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Scaled neutralized entropy on subsets
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Abstract. In this manuscript, we introduce the notion of scaled neutralized entropy on subsets by neu-
tralized Bowen open ball, and establish variational principles for scaled neutralized entropy on subsets in
terms of scaled neutralized Brin-Katok local entropy and scaled neutralized Katok’s entropy.

1. Introduction

In this manuscript, a topological dynamical system (TDS, for brevity) is a pair (X, T), where X is a
compact metric space equipped with a metric 4 and T is a continuous map from X to X. The sets of natural,
nonnegative integers and real numbers are denoted by IN, Z* and R, respectively. We denote by M(X) the
set of all Borel probability measures on X.

Topological entropy plays a pivotal role in ergodic theory. The topological entropy introduced by Adler,
Konheim and McAndrew [1] is a crucial topological invariant to capture the topological complexity of
dynamical systems. Subsequently, Bowen [4] provided equivalent definitions for topological entropy using
spanning sets and separated sets. Bowen [5] in his profound paper further revealed that the entropy can be
viewed as the analog of dimension from the perspective of dimension theory, which led to fruitful results
in dimension theory, ergodic theory, multifractal analysis and other fields of dynamical systems [2, 12, 13].

The classical variational principle for topological entropy [15] is well-known for revealing the intri-

cate relationship between measure-theoretic entropy and topological entropy, thereby bridging dynamical
systems and ergodic theory. More precisely,

hiop(T, X) = sup  hy(T)
peM(X,T)

where hy,,(T, X) is the topological entropy of X, and h,(T) represents the measure-theoretic entropy of

invariant measure p [9]. Later, Feng and Huang [8] established a variational principle for Bowen topological
entropy of compact subsets. Specifically, they derived

hy(T,K) = sup{l(T) : p € M(X), p(K) = 1},
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where hﬁ)p(T, K) is the Bowen topological entropy of compact subset K, and IlﬁK(T) represents the lower

Brin-Katok local entropy of p.

To investigate systems with sub-exponential (or super-exponentia) divergence of orbits, it is often
necessary to introduce a more appropriate scale in which the scaled entropy, introduced in [18], should be
computed. This approach enables the assessment of the complexity level of systems with zero or infinite
topological entropy. Recently, Chen and Li [7] introduced the scaled packing topological entropy for the
amenable group actions and establish a corresponding variational principle.

Recently, Ovadia et al. [3] introduced a significant concept in dynamical systems: the neutralized Bowen
open ball. This concept is defined as follows:

Bu(x,e) ={ye X :d(T/x, Ty) <e™,V0 < j<n—1}.

By leveraging this concept, Ovadia et al. introduced neutralized Brin-Katok local entropy to estimate
the asymptotic measure of sets with a distinctive geometric shape via neutralizing the sub-exponential
effects. Subsequently, Yang et al. [17] utilized the neutralized Bowen open ball to give a notion of
the neutralized Bowen topological entropy on subsets by replacing the usual Bowen ball by neutralized
Bowen open ball. The neutralized Bowen topological entropy can be seen as the topological counterpart
of the neutralized local entropy in [3]. Further generalizing these results, Nazarian Sarkooh et al. [10,
11] generalized the results in [17] to non-autonomous dynamical systems and free semigroup actions,
respectively. Recently, Qu et al. [14] generalized the notion of neutralized Bowen topological entropy in
[17] to the non-additive neutralized Bowen topological pressure, and established the variational principle
for non-additive potentials with tempered distortion. In summary, the neutralized Bowen open ball has
emerged as a powerful tool in the study of dynamical systems. By neutralizing sub-exponential effects and
providing a more nuanced description of neighborhoods under dynamics, it has enabled researchers to
develop some new entropies measures and generalize existing results to more complex systems.

Motivated by [5, 7, 8, 12, 18], a natural question arises concerning the variational principle for scaled
neutralized entropy on non-empty compact subsets when considering neutralized Bowen balls. To address
this question, we introduce the notions of scaled neutralized Brin-Katok local entropy and scaled neutralized
Katok’s entropy of Borel probability measure. Our primary objective is to establish a variational principle
that relates these scaled neutralized entropy measures to the topological entropy defined using neutralized
Bowen balls. Specifically, we aim to demonstrate that the supremum of the scaled neutralized Katok’s
entropy of all Borel probability measures supported on a given compact subset is equal to the topological
entropy of that subset, as defined using neutralized Bowen balls.

This paper is organized as follows. In Section 2, we introduce the notions of scaled neutralized entropy
of subsets, scaled neutralized Brin-Katok local entropy, and scaled neutralized Katok’s entropy of Borel
probability measures. In Section 3, we state our main results, that is, the variational principle for the scaled
neutralized entropy of subsets. In Section 4, we shall discuss the relationship among the scaled neutralized
entropy with respect to equivalent scaled sequences.

2. Preliminaries

In this section, we recall the notions of neutralized Bowen open ball and scaled sequences, then we use
them to propose some necessary concepts named scaled neutralized entropy of subsets, scaled neutralized
neutralized Brin-Katok local entropy, scaled neutralized Katok’s entropy of Borel probability measures and
scaled neutralized entropy of Borel probability measures in the sense of Katok.

A positive sequence a = a(n),, is called a scaled sequence, if it monotonically increases to infinity. We
denote by SS the set of all scaled sequences. Throughout the paper, with referring to [7, Condition 2.8], we
also assume that a = a(n),,c satisfy the following condition, if there are no additional instructions.

Condition 2.1. Let a € SS and

lim inf a(n) = +o0
n—00 logn
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2.1. Neutralized topological entropy of subsets
Givenn € N, x, y € X, we define the Bowen metric d, on X as

— k k
dn(x,y) = ,max d(T"(x), T*(y))-
Then Bowen open ball of radius € and order # in the metric d, around x is defined by
Bu(x,e) :={y € X :du(x,y) <€}

Ovadia et al. [3] proposed the neutralized Bowen open ball by replacing the radius € in the classical
Bowen ball with e™¢. The neutralized Bowen open ball of radius € and order n in the metric d, around x is
given by

Bu(x,e™) :={y e X :d,(x,y) <e ™"}

Following the idea of [5, 8, 12], Yang et al. [17] used the neutralized Bowen balls to give a notion of the
neutralized Bowen topological entropy of subsets. Let Z C X be a non-empty subset, ¢ > 0, N € N and s > 0.
Put

My (Z) = inf ) e™,
i€l
where the infimum is taken over all finite or countable covers {B,, (x;, e7"€)}ic; of Z with n; > N, x; € X.
Clearly, the limit M3 (Z) := I\l]im My, (Z) exists. The quantity MZ(Z) has a critical value of parameter s

jumping from oo to 0, which we denote by
M(Z) = inf{s : M(Z) = 0} = sup{s : M(Z) = oo}.

Definition 2.2. ([17]) Given a non-empty subset Z C X, the neutralized Bowen topological entropy of T on
the set Z is defined by

hﬁp(T, Z) := lim Mc(Z) = inf M(Z).
e—0 e>0

2.2. Scaled neutralized entropy of subsets
Let Z c X be a non-empty subset,a € SS,e >0, N € Nands > 0. Put

M\;,f(Z, a) = ian exp(—sa(n;)),
i€l
where the infimum is taken over all finite or countable covers {By, (x;, e"€)};e; of Z with n; > N, x; € X.
Obviously, as M3, (Z, a) is non-decreasing when N increases, then the limit M{(Z,a) := lim M3, (Z, a)
/ N—oo 4

exists.

Proposition 2.3. If there exists s such that ]VIZ(Z, a) < oo, then ZVIQ(Z, a)=0foranyt>s; If ]VIZ(Z, a) > 0 for some
s, then ML(Z,a) = oo forany t <s.

Proof. It suffices to show the first statement. Assume that ¢ := ]VIZ(Z, a) < oo. For sufficiently large N, there
is a finite or countable covers {By, (x;, e "€)}ic; of Z with n; > N, x; € X so that Y ;.; exp(—sa(n;)) < ¢ + 1. Fix
t>s. Then .
My (Z,2) < Y exp(~ta(ny)) < exp((s — Ha(N)) ) exp(—sa(n)),
iel i€l

which implies that M‘(Z,a) = 0 by letting N — co. [J

By Proposition 2.3, the quantity 1\712(2, a) has a critical value of parameter s jumping from oo to 0, which
we denote by

Z\?L(Z, a) := inf{s :]VIE(Z, a) = 0} = supfs :]VIZ(Z, a) = oo}.
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Definition 2.4. Given a non-empty subset Z C X, a € 8§, the scaled neutralized entropy of T on the set Z
with respect to the scaled sequence a is defined by

hSB

(T, Z,a) := lim Me(Z, a) = inf Mc(Z, a).

Actually, if we take a = {n},en = IN, Definition 2.4 coincides with Definition 2.2.

The next proposition presents some basic properties related to scaled neutralized entropy.

Proposition 2.5. (1) For every Z C X, the value of hSB T,Z, a) is independent of the choice of metrics on X.
(2)If Zy c Z, C X, then hmp(T Zy,a) < htop(T Z,a).
(3)IfZ = Ujs1 Zi is a union of sets Z; C X, then M (Z a) = sup;,; M Me(Zi, a).

DIfZ = Ul 1 Z; is a union of sets Z; C X, then hmp(T Z,a) = mathB(T Z;,a).

Proof. The proofs of (2)-(4) are standard, one can refer to [12]. We only need to show the case (1). To see it,
let dq, d; be two compatible metrics on X. Then for every € > 0 there exists & > 0 such that for all x, yeX
with dq(x, y) < &, one has da(x, y) < €. Now, fixe > 0and 0 < 6 < €. For every N > 1, there exists n > N
(dependmg one, 6 and N) such that for any x,y € X with dl(x y) < e, thendy(x, y) < e™N¢ - Hence, we have

MY e, (Z,a) < MS (Z a) < M (Z a)and M s (Z,a) < M (Z a). This implies that M. 5,(Z,a) < Médl (Z,a).

Letting € — 0, one has h (T Z a,d) <h
opposite inequality. [J

top(T Z,a,dy). Then we swap the roles of d; and d, and we get the

2.3. Scaled neutralized entropy of the subset Z of X by spanning sets and separated sets

Analogous to the classical topological entropy [15], Yang et al. [17] also gave the notion of neutralized
topological entropy of the subset Z of X by spanning sets and separated sets. Now, we introduce the notion of
scaled neutralized topological entropy of the subset Z of X via spanning sets and separated sets.

Given e > 0,n € N, a € 8§ and a non-empty subset Z of X, a set E C X is an neutralized (n, €)-spanning
set of Z if for any x € Z, there exists y € E such that d,(x, y) < e™. We denote the smallest cardinality of
neutralized (1, €)-spanning sets of Z by #,(Z, €).

A set F C Z is an neutralized (n, €)-separated set of Z if for any x, y € F with x # y, one has d,(x, y) > e™".
We denote the largest cardinality of neutralized (1, €)-separated sets of Z by su(Z,€). Put

r(Z,a,€) ;= limsup % logr,(Z,€), s(Za,e):=limsup ﬁ logs,(Z, €).

Definition 2.6. The scaled neutralized topological entropy of Z with respect to the scaled sequence a is
defined by

mp(T Z,a) := hm rZ,a,€) = 1ng rZ,a,€).
The following proposition shows that scaled neutralized topological entropy of Z can be equivalently
expressed by separated sets.

Proposition 2.7. Let (X, T) be a TDS. Then for any non-empty subset Z C X, a € SS,

tap(T Z,a) = hms(Z ae).
Proof. The inequality r(Z, a, €) < s(Z, a, €) follows by using the fact of an neutralized (1, €)-separated set of Z
with largest cardinality is an neutralized (1, €)-spanning set of Z.

Conversely, fix € > 0 and choose 1y such that 2¢3" < 1 forall n > ng. Fix n > ny. Let E be an neutralized
(n,€)-spanning set of Z, and F be an neutralized (1, 5)-separated set of Z. Defineamap ¢ : F — E by choosing
a fixed y(x) € E such that d,(x,(x)) < e™" for every x € F. Then v is injective. Hence, s,(Z, 5) < r.(Z,€),
which implies that s(Z,a, §) <r(Z,a,¢). O
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Proposition 2.8. Let (X, T) be a TDS. Then for any non-empty subset Z C X,

1,58

top(T/ Zr a) < hS

wop(T, Z, a).

S

Proof. Suppose thatﬁt (T, Z) < co. Letﬁfop(T, Z) < s. Then there exists € > 0 satisfying for every sufficiently

large n, there is an neutralized (1, €)-spanning set E of Z such that #E < exp(a(n)s). Notice that Z C
Uer B, (x,e7"¢). Then
M; (Z,a) < Z exp(—a(n)s) < 1,

xeE

this yields thatﬁfoi(T, Z,a) < Me(Z, a) <s. Letting s — ESOP(T, Z,a), then hf?;(T, Z,a) < ﬁfop(T, Z,a). O

Remark 2.9. Denote by hff;(T, 7, a), hfop(T, Z,a) the scaled topological entropy of T on the set Z, scalded
(upper capacity) entropy of T on the set Z defined by Bowen open balls {B,,(x;, €)}ic;. Notice that for given
€ > 0, By(x,e7") C B,(x,€) for sufficiently large n, hence we deduce that hfoi(T, Z,a) < h%‘}(T, Z,a) and
hfop(T, Z,a) < hfop(T, Z,a).

Motivated by the work of [12, 15, 19], in the next two subsections, we shall introduce the notions of
lower scaled neutralized Brin-Katok local entropy, the scaled neutralized Katok entropy of Borel probability

measures, and the scaled neutralized Katok entropy of Borel probability measures in the sense of Katok,
and then utilize them to establish variational principle for scaled neutralized entropy.

2.4. Lower scaled neutralized Brin-Katok local entropy
Analogously, following the idea of [6, 8, 17], we use the neutralized Bowen ball to define the lower
scaled neutralized Brin-Katok local entropy.

Definition 2.10. Given p € M(X),a€ SSand e > 0, let

BK — BK
h, (T e a) = f h, (T, x, €, a)dp,
where
log p(B,(x,e7"¢))
a(n) '

The lower scaled neutralized Brin-Katok local entropy of p with respect to the scaled sequence a is
defined by

EERS(T, x,€,a) := liminf —
n—oo

ﬁ(s e— 13 ﬁ(S
hp (T,a).-&r}r&hp (T, €, a).

2.5. Scaled neutralized entropy of Katok’s sense

In this subsection, we follow the works in [19], and then we introduce the concepts of scaled neutralized
Katok’s entropy of Borel probability measure and scaled neutralized entropy of Borel probability measure
in the sense of Katok.

Lete>0,5>0,NeN,p e M(X),aec SSand ¢ € (0,1). Put

E;v,e(P/ 6,a) ;= infz exp(—sa(n;)),
iel
where the infimum is taken over all finite or countable covers {B,,(x;, e™"€)}ier so that p(|Ue; Bn, (xi, e7€)) >
1-06withn; > N,x; € X.
Let Ei(p, 0, a) := 1\111_130 EXe(p, 6, a). There is a critical value of parameter s for Zi(p, 6, a) jumping from co

to 0. The critical value is defined by
Ee(p,6,a) :=inf{s : Ei(p, 6,a) = 0} = supfs : E3(p, O,a) = oo}.

Define hplzs (T, e, a) := })m& Ee(p, 0, a).



Z. Yang / Filomat 39:30 (2025), 10771-10782 10776

Definition 2.11. The scaled neutralized entropy of p with respect to the scaled sequence a in the sense of
Katok is defined by

WA (T, a) = lim K (T, e, a),
Proposition 2.12. Let p € M(X) and a € SS. Then for every € > 0, one has
hl;ﬁ(s(T, g,a) < hfS(T, €, Q).
Moreover, we obtain hﬁk"(T, a) < hES(T, a).
Proof. Assume that E?S(T, 5,a) > 0. We define

En={xeX:pBulx, 7)) < exp(—sa(n)) for all n > N}.

7 2/
{B,(xi,e7"€)}icr be a finite or countable cover so that p({U;¢; By, (xi, e7%€)) > 1 — 0 with n; > Np, x; € X. Then
p(Eny N Uier B (xi, 7€) > 2p(En,) > 0. Denote by I = {i € I : Ey, N By, (x;,e7"€) # 0}. For every i € I;, we
choose y; € En, N B, (x;, e7"€) such that

Lets < Q?ZT(S(T ¢,a). Then there exists Ny with e7€ > 2 50 that p(En,) > 0. Fix 89 = 1p(En,) > 0. Let

ENO n B”f(xi’ e—nie) - Bni(yi/ 26—71,-6) C Bni(]/i/ e—%e)‘

Hence, i
Z exp(—sa(n;)) = Z exp(—sa(n;)) > Z p(Bu (yi e 7)) > p( 2N0) 0.

i€l i€l i€l

-
=

This implies that E(p, 69, a) > E;,O,E(p, 00,a) > 0 and hence Ec(p, 0g,a) > s. Consequently, hIES(T, €,a) > S.
Letting s — h’lj Ks(T, 5,a) this finishes the proof. [

Definition 2.13. Furthermore, the scaled neutralized entropy of p with respect to the scaled sequence a is
defined by

B o 1:n 1B
hy*(T,a) == g_r)r&hps(T, €,a),
where hES(T, €,a) = }Sin(} inf{ﬁe(Z, a):p(Z) 21-06},and MG(Z, a) is given in subsection 2.2.

The next theorem proves an equivalence between scaled neutralized entropy of p and scaled neutralized
entropy of p in the sense of Katok.

Theorem 2.14. Let (X, T) be a TDS and p € M(X), a € SS. Then for any € > 0, one has

HS(T e, a) = H5¥(T €, a).

Furthermore, we have _ _
Hys(T, a) = hy*(T, a).

Proof. First, we show that hES(T, €,a) < hES(T, €,a). Forany N € N,0 < €0 < 6 <1, and Z C X with
p(Z) > 1 -9, then one has
EsN,e(P/ 0,a) < M;,/E(Z, a).

Letting N — oo, we deduce
Ei(p,6,a) < Mi(Z, a).
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This indicates that .
Ee(Pr 6/ a) S ME(Z/ a)'

and then .
Ee(p,6,2) < inf {M(Z,2) : p(Z) 2 1= 5}
Hence, taking 6 — 0, we deduce that hplzs (T,e,a) < hEs(T, €,a).

Conversely, given € > 0, we are to prove th(T, €,a) > hES(T, €,a),letC = hES(T, €,a). For any s > 0, there
exists 05 so that
Ee(p,6,a) < C+5,Y0 < 0,

which yields that EE“(p, 6,a) = 0. For any N € IN, we can find a sequence of 6n,,, with lim 6y, = 0 and

m—0o0
{Bn,(xi,€7")}jery,, such thatx; € X,n; > N, p (UieIN,m By, (xi, e’”"e)) >1-0nm, and

Y e < €1
<

i€lnm

Zy = U U Bn,(xile_me)'

meN i€l

Let

Then p (Zy) = 1 and A’/\I;Z\IZS(ZN, a) < 1. Let Z; = NnyenZn. Thus p (Z;) = 1 and

MZC\I;S(ZSIB‘) < MIC\;;S(ZN, a)<1,YNeN.

This indicates that

—

%in(}inf{ME(Z, a):p(Z)21-0} <C+s,

Since s is arbitrary, then we have hES (T,e,a) < C= hES(T, €,a). The proof is completed. [J

3. Proofs of main results

In this section, we offer the proofs of main results. Motivated by [8, 17], we introduce the notion of scaled
neutralized weighted entropy with respect to a scaled sequence a, which can help us connect the scaled neutralized
entropy to the lower scaled neutralized Brin-Katok local entropy.

3.1. Scaled neutralized weighted entropy
Let f : X — R be a bounded real-valued function on X. Lets > 0, N € N, a € 8§ and € > 0. Define

Wae(f,2) = inf ) c;exp(=sa(n),
iel

where the infimum is taken over all finite or countable families {(B,;, (x;, €7%€), c;)}ie With 0 < ¢; < 00, x; € X,

n; > N so that
Y i, e 2
iel
where x4 denotes the characteristic function 9£ A. _ _ .
Let Z C X be a non-empty subset. We set WIS\],E(Z’ a) = WISV,G()(Z, a). Let Wi(Z,a) := 1\111_r>r<}o Wf\lle(Z, a). There

is a critical value of s such that the quantity Wz(Z, a) jumps from oo to 0. Then such critical value is defined
by
WE(Z, a) := inf{s : WE(Z, a) =0} = supfs: WZ(Z, a) = oo}.
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Definition 3.1. Given a non-empty subset Z C X, a € 8§, the scaled neutralized weighted entropy of T on
the set Z with respect to the scaled sequence a is defined by

hYB(T, Z,a) = lim W.(Z, a).

Lemma 3.2. ([16]) Let (X, d) be a compact metric space. Let r > 0 and B = {B(x;, r)}ie1 be a family of open balls of
X. Define
I(i) :={j € I : B(xj,r) N B(x;, ) # 0}.

Then there exists a finite index subset | C I so that for any i, j € Jwith i # j, I(i) N I(j) = 0 and
U B(xi, 1) C U B(xj, 57).
i€l j€J

Proposition 3.3. Let Z be a non-empty subset of X and € > 0,5 > 0,0 > 0, a € 8S. Then for sufficiently large N,
one has _ . .
MY9(Z,a) < Wy (Z,2) < My (Z, a).

Moreover, we deduce that
héﬁ

(T, Z,2) = h{"*(T, Z, a).

Proof. 1t is easy to check that Wf\,,e(Z, a) < A’/\IfVIE(Z, a) by the definitions. Next we are to show M?f g(Z, a) <
W3, (Z a).

Let N be a sufficiently large integer such that e? > 5 and #ﬁn)@) < 1 holds for all n > N. Let
{(Bn, (xi, €7"), ci)}ier with 0 < ¢; < o0, x; € X, n; > N be a finite or countable family satisfying )’ cixp, (x;ee) >
xz.Define I, = {i € I : n; = n}, wheren > N. Lett > 0 and n > N. We define ZEI

Zy={z€eZ: Z CiXBy () (2) > 1)

i€l,
and
I'={iel,:By(x;,e™)NZ,; # 0).

Then Z,,+ € Ujep Bu(xi,e7"€). Let B = {B,(xi,e")}iepr - By Lemma 3.2, there exists a finite index subset | C I
such that

| Buwi,e™) < | Butxy, 5e7) < | Bulj,e7%)
iell, j€J i€l
and for any 7, j € J with i # j, I (i) N I,(j) = @, where I,()) = {j € I, : B (xj, ™) N Bu(x;, ™) # 0}.
For each j € ], we choose y; € By(xj,e™") N Zy. Then ¥, ¢ixp,(xe)(yj) > tandso ¥, ¢; >t Summing
i€ iel,(j)

#]<%Z ZC,‘S%ZC{.

jel el (j) iel’,

for j € ], we have

It follows that ]\’/\I;\}r g(Zn,t, a) < #] - exp(—a(n)(s + 0)) < % 2. ciexp(-a(n)s). Note that for any t € (0,1),

i€l,
Z=U,sn Zn,n%t. Hence

_ _ 1
M7, < ) ML, 0@ < 3 ) ciexploaln)s)

n>N i€l
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Taking t — 1, one has M5+9(Z a) < Ws .(Z,a). Furthermore,

hSB

top(T/ Z/ a) = hSWE(T/ Z/ a)‘

The proof is completed. [

Lemma 3.4 (Frostman’s lemma). Let Z be a non-empty compact subset of X and s > 0, N € N, € > 0. Set

c ::I\I;Av;%e(z, a) > 0. Then there exists a Borel probability measure p on X such that p(Z) = 1 and for any x € X,
nzN,

p(Bu(x, 7)) < %exp(—sa(n)).

Proof. It is not hard to check that when we replace B, (x, €) by B, (x, e7"¢), the proof of [8, Lemma 3.4] is still
valid for Lemma 3.4. Here we leave it out. O

Theorem 3.5. Let (X, T) be a TDS, a be a scaled sequence and Z be a non-empty compact subset of X. Then

hSB

wp(T Z,a) = hm supi{h KS(T €,a): p e MX), pZ) =1}

= ling sup{hpS(T, €,a):p e MX), pZ)=1}

= lirr(} sup{hES(T, €,a): p € M(X),p(Z) =1}.

Proof. Notice that for every p € M(X) with p(Z) = 1and € > 0, one has h S(T €,a) < M «(Z,a). By Proposition
2.12, we have

hm supf{h KS(T €,a): p e MX),pZ) =1}
Slim sup{hps(T, €,a): pe MX),p(Z)=1)

<hit
On the other hand, fix € > 0 and assume that Me(Z, a) > 0. Lets < ME(Z, a). Then one has W;E(Z, a)>0

by Proposition 3.3. So there exists N such that ¢ := I//\\/;, ».(Z,a) > 0. By Lemma 3.4, there exists a Borel
probability measure p on X such that p(Z) =1 and forany x € X, n > N,

(T, Z,a).

p(Bu(x,e72")) < = eXP( sa(n)).
This yields that hﬁm (T, 2€,a) > s. Letting s — Me(Z, a), we derive that

Me(Z,2) < 1P (T, 2€,a) < sup{h®(T, 2¢,a) : p € M(X), p(2) = 1}

It follows that

lim sup{h KS(T e,a): pe M(X),p(Z) =1} > I5(T, Z, a).

top

Moreover, by Theorem 2.14, one has

hSB

iop(T, Z,2) = limsup{i"*(T,€,a) : p € M(X), p(Z) = 1}

= hmsup S(T €,a): p € M(X),p(Z) =1}

= lim sup{hﬁS(T, €,a): pe M(X),p(Z) = 1}.
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Theorem 3.6. Let (X, T) be a TDS and a be a scaled sequence. Suppose p is a Borel probability measure, Z is a Borel

setand s > 0. pr(Z)>0anthK5(Tx €a)>sforallx e Zande >0, thenhtop(TZ a) >s.
Proof. Fix e > 0and t > 0. For each k € N, set
-1 B, (x,e7"€
Ey=3x€eZ: 08 pBulx e ))ZS—T,VnZk.
a(n)

Since hﬁis(T, x,€,a) > s for all x € E, we have that Ex C Exyq and Uy.; Ex = Z. Hence, there is k* € N such
that p (Ex-) > p(E)/2 > 0. Denote by E* = Ey.. For x € E* and n > k*, we have

p(Bu(x,e™™)) < exp [—a(n) - (s — 7)].

For sufficiently large k > k* and each cover .Z = {Bni (y,-, e‘z’”e)}iel of E* with n; > k for each i € I. Without
loss of generality, assume that E* N By, (yi, 6‘2”"5) # 0 for each i € I. Thus there exists x; € E* N B, (yi, e‘znie).

It follows that B, (yi, e‘z”ie) C By, (x,',ZE‘Z”ie) C By, (x;,e7"€), which indicates that {B,, (x;,e™€)},, is also a
cover of E*.

Hence,
p(E) <) p (B (xi,e ™))
el
< Z exp [-a(n;) - (s —1)].
i€l
Therefore,
Mizfe(E*, a)>p(E)>0.
It follows that

M. (E',a) > p (E") > 0.
This indicates that MQE(E*, a) > (s — 7). Letting e — 0, we deduce that h (T E*,a) > s — 1. Hence,

htsol;(T, Z,a) > Zfoi(T, E*,a) > s — 7. Moreover, one has

hSB

(T, Z,a) 2 s

by the arbitrariness of 7. The proof is finished. O

4. Equivalent scaled sequences of the scaled neutralized entropy

Following the idea of [18], we shall explore the property of the scaled neutralized entropy with respect
to equivalent scaled sequence in this section.

Definition 4.1. ([18]) We say that two scaled sequences a, b € SS are equivalent and denote by a ~ b, if
n)

b( b(n)
0 < liminf — < limsup
n—00 ( ) (

" _
)~

It is not hard to see that ~ is an equivalence relation on SS. For any a € SS, the equivalent class is
denoted as [a] := {b € SS : b ~ a} and let A := SS/ ~. For two equivalent classes [a], [b] € A, we denote
[a] < [b], if

n—oo

limsup bzn; 0

n—00
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Proposition 4.2. Fora,b € SS,Z C X, the following properties hold:
(1) If a (n) < b(n) for all sufficiently large n € N, then

M:(Z,a) = M3(Z,b)

and hence - N
15 (T, Z,a) 2 b (T, Z,b).
(2) For each m > 0 we have that B -
mhipy (T, Z,ma) = (T, Z,a)

where ma = {m - a(n)}.
(3) If there exists a constant C > 0 such that for any sufficiently large n € N, £b(n) < a(n) < Cb (n), then

(T, Z,a) < CHE(T, Z,b).

%hgé(T, Z,b) < h’ B

top top
Proof. The proofs follow directly from the definition of scaled neutralized entropy. [J

Corollary 4.3. If[b] < [a], then N
hSB

S(T,Z,a) < h5(T, Z,b).

top

Proposition 4.4. If there exists [a] € A such that ht%](T, Z, a) is positive and finite, then

5B 0, ifla]=[b],
SB -
htop(T, Z, b) - { 0, lf[b] < [a]
Particularly, there exists at most one element in (A, <) so that the scaled neutralized entropy is positive and finite.

Proof. Assume that there exists [a] € A such that h;S;l;(T, Z,a) is positive and finite. Then, for any [b] > [a],
take a; € [a] and b; € [b], we have

lim sup a1 (1) =
n—+oo bl (}’Z)
Fix two scaled sequences a; and b; and give a sufficiently small number m > 0, we have
ay (n) < mby (n),

whenever 7 is large enough. Therefore,

M3, (Z,a1) > M3, (Z,mby).

This implies that
IE(T, Z,a1) > b (T, Z, niby) = %hfo_f;(T, Z,by),
thus, _ _
mhi (T, Z, a1) = higy (T, Z, b1).

Since m is arbitrarily chosen, hence

(T, Z,b) = 0

Conversely, by the similar way, assume [b] < [a], take a; € [a] and b, € [b], we have

lim sup bz (1)

=0
n—ooo A2 (7’1)
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Similarly
M3 (Z,2) > M3, (Z, may).

It follows that

— 1 —
htsgl;(T/ Z/ b2) > ahtsol;(T, Z, az).
Hence, B
hign (T, Z,b) = co.
O
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