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Identification of the initial value in a space-time fractional diffusion
equation
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Abstract. This study addresses an inverse problem of identifying the initial condition in a space-time
fractional diffusion equation, where both the time derivative and the spatial operator are of fractional order.
Specifically, the goal is to reconstruct the unknown initial state from measurements of the system at a fixed
final time. We first establish the well-posedness of the associated direct problem and prove the uniqueness
of the inverse problem’s solution using eigenfunction expansions. However, we also demonstrate that the
inverse problem is severely ill-posed, as small perturbations in the data can lead to large deviations in the
solution. To obtain stable reconstructions, we reformulate the inverse problem as a Tikhonov-regularized
optimization problem that balances data fidelity with solution smoothness. The resulting variational
problem is solved numerically using a conjugate gradient method enhanced by Morozov’s discrepancy
principle for adaptive stopping. The performance and stability of the proposed approach are validated
through several numerical experiments involving both smooth and discontinuous initial conditions. Our
results show that the method provides accurate reconstructions even in the presence of moderate to high
levels of noise, confirming its effectiveness and robustness for practical applications in anomalous diffusion

modeling.
Nomenclature
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Bs: Bilinear form associated to the space ﬁS(Q) dy - Descent direction in the kth iteration

I,: Stopping index Ex:  L?error in the kth iteration

Rr:  Residual in the kth iteration E.p: Mittag-Leffler function

T, Objective function e Measured data

He Relative noise level H*(0,T) : Fractional Sobolev space in time

Q:  Domainof R?, d > 1 p _ )
H*(R) : Fractional Sobolev space on R

Q°:  Complement of Q in R?

N H*(Q) : Fractional Sobolev space on Q

Q: Closure of Q
L*(Q) : Set of square integrable functions on Q

0: Noise level

— . . s: Fractional order of the space derivative

H*(Q): Set of functions in H® (]Rd) supported

within O T: Final time
Ce:  Step size in the kth iteration PV: Principal value
Cis: Normalization constant rand(.) : Random function

1. Introduction

Let T > 0,Q c R? and d > 1 be an open, bounded domain. We consider the following initial-boundary
value problem for a space-time fractional diffusion equation with homogeneous Dirichlet boundary and
initial conditions:

dHu(x, t) = =(=A)ulx,t), (x,t)€Qx(0,T),
u(x, t) =0, (x, 1) € Q°x(0,7), 1)
u(x, 0) = g(x), x €Q,

where Q° is the complement of Q in R?, g(x) € L*(Q) is an initial function, % denotes the left Caputo
fractional derivative of order 0 < a < 1 (see, e.g., [31]), defined by

(T

af) e L )
dfu(t) := F(l—a)ﬁ (t—’()"‘dT' 2)

and (—A)°® is the non-local fractional Laplacian operator of order s € (0, 1), defined by

o

R |x _ y|:l+2s :
In (2) and (3), I'(.) is the Gamma function, C,, is a normalization constant, defined by
2%5gT (s + %)
Cis=—7—,
@ T RT(1 - 5)

and "P.V.” is the principal value of the integral, defined by

e [[ Sy -y Dy
R =yl €0 J{yemrtya>e) X = Y1
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Remark 1.1. The fractional Laplace operator is also defined by either Spectral/Fourier definition, or standard Lapla-
cian, or Lévy process, or directional representation. In this work, we use the fractional Laplace operator by singular
integral definition as in (3). We refer the readers to [14] and [37] for more details regarding the Fractional Laplacian
operator.

For given (a,s) € (0,1)?, and g(x) € L*(Q), the problem (1) is called the direct(forward) problem. Like most
direct problems of mathematical physics, the problem (1) is well-posed, see for example, [49] and [11]. The
inverse problem here consists of determining the function g(x), by means of the observation data (additional
data) u(x, T) = h(x), x € Q.

The space-time fractional diffusion equation dfu = —(—A)’u with 0 < a,s < 1 is used to model anoma-
lous diffusion [40]. Here, the fractional derivative in time is used to describe particle sticking and trapping
phenomena, while the fractional space derivative is used to model long particle jumps. These two effects
combined together produce a concentration profile with a sharper peak and heavier tails. In the fractional
diffusion equations, the fractional time derivative with 0 < a < 1 is used to model slow diffusion, and the
exponent s is related to the parameter specifying the large-time behavior of the waiting-time distribution
function and particular cases of the infinitesimal generators of Lévy stable diffusion processes and appear
in anomalous diffusions in plasmas, flame propagation and chemical reactions in liquids, population dy-
namics, geophysical fluid dynamics, see [44], [30], [14] and some of the references cited therein. Recently;,
there has been a growing interest in inverse problems with fractional derivatives. These problems are
physically and practically very important. For example in [12], the authors prove a uniqueness result for
a one-dimensional time-fractional diffusion equation. The proof is based on the eigenfunction expansion
of the weak solution to the initial value/boundary value problem and the Gel'fand-Levitan theory. In
[28], they study an inverse problem of recovering a spatially varying potential term in a one-dimensional
time-fractional diffusion equation from the flux measurements taken at a single fixed time corresponding
to a given set of input sources. The unique identifiability of the potential is shown for two cases, i.e. the
flux at one end and the net flux, provided that the set of input sources forms a complete basis in L?(0, 1).
An algorithm of the Quasi-Newton type is proposed for the efficient and accurate reconstruction of the
coefficient from finite data, and the injectivity of the Jacobian is discussed. In [38], the authors consider a
backward problem in time for a time-fractional partial differential equation in the one-dimensional case,
which describes the diffusion process in porous media related to the continuous time random walk problem.
The backward problem is ill-posed and they propose a regularizing scheme by the quasi-reversibility with
fully theoretical analysis and test its numerical performance. With the help of the memory effect of the
fractional derivative, it is found that the property of the initial status of the medium can be recovered in
an efficient way. In [46], for a time-fractional diffusion equation with source term, they discuss an inverse
problem of determining a spatially varying function of the source by final overdetermining data. They
prove that this inverse problem is well-posed in the Hadamard’s sense except for a discrete set of values
of diffusion constants. In [47], the authors consider initial value/boundary value problems for a fractional
diffusion-wave equation. For a € (0, 1), they prove stability in the backward problem in time, the unique-
ness in determining an initial value, the uniqueness of solution by the decay rate as t — oo and stability in
an inverse source problem of determining f - dependent factor in the source by observation at one point
over (0, T). The authors study an inverse source problem for a fractional diffusion equation in [54]. Under
the assumption that the unknown source term is time-independent, an analytical solution can be deduced
based on the method of the eigenfunction expansion. Then, the uniqueness of the inverse problem is
proved by analytic continuation and the Laplace transform. The paper [34] deals with an inverse problem
of simultaneously identifying the space-dependent diffusion coefficient and the fractional order in the one
dimensional time-fractional diffusion equation with smooth initial functions by using boundary measure-
ments. The uniqueness results for the inverse problem are proved on the basis of the inverse eigenvalue
problem, and the Lipschitz continuity of the solution operator is established. In [18], the authors study
an inverse random source problem for the time-fractional diffusion equation, where the source is driven
by a fractional Brownian motion. Given the random source, the direct problem is to study the stochastic
time-fractional diffusion equation. The inverse problem is to determine the statistical properties of the



M. BenSalah, S. Tatar / Filomat 39:30 (2025), 10799-10822 10802

source from the expectation and variance of the final time data. For the direct problem, the authors show
that it is well-posed and has a unique mild solution under a certain conditions. For the inverse problem, the
uniqueness is proved and the instability is characterized. The authors consider an inverse boundary value
problem for diffusion equations with multiple fractional time derivatives and they prove the uniqueness
in determining the number of fractional time-derivative terms, the orders of the derivatives and spatially
varying coefficients in [35]. However, there are only a few papers involving both fractional Laplacian and
fractional time derivatives. For instance, in [49], the authors study a nonlocal inverse problem related to
the space-time fractional equation. The existence of the solution for the inverse problem is proved by using
the quasi-solution method which is based on minimizing an error functional between the output data and
the additional data. In this context, an input-output mapping is defined and continuity of the mapping is
established. The uniqueness of the solution for the inverse problem is also proved by using eigenfunction
expansion of the solution and some basic properties of fractional Laplacian. A numerical method based
on discretization of the minimization problem, steepest descent method, and least squares approach is
proposed for the solution of the inverse problem. A nonlocal inverse source problem for a one-dimensional
space-time fractional diffusion equation is studied in [50]. At first, they define and analyze the direct
problem for the space-time fractional diffusion equation. Later, they define the inverse source problem.
Furthermore, they set up an operator equation and derive the relation between the solutions of the operator
equation and the inverse source problem. They also prove some important properties of the operator. By
using these properties and the analytic Fredholm theorem, it is proved that the inverse source problem is
well posed, i.e. the solution can be determined uniquely and depends continuously on additional data. In
[23], they consider a nonlocal inverse problem and show that the fractional exponents 8, a and y, where
B is the order of the time-fractional derivative and a and y are exponents of fractional Laplacian operator,
are determined uniquely by the data u(x, T) = h(x), 0 < t < T. The existence of the solution for the inverse
problem is proved using the quasi-solution method which is based on minimizing an error functional
between the output data and the additional data. In this context, an input-output mapping is defined and
its continuity is established. The uniqueness of the solution for the inverse problem is proved by means
of eigenfunction expansion of the solution to the forward problem and some basic properties of fractional
Laplacian. In [43], the authors study a diffusion equation of the Kirchhoff type with a conformable fractional
derivative. The global existence and uniqueness of mild solutions are established. Some regularity results
for the mild solution are also derived. This study can be regarded as a continuation of the series of works
mentioned above on fractional inverse problems.

This paper is organized as follows: In section 2, we present some preliminaries used throughout the
paper. In section 3, we formulate the direct and inverse problems, we prove that the considered inverse
problem has a unique solution and the inverse problem is ill-posed, we also reformulate the inverse
problem as a minimization problem. Section 4 is concerned with the proposed reconstruction approach.
Some numerical simulations are presented in Section 5. The conclusions and possible directions on the
problem are given in Section 6.

2. Preliminaries

In this section, we set some basic notations and recall some definitions and theorems.

By L*(Q), we denote the usual L%-space with the inner product (, ) and by H}(Q), H(Q), etc we denote
the usual Sobolev spaces. By H%(0,T), we denote the fractional Sobolev space in time (see Adams [5]).
Especially, for s € (0, 1), the fractional Sobolev space H*(Q) is defined by

_ 2 3
HS(Q) = {M (S LZ(Q) : |M|HS(Q) = (fﬂz %dﬂiy) < OO}

Its natural norm is defined by

1/2
iy = (Wl + Wil2y) -
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Moreover, we define the fractional space H*(Q) of order s € (0, 1) as follows:
Q) = {u e’ (]Rd) ssuppu C 5}.
It may also be defined through interpolation as follows:
H(Q) := [LZ(Q),H})(Q)L.

The bilinear form associated to the space ﬁS(Q) is given by

_ (u(x) = u(y))(v(x) — v(y))
Bs(u,v) :=Cys fﬁRdXRd)\(QCXQC) dxdy.

|X _ y|d+25

Proposition 2.1 (see [15, 16]). Let u, v : RY — R be smooth functions, then

fg o) (=AY u(x)dx = BS(;" o) _ fQ 0N,

where N denotes the non-local Neumann operator associated to (—A)° and defined as

o(x) —o(y)
f = Cys ———dy.
N,ov(x) d, o = yiE

The following proposition is concerned with a fractional integration by parts formula. It gives the relationship between
Caputo and Riemann-Liouville fractional derivatives.

Proposition 2.2 (see [6, 71). Let a € (0,1). Let pq and p be two absolutely integrable functions. Then, we have

T T T
[ i3t = [ p@Ds s+ o m0]
where J1=*u(t) denotes the right Riemann-Liouville fractional integral of u(t) defined by

1 T (1)
TA-a) ), c-0""

and D uy(t) denotes the backward Riemann-Liouville fractional derivative defined by

) b= d T o
D ua(t) := _( ;fa:UZ(t)) - I'(l-a) EI (52— t)y* ar

Let us introduce the Mittag-Leffler function which is defined on the complex set C by

TOE

) k
zZ
Ea/ﬁ(Z) = ;O 1“(o¢k—+ﬁ)' zZ e C,

where @ > 0 and f € R are arbitrary constants. Notice that this complex function depends on two
parameters. In particular, it generalizes the exponentials in view of the identity E;1(z) = ¢* for all z € C.
Moreover, it plays a central role in fractional diffusion equations. The following results of this family of
functions are useful to derive the solution representation of the direct problem (1).

Lemma 2.3. [13, Theorem 4.3] Let « > 0 and A > 0, then we have
0fEq1 (=AtY) = =AEqq (=AtY), t>0.
Moreover, the following identity holds for integer-order differentiation:
d
dt
Lemma 2.4. [44, Theorem 1.6] Let 0 < @ < 1 and na/2 < u < ma. Then there exists a constant Cy = Co(a, ) > 0
such that

Eoq (A1) = =A% 1E, o (ALY, t>0.

Co
1+ ]z

[Ean(2)] < p < larg(z)l < 7.
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3. The direct and the inverse problems

In this section, we formulate the direct and inverse problems, then we prove that the considered inverse
problem has a unique solution. We also prove that the inverse problem is ill-posed. First of all, we
need to define a solution formula for the direct problem (1). By using the eigenfunction expansion method,
following [4], [11], [39], [47], we get the following useful formula for the weak solution of the direct problem

(1):

u(e,t) = Y g Ear (“Ait") 9x(x),  V(x,1) € Q% (0,T), @
k=1

where gr = (g, x) and the family {(¢, Ak)}k>1 represents the eigenpairs of the fractional Laplace operator
(=AY’ on Q with homogeneous Dirichlet condition, i.e.

(=AY @r = A& InQ,
Pk = 0 in QF.
In addition, it is well-known that the fractional Laplacian operator has a sequence of eigenvalues satisfying

0<A <A< <A<+ and lim Ay = +oo.

k—+00
Besides, the set of eigenfunctions {¢y};., forms an orthonormal basis of L*(Q).
Remark 3.1. Unlike the classical Laplacian, it is proved in [22, 45] that eigenfunctions of the fractional Laplacian

are in general non-smooth. More precisely, for each k, k = 1,2,3, -+ -, the eigenfunction @y belongs to H**1/2=¢ (]Rd)
where € > 0 is an arbitrary small real number.

Following the same idea given in [4, 47] and based on the formula (4) and Lemmas 2.3 and 2.4, we have the
following theorem that states the regularity result for the solution of the problem (1):

Theorem 3.2. Let (a,s) € (0,1)%, and g € L*(Q) be given. Then, problem (1) admits a unique weak solution
u € H**(0, T; Q). Furthermore, there exists a constant C > 0 such that

103
||c7t u

|C([O,T];LZ(Q)) < CHg”LZ(Q)r
and
95 1€, Bl 2y + M€ Dllizon ) < CE Mgz,
where
H™(0,T; Q) := {v € C([0, TT; LA(©Q)) N C((0, T1; H¥(Q) N H**?(Q)) such that d%v € C((0, T];LZ(Q))},
¥ :=min{s,1/2 — ¢} and ¢ > 0 arbitrarily small.
The inverse problem that we consider consists of identifying the initial value g, from noise measurement

of the final time solution. More precisely, the considered inverse problem can be formulated as finding
g* € L*(Q) and u* € H**(0, T; Q) in the following problem:

du*(x,t) = —(=Ayu*(x,t), (x,t)€Qx(0,T),
u*(x,t) =0, (x,t) € Q°%x (0, T),
(5)
u*(x,0) = g*(x), xeQ,
u*(x, T) = h(x), xeQ.

The following proposition is concerned with the series representation of the solution of problem (5)
using the eigenfunction expansion method.
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Proposition 3.3. Let h € L*(Q) be a given function. Then, the solution of the problem (5) can be represented as
follows

= (her)

= k%),
=1 Ea,l (_/\kTa)

g (x) =
and
v (e .
u*(x,t) = kZ=1‘ m Ea1(=Akt”) or(x).

Proof. From (4), the solution of

Hu*(x,t) = —(=AyYu*(x,t), (x,t)€Qx(0,T),

u*(x,t) =0, (x,t) € Q°%x(0,T),
1 (x,0) = g*(x), xeQ,
is given by
W) = ) (0% ) B (~AKE) 9. (6)
k=1

By taking t = T and using the fact that u*(,, T) = h in Q, we get

h= Y090 Ean (AT e,
k=1

Multiplying both sides of the above equation by ¢ and integrating with respect to x, we get
(@) = (% @x) Eap (= AT
Since E;1(—=AxT?) > 0, it follows:

* (h’ @k)
(g ’(Pk) T Ear (AT @)

Hence g* is given by
g*(x) — i M (Pk(x)
=1 Ea,l(_/\kTa) .

Substituting (7) into (6) yields

= (b
u*(x,t) = Y —————— Eq1(=At%) @i(x).
(x, 1) kZl‘Ea,l(— o) A(=Akt?) pr(x)
The proof is complete. [

Now we prove a uniqueness theorem. Let #; and u; be the solutions of the problem (1) correspond to the
initial values g; € L2(Q), j = 1,2, respectively.
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Theorem 3.4. Let uy and uy be the solutions of the problem (1). If u1(x, T) = ua(x, T), x € Q, then we have
g1 =gz in Q.

Proof. Using the series representations of solutions u; and u,, we have

(o)

wie, 1) = Y (9791 Eay (AT} (), for j=1,2. (8)

k=1

Asui(.,T) = up(., T) in QQ, we deduce that

Y @190 Ean (AT 0k(0) = Y (92, 98) Eat (~A6T)) u().

k=1 k=1

First, we multiply both sides of the above equality by ¢k (x) and integrate the resulting equation with respect
to x. Then by using the fact that ¢ = 0 in QQ°, we obtain

(91, 9x) Ean (=AkTY) = (92, @) Eap (=A(T?), forall k > 1.

It follows:
(71 — 92, 9x) Eap (AT*) =0, forall k > 1.

Since E 1 (—Axt*) > 0, ¢ > 0 is completely monotonic (see [21]), E,1 (—A(T%) > 0, we have the following:

(71, 0x) = (92, 9x), forallk > 1,
implies g1 = g, in Q. Thus, the proof is complete. [J

To find an estimate of g from the additional data #, the most common method is to minimize the
discrepancy
2
||ﬂ(g) - h||L2(Q) ’
where the operator A is defined by
A LHQ) — LHQ), ©)
gr— u(,T).

We know that the linear operator A is self-adjoint, for more details we refer the readers to [29, 51]. Next,
we prove that the operator A is compact.

Proposition 3.5. The linear operator A defined by (9) is a compact operator from L*(Q)) into L*(Q).
Proof. By (4) and (9), we deduce that

+00

Ag) = Y gk Ear (AT®) (), Vg € LHQ). (10)
k=1

We define the finite rank operators Ay as follows:

N
ANG) = ) gk Ean (~A6T) @ilx), Vg € 2(Q). (11)
k=1

From (10) and (11), we get

+00
2
KA(G) = ANy = Y [Ean (AT [ Igel.

k=N+1
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Thanks to Lemma 2.4, we obtain

C
1A = An@lli) < = llgll)
N

Therefore, |A(9) — An(9)lli2) — 0 in the sense of operator norm in L(L*(Q2); L*(Q2)) as N — co. [J

Since equations with compact operators are ill-posed, the inverse problem under consideration is also
ill-posed.

It is well known that in practical applications, the given data h is typically not exact, but rather a
distortion of the unknown u[gey,:]. This distortion is often modeled by an additive noise or an error term
6. Denote by h? a noisy function of & satisfying

Il — Ko < o.

Due to this noise associated with the measured data, the solution becomes very sensitive to the measured
data, which causes severe numerical instabilities. Thus, the considered inverse problem is ill-posed in
the sense of Hadamard [24]. In the following, we consider an example to see that the considered inverse
problem is ill-posed. More precisely, we will prove that the solution to the inverse problem does not depend
continuously on the final time data . In doing so, let us choose an input final data &, as

Pp(x)
VA
From Proposition 3.3, the initial data corresponding to ” is represented as follows:

o (e
g’ (x) = ; Eor AT Pr(x)-

hp(x) =

Using the fact the set of eigenfunctions {¢x},, forms a complete orthonormal basis of L?((2), we have

Pp(x)
VAp Ea1(=4,T%)

On the other hand, let us choose other input final data as i, = 0. By Proposition 3.3, the initial value
corresponding to /i is g = 0. An error in L? norm between two input final data is

g’ (x) =

Pp
Iy —h =H— .
1hy = hollr2(q) T o

Since the family {¢k},., forms an orthonormal basis of L?((2), one can get

1
Iy = hollr2 @) = —=-
= holliz ) T
It follows
,}g?o lhy = hollr2qy = 0. (12)

The error in the L? norm between the two corresponding initial values is

1
2@ A, Eqr(=A,T%)

||9p - g||L2(Q

I
L A Eai(=2,T2)
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From Lemma 2.4, we deduce that there exists C = C(T, o, Cy) > 0 such that

9"~ gz = C 2.

’}i_f){}o 9" = glli2q) = +oo. (13)

This leads to

Combining (12) and (13), we conclude that the inverse problem that we consider is ill-posed.

In order to handle the possible numerical instability of the inverse problem, there are some regularization
methods in the literature. For instance, the quasi-reversibility method [33], an alternate iterative method
[32], and the quasi-boundary value method [2]. In the current work, we employ one of the most commonly
used methods for the regularization of ill-posed problems, that is, the Tikhonov regularization method. We
define the Tikhonov regularization functional as follows:

1 Y
79 = 5 1@ = [+ 5 ol

where y > 0 is a positive constant, called the regularization parameter. In the function above, the first term
denotes the defect between the exact data and the noisy data, and the second term is a penalty term for
stabilizing the numerical solution. Consequently, the considered inverse problem may be reformulated and
modeled by the following regularized optimization problem:

Find g* € L*(Q) such that

®o)d
7(9%) = gg}(%)ﬂ(g)-
We know that for problem (#,,), there exists a unique minimizer gf, called Tikhonov regularized solution
which converges to the exact solution g* under a suitable choice of the regularization parameter y, see [17].
For more details about the analysis of the optimization problem, interested readers can follow the same
technique developed in [1, 8, 9, 26, 27]. The next section is concerned with a numerical method for finding
the unique minimizer of the Tikhonov regularization functional 7-,(g).

4. Reconstruction approach

This section is devoted to numerical reconstruction approach for solving the minimization problem
(Pop)- The proposed approach is based on two steps:

o The first one is concerned with the derivation of an optimality condition that provides a new charac-
terization of the unknown term g*.

e The second one is that we employ the conjugate gradient algorithm to solve the variational problem.

Now we derive a first-order optimality condition that provides a simplified characterization of the un-
known initial value g*. The determination of this condition is based on the calculation of the gradient of
7, which can be obtained by constructing an adjoint problem.

Hereafter, we denote by u, the solution of (1) to emphasize its dependency upon the unknown function

g. We point out that the weak formulation of problem (1) reads as follows: Find u, € H**(0, T; Q) such that
ug(.,0) = 0and

T T
f f dfugwdxdt + f Bs(ug(., 1), w(., 1) dt =0, (14)
0 Q 0

for any test function w € H*(0, T; ﬁS(Q) N H*7(QQ)) with ]%j“w =0in Q x {T}.
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Remark 4.1. The map g — u, is differentiable in the sense of Fréchet and the linearity of (1) immediately yields
;. Ugrep —Ug 2
ug-p—lgr(}T =u,, YpeLi(Q),

here uy - p denotes the Fréchet derivative of u, in the direction p and u,, is the solution problem of (1) with g = p.
Notice that, from Proposition 2.2 and the identity (14), one can check that the function u, satisfies

T T
f fupr‘wdxdt+f Bs(up(.,t),w(.,t))dtzfp(x)]}“w(x,O)dx, (15)
0 Ja 0 Q

or any test function w € H*(0, T; ﬁs(Q) N H*Y(Q)) with J12%w = 0in Q X {T}.
Y T

In order to establish the optimality condition, we need the Fréchet derivative 7,/ (g) of the objective functional
7.(g). By simple calculations, one can easily derive the following:

T(g +ep) —Tu(9)
€

= L [ug(x, T) - hg(x)] up(x, T)dx +y Lg(x)p(x) dx.

7,/(9)-p =lim

In order to reduce the computational costs for the Fréchet derivatives, we state it in the natural form.
Namely, we need to find an explicit function R(x) such that 7/(g) - p = (R,p). So, we need to replace the
term fQ [ug(x, T) - hs(x)] uy(x, T) dx in (16) by p times a function of x. Therefore, we introduce the following
adjoint problem:

0%z, =—(-Ayz, + (uy(,T)=h%6(t-T), (x,t)e Qx(0,T]
zg = 0, (x,t) e Q°x(0,T], 17)
z; = 0, (x,)e Qx|{T},

where 6(tf — T) is the Dirac delta function at the time ¢ = T. The weak formulation of the adjoint problem
(17) reads as: Find z, € H*(0, T; H*(Q2) N H**”(Q)) such that ]1i“zg =0in QX {T} and

T T
fo fQszgwdxdt+fO Bs(zy(., 1), w(., 1)) dt = L(ug(x, T) — h%) w(x, T) dx, (18)

for any test function w € W**(0, T; Q) with w(.0) = 0in Q. After these considerations, we can take z, and u,
as mutual test functions in identities (15) and (18) and we get

f [ug(x,T)—hg(x)] (%, T) dx := f p(x) J3=92,(x, 0) dx. (19)
Q Q

Therefore (19) in (16) yields

‘Tv’(g)‘szﬂ“zg(x,O)p(x)dx+ng(x)p(x)dx.

Based on the above identity, we deduce that the solution to the minimization problem (,,) satisfies the
following optimality condition

=z (,0)+yg* =0, in Q.
Next we propose a numerical algorithm for identifying the minimizer of function 7,(g) from noisy mea-
surement of the final time. The numerical algorithm that we propose is based on the conjugate gradient

method and Morozov’s discrepancy principle (see, e.g., [41]). Let g be the kth approximate solution to g(x).
Denote

ka1 = gk + Gedy, k=0,1,2,---, (20)
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where the initial guess gy is given, the term (y is the step size, and d is a descent direction in the kth iteration.
The conjugate gradient method uses the following iteration formula to update the descent direction:

=7 (90) if k=0,
b= @1)
=T)(gx) + axdpn if k=1,

where ay is the conjugate coefficient and calculated as follows:

0 if k=0,
2
a = L@ S kst (22)
blr@en| a

Since the problem (1) is linear with respect to the initial value g, one can deduce from (16) that

1
Toge+ Cede) = 5 fQ (19, (6, T) + Gty (x, T) — h@(x))z dx + % fQ (9 + G dk)2 dx.

To this end, we determine the step size (; by imposing the following condition

T
a_c(gk + Crdy) = 0.

Therefore,

G- - fQ (ugk(x, T) - he) ug (x, Tydx +y fQ gr di dx o)
£ u? (x, T)dx +7y |, d?dx ’
0o %, 0 %k

We can summarize the main steps of our reconstruction approach in the following algorithm:

Algorithm 2 Conjugate Gradient Method (CGM)

1. Initialize go and set k = 0.

2. Solve the direct problem (1) with g = g, and compute the residual:
e =ug(x,T) - W), xeQ.
3. Solve the adjoint problem (17) and evaluate the gradient 7/ (g).
4. Compute the conjugate coefficient ay using (22), and determine the search direction dj via (21).
5. Solve the direct problem (1) with g = dj to obtain uy,.
6. Compute the step size (; using (23).
7. Update the initial value using:

Jier1 = Gi + Cedi,

as defined in (20).
8. Setk < k + 1, and return to Step (2). Repeat the procedure until a stopping criterion is met.

Notice that the most important point is to find a suitable stopping rule for an iteration procedure. To
deal with this issue, we use the well-known Morozov’s discrepancy principle [42]. It is shown that

Ri <00 <Ry, with Ry = Il foreach kelN, (24)

is sufficient for convergence. It means that we choose the stopping index I such that the inequality (24) is
fulfilled, see Hanke and Hansen [25]. Otherwise, if the given input data h? is exact (without noise, i.e. 6 = 0),
we set the stopping index is 75 = 100. The convergence of the proposed method is addressed in [20, 55] and
it has been successfully employed for solving some inverse problems, for instance, see [26, 48, 52, 53].
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5. Numerical Experiments

In this section, we present the numerical implementation of the proposed reconstruction approach along
with corresponding numerical results. Specifically, we apply the iterative algorithm (CGM) developed in
the previous section to solve problem (#,,), which concerns the identification of the initial value g in the
initial-boundary value problem (1).

The parameters and their respective values used in the numerical simulations are listed below:
e The spatial domain is chosen as Q = (-1, 1).

e The final timeissetto T = 1.

The constant ¢ in (24) is set to ¢ = 1.01.

In the adjoint problem (17), the Dirac delta function is approximated by
e~ (t=D?/
v

where 1 > 0 is a small parameter. We take n = 107°.

ot—-T)~

The initial guess gy is taken to be a constant function, for instance, go = 1.

With the exact solution g., we produce the noisy final data 1’ by adding a random perturbation, i.e.
hO(x) = h(x) + ph(x) [2 rand(size(h)) - 1], x€ Q.

Here u > 0 and rand(.) denote the relative noise level and the uniformly distributed random number in
(0,1), respectively. The function & represents the solution at the final time to the problem (1) with initial

value g = ge,, thatis h(x) = u,, (x,T), x € Q. The corresponding noise level is calculated by
0 = |Ih” ~ hli2(.

In order to evaluate the performance of the conjugate gradient algorithm (CGM), we introduce a L2-error
function E; defined as

Ex = ”gex - gk“Lz(Q)/

which is the error between the exact solution g,, and the reconstructed one gy at the kth iteration.

In order to apply the proposed algorithm, we need to solve the forward problem (1) and the adjoint
problem (17) numerically. Since it is very difficult to know the eigenpairs {(¢k, Ac)};; associated to the
operator (—A)® in the explicit forms. Thus, in this study, we use an approximation method, similar to the
one in [8] to solve the direct and adjoint problems in each iteration instead of using (4), and the series
solution of the adjoint problem. Namely, we use a fully discrete approximation based on:

o A finite difference scheme: This method is introduced by Y. Liu et al [36] to discretize the Caputo
derivative in time. It is proved that this method is of order 2 — a.

o The standard 1P, finite element method: This one is utilized for the space approximation. The authors in
[3, 10] utilized this method to find an approximate solution to the following elliptic problem involving
the fractional Laplace operator:

-A)Y’u = in Q
(=4) f ,
u=0 in Q"
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They proved that the convergence order of this method depends on the regularity of the right-hand

side f, that is
L+p if feH™(Q),

3(s) =
28 if  felX(Q),

where = minfs, %}.

In order to illustrate the performance of the proposed numerical approach, we solve the direct problem

numerically. Namely, we find the approximate solution to the following problem:

dfu=—-(=APu+F (x,t)eQx(0,7),
u=0, (x,)eQ x(0,7),
u=g, (x,t)eQx{0}.

By choosing

T(1+a) Va2 (1-22) V2 (1-22)

Ter12Te+D) 90 = (e Te+ 1)

F(x,t) =1+t"+
then the unique solution to the above problem reads as

V22 (1-22)
T(s+1/2) (s + 1) A

Uer(x, 1) = (1 + %) (x), Y(x,t) € (-1,1) x (0, T),

where x(-1,1) denotes the characteristic function of the interval (-1, 1).

In our computation, we divide the interval Q into N equally spaced subintervals, with a mesh size
Ax = 1/N. Similarly, the time interval [0, T] will be divided uniformly into K subintervals, and by At = 1/K
we denote the time step. In order to illustrate the accuracy of the proposed approximation method, we
measure the L2—error [[ie, — Ugpplli2q) evaluated at the final time T. In the following, we examine the time
and spatial convergence. A fixed small time step (At = 1/200) is taken to see the spatial convergence and
vice-versa. In Table 1, we show the temporal and spatial convergence rates, indicated in the column rate
(the number in the bracket is the theoretical rate), for different values of @ and s, which fully confirm the
theoretical results obtained in [36] for the time discretization and in [3, 10] for the spatial one.

Step size
Derivative orders p 1/50 1/100 1/200 1/400 rate
s=05 a=0.3 3.66e—04 | 1.11e—04 | 3.37¢e—05 | 1.07e — 05 | 1.69 (1.7)
’ a=0.8 2.74e—04 | 1.20e—04 | 4.93¢ — 05 | 2.25¢ - 05 | 1.21 (1.2)
2=05 s=02 9.35¢ — 03 | 6.03¢ —03 | 3.84¢ —03 | 2.43¢e — 03 | 0.64 (0.7)
’ s=09 292¢—04 | 1.59¢—04 | 8.36¢—05 | 4.30e — 05 | 0.92 (1)

Table 1: Values of the L2—error function relative to the step size variation.

In Figure 1, we plot the errors in the L2—norm as a function of the (time or space) step sizes. A logarithmic

scale has been used for both step-axis and error-axis in these figures.
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(a) with respect to At

10813

102

—————
-’

10°°
10°

102

(b) with respect to Ax

Figure 1: Evolution of the L?>~ error functions with respect to the step sizes (sl: slope).

From Table 1 and Figure 1, one can observe that the numerical results show O(A#>~*) and O(Ax%®))
convergence rates in the L2—norm for the temporal and spatial discretization, respectively. Therefore,
one can conclude that the numerical and theoretical convergence rates (obtained in [3, 10, 36]) are nearly
identical. To this end, we plot in Figure 2 the variations of the exact u,, and the approximate solutions
at time t = 0.5 for different values of the derivatives orders @ and s for showing the quality of the obtained

results.

Figure 2:
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Exact and approximate solutions for different values of the fractional derivatives orders « and s.
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In the rest of the paper, the grid size for the time and space variables will be taken to be At = Ax = 7.

Then we test the performance of the proposed procedure in finding an estimate of the solution of the
minimization problem (). More precisely, we will discuss the influence of some parameters such as the
fractional derivatives orders « and s, the regularization parameter y, the smoothness of the function to be
reconstructed, and the level of noise 6.

Example 5.1. In this example, we study the influence of the fractional derivatives orders @ and s on the
quality of the reconstructed results. In doing so, we apply the iterative procedure (CGM) to recover

Fex(x) = cos(mx) sin(mx),

with (@, s) € {0.3,0.8} x {0.2,0.9} from an exact final data (i.e., from 1%, with u = 0). The results of this test

example are
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illustrated in Figure 3.
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(c) Fora =0.8and s =0.2
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! L WA

(b) Fora =0.3and s =0.9

= == Exaclsolution | |
=== Reconstruction
: oA

(d) Fora =0.8and s = 0.9

Figure 3: Exact (blue dashed line) and Reconstructed functions (red line).

The choices of @ and s in this test and the corresponding numerical performances are listed in Table 2.
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(@,5) | (0.3,0.2) [ (0.3,0.9) | (0.8,0.2) | (0.8,0.9)
Er | 0.00654 | 0.00811 | 0.00783 | 0.00827

Table 2: Choices of the fractional derivatives orders a and s along with the errors Ey.

From Figure 3 and Table 2, one can conclude that the numerical results are quite accurate to the exact
solution for each choice of the pairs (a, s). It means that the parameters a and s have no significant influence
on the reconstruction results. Therefore, based on the above remarks, the fractional derivatives orders «
and s will be fixed to be («, s) = (0.5,0.5) in the examples below.

Example 5.2. As itis shown in Section 3, the considered inverse problem is ill-posed in the Hadamard sense
and a regularization principle is a key tool to find a stable solution. But choosing an appropriate (not the
optimal) value for the regularization parameter y is a crucial issue. In this study, we use the Tikhonov
regularization which is a typical example of an a-priori parameter choice rule since the choice of y > 0 is
made a-priori (depends only on the noise level 6 > 0). Referring to [19, 41], the regularization parameter y
can be chosen such that the consistency condition

lim— =0

)/—)0 \/7_/

is satisfied. Thus, the parameter y can be taken to be y = 1072 X §*°. In order to present the importance
of the regularization technique for stabilizing our inverse problem, we apply our iterative procedure to
reconstruct the initial value g, for y = 0 and y = 1072 x 6*/° by taking a stopping index 7 = 100. For this
purpose, we test our algorithm in the two following cases:

(i) Slightly noisy data: In this case, we assume that the measured final data 1Y is perturbed by low
relative noise levels. In Figure 4, we compare the recovered solutions with the exact one in the cases
of y =0and y = 1072 x 0*° with u € {0.001, 0.005,0.01}.

0.6

— — —Exactsolution

W —F—u=0.001

4 $=0.005
—&—p=0.01

— — —Exactsolution

08

(a) Withy = 0 (b) With y = 1072 x 6%5

Figure 4: Exact solution g., and their reconstructions g, obtained by (CGM) with p € {0.001,0.005,0.01}.
Left: with y = 0; Right: with y = 1072 x 6*/5.

As one can observe from Figure 4 that the numerical approximations of g., without using the reg-
ularization (see Figure 4a) are almost similar to those obtained when y = 1072 x 0%/ (see Figure
4b).
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(i7) Highly noisy data: In this case, we consider the case where the measured data is perturbed by
a high-levels of noise. We illustrate the comparisons of recovered solutions with the exact one, in
Figure 5, but now with u > 0.05, more precisely with relative levels noise p € {0.05,0.1,0.15}.

— — —Exactsolution g — — —Exactsolution
j | —+— =005
bW —o—p=0.1
—5—p=0.15

145 L L L L L L L L L 06

(a) Withy = 0 (b) With y = 102 x 6*3

Figure 5: Exact solution g,, and their reconstructions g, obtained by (CGM) with u € {0.05,0.1,0.15}. Left:
with y = 0; Right: with y = 1072 x 6/5.

From Figure 5a, one can conclude that the numerical approximations of g.r, without using the regu-
larization (i.e. y = 0), have somewhat amplitude of oscillations and they are very unstable and far
away from the exact one. However, by using the regularization technique (i.e. y = 1072 x 0*/), it
can be clearly seen in Figure 5b that the amplitude of the oscillations decreases and numerical results
become more accurate.

We also conclude the following from example 5.2:

o If the measured data is slightly perturbed, the proposed algorithm (CGM) provides stable numerical
solutions to the minimization problem (#,,) without the need to use the Tikhonov regularization term
(i,e. y=0).

e If the final measured data /i’ is perturbed by high levels of noise, the proposed regularization method
is necessary to solve the ill-posed inverse problem.

This behavior is characteristic of ill-posed problems. Thus, in the examples below, the regularization pa-
rameter y will be taken to be y = 1072 x 6/°.

In the following examples, we test the performance of the proposed algorithm to reconstruct two
examples of initial values (smooth and nonsmooth functions) by combining the conjugate gradient method
with Morozov’s discrepancy principle. For each example, we investigate the convergence of the proposed
approach and present the reconstruction results for various choices of the parameter u.

Example5.3. Inthis example,we test the numerical performance of algorithm (CGM) in recovering a smooth
initial value given by

g3(x) = sin(rx) e — cos(mx) e,
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with various choices of the relative noise level p (see Table 3). First, we investigate the convergence of the
proposed algorithm and indicate the stopping index J; which is determined as

100 if u=0,

inf& if u>0,

where the set &y is given by &g = {k such that R, < 00 < Rk_l}. Figure 6a shows the convergence of
the identification process corresponding to each considered noise level for iteration steps k = 1 : 100. To
determine the stopping index 7 for each considered noise level, we illustrate the variations of the residuals
Ry in Figure 6b.

10' i ; i i i T ; i T 10
—— =0 120005
1=0.005 —6— =001
—6— =001 —&— =0.05
N —8— =005 ] $=0.1
w0° 4=0.1 1 10° —]
)

107

T
B

""‘"’"’. ety st bt S S S S S S

107 %é
I R

0 10 20 30 40 50 60 70 80 90 100 0 10 20 3 40 5 60 70 8 90 100

(a) The errors E; (b) The residuals Ry

Figure 6: The errors Ey and the residuals Ry associated to the reconstruction of g3y for various relative noise
levels (x: stopping index).

0.005 | 0.01 | 0.05 | 0.1
I 14 9 5 4

=

Table 3: The obtained stopping indices 7 associated to the reconstruction of 5.

According to the stopping indices listed in Table 3, we illustrate the numerical results by using the
discrepancy principle in Figure 7.
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a=0.5and s =0.5

— — —Exact solution
——p=0.7, =10
S—p =005, T, = 14
—6—p=00LL =9
—8—p =005, =5
01,7, =4

-1 08 -06 -04 -02 0 02 04 06 08 1

Figure 7: The numerical results of g3y for various relative noise levels.

Example 5.4. In this example, we reconstruct a nonsmooth initial value given by

05, xe[-1,-0.75)U (0.75,1],
e =4 1,  xe€[-0.75,-0.25) U (0.25,0.75],

2, x € [-0.25,0.25],

with the same relative noise levels chosen in Example 5.3. We present the convergence of the estimated
solutions to the exact one in Figure 8. More precisely, we illustrate the approximation errors E; and residuals
Ry for iteration steps k = 1 : 100 with the considered choices of the parameters u in Figures 8a and 8b,
respectively.

10! - - - - - v - - v 10

&

R e e e

102 F & 1
& RO o)

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

(a) The errors Ej (b) The residuals Ry

Figure 8: The errors E; and the residuals Ry associated to the reconstruction of g;" for various relative
noise levels (x: stopping index).

The obtained stopping indices for each choice y which are determined with the help of curves presented
in Figure 8b are listed in Table 4.
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u | 0.005 | 0.01|0.05]0.1
I 68 55 16 8

Table 4: The obtained stopping indices 1 associated to the reconstruction of g5™".

In Figure 9, we illustrate the comparisons of recovered solutions with the exact ones for each considered
relative noise level p.

24

22

— — —Exact solution

——p =07 =10

1=0.005, I, = 68
—6—p=00L7I =55 %

—8—p =057 =16 L
=017, = 8§ P
]

i : i i i i i

Figure 9: The numerical results of g;" for various relative noise levels.

We draw the following conclusions from Examples 5.3 and 5.4:

e From Figure 9, it can be observed that the presence of singularities significantly affects the accu-
racy of the reconstructed initial value gJs". Specifically, the performance of our iterative procedure
deteriorates markedly in the vicinity of these singular points. In comparison with the results ob-
tained in Example 5.3 (see Figure 7), we conclude that the proposed method performs better when
reconstructing smooth functions than in identifying nonsmooth ones.

e As shown in Figures 6a and 8a, the approximation error Ej increases with higher noise levels in the
input data hY. Furthermore, for a given relative noise level y > 0, the computed errors tend to plateau
or increase slightly after a few iterations. This indicates the necessity of stopping the algorithm at an
appropriate iteration. Figures 6b and 8b demonstrate that Morozov’s discrepancy principle effectively
determines the stopping point by satisfying the condition (24) for each considered noise level u > 0.

e Figures 7 and 9 indicate that the proposed numerical scheme (CGM) is robust against noise and
yields reasonably accurate reconstructions. In particular, the numerical results remain reliable with
noise levels up to 1% in the final data u(x,T). However, when the relative noise level p exceeds
0.05, noticeable spurious oscillations begin to appear, degrading the accuracy and quality of the
reconstruction. In such cases, the computed solution may deviate significantly from the true solution,
highlighting the increased severity of the ill-posedness under high noise conditions. To improve
the reconstruction in these scenarios, it is crucial to determine an optimal regularization parameter
that adapts to the noise level. Nevertheless, selecting such a parameter is a challenging task, and its
theoretical foundation has not yet been fully developed. This remains an open problem and will be
addressed in future work.
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6. Concluding Remarks

In this work, we investigated an inverse problem associated with a space-time fractional diffusion equa-
tion, where the goal is to determine the unknown initial condition from noisy final-time observations. The
fractional model accounts for both memory effects and long-range spatial interactions, making it suitable
for describing anomalous diffusion processes observed in various physical and biological systems.

We first established the uniqueness of the inverse problem and analyzed its ill-posed nature in the sense
of Hadamard. To address the inherent instability, we reformulated the problem as a Tikhonov-regularized
optimization problem and derived a first-order optimality condition using an adjoint-based approach. An
efficient numerical scheme based on the conjugate gradient method, combined with Morozov’s discrep-
ancy principle, was proposed to obtain stable approximate solutions. Through comprehensive numerical
experiments, we demonstrated that the method yields accurate reconstructions for both smooth and dis-
continuous initial data and remains robust under varying levels of measurement noise.

The current study lays the groundwork for several promising avenues of research. Optimal Regulariza-
tion Parameter Selection: Although a heuristic formula for choosing the Tikhonov regularization parameter
was used, a deeper theoretical study on optimal parameter selection (e.g., via a posteriori strategies or bilevel
optimization) would enhance solution accuracy and stability. Extension to Multi-dimensional and Irregular
Domains: The methodology can be extended to higher-dimensional problems and domains with complex
geometries, which are common in real-world applications. Investigating domain discretization techniques
such as adaptive finite elements could improve accuracy and computational efficiency. Inverse Problems
with Unknown Coefficients: Beyond the initial condition, future work could explore the simultaneous
recovery of multiple unknowns—such as fractional orders, source terms, or spatially varying diffusion
coefficients—f{rom partial or noisy observations. Time-dependent or Nonlinear Extensions: Incorporating
time-dependent or nonlinear diffusion operators (e.g., fractional p-Laplacian or nonlinear memory kernels)
would broaden the scope of the current method to model more complex physical systems. Uncertainty
Quantification and Bayesian Inference: A probabilistic framework such as Bayesian inversion could be de-
veloped to quantify the uncertainty in the reconstructed initial condition and assess the impact of noise or
model error on the solution. Data-driven and Learning-based Approaches: Integrating physics-informed
neural networks (PINNSs) or hybrid data-driven methods with the current regularization framework could
lead to new paradigms for solving fractional inverse problems, especially when dealing with limited or
scattered data.

We believe that these directions offer rich potential for further advancing the theory and numerical
analysis of inverse problems in fractional diffusion models, with broad applications in physics, engineering,
biology, and finance.
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