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Abstract. In this paper, we present the concept of the generalized w-core inverse within the context
of a Banach *-algebra. We delineate the characteristics of this new generalized inverse by using the
generalized weighted core decomposition and elucidate its representations via the weighted g-Drazin
inverse. Additionally, we delve into an examination of the generalized w-core orders. This work broadens
the scope of the weighted core inverse and pseudo core inverse, previously defined for complex matrices
and linear bounded operators, to a more general setting.

1. Introduction

A Banach algebra A is called a Banach *-algebra if there exists an involution * : x — x" satisfying
(x+y) =¥+ vy, (Ax) = Ax, (xy)* = y'x",(x")* = x. A C'-algebra is a Banach *-algebra that satisfies the
C*-identity: ||lx*x|| = ||x]|? for all x € A. All C*-algebras are Banach *-algebras, but the converse is not true.

Raki¢ et al. generalized the core inverse of a complex matrix to the case of an element in a ring (see [21]).
An element a in a Banach *-algebra A has core inverse if there exists x € A such that

ax* = x, (ax)* = ax, xa* = a.

If such x exists, it is unique, and denote it by a® (see [1, 6]).

Zhu et al. introduced and studied w-core inverse for a ring element (see [30]). Let a4, w € A. An element
a € A has w-core inverse if there exists x € A such that

awx? = x, (awx)* = awx, xawa = a.

If such x exists, it is unique, and denote it by a%. Let A, denote the set of all w-core invertible elements in
A. The w-core inverse was studied by many authors, e.g., [7, 10-12, 24, 25, 30, 32]. As is well known,

1€ A% o awx® = x, (awx)* = awx, xawa = 4,awxa = 4, Xawx = X

for some x € A (see [30, Theorem 2.13]).
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Prasad et al. extended the concept of the core inverse and introduced the notion of core-EP inverse (i.e.,
pseudo core inverse) (see [8, 19]). An element a € A has core-EP inverse (i.e., pseudo core inverse) if there
exist x € A and k € IN such that

ax? = x, (ax)* = ax, xa**! = a*.
If such x exists, it is unique, and denote it by 4°. The core-EP inverse has been investigated from many
different views, e.g., [2, 8,9, 13-16, 19, 22, 27, 28].

The motivation of this paper is to introduce and examine a new type of generalized weighted inverse,

which serves as a logical extension of the generalized inverses mentioned above. Let

A = {xe A | lim || 2" 7= 0).

As is well known, x € A" if and only if 1 + Ax € A is invertible for any A € C. Set AN = (x €
A | xw € A™}. In Section 2, we introduce the generalized weighted core inverse in terms of a new kind
of generalized weighted core decomposition. Many new properties of the w-core inverse and the core-EP
inverse are thereby obtained.

Definition 1.1. An element a € A has generalized w-core decomposition if there exist x,y € A such that
a=x+y,xy=ywx=0xeAyec A

Leta,w € A. We prove that an element a € A admits a generalized w-core decomposition if and only if
there exists a unique element x € A such that

x = awx?, (awx)" = awx, x(aw)*x = awx, lim ||(aw)" - awx(aw)”llﬁ =0.
n—o00

Recall that an element a2 € A has g-Drazin inverse (i.e., generalized Drazin inverse) if there exists some
x € Asuch that
ax? = x,ax = xa,a — a*x € A,

Such x is unique, if exists, and denote it by a%. A fundamental result in operator theory states that a bounded
linear operator on a Hilbert space possesses a g-Drazin inverse if and only if it admits an EP-quasinilpotent
decomposition (see [18, Theorem 1]). The g-Drazin inverse is of great importance in matrix and operator
theory (see [3]). An element a € A has generalized w-Drazin inverse x if there exists a unique x € A such
that

awx = xwa, xwawx = x and a — awxwa € A",

We denote such x by a?® (see [17]). Evidently, a*% = [(aw)?]?a = a[(wa)?]* = (aw)?a(wa)?. In Section 3,
we establish equivalences between the generalized w-core inverse and the weighted g-Drazin inverse for
elements in a Banach algebra, utilizing involved image characterizations.

The aim of Section 4 is to characterize the generalized weighted core inverse of an element in a Banach
*-algebra in terms of other related generalized inverses, such as the weighted core inverse.

Finally, in Section 5, we introduce a new pre-order derived from the generalized w-core inverse in a Ba-
nach algebra. This relation provides a novel framework for analyzing the connections between generalized
w-core invertible elements by extending the established w-core pre-order.

Throughout the paper, all Banach *-algebras are complex with an identity. A““ and A% denote the sets
of all weighted g-Drazin and w-core invertible elements in A, respectively. Let C"*" be the Banach algebra
of all n X n complex matrices with conjugate transpose *.

2. Generalized w-core decomposition

The objective of this section is to introduce the concept of the generalized w-core inverse within the
framework of a Banach *-algebra. We begin with
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Theorem 2.1. Let a,w € A. Then the following are equivalent:

(1) a € Ahas generalized w-core decomposition.
(2) There exists x € A such that

x = awx?, (awx)* = awx, x(aw)*x = awx, lim ||(aw)" — awx(aw)“II% =0.
n—oo
Proof. (1) = (2) By hypothesis, there exist z, y € A such that
a=z+y,2y=ywz=0ze A% yec AN

Set x = z%. Then

awx = (z+ y)wzly = zwzl,
(awx)* = (zwzd)* = zwz¥d = awx,
awx? = (awx)x = (zwzd)z% = zw(z%)* = x.

It is easy to verify that

xawx = z5(zwz%) =28 =1x,
x(aw)?x (xaw)(awx) = z5(z + y)wzwzl = z5zwzwzs,
= 22zwzwzd = zwz% = awx.

Moreover, we have
awxa = (awx)a = zwzy(z + y) = zwzHz = z,

and so .
a—awxa=a-z=yeA"
Then
l(aw)" — awx(@w)"ll = li(a — awxa)w(aw)"|
= llyw(aw)" || = llywaw(aw)"=?|
= llyw(z + y)w(aw)"?( = [I(yw)*(aw)"?|
= - =|l(yw)ll.

Since y € ﬂZ,nil, we see that lim ||(yw)”||% = 0. Therefore
n—oo
lim [|(aw)" — awx(aw)"||* = 0,
n—00

as required.
(2) = (1) By hypotheses, there exists x € A such that

x = awx?, (awx)* = awx, x(aw)*x = awx, lim ||(aw)" - awx(aw)”llﬁ =0.
n—oo

Then we check that
xawx = xaw(awx?) = [x(aw)*x]x = awx® = x.

Set z = awxa and y = a — awxa. We verify that

ywz = (a-—awxa)wawxa = awawxa — awx(aw)?xa
= awawxa — aw(awx)a = 0,
Z'y = (awxa)'y = a*(awx)y = a*(awx)(a — awxa)

= a‘aw(xa — xawxa) = 0.

We claim that z € AY and z& = x.

10725
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Claim 1. x = zwx?. We verify that
zwx? = awx(awx?) = awx® = x.

Claim 2. (zwx)" = zwx. Clearly, we have zwx = aw(xawx) = awx, and then (zwx)" = (awx)* = awx = zwx.
Claim 3. xzwz = z. One checks that

xzwz = (xawx)awawxa = x(aw)*xa = awxa = z.

Therefore z € A, Moreover, we see that

ll@aw)" — awx(@w)"ll = |l(a — awxa)w(aw)" ||
= llyw(aw)" |l = llywaw(aw)" ||
= llyw(z + yywlaw)"2|| = ll(yw)*(aw)"?|
= = |Iyw)"l.

Therefore

lim [I(yw)"ll" =0,

qni

and then y € A, ' This completes the proof. [

Corollary 2.2. Let a,w € A. Then the following are equivalent:

(1) a € Ahas generalized w-core decomposition.
(2) There exist unique elements x, y € A such that

. il
a=x+yxy=ywx=0x€AYyecA".

Proof. (1) = (2) In view of Theorem 2.1, there exists v € A such that

v = awv?, (awv)* = awv, v(aw)*v = awo, lim ||(aw)" — awv(aw)“ll% =0.
n—o0

Set z = awva and y = a — awva. As in the proof of Theorem 2.1, we have

Obviously, awv = aw(awv?) = (aw)

a=z+y2y=ywz=0zcALyec A
Suppose that there exist b, c € A such that

. il
a=b+cbc=cwb=0,be A, ce A",

202 = ... = (aw)™". Since a = b + ¢, we have aw = bw + cw. As

(cw)(bw) = (cwb)w = 0, we have

(aw)" = Z(bw)f(cw)"—" = (cw)" + Z(bw)f(cw)"-f.
i=0 i=1

Hence,

[(aw)"]'c = [(cw)"]"c.

Since cwb = 0, we see that (aw)"b = (aw)" ' (bw + cw)b = (aw)"'bwb = --- = (bw)"b, and then (aw)"bw =

(bw)"bw = (bw)"*!. This implies that

(aw)"bw[(bw)®]" = (bw)" [(bw)®]"! = (bw)(bw)®.
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Therefore

b = bwb®b = (bw)(b2b)
[(aw)"bw[(bw)®]"+ bw](b5b)
(aw)"bw[(bw)®]+ [bwb®b]

= (aw)"bw[(bw)®] b
= (aw)"s,
where s = bw[(bw)®]"*'b. Accordingly,
b—z = b-awva=>b-awv(b+c)=>b-awvb-awovc

b — (aw)vb — [(aw)"v"]*c

b — (aw)vb — (V") ((aw)")*c

(aw)"s — (aw)v(aw)"'s — (V") ((cw)™)*c
= [(aw)" - (aw)v(aw)"]s — (©")*((cw)")"c

Hence’ 1 1 1 1 1 1
16—zl < ll(aw)" — (aw)v(azw)" | lIsll* + I@") I 1((cw)™)" Il llell

Since cw € AM! we have 1 — Acw € AL hence, 1 — A(cw)* € AL. We infer that (cw)* € A™!. Thus, we
prove that lim ||((cw)”)*||% = 0. This yields that
n—oo
lim [|b - z||" = 0.
n—o0

Therefore b = z, and thenc =a - b =a - z = y, as required.
(2) = (1) This is trivial. O

Theorem 2.3. Let a,w € A. Then the following are equivalent:

(1) a € Ahas generalized w-core decomposition.
(2) There exists a unique x € A such that

x = awx?, (awx)* = awx, x(aw)*x = awx, lim ||(aw)" — awx(aw)”ll% =0.
n—oo

Proof. (2) = (1) This is obvious by Theorem 2.1.
(1) = (2) By hypothesis, there exists x € A such that

x = awx?, (awx)" = awx, x(aw)*x = awx, lim ||(aw)" — awx(aw)”lli =0.
n—o00
Assume that there exists y € A such that
y = awy?, (awy)* = awy, y(aw)*y = awy, ’}1_%10 [|(aw)" — awy(uw)”lﬁ =0.

Set a; = awxa,a, = a —a; and by = awya, by = a — by. As in the proof of Theorem 2.1, we prove that

*

nil

a0y = way = 0,a1 € AL, € A /
* ni

b1b2 = bzwbl =0, b1 € ﬂ%, bz € ﬂz, .

As in the proof of Corollary 2.2, we verify that awxa = a; = by = awya. Therefore
x = (awxa)y = (a1)y = (b1)y = (awya)y = y.
Accordingly, x = y, the result follows. [J

We denote x in Theorem 2.3 by a$, and call it the generalized w-core inverse of a. Let AS, stand for the
set of all elements in A that have a generalized w-core inverse.
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Corollary 2.4. Let a = x + y be the generalized w-core decomposition of a € A. Then a$, = x%.

Proof. Leta = x + y be the generalized w-core decomposition of a € A. Similarly to the proof of Theorem
2.1, x, is the generalized w-core inverse of a. So the theorem is true. [J

Theorem 2.5. Let a,w € A. Then a € Ay, if and only if there exists a projection p € A such that

(1) 1-pae-puawAand (1-plaw € A
(2) aw + p € A is right invertible and paw = pawp € A

Proof. (1) = (2) Since a € A, by using Theorem 2.3, there exist x, y € A such that
a=x+yxy=ywx=0xecA,yec A
Since x € A%, we have
X8 = xw(x®)?, (xwx?)* = xwx®, xExwxd = %, xDxwx = x, x = xwxdx.
Letp =1 — xwxy. Then p? = p = p* and px = 0. We directly check that
(xw + 1 — xwx®)(x® + 1 — xwx®) = 1+ x(1 — xwx®) € AL

Letq = [x§ +1—xwxd][1+x(1—xwx$)]"!. Then (xw+p)q = 1. This implies that xw +p € A is right invertible.
Moreover, we have

1+ [ywxw(x2)? + yw — (ywx)wxd][1 + x(1 — xwxd)] ™
1+ yw[l+x(1—xwxd)] ' =1+ ywe AL

1+ ywgqg

By using Jacobson’s lemma, 1 + gyw € A~!. Therefore, we check that
pa = plr+y)=py=(1-xwxi)y=yeA",
paw(l—p) = ywxwxy =0,
aw+p = xw+yw+p=(xw+p)[l+qgyw] € Ais right invertible.

Since (1 — p)a = xwx(x + y) = xwxix = x € AY, it follows by [30, Theorem 2.10] that (1 — p)aw € A* and
(1 -p)a € (1 - plawA, as required.
(2) = (1) By hypothesis, there exists a projection p € A such that (1 — p)a € AY;

aw + p € Aright invertible, paw(1l —p) = 0,pa € ﬂqw"il.
Set x = (1 —p)a and y = pa. Then

Xy = [@(1-pylpa=0,
ywx = paw(l-p)a=0,
y = pae AN

Write (aw+p)q = 1 forsome g € A. Then (1-p)awg = (1-p)(aw+p)q = 1—p,and so (1-p)awg(l-p)a = (1-p)a
and [(1 - p)awg]* = (1 —p)* =1 -p = (1 — p)awq. Hence, (1 — p)a € AL,

By hypothesis, (1 — p)a € (1 — p)awA and (1 - p)aw € A*. In light of [30, Lemma 2.8], w € All-Pe,
According to [30, Theorem 2.6], (1 — p)a € A%. That is, x € AY. Thereforea € AS. O

We use A? to denote Ay, in the case where w = 1. That is, a € A? if and only if there exist x, y € A such
thata = x +y,x'y = yx = 0,x € A% y € A™!. We denote af by a°. Evidently, a € A° if and only if a € A*®
in the case where e = 1 (see [4, Theorem 2.3]).

Corollary 2.6. Let a,w € A. Then a € A° if and only if there exists a projection p € A such that

(1) (1-p)a e A, |
(2) a +p € Ais right invertible and pa = pap € A,

Proof. This is obvious by choosing w = 1 in Theorem 2.5. [J
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3. Characterizations by weighted g-Drazin inverses

The goal of this section is to elucidate the generalized w-core inverse through the lens of the image
associated with the weighted g-Drazin inverse. Evidently, 4% = (aw)®. But aw € A® do not imply a € AY.

—i 1 i -1

For instance, letting a = ( .|, w = ( ) Then aw € C?* has the core-inverse , while a

10
0 i) 0 0 0 0
has not w-core inverse. Contract to this observation, we now derive the following result which enable us
to investigate the generalized w-core inverse by using the weighted g-Drazin inverse.
Lemma 3.1. Let a,w € A. Then the following are equivalent:
(1) a € Ahas generalized w-core decomposition.

(2) aw € A°.
(3) a € A% and there exists a unique x € A such that

x = awx?, (awx)* = awx, lim ||[(aw)" — awx(aw)"||" = 0.
n—oo

In this case, a2 = x = (aw)®.
Proof. (1) = (2) Since a € A, there exist x, y € A such that
a=x+yx'y=ywx=0xecAyec A
Hence, aw = xw + yw. Since x € A, we have
xw(x2)? = 22, (xwx®)* = xwx®, xDxwx = x.

Then
®

xw(x2)? = 2%, (xwx®) = xwx®, x& (xw)? = xw.
This shows that xw € A®. Obviously, yw € AT, Moreover, we check that
(xw)* (yw) = w'(x*y)w = 0, (yw)(xw) = (ywx)w = 0.

In light of [4, Corollary 2.2], aw € A°. Moreover, we have a$, = x& = (xw)® = (aw)®.
(2) = (1) Let x = (aw)®. Then aw € A“. In view of [4, Theorem 2.1], we have

x = awx?, (awx)’ = awx, lim ||(aw)" — x(@w)™"||* = 0.
n—oo

We easily check that
llawx — x(aw)?xlln = [lawx — x(aw)[(aw)x]||
= Jlawx — x(aw)[(aw)"x" ]|
= |l(aw)"x" — x(aw) ™ x|
< |l @w)" = x(aw) ™| 1]
Hence,
&g?o |lawx — x(aw)ZxII% =0.

Therefore x(aw)?x = awx, and then a € A,
(2) = (3) In view of [4, Theorem 2.5], 2 € A%* and there exists x € A such that

x = awx?, (awx)* = awx, lim ||(aw)" - awx(aw)"ll»l’ =0.
n—oo
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Moreover, we have (aw)(aw)x = (aw)®. Since x = awx?, by induction, we have x = (aw)"x"*! for any n € N.
Then

1~ (aw)@w)Jaw)" " |E
az)" ~ (awo)*(azoy | [+

llx — (aw)(aw) x|+

As lim ||(aw)" — (aw)?(aw)™*!||s = 0, we see that
lim [lx — (aw)(aw)’x||" = 0,
and therefore x = (aw)(aw)’x = (aw)®, as required.
(3) = (2) Since a € A", we have aw € A?. Therefore aw € A® by [4, Theorem 2.5]. [
We are ready to prove:
Theorem 3.2. Leta,w € A. Then a € A if and only if

(1) a € A,
(2) There exists x € A such that

xawx = x, xA = a“ A, Ax = Aa*™)".
In this case, a8, = x.
Proof. = Choose x = a$. Then aw € A® and x = (aw)®. In view of [4, Theorem 3.3], aw € A and
x(aw)x = x, xA = (aw)' A, Ax = A((aw)?)".
Since a®® = [(aw)??a = a[(wa)?]* = (aw)?a(wa)?, we easily check that (aw)? = [(aw)?]*aw = a“w, and then
(aw)' A = a" A.
On the other hand, (@**)* = [(aw)%a][(aw)?]* and [(aw)?]* = [((aw)*)?aw]* = w*(@*®)*. Thus, Al(aw)?]* =
A(a*™)*. Therefore
XA = a"C A, Ax = A@a")
& By hypothesis, there exists x € A such that
xawx = x, xA = a"°A, Ax = A@)".
As the argument above, we have
(aw)' A = a™ A, Al(aw)"]" = A@™).

Therefore we have
xawx = x, xA = (aw)* A, Ax = A((aw)?)".

In light of [4, Theorem 3.3], aw € A®. According to Lemma 3.1,4$ = x. [
An element a € A has pseudo w-core inverse if there exist x, y € A such that
a=x+y,xXy=ywx=0xeAye A

The preceding x is unique if it exists, and we denote its w-core inverse by the pseudo w-core inverse of 4,
ie., al = x%. Evidently, af = z if and only if there exists n € IN such that

z = awz?, (awz)* = awz, z(aw)*z = awz and (aw)" = awz(aw)".

In this case, a2 = z.



H. Chen, M. Sheibani / Filomat 39:30 (2025), 10723-10740 10731

Corollary 3.3. Let a,w € A. Then a has pseudo w-core inverse if and only if

(1) aeAS.
(2) aw has Drazin inverse.

Proof. = Obviously, a € AL and aw € AP. In view of [8, Theorem 2.3], aw has Drazin inverse, as desired.
— In view of Theorem 3.2, there exists x € A such that

xawx = x, xA = a"°A, Ax = A@)".
Since aw has Drazin inverse, we have a%® = [(aw)?]?a = [(aw)P]?a = aP™*. Hence,
x(aw)x = x, xA = (aw)P’ A, Ax = A((aw)P)".

Analogously to Theorem 3.2, we prove that aw € A®. Similarly to Lemma 3.1, a has pseudo w-core
inverse. OJ

Let R(X) represent the range space of a complex matrix X and X* be the conjugate transpose of X. We
improve [2, Theorem 3.5] and provide a new characterizations of pseudo W-core inverse for any complex
matrix.

Corollary 3.4. Let A, X, W € C"™". Then the following are equivalent:

(1) Xis the pseudo W-core inverse of A.
(2) XAWX = X, R(X) = R(X*) = R(AW)P).

Proof. Obviously, AW € C™" has Drazin inverse. Since APW = [(AW)P]2A and (AW)P = [(AW)P]PAW =
APWIW, we see that R(APY) = R((AW)P). Therefore we obtain the result by Theorem 3.2 and Corollary
33. O

Recall that an element x is a (1, 3)-inverse of a if 2 = axa and (ax)* = ax. Such an element x is denoted by
a1 (see [8]). Let A13) denote the set of all elements in A that have a (1,3)-inverse. We now derive

Theorem 3.5. Let a,w € A. Then the following are equivalent:

(1) a € A,
(2) a € A and a? € AP,
(3) a € A and there exists a projection g € A such that a™* A = qA.

In this case, a5 = a®“wa®® (@¥)13) = gyyg.

Proof. (1) = (2) In view of Theorem 3.2, a € A, Let x = a5. By virtue of Theorem 2.1, there exists x € A
such that :
x = awx?, (awx)* = awx, x(aw)*x = awx, lim ||(aw)" — awx(aw)"||* = 0.
n—-oo

Let z = (wa)?wx. Then
d,w

a®vz [(aw)*Pal(wa)?wx] = (aw)?(aw)?x

= (aw)*(aw)? (aw)® = (aw)(aw)®.
Therefore (a¥2)" = [(aw)(aw)®]* = (aw)(aw)® = a““z. Moreover, we verify that

ad,wzad,w

(aw)(aw)®a®™®

(aw)(aw)®[(aw)'|a
(aw)(aw)®(aw)*[(aw) ' *a
(aw)*[(aw)']*a = [(aw)']?a = a®®.

Accordingly, a%* € A3, as required.
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(2) = (1) Let x = a®@wa®®(a**)13), Then we check that

xawx = ad,wwad,w(ad,w)(l,S)(aw)ad,wwad,w(ad,w)(l,S)
— ad,ww[ad,w (ad,w)(lﬁ)ad,w]w(aw)ad,w (ad,w)(1,3)
— ad,wwad,ww(awad,w)(ad,uJ)(l,S)
— [ad,wwawad,w]wad,w(ad,zu)(l,?))

— ad,wwad,w(ad,w)(ls) =x.

Clearly, xA C a%® A. Also we see that
ad,w — (ad,ww)2a — ad,wwad,w(ad,w)(1,3)ad,wwa — xad'wwa;

hence, a**A C xA. Thus xA = a**A.
We easily verify that

x = ad,wwad,w(ad,w)(l,3) — ad,ww[ad,w(ad,w)(l,fi)]
ad,ww[ad,w(ad,w)(l,S)]* — ad,ww[(ad,u;)(l,?s)]*[ad,w]*’.

and then, Ax C A(a®)*. Also we check that

[ad,u;]* [ad,W(ad,uJ)(l,?a)ad,w]* — [(ad,w(ad,u;)(l,?a))*ad,w]*
[ad,w]* ad,w (ad,w)(l,3)
[ad,w]*[ad,wwawad,w](ad,w)(l,S)
[ad,u;]*aw[ad,wwad,u;(ad,u;)(l,?a)]

[a“* ] awx,

and then A(a*)* C Ax. Hence Ax = A(a**)*. Accordingly, a € AS by Theorem 3.2.
(2) = (3) By hypothesis, 2% € A1), and so a®* = ¥ (a4*)13gd% and [a¥® (@)D = g?@(g?*)13), Let
g = a®(a?*)15). Then a® A = qA,q* = q = ¢, as required.
(3) = (2) Let x = a“wq. Then awx = awa’“wq = aw[(aw)??awqg = aw(aw)’q = q, and so (awx)* = q* = q =
awx. Moreover, we have
awx® = (awx)x = ga""wq = a""wq = x.

Obviously, a**w(aw) = (aw)a’“w, and then we verify that

[(aw)" = x(aw)"*!]

l[(aw)" - (@ wa)a“w(aw) ] - [x((@aw)™! - a®*w(aw) )|
ll@aw)" — a®@w(awy™ || + lxlli(aw)*! - a®*w(aw)™2|

1+ [Ixlllaw])l[(aw)" - a®*w(aw)™*!|

1+ [lxlllaw] )l[(aww)" (1 - a“waw)"|

(1 + Idlllacoll i (azo — a**ew(aw)?)"|.

ININ I

This implies that
@) - x(awy™ i < (1 + lixllacell)" i aw - (@)
Since aw — a®“w(aw)? = aw — (aw)*(aw)? € A, we have
lim [|(aw — a*“w(aw)?)"|[+ = 0.

Therefore .
lim ||(aw)" — x(aw)™Y|* = 0.
n—oo

Then x = (aw)®. In view of Theorem 2.1, a € AS. In this case, a5 = x = a*“wq = a®wa'* (a*)13). 0O
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Corollary 3.6. Let a,w € A. Then the following are equivalent:

(1) ahas Bseudo w-core inverse.
(2) a € AP and aP® € A1),
(3) a € AP and there exists a projection g € A such that a®*A = qA.

In this case, a) = aP@wal®(@P*)13 = gDwyyg.

Proof. Asa € AP, we have a? = aP. Therefore we complete the proof by Theorem 3.5. [J

4. Relations with weighted core inverses

The objective of this section is to delineate the connections between the generalized weighted core
inverse and other types of weighted generalized inverses. We now proceed to the demonstration that forms
the crux of this section’s development.

Theorem 4.1. Let a,w € A. Then the following are equivalent:

(1) ae AS.
() ac ALY and ¢t ¢ AL,

In this case,
al = [ wP ),

Proof. (1) = (2) In view of Theorem 3.2, a € A%*. Let x = a5. Then we have
x = awx?, (awx)* = awx, x(aw)*x = awx, lim ||(aw)" - awx(aw)”H% =0.
n—oo

We verify that
[I(az)" [(aw)*]" — awx(aw)" [(aw) 1"
ll(aw)" — awx(aw)"lll(azw) 1"l

llaw(aw)? — awx(aw)(aw)?||

IA I

Since lim ||(aw)" — awx(aw)”llﬁ =0, we deduce that
n—oo
lim |law(aw)? — awx(aw)(aw)?||" = 0.
n—o0

Hence, awx(aw)(aw)? = aw(aw)?. Since awx—aw(aw)? (awx) = (aw)"x"—(aw)? (aw)"*1x" = [(aw)"—(aw)" (aw)"*]x",
we deduce that ) :
llawx — aw(aw)® (awx)||" < ||(aw)" — (aw)" (aw)"*||* ||x]].

This implies that lim |lawx — aw(aw)?(awx)||+ = 0, and then aw(aw)?(awx) = awx. Let z = (aw)?x. Then
n—oo

awz = aPw(aw)x = [(aw) Paw(aw)?x
= aw(aw)? (awx) = awx,
awz? = (awx)z = (awx)(aw)?x = aw[x(aw)?x] = (aw)*x = z,
(@wz)* = (awx)" = awx = a**wz,
za*Pwa™ = (aw)*xa®“wa®? = awlawx(aw)(aw)?a®Cwa®?

aw|(aw)(aw)? e wa™ = aw[(aw)(aw)?][(aw)? Pawa®®
= aw(aw)?a®® = g%v.

ACCOI‘dil’lgly, ad,wwzz =z, (ad,wwz)* — ad,w d,wwad,w — ad,w' Then ad,w c ﬂ% and (ad,w)g =z = (aw Zagl as

desired.
(2) = (1) Set x = (@*®)2. Then we have a*“wxa®® = a®%, [a*wx]* = a*Pwx. Hence, a** € ALY,
According to Theorem 3.5, a € Aj. Moreover, we have

wz, za

az@; — ad,wwad,w(wx) — ad,wwad,ww(ad,w)Z®;J — [ad,ww]2(ad,w)%‘
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As an immediate consequence, we present formulas for the generalized weighted core inverse of a
complex matrix.

Corollary 4.2. Let A, W € C"™". Then

A@

™ [AD’WW]z(AD'W)%V

(AW A[(AW)IATH,
where k = max{ind(AW), ind(WA)}.
Proof. By virtue of Theorem 4.1, A}, = [AP VW2 (APW)?. . In view of [9, Theorem 2.10],
WA = (WAFTAWA)T.

According to Lemma 3.1, we get

A8 = (AWP = AIW((AW)P)] = ATW*A]
A[(WAYTAWAYHTH = (AW)FA[(AW)F1ATT,

as asserted. [

Example 4.3.
11 0 1 1 0
LetA :[ 00 O ],W:[ 0 -1 0 ]€C3X3. We take the involution on C** as the conjugate transpose.
1 1 -1 1 0 O
Then
1 00 1 10
AW=|0 0 0 |wa=|o0 0 o].
0 00 1 10

Hence, max{ind(AW), ind(WA)} = 1. Moreover, we have

A = AWA[(AWPRA]'

1101 10Y)

- lo o0 o0 000]
00 o0/Jlo oo
1103 00

_ 000(%00]
00o0Jlo o0 o0
10 0

- lo o0 o0
00 0

Evidently, we check that

2 _ * =
AW(AD)? = AD, (AWAD) = AWAD, AW = AWAD, AW.

Let a,x € A. x is called (1,4)-inverse of a and is denoted by a'¥) provided that axa = a and (xa)* = xa.
We use A to stand for sets of all (1,4) invertible elements in A.

Lemma 4.4. Let f € A be an idempotent. Then the following are equivalent:
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1) feAld,
) fre AW,

Proof. See [20, Lemma 3.2]. O
Theorem 4.5. Let a,w € A. Then the following are equivalent:

(1) aeAS.
(2) a € A and awa®w € A1),
(3) a € A and (aw)™ € ALY,

In this case, a2 = a%“w(awa®“w)13) = a¥“w[1 — (@) 1¥a"].
Proof. (1) = (2) In view of Theorem 3.2, a € A“. For any m € IN, we check that

llawa®*w — awaSawa*™w|| = ||(aw)" @ w)" — awad(aw)" (@ Cw)"||
< l(aw)™ — awa(aw)™ ||[|(@®*w)™||.
Since :

lim ||(aw)™ — awa$(aw)™||= =0,

m—0o0

we have .
lim |lawa®*w — awa®awa®“w||= = 0.

m—oo
d,w

Hence awaSawa®w = awa®“w, and then

[awa®*w]lawal] = aw[(aw)?Pawawas = awas,
((awa®*w)(awal)) = (awad)* = awa® = (awa®*w)(awas),
(awa®*w)(awal)(awa®w) = awaSawa®w = awa® w.

Accordingly, awa®*w € A3, as desired.
(2) = (1) Let x = a™w(awa’“w)?). Then we verify that

awx = awaw(awa®w)A) = qw(aw)? (aw(aw)?),
(awx)* = awx,
awx?> = aw(aw)? (aw(aw)®) et w(awa® P w)1A)

aw(aw)? (aw(aw)?) 3 aw[(aw)?1? (awa“w) >
= (aw)? (awa®*w)d = x,

ll(aw)" — awx(aw)"||

ll(aw)" - aw(aw) (aw(aw)) "> (aw)"||

ll(aw)" — (aw)(aw)™ || + l|(aw)(aw)" (aw)" — aw(aw) (aw(aw))* (aw)"|
ll(@w)" = (aw)*(aw)" || + l|(aw)(aw)" (aw(aw)) ) (aw)(aw)" (aw)"

aw(aw)” (aw(aw)?) ) (aw)" |

lI(az0)" — (aw) (aw)"* | + ll(aw)(aw)” (aw(aw)) A (aw) (aw)™* ~ (aw)"|
ll(@w)" ~ (aw)* (aw)"™ 11 + ll(azw)(aw) (aw(azw)?) 1.

[ VAN R VAN VAN |

Hence, . L
lim |[(aw)" — awx(aw)"||» = 0.
n—oo

Therefore a € AS. In this case, a = a®“w(awa® w)).

10735

(2) © (3) In view of Lemma 4.4, aw(aw)? € ALY if and only if (aw)™ = 1 - (aw)(aw)’ € AW, as

desired. O

Corollary 4.6. Let a,w € A. Then the following are equivalent:
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(1) a € A°.
() a € A% and aa® € A1),
(3) a € A% and a™ € ALY,

In this case, a® = a%(aa?)13) = a/[1 — (a™)14a7].

Proof. This is obvious by choosing w = 1 in Theorem 4.6. [J

5. Generalized w-core orders

Letw € Aand a,b € AS. We define the relation a < b to hold if the following conditions are satisfied:
awa$, = bwa$,aga = afb. This section investigates such generalized weighted core orders for pairs of
elements in a Banach *-algebra. The subsequent result will serve as a fundamental tool for analyzing the

properties of these orders.
Lemma 5.1. Let a, b € AS. Then the following are equivalent:

(1) a <8 b.

—w
() awa®® = bwa®®,a*a®” = b*a®®.

Proof. (1) = (2) Since a < b, we have
awaS, = bwa$,aSa = aSb.
By virtue of Theorem 4.5, 45 = a*“w(awa®*w)1?. Then

d,w

awa®*w(awa®w) ) = bwa® w(awa® w) ),

and so
awa®“w(awa®*w) ) = bw(aw)* [awa® w(awa®w) )],

Thus, we have

awa®“w = bw(aw)?awa®*w = bwa'“w.

Since a? = (a*“w)*a, we have awa™” = bwa"*.
As aSa = aSb, we have
ad,wwad,w(ad,w)(l,Bv)a — ad,wwad,uJ(ad,w)(l,?a)b‘

It follows from a%® = a(wa®)? that a®*(a?®)1¥g = g9 (E?*)13p. This implies that a*a®®(a®)1¥ =
bra®(a?®)13). Therefore a*a®® = b*a®", as required.
(2) = (1) Since awa™” = bwa®", by virtue of Theorem 3.5, we have

awad = awa®Pwa®® (@)1
= bwa™wa®® (%) 13 = bwal.

Since a*a®” = b'a%®, we have a*a**(a?*)13) = p'a?®(@?®)13), and then a®¥(a¥*)13g = g?w(g?w)13p,
Therefore we derive

a

%,Ll ad,ww[ad,w(ad,w)(ls)a]

— ad,ww[ad,w(ad,w)(l,fi)b] — a?;b,

thus yielding the result. [

Leta € A, b € A. Recall thata <, b if awal, = bwal, and ala = a®b (see [32]). We are now ready to prove:

Theorem 5.2. Leta, b € AS. Ifa = a1 + ay, b = by + by are generalized w-core decompositions of a and b. Then the
following are equivalent:
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1) a < b.
(2) ap S% b;.

Proof. (1) = (2) Since a < b, we have awa$, = bwa$ and a$a = a5b. For any m € IN, we derive

mw(ar)y = (a1 +a)w(ar)g = awdy, = bway,
= bwaw(ad)? = bwlawad]as = bw[bwal]as,
= (bw)*(ag)* = - = (bw)"(ag)",

biw(a)y, = bwbbwas = bwbSbwaw(a$)? = bwb$(bw)*(al)?
= - = bwbS(bw)" (aS)™.

Thus, we have
llarw(ar)g — brw(ar)gll < [1(bw)™ — bwb,(bw)™|ll|(ag)™ .

In view of Theorem 2.1,
lim ||(bw)™ — bwbS, (bw)™||» = 0.

Hence
’ . ® @l
lim |layw(aq)y, — biw(ar)yll= = 0.
m—00

Therefore ayw(a1)%, = byw(a)3,.
Since by = bwb$b, we verify that

away = mw(m)y = byw(a)y = bwbSbwal = bwbSawas,.

Thus,
[awal] = [bwbSawal]’,

and so

awa’, = awa®bwb?,.

Then we see that

(a1)m1 g (awaga)
a%(awal)b
a (awalbwb®)b
(aSawa)bwbS)b

= dy(bwbib) = (@1)ghi-

Therefore a; <2 b;.
(2) = (1) Obviously, we have

awag, = (a1 + a)way = aywal = bywa] = bwbfbwag,.

Then
4% = aw(a®)* = bwb®bw(a®)?.

Since 31_1}1;0 [[(bw)" — bwb%(bw)"ll% = 0, we deduce that

@ @ _ @
bwby,bway,, = bway,.

This implies that awa$, = bway,.
Clearly, apay = (a1)5a2 = (a1)pa1w(a1)pa2 = (a1)g(@w(ar)g) a2 = (a1)plw(ar)g] (@) a2 = 0.
Moreover, we have
awal = bwbSbwas,
= (bwb®)(awas).



H. Chen, M. Sheibani / Filomat 39:30 (2025), 10723-10740 10738

Then
awal = (awad)*
= (away,) (bwby)*
= awaSbwbS.

Hence, a8 = aSawa$ = abawabbwb, = aSbwbl. Accordingly, aSb = aSbwb$b = (a1)5b = (a1)5a1 = ad(ar +
ap) = aga, thus yielding the result. [J

Corollary 5.3. The relation <% is a pre-order on the set of all generalized w-core invertible elements of A.

Proof. Step 1. a < a. Leta = a; +a; be the generalized w-core decomposition. In view of [32, Theorem 2.3],
1y <% a1. By using Theorem 5.1, a <9a.

Step 2. Assume thata < band b <$ c. We claim thata <$ c. Leta =a; +ap, b =b; + by and ¢ = ¢; + ¢ be
the generalized w-core decompositions of 4,b and ¢, respectively. By virtue of Lemma 5.1, we have a; <{, by
and by <% c;. In view of [32, Theorem 2.3], we have a; < ¢;. By using Lemma 5.1 again, a <$, c.

Therefore the relation <{ for generalized w-core invertible elements is a pre-order. []

The relation <$ for generalized w-core invertible elements is a pre-order, while it is not partial order as
the following shows.

Example 5.4.
1 00 1 00 1 00
Let A = { 010 ],B =10 10 ],W =10 10 ] € C®3, We take the involution on €33 as the
0 01 0 0 2 0 00
1 00
conjugate transpose. Then APW = [AW)PPA=[ 0 1 0 ] = [(BW)P]?B = BP'W. By using Lemma 5.1,
0 00

we directly verify that A <{}, Band B <{;, A. But A # B.
Theorem 5.5. Let a,b € AS. Then the following are equivalent:

(1) a<®b.
(2) a and b are represented as

a:(a()l {31122 ) ’b:(a()1 a2+a(1b2—a) ) ’
v )
where p = awa$ and g = (wa)(wa)’.
Proof. (1) = (2) Let p = awa$ and q = (wa)(wa)®. Then p?> = p = p* € A and ¢* = g € A. We check that

[1 — awa®la(wa)(wa)?

[1 — awa® lawa(wa)"[(wa)? ]+

[1 - aw(aw)®](aw)" al(wa)"]"+!
[(aw)™! — (aw)ag,(aw)™+ Jal (wa)]**1.

(1 -p)ag

Hence, :

(1 = p)agll= < ll(aw)™" - (aw)a (@)™ |7 llall = ||wa)|l.
This implies that lim [|(1 - p)aqllﬁ = 0, and then (1 — p)ap = 0. By virtue of Lemma 5.1, we have
n—o0o

awa®® = bwa®®. Then we verify that

(1 -p)bgq

[1 — awal 1b(wa)(wa)®
[1 — awa®bwa®“wa
[1 - awa)awa®*wa = 0.
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bi b

Writeb=( 0 b

) . Clearly, we have
P

pbqg = awadb(wa)(wa)?
awalbwa®*wa
awaawa®“wa
awaSa(wa)(wa)?
= pag,

and so a; = b;.
Also we have

awalh[1 — (wa)(wa)’]
aw(agb)[1 - (wa)(wa)’]
aw(aSa)[1 — (wa)(wa)’]
= pa(l-p).

Moreover, (1-p)b(1—4q) = (1-p)b = b—pb = b—aw(aSb) = b—aw(ada) = b—pa = (1-p)a+(b—a) = ay+(b—a),
as desired.

(2) = (1) By hypothesis, pag = pbg and pa(1 — q) = pb(1 — q). Then pa = pb. Hence, awala = awalb. This
implies that aja = a%b.

Moreover, we have (1-p)ag = 0 = (1-p)bg. Aspaq = pbq, we have aq = bg, and so a(wa)(wa)? = b(wa)(wa)".
Then awa$, = bwa$. In light of Lemma 5.1, a <$ b, as asserted. [

pb(1 - q)

The generalized core-EP inverse for a Banach algebra element was introduced in [5]. a <® b if and only
if aa® = ba® and a® = a®b. As an immediate consequence of Theorem 5.5, we derive

Corollary 5.6. Leta, b € A°. Then the following are equivalent:

(1) a<®b.
(2) aand b are represented as

a:(ﬂl ﬂlz) b:(ﬂl a2 )
0 a v 0 a+(b-a) )
where p = aq® and q = aa”.
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