad,ww(awad,ww)(1,3)],

Thus, we have
awad,ww = bw(aw)dawad,ww = bwad,ww.

Since ad,w = (ad,ww)2a, we have awad,w = bwad,w.
As adO

wa = adO
wb, we have

ad,wwad,w(ad,w)(1,3)a = ad,wwad,w(ad,w)(1,3)b.

It follows from ad,w = a(wad,w)2 that ad,w(ad,w)(1,3)a = ad,w(ad,w)(1,3)b. This implies that a∗ad,w(ad,w)(1,3) =
b∗ad,w(ad,w)(1,3). Therefore a∗ad,w = b∗ad,w, as required.

(2)⇒ (1) Since awad,w = bwad,w, by virtue of Theorem 3.5, we have

awadO
w = awad,wwad,w(ad,w)(1,3)

= bwad,wwad,w(ad,w)(1,3) = bwadO
w.

Since a∗ad,w = b∗ad,w, we have a∗ad,w(ad,w)(1,3) = b∗ad,w(ad,w)(1,3), and then ad,w(ad,w)(1,3)a = ad,w(ad,w)(1,3)b.
Therefore we derive

adO
wa = ad,ww[ad,w(ad,w)(1,3)a]
= ad,ww[ad,w(ad,w)(1,3)b] = adO

wb,

thus yielding the result.

Let a ∈ A #O
w, b ∈ A. Recall that a ≤ #O

w b if awa #O
w = bwa #O

w and a #O
wa = a #O

wb (see [32]). We are now ready to prove:

Theorem 5.2. Let a, b ∈ AdO
w. If a = a1 + a2, b = b1 + b2 are generalized w-core decompositions of a and b. Then the

following are equivalent:
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(1) a ≤dO
w b.

(2) a1 ≤
#O
w b1.

Proof. (1)⇒ (2) Since a ≤dO
w b, we have awadO

w = bwadO
w and adO

wa = adO
wb. For any m ∈N, we derive

a1w(a1) #O
w = (a1 + a2)w(a1) #O

w = awadO
w = bwadO

w
= bwaw(adO

w)2 = bw[awadO
w]adO

w = bw[bwadO
w]adO

w
= (bw)2(adO

w)2 = · · · = (bw)m(adO
w)m,

b1w(a1) #O
w = bwbdO

wbwadO
w = bwbdO

wbwaw(adO
w)2 = bwbdO

w(bw)2(adO
w)2

= · · · = bwbdO
w(bw)m(adO

w)m.

Thus, we have
||a1w(a1) #O

w − b1w(a1) #O
w|| ≤ ||(bw)m

− bwbdO
w(bw)m

||||(adO
w)m
||.

In view of Theorem 2.1,
lim

m→∞
||(bw)m

− bwbdO
w(bw)m

||
1
m = 0.

Hence,
lim

m→∞
||a1w(a1) #O

w − b1w(a1) #O
w||

1
m = 0.

Therefore a1w(a1) #O
w = b1w(a1) #O

w.
Since b1 = bwbdO

wb, we verify that

awadO
w = a1w(a1) #O

w = b1w(a1) #O
w = bwbdO

wbwadO
w = bwbdO

wawadO
w.

Thus,
[awadO

w]∗ = [bwbdO
wawadO

w]∗,

and so
awad

w = awadO
wbwbdO

w.

Then we see that
(a1) #O

wa1 = adO
w(awadO

wa)
= adO

w(awadO
w)b

= adO
w(awadO

wbwbdO
w)b

= (adO
wawadO

w)bwbdO
w)b

= adO
w(bwbdO

wb) = (a1) #O
wb1.

Therefore a1 ≤
#O
w b1.

(2)⇒ (1) Obviously, we have

awadO
w = (a1 + a2)wa #O

1 = a1wa #O

1 = b1wa #O

1 = bwbdO
wbwadO

w.

Then
adO

w = aw(adO
w)2 = bwbdO

wbw(adO
w)2.

Since lim
n→∞
||(bw)n

− bwbdO
w(bw)n

||
1
n = 0, we deduce that

bwbdO
wbwadO

w = bwadO
w.

This implies that awadO
w = bwadO

w.
Clearly, adO

wa2 = (a1) #O
wa2 = (a1) #O

wa1w(a1) #O
wa2 = (a1) #O

w(a1w(a1) #O
w)∗a2 = (a1) #O

w[w(a1) #O
w]∗(a1)∗a2 = 0.

Moreover, we have
awadO

w = bwbdO
wbwadO

w
= (bwbdO

w)(awadO
w).
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Then
awadO

w = (awadO
w)∗

= (awadO
w)∗(bwbdO

w)∗

= awadO
wbwbdO

w.

Hence, adO
w = adO

wawadO
w = adO

wawadO
wbwbdO

w = adO
wbwbdO

w. Accordingly, adO
wb = adO

wbwbdO
wb = (a1) #O

wb1 = (a1) #O
wa1 = adO

w(a1 +
a2) = adO

wa, thus yielding the result.

Corollary 5.3. The relation ≤dO
w is a pre-order on the set of all generalized w-core invertible elements ofA.

Proof. Step 1. a ≤dO
w a. Let a = a1 + a2 be the generalized w-core decomposition. In view of [32, Theorem 2.3],

a1 ≤
#O
w a1. By using Theorem 5.1, a ≤dO

w a.
Step 2. Assume that a ≤dO

w b and b ≤dO
w c. We claim that a ≤dO

w c. Let a = a1 + a2, b = b1 + b2 and c = c1 + c2 be
the generalized w-core decompositions of a, b and c, respectively. By virtue of Lemma 5.1, we have a1 ≤

#O
w b1

and b1 ≤
#O
w c1. In view of [32, Theorem 2.3], we have a1 ≤

#O
w c1. By using Lemma 5.1 again, a ≤dO

w c.
Therefore the relation ≤dO

w for generalized w-core invertible elements is a pre-order.

The relation ≤dO
w for generalized w-core invertible elements is a pre-order, while it is not partial order as

the following shows.

Example 5.4.

Let A =

 1 0 0
0 1 0
0 0 1

 ,B =
 1 0 0

0 1 0
0 0 2

 ,W =

 1 0 0
0 1 0
0 0 0

 ∈ C3×3. We take the involution on C3×3 as the

conjugate transpose. Then AD,W = [(AW)D]2A =

 1 0 0
0 1 0
0 0 0

 = [(BW)D]2B = BD,W . By using Lemma 5.1,

we directly verify that A ≤dO

W B and B ≤dO

W A. But A , B.

Theorem 5.5. Let a, b ∈ AdO
w. Then the following are equivalent:

(1) a ≤dO
w b.

(2) a and b are represented as

a =
(

a1 a12
0 a2

)
(p,q)
, b =

(
a1 a12
0 a2 + (b − a)

)
(p,q)
,

where p = awadO
w and q = (wa)(wa)d.

Proof. (1)⇒ (2) Let p = awadO
w and q = (wa)(wa)d. Then p2 = p = p∗ ∈ A and q2 = q ∈ A. We check that

(1 − p)aq = [1 − awadO
w]a(wa)(wa)d

= [1 − awadO
w]awa(wa)n[(wa)d]n+1

= [1 − aw(aw)dO](aw)n+1a[(wa)d]n+1

= [(aw)n+1
− (aw)adO

w(aw)n+1]a[(wa)d]n+1.

Hence,
||(1 − p)aq||

1
n+1 ≤ ||(aw)n+1

− (aw)adO
w(aw)n+1

||
1

n+1 ||a||
1

n+1 ||(wa)d
||.

This implies that lim
n→∞
||(1 − p)aq||

1
n+1 = 0, and then (1 − p)ap = 0. By virtue of Lemma 5.1, we have

awad,w = bwad,w. Then we verify that

(1 − p)bq = [1 − awadO
w]b(wa)(wa)d

= [1 − awadO
w]bwad,wwa

= [1 − awadO
w]awad,wwa = 0.
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Write b =
(

b1 b12
0 b2

)
p
. Clearly, we have

pbq = awadO
wb(wa)(wa)d

= awadO
wbwad,wwa

= awadO
wawad,wwa

= awadO
wa(wa)(wa)d

= paq,

and so a1 = b1.
Also we have

pb(1 − q) = awadO
wb[1 − (wa)(wa)d]

= aw(adO
wb)[1 − (wa)(wa)d]

= aw(adO
wa)[1 − (wa)(wa)d]

= pa(1 − p).

Moreover, (1−p)b(1−q) = (1−p)b = b−pb = b−aw(adO
wb) = b−aw(adO

wa) = b−pa = (1−p)a+(b−a) = a2+(b−a),
as desired.

(2)⇒ (1) By hypothesis, paq = pbq and pa(1 − q) = pb(1 − q). Then pa = pb. Hence, awadO
wa = awadO

wb. This
implies that adO

wa = adO
wb.

Moreover, we have (1−p)aq = 0 = (1−p)bq. As paq = pbq, we have aq = bq, and so a(wa)(wa)d = b(wa)(wa)d.
Then awadO

w = bwadO
w. In light of Lemma 5.1, a ≤dO

w b, as asserted.

The generalized core-EP inverse for a Banach algebra element was introduced in [5]. a ≤dO b if and only
if aadO = badO and adOa = adOb. As an immediate consequence of Theorem 5.5, we derive

Corollary 5.6. Let a, b ∈ AdO. Then the following are equivalent:

(1) a ≤dO b.
(2) a and b are represented as

a =
(

a1 a12
0 a2

)
(p,q)
, b =

(
a1 a12
0 a2 + (b − a)

)
(p,q)
,

where p = aadO and q = aad.

Acknowledgement

We thank the referee for his/her careful reading and insightful comments, which have significantly
improved this manuscript.

References

[1] O.M. Baksalary and G. Trenkler, Core inverse of matrices, Linear Multilinear Algebra, 58(2010), 681–697.
[2] R. Behera; G. Maharana and J.K. Sahoo, Further results on weighted core-EP inverse of matrices, Result. Math., 75(2020), Paper

No. 174, 20 p.
[3] H. Chen and M. Sheibani, Theory of Clean Rings and Matrices, World Scientific, Hackensack, NJ, 2023. https://dx.doi.org/

10.1142/12959.
[4] H. Chen and M. Sheibani, Generalized weighted core inverse in Banach *-algebras, Filomat, 38(2024), 3691–3706.
[5] H. Chen and M. Sheibani, Properties of generalized weighted core inverses in Banach *-algebras, J. Algebra Appl., (2025) 2550358

(20 pages). http://dx.doi.org/ 10.1142/S021949882550358X.
[6] J. Chen; H. Zhu; P. Patricio and Y. Zhang, Characterizations and representations of core and dual core inverses, Canad. Math.

Bull., 2016, http://dx.doi.org/10.4153/CMB-2016-045-7.
[7] S. Das; J.K. Sahoo; K. Jajati and R. Behera, Further results on weighted core inverse in a ring, Linear Multilinear Algebra, 71(2023),

2915–2934.



H. Chen, M. Sheibani / Filomat 39:30 (2025), 10723–10740 10740

[8] Y. Gao and J. Chen, Pseudo core inverses in rings with involution, Commun. Algebra, 46(2018), 38–50.
[9] Y. Gao; J. Chen and P. Patrı́cio, Representations and properties of the W-weighted core-EP inverse, Linear Multilinear Algebra,

68(2020), 1160–1174.
[10] T. Jin; H. Zhu and L. Wu, New characterizations for w-core inverses in rings with involution, Filomat, 37(2023), 2131–2139.
[11] T. Li, Characterizations of weighted core inverse in rings with involution, J. Algebra Appl., 2022, https://dx.doi.org/10.1142/

S021949882350216X.
[12] T. Li and M. Zhou, The absorption laws for the weighted core inverse in rings, Linear Multilinear Algebra, 71(2023), 480–495 .
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