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New matrices for the spectral theory of mixed graphs, part I
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Abstract. In this paper, we introduce a matrix for a mixed graph, called the integrated adjacency matrix.
This matrix uniquely determines a mixed graph, as long as the indices of the matrix are specified. Addi-
tionally, we associate an (undirected) graph with each mixed graph, enabling the spectral analysis of the
integrated adjacency matrix to connect the structural properties of the mixed graph and its associated graph.

Furthermore, we define certain mixed graph structures and establish their relationships to the eigenvalues
of the integrated adjacency matrix.

1. Introduction

All graphs (directed graphs) considered in this paper may contain multiple loops and multiple edges
(multiple directed loops and multiple arcs). A mixed graph generalizes both graphs and directed graphs.
That is, a mixed graph may contain multiple loops, multiple edges, multiple directed loops and multiple
arcs.

A fundamental problem in spectral theory of mixed graphs is assigning an appropriate matrix to a mixed
graph and analyzing the mixed graph’s properties through the eigenvalues of that matrix. To achieve this,
researchers have introduced various matrices that capture the spectral properties of mixed graphs.

For a mixed graph having no multiple edges, loops, multiple arcs, directed loops, and digons (i.e., a pair
of arcs with the same end vertices but in opposite directions), the following matrices have been explored:
the Hermitian adjacency matrix, independently introduced by Liu and Li [9] and Guo and Mohar [7]; the
Hermitian Laplacian matrix defined by Yu and Qu [15]]; the Hermitian quasi-Laplacian matrix defined by
Yu et al. [14]; the Hermitian normalized Laplacian matrix defined by Yu et al. [13]; the mixed adjacency
matrix defined by Adiga et al. [2]; the k-generalized Hermitian adjacency matrix for each positive integers
k, proposed by Yu et al. [16]; the index weighted Hermitian adjacency matrices defined by Zheng Wang et
al. [11]]; the a-Hermitian adjacency matrix for |a| = 1 defined by Abudayah et al. [1]; the y-signless Laplacian
adjacency matrix introduced by Alomari et al. [3]]; the Hermitian Laplacian matrix of second kind and the
Hermitian (quasi-)Laplacian matrix of second kind introduced by Xiong et al. [12].
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For a mixed graph having no directed loops, mixed Laplacian matrix was defined by Bapat et al. [5].
For a mixed graph having no loops, directed loops and digons, a generalization of the Hermitian adjacency
matrix was introduced by Guo and Mohar [7]. In the case of a mixed graph where an edge is treated as
a digon, the Hermitian adjacency matrix of the second kind was introduced by Mohar [10]. For a mixed
graph having no digons, loops and directed loops, another form of Hermitian adjacency matrix was defined
by Yuan et al. [17].

However, there are certain limitations: (i) the matrix defined in [2] is not symmetric, and as a result, their
eigenvalues can include complex numbers; (ii) some of these matrices are only defined for specific types of
mixed graphs; and (iii) in some matrices, undirected edges are represented as digons. This representation
makes it unclear from the matrix entries whether two vertices are joined by an edge or a digon, even when
the index set of the matrix is provided. Furthermore, the number of edges, loops, arcs, and the orientation
of arcs cannot be clearly determined from the entries of the matrix defined in [5]. Consequently, not all
mixed graphs can be determined from their associated matrices.

To address these issues, in this paper, we introduce a matrix, named the integrated adjacency matrix
for a mixed graph. We study the properties of a mixed graph through the eigenvalues and characteristic
polynomial of its integrated adjacency matrix.

The rest of the paper is arranged as follows. We present some preliminary definitions and notations in
Section 2| that are used throughout the paper. In Section 3| we define a matrix for a mixed graph, namely
the integrated adjacency matrix, and associate a graph to it. We show that the integrated adjacency matrix
of a mixed graph is identical to the adjacency matrix of the associated graph.

Section[d] presents some basic results which relate the mixed graph invariants, such as number of edges,
number of arcs to the eigenvalues of its integrated adjacency matrix. Additionally, we define a new structure
called an alternating walk in a mixed graph and use it to determine the entries of the k-th power of the
integrated adjacency matrix of a mixed graph.

In Section 5| we determine the eigenvalues of the integrated adjacency matrix of some special mixed
graphs, such as complete k-partite mixed graph, complete k-partite directed graph, and complete mixed
graph. We also provide a necessary and sufficient condition on the eigenvalues and the eigenvectors of the
integrated adjacency matrix for a mixed graph being (r, s)-regular. Furthermore, we derive the characteristic
polynomial of the integrated adjacency matrix of a mixed graph formed by adding a new vertex in a specific
manner to a given mixed graph.

In Section|6] we introduce a new structure in a mixed graph, namely a mixed component. We prove that
the number of mixed components of a mixed graph equals the number of components of the associated
graph.

Section [7] provides the determinant of the integrated adjacency matrix for specific types of mixed
graphs. Finally, in Section [8} we establish bounds for the largest, second largest, smallest, and second
smallest eigenvalues of the integrated adjacency matrix in relation with the mixed graph invariants, such
as the number of edges, arcs, and degrees. Additionally, we derive upper bounds for the clique number
and the independence number of a mixed graph using the eigenvalues of its integrated adjacency matrix.

2. Preliminaries

In this section, we present some notations and definitions of graphs, directed graphs and mixed graphs.
A mixed graph G is an ordered 5-tuple G = (V, Eg, EG, ¢c,Pg), where Vi # 0, Eg, and EG are three mutually
disjoint sets, and ¢¢ (resp. ¢¢) is the incidence function which maps each element of E¢ (resp. Ec) with
an unordered pair (resp. ordered pair) of elements of V. The sets V¢, Eg, and EG are called vertex set,
edge set and arc set, respectively. Elements of the sets are called vertices, edges and arcs, respectively. Let
Vg = {v1,02,...,0,}. If there is an edge e € Eg such that ¢¢(e) = {v;, v;}, then we say that e is an edge joining
v; and v; in G. In particular, if ¢pg(e) = {v;, v;}, then we say that e is a loop at v;. If there is an arca € EG such
that Y c(a) = (v;,vj), then we say that a is an arc from v; to v; in G. In this case, we say that a starts at v; and
ends at v;. In particular, if Yg(a) = (v, v;), then we say that a is a directed loop at v;. If two or more edges
joining a same pair of vertices, then they are called multiple edges. If two or more arcs start at u and end at
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v for some u, v € V;, then they are called multiple arcs. In particular, if two or more loops (resp. directed
loops) are at one vertex, then they are called multiple loops (resp. multiple directed loops). If there is an
edge joining v; and v; in G, we denote it as v; ~ v;. To specify the number of edges joining v; and v;, we

write v; 3 vj, provided there are k such edges in G. If v; L v;, this indicates that there are I loops at v; in G.
If there is an arc from v; to v; in G, we denote it as v; — v;. To indicate the number of arcs from v; to v, we

write v; LA vj, provided there are k such arcs in G. If ; 4 v;, this means there are [ directed loops at v; in G.
Two vertices 1 and v in G are said to be adjacent if at least one of # ~ v, u — v or v — u holds. An edge e is
said to be incident at a vertex u in G if ¢g(e) = {1, v} for some vertex v in G. An arc a is said to be incident at
a vertex u in G if Y¢(a) = (u,v) or Yg(a) = (v, u) for some vertex v in G. G is said to be loopless if it has no
loops.

The undirected degree d(u) of a vertex u in G is the sum of the number of edges incident with u and the
number of loops at 1, where each loop at u is counted twice. The out-degree d*(u) of u in G is the number of
arcs start at # (which includes the number of directed loops at ). The in-degree d~(u) of u in G is the number
of arcs end at u (which includes the number of directed loops at u). /(1) denotes the number of loops at u.
e(G), a(G) and I(G) denote the number of edges (excluding loops), arcs (including directed loops) and loops
in G, respectively. G is said to be (r,s)-regular if d(u) = r and d*(u) = s = d~(u) for all u € V. A walk in G
is a sequence W : v, €1,0y,,€2,...,€k-1,Un, Where v, € Vg, ej € Eg and ¢g(ej) = {U";"vnf+1}' ore; € EG and
Yele)) = (v,,j,vnm) or Yg(e;) = (vn/.+1,vnj) fori=1,2,...,k j=1,2,...,k—1. In this case, we say that W is a
walk from v, to v,,. The total number of edges and arcs in W (with each repeated edge or arc counted as
many times as it appears), i.e., k — 1 is said to be the length of W. The walk W is said to be closed if v,, = vy,.
A mixed graph G is said to be a submixed graph of G if V¢, € Vg, Eg, € Eg, Ecl - EG, (PclEGl = ¢g, and
el B, = Yg,. A submixed graph G; of G is said to be an induced submixed graph of G if G, is the maximal
submixed graph of G with vertex set V,. A submixed graph G; of G is said to be a spanning submixed graph
of G if VGl = V(;.

A mixed graph G is said to be a graph if Ec=0.LetGbea graph with V¢ = {v1, vy, ..., v,}. The adjacency
matrix of G, denoted by A(G), is defined as follows: The rows and the columns of A(G) are indexed by the
vertices of G, and fori,j=1,2,...,n,

k, ifi# jandv; kvj;
the (v;,0)-th entry of A(G) = {2/, ifi=jand v; * v;

0, otherwise.

We denote its eigenvalues as A;(G) fori = 1,2,...,n. Since A(G) is real symmetric, we can arrange them,
with out loss of generality as A1(G) > A,(G) = - -+ > A,(G). The path graph and the cycle graph on n vertices
are denoted by P, and C,, respectively. The disjoint union of m copies of a graph G is denoted by mG.

A mixed graph G is said to be a directed graph if Eg = (. Let G be a directed graph with Vg =

{v1,v2,...,v4}. The adjacency matrix of G, denoted by A)(G), is defined as follows [4]: The rows and the
columns of A_'(G) are indexed by the vertices of G, and fori,j=1,2,...,n,

ook
the (v;, v;)-th entry of A)(G) = {k’ ifo; = .Uj !
0, otherwise.

A simple graph (resp. simple directed graph) is a graph (resp. directed graph) which has no loops (resp.
directed loops) and no multiple edges (resp. multiple arcs). A simple mixed graph is a mixed graph which
has no loops, directed loops, multiple edges or multiple arcs. A complete graph is a simple graph in which
every pair of distinct vertices is adjacent. A complete directed graph is a simple directed graph in which, for
every pair of distinct vertices u# and v, both u — v and v — u exist. A complete mixed graph is a simple mixed
graph in which, for every pair of distinct vertices # and v, the following relationship hold: u ~ v, u — v
and v — u. We denote the complete graph, the complete directed graph and the complete mixed graph on
n vertices as K,,, K and K, respectively.
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An independent set in a mixed graph G is a set of vertices of G in which no two vertices are adjacent.
The independence number of G, denoted by a(G), is the cardinality of a largest independent set of G. A
k-partite graph (or k-partite directed graph, or k-partite mixed graph, resp.) is a graph (or directed graph, or
mixed graph, resp.) whose vertices can be partitioned into k independent sets. If k = 2, then we say that it
is a bipartite graph (or bipartite directed graph, or bipartite mixed graph, resp.). Let G be a k-partite graph with
vertex partition Vg = V; UVoU---UViand |Vi| =n;fori=1,2,...,k Then G is said to be complete k-partite
if u ~ v forevery u € V;and v € V; with i # j. We denote it by K;;, 4,,...,- In particular, Ky, is used when
ny =mny=--+-=Mn=Mm.

Let G be a k-partite directed graph with vertex partition Vg = V3 UVo,U...UV;and |Vi| = n; for
i=1,2,...,k. Then G is said to be complete k-partite if u — v and v — u for every u € V; and v € V; with

i# j. Wedenoteitby K[ . In particular, Kf(m) isused whenn; =ny =--- = n = m.

Let G be a k-partite mixed graph with vertex partition V¢ = V; UV,U...UViand |Vi| = nifori=1,2,...,k.
Then G is said to be complete k-partite if u ~ v, u — v,and v — u for every u € V;and v € V; withi # j. We
denoteitby K~ . Inparticular, K%n) isused whenn; =ny =+ =ny =m.

Throughout this paper, I, denotes the n X n identity matrix, J,x» denotes the all-ones n X m matrix, 0,
denotes the all-zero n X m matrix, and 1, denotes the all-ones matrix of size n X 1. These matrices are simply
referred to as I, ], 0, and 1, when their sizes are evident from the context. The characteristic polynomial of
a square matrix M is denoted as Py(x), and the spectrum of M is the multi-set of all the eigenvalues of M.
For an n X n real matrix M with real eigenvalues, the eigenvalues are denoted by A;(M) fori =1,2,...,n
and they are ordered as A1(M) > Ay(M) > --- > A,(M). An eigenvector X of a matrix is said to be positive if
all it’s entries are positive real numbers. For a matrix M, M[i|j] denotes the matrix obtained by deleting the
i-th row and the j-th column from M. We denote M[i|i] simply as M[i]. Let M = [m;;] and N be matrices of
order m X n and p X g, respectively. The Kronecker product of M and N, denoted by M ® N, is the mp X ngq
block matrix [m;;N].

In the rest of the paper we consider only mixed graphs having finite number of vertices.

3. Integrated adjacency matrix of a mixed graph

Let G be a mixed graph. The undirected part (resp. the directed part) of G is the spanning submixed graph

of G whose edge set is Eg, and arc set is () (resp. edge set is (), and arc set is EG). We denote the undirected
part and the directed part of G as G, and Gy, respectively. Clearly, every mixed graph can be viewed as the
union of its undirected part and directed part.

Example 3.1. Consider the mixed graph G shown in Figure[T] It's undirected part G, and directed part G4
are also depicted within the same figure.

Figure 1: A mixed graph G along with its undirected part G, and directed part G,.
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Definition 3.1. Let G be a mixed graph with V¢ = {v1,0y,...,v,}. Fori=1,2,...,n,let v} and v}’ represent
two copies of v;. We define the integrated adjacency matrix of G, denoted by Z(G), as the square matrix of
order 2n, with rows and columns are indexed by the elements of the set {v},v;,...,v;,0{,v),..., 0/} For
i,j=1,2,...,n,

2r, ifi=jandv; ij;
the (v;,v;)-th entry of 7(G) = the (v/, U;’)-th entry of I(G) ={s, ifi# jandv; ~ vj;
0, otherwise;

. t
the (v;,v;-’)-th entry of 7(G) = the (v}’,vg)—th entry of 7(G) = {t’ ifv;i > ?J’f
0, otherwise.

The eigenvalues of 7(G) are called the J-eigenvalues of G. We denote these eigenvalues as A;(G) for
i=1,2,...,2n. Since I(G) is real symmetric, these can be arranged, without loss of generality as A;(G) >
A(G) = - -+ = Ap,(G). The spectrum of 7 (G) is referred to as the 7-spectrum of G.

It can be seen that a mixed graph G can be determined by its integrated adjacency matrix 7(G), as long
as the indices of the matrix are specified.

By arranging the rows and columns of 7(G) in the order v/, v}, ..., v,,v{,v},..., v}/, the matrix 7(G) can
be viewed as a 2 X 2 block matrix

AGy)" AGy)

Since the matrix 7 (G) integrates the matrices A(G,) and X(Gd), it justifies its name.
Now we define a graph, called the associated graph of G, denoted by G4, as follows. Let Vi =

{01, 0,...,0p,0],0,...,07}. The adjacency among the vertices of G4 is determined using the following

rules, fori,j=1,2,...,n:
(i Lk, R ook
i) 0 ~ v; and v’ ~ v; in G” if and only if v; ~ v; in G;
.. k . . . k .
(ii) v} ~ v;.’ in G4 if and only if v; > v;in G.

Clearly, G* has 2¢(G) + a(G) edges (excluding loops) and 2/(G) loops. The subgraphs spanned by the
vertex subsets {v,v;,...,0,} and {v],07,...,0,/} of GA are isomorphic to G,. If G has a loop at v;, then
correspondingly G* has two loops: one at v/ and the other at v/’ If G has a directed loop at v; in G, then
correspondingly G* has an edge joining v/ and v/’

Itis evident that A(G?) = Z(G). Consequently the spectrum of 7(G) is identical to the spectrum of A(G%).
From the construction of G it is easy to observe that if G is simple, then G* is a simple graph.

Example 3.2. Consider the graph G shown in Figure|l] Its integrated adjacency matrix is

2 1 1 1 1 1 0 0]
1 2022 201
10401101
12000010
1©) = 1210211 1}
1210120 2
00011040
0o 1101 2 0 O

and its associated graph G* is shown in Figure
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GA

Figure 2: The associated graph G# of the mixed graph G shown in Figure

4. Some basic results

We start with the following observations.

Observation 4.1. (1) If G is a graph, then 7(G) = I, ® A(G). Consequently, the eigenvalues of 7(G) are
identical to those of A(G) but with twice their multiplicities. That is, A is an eigenvalue of A(G) with
multiplicity k if and only if A is an eigenvalue of 7(G) with multiplicity 2k.

(2) If Gis a directed graph in which every pair of its vertices has the same number of arcs in both direction,

then 7(G) = (J, — L) ® A_)(G). As a result, A1, Ay, ..., A, are the eigenvalues of A_)(G) if and only if
A, A2, oo, Ap, =M1, =g, ..., —A, are the eigenvalues of 7(G), where n represents the number of vertices
in G.

The proof of the following result follows directly from the definition of the integrated adjacency matrix of
a mixed graph.
Proposition 4.1. Let G be a mixed graph. Then the following holds.

@) Y, d(u) =2(e(G) +1(G)),

ueVg

() Y, d*@w)=a(G) = Y, d~(u).

ueVg ueVg

Theorem 4.1. Let G be a simple mixed graph on n vertices. Then the following holds.

2n

(i) YA(G) =0,
i=1

(ii) %)\i(c)2 = 4¢(G) + 2a(G).
i=1

2n
Proof. Since ) Ai(G) = tr(Z(G)), part (i) follows.
i=1
Let v1,0y,...,0, be the vertices of G. Note that the i-th diagonal entry of 7(G)? is d(v;) + d*(vy), if
2n
i=1,2,...,n,and d(v,.,) +d~(vip),ifi=n+1,n+2,...,2n. Since ¥, A;,(G)*> = tr(Z(G)?), we have
i=1

2n n 2n
YAGP = ) [@@)+d @)+ ), @) +d (i)
i=1 i=1

i=n+1
Y @d() +d* (@) + d" (). (4.2)

i=1
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Part (ii) follows by applying PropositionEIjin @2). O

Theorem 4.2. Let G be a simple mixed graph, and let H be an induced submixed graph of G. Then the I-eigenvalues
of H interlace the I-eigenvalues of G.

Proof. Since H” is an induced subgraph of G#, as per the interlacing theorem for simple graphs, it follows
that the eigenvalues of A(H”) interlace the eigenvalues of A(G”). Since I(G) = A(G?) and I(H) = A(H?),
the result follows. [

2n-2

Theorem 4.3. For a simple mixed graph G on n vertices, the coefficient of x*"~= in the characteristic polynomial of

1(G) is —2¢(G) — a(G).

Proof. The coefficient of x*~2 in the characteristic polynomial of 7(G)is Y Ai(G)A;(G). Notice that
1<i<j<2n
2n 2 2n
ZA (©)| = Z)\j(c)2 +2 Z A(G)AG).
=1 =1 1<j<k<2n

By using Theorem4.1]in the above equation, we get the result as desired. [

Definition 4.1. Let G be a mixed graph with at least one arc. We say a walk containing an arc in G as an
alternating walk if starting from the first arc it’s subsequent arcs must alternate between forward and reverse
directions.

We say an alternating walk W in G as an alternating path if it satisfies the following conditions:

(i) Each vertex in W occurs at most twice.

(ii) If a vertex in W occurs twice, then the number of arcs between its two occurrences must be odd.
(iii) Each edge in W occurs at most twice.
(iv) If an edge in W occurs twice, then the number of arcs between its two occurrences must be odd.

(v) Each arc in W occurs exactly once.

We say an alternating walk W in G as an alternating cycle if it satisfies the following conditions:
(1) The starting and ending vertex of W are the same.
(2) W satisfies the above conditions (iii)-(v).
(3) The vertices in W other than the starting vertex (ending vertex) satisfy the above conditions (i) and (ii).
(4) The starting vertex in W occurs at most thrice.

(5) If the starting vertex in W occurs thrice, then the number of arcs between its successive occurrences
must be odd.

Theorem 4.4. Let G be a simple mixed graph on n vertices v1,vs,...,v,. Then we have the following for i,j =
1,2,...,n.

(i) The (v, v;)—th entry of I(G)* is the sum of the number of walks in G from v; to v; of length k containing no arcs,
and the number of alternating walks in G from v; to v; of length k containing even number of arcs with the first
arc being directed in the forward direction;

(ii) The (v, v;.’)—th entry of I(G)X is the number of alternating walks in G from v; to v; of length k containing odd
number of arcs with the first arc being directed in the forward direction;
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(iii) The (vl’.’,v;)—th entry of I(G)¥ is the number of alternating walks in G from v; to v; of length k containing odd
number of arcs with the first arc being directed in the backward direction;

(iv) The (v}, U;.’)—th entry of I(G)* is the sum of the number of walks in G from v; to v; of length k containing no
arcs, and the number of alternating walks in G from v; to v; of length k containing even number of arcs with the
first arc being directed in the backward direction.

Proof. G* is a simple graph on 2n vertices v}, ...,v},v/,vY,...,v). According to [6, Proposition 1.3.4]:

“Let G be a simple graph with Vg = {v1,0,,...,0,}. Then for i,j = 1,2,...,n the (v;, v;)-th entry of A(G)
is equal to the number of walks in G of length k that start at v; and end at v;”, we have the following for
i,j=12,...,n

(@) The (v, U})-th entry of A(G4)¥ is the number of walks in G* of length k that start at v} and end at U;. ;
(b) The (v}, v;’)—th entry of A(G*)¥ is the number of walks in G* of length k that start at v} and end at v;.’ ;
(c) The (v, U;)-th entry of A(G4)¥ is the number of walks in G* of length k that start at v/ and end at v;.;
(d) The (v}, 0)-th entry of A(G")¥ is the number of walks in G* of length k that start at v/" and end at vy

We show that the numbers given in (a), (b), (c) and (d) are equal to the numbers given in parts (i), (ii),
(iif) and (iv), respectively in the theorem.

First we show that the number given in (a) is equal to the number given in part (i) of the theorem.
Consider the vertex partition Vga = A U B, where A = {U’l,vé,...,v;} and B = {v{,v7,...,v,}. Fixije€
{1,2,...,n}. Let W be a walk in G from v; to v; of length k as in part (i) of the theorem. We prove that there

is a walk in G* corresponding to W of length k which starts at v/ and ends at v;..

Case 1. Suppose that W has no arcs. As per the construction of G*, W corresponds to two distinct walks
of length k in G*. One walk joins only the vertices of A, and the other joins only the vertices of B. For the
count, we consider the walk, say W’ which joins the vertices of A only. Then W’ starts at v and ends at v}.

Case 2. Suppose that W is an alternating walk containing even number of arcs with the first arc being in
the forward direction. Based on the construction of G4, W corresponds to a walk, say W’ in G of length
k, which is found as follows. Since the first arc of W is in the forward direction, the corresponding edge
in G joins a vertex in A to a vertex in B. Therefore, the vertices and the edges prior to the first arc in
W are associated to the corresponding vertices and the edges in A, implying that W’ starts at v/. As the
arcs of W alternate in direction, the second arc in W must be in the backward direction consequently the
corresponding edge in G* joins a vertex in B to a vertex in A. The vertices and the edges between first
two arcs in W are associated to the corresponding vertices and the edges in B. Continuing like this, we
have the edge corresponding to the last arc of W which joins a vertex in B to a vertex in A, since there are
even number of arcs in W. If there are any remaining edges in W after the last arc, then the corresponding
vertices and edges are in A. This implies that W’ starts at v and ends at U;..

Conversely, let W’ be a walk in G* of length k which starts at v/ and ends at v;.. We prove that there is a

walk or an alternating walk in G as in part (i) of the theorem.

Case 1. Suppose all the edges of W’ join the vertices of A only. Then from the construction of G4, it
corresponds to a walk of length k joining v; and v; in G containing no arc.

Case II. Suppose an edge of W’ joins a vertex in A and a vertex in B. As per the construction of G4, W’
corresponds to a walk, say W in G of length k, which is found as follows. Since both v/ and v’ are in A,
there must be even number of edges in W’ which join vertices in A with vertices in B. The first such edge
in W’ joins a vertex in A with a vertex in B. This edge corresponds to an arc in G with forward direction,
because v; € A. The subsequent edge in W’ which joins a vertex in B with a vertex in A corresponds to
an arc in G with a backward direction. This alternation continues with the even number of edges in W’
joining the vertices in A with the vertices in B are associated to the arcs in G with alternating directions. The
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remaining edges in W’ which are not part of the alternating sequence, correspond to the edges in G. Thus,
W is an alternating walk of length k in G from v; to v; containing even number of arcs, with the first arc in
the forward direction.

Hence the sum of the number of walks in G from v; to v; of length k containing no arcs, and the number
of alternating walks in G from v; to v i of length k containing only even number of arcs with the first arc in
the forward direction, is equal to the number of walks in GA of length k that starts at v/ and ends at v}.

In similar manner, we can prove that the numbers given in (b), (c) and (d) are equal to the numbers
given in parts (ii), (iii) and (iv), respectively in the theorem.

Since 7(G) = A(G*), we have 7(G)* = A(G*)". Hence the result follows. [

With the help of the proof of Theorem 4.4} we can observe the following.

Note 4.1. (a) Eachalternating path W in G corresponds to a path W’ in G4, since by definition each repeated
vertex and each repeated edge in W corresponds to its two distinct copies in W’.

(b) Each path W’ in G* corresponds to either a path or an alternating path in G, depending on whether W’
contains no edge joining the vertices of A and B (path) or at least one such edge (alternating path).

(c) Each alternating cycle W with an odd number of arcs in G corresponds to a path W’ in G4, since the
odd number of arcs ensures that the starting vertex does not occur in the interior of the cycle. Thus W
is an alternating path, and by (a), W’ is a path.

(d) Each alternating cycle W with an even number of arcs in G corresponds to a cycle W’ in G4, since by
definition each repeated vertex (excluding the terminal vertex) and each repeated edge in W corresponds
to its two distinct copies in W’. The even number of arcs guarantees that W’ is a cycle.

(e) Each cycle W’ in G corresponds to either a cycle or an alternating cycle with an even number of arcs
in G, depending on whether W’ contains no edge joining the vertices of A and B (cycle) or at least one
such edge (alternating cycle).

Let G be a mixed graph. An odd cycle in G is a cycle having odd number of edges. An odd alternating cycle
in G is an alternating cycle having odd number of arcs and edges.

Definition 4.2. A loopless mixed graph G is said to satisfy the associated-bipartite property (shortly, AB
property), if it has no odd cycle and no odd alternating cycle with even number of arcs.

Lemma 4.1. A loopless mixed graph G has the AB property if and only if G* is bipartite.

Proof. Let G be a mixed graph with Vg = {vy,0,...,0,}. Then Vga = {v],0),...,0,, v{,v7,...,0,}. Let
Ay ={v],v},..., vt and Ay = {0}, 07,...,v;/}. Suppose G has the AB property. Then G has no odd cycle and
no odd alternating cycle with even number of arcs.

An odd cycle (if exist) say C in G# satisfies one of the following.

(i) C contains only the vertices of A; or only the vertices of A,;

(i) C contains at least one vertex from each of the sets A; and A, and even number of edges which join
the vertices in A; with the vertices in A,.

Since G has no odd cycle, G* has no odd cycle as in (i). Since G has no odd alternating cycle with even
number of arcs, G* has no odd cycle as in (ii). As per the above, we have that GA has no odd cycle, ie,, GA
is bipartite. By retracing the above, the converse can be proved. O

Theorem 4.5. Let G be a simple mixed graph on n vertices. Then the following conditions are equivalent.
(i) G has the AB property;

(ii) if Pry(x) = x®" + c1x* 1 + cox®"™2 + -+ + ¢y is the characteristic polynomial of I(G), then cyuq = 0 for
k=0,1,..,n-1;
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(iii) the 1-eigenvalues of G are symmetric with respect to the origin, i.e., if A is an eigenvalue of 1(G) with multiplicity
k, then —A is also an eigenvalue of 1(G) with multiplicity k.

Proof. Since the spectrum of I(G) coincides with the spectrum of A(G#), the result directly follows from
Lemmaf4.T]and [4, Theorem 3.14]. [

5. I-spectra of certain special mixed graphs

Theorem 5.1. Let G be a mixed graph on n vertices. Then G is an (r, s)-reqular mixed graph if and only if r + s and

T
r — s are eigenvalues of 1(G) with corresponding eigenvectors 1y, and [12 —lﬂ , respectively.

Proof. Since G is a mixed graph, we can express 7 (G) as a 2x2 block matrix as described in (3.I). Suppose G is
(r,s)-regular, the row sums of the blocks A(G,,), A)(Gd), and A)(Gd)T are 1,5, and s, respectively. Consequently

T
7 +s and r — s are eigenvalues of 7(G) with corresponding eigenvectors 15, and [1,{ —1;] , respectively.
Conversely, assume that r + s and r — s are eigenvalues of 7(G) with corresponding eigenvectors 1,,

and [15 —IZ]T, respectively. Then for all u € Vg, the following conditions hold: d(u) + d*(u) = r + s,
dw)+d () =r+s,du) —d*(u) =r —s,and d~(u) — d(u) = —(r — s). These equations imply that d(1) = r and
d*(u) =d (1) = s for all u € V. Hence G is (r,s)-regular. [

Let G be a mixed graph. For v € Vi, G — v denotes the mixed graph obtained by deleting the vertex v
along with all edges and arcs incident with v in G. For e € Eg, G — e represents the mixed graph obtained

by deleting the edge e from G. Similarly, fora € E¢, G —a denotes the mixed graph obtained by deleting the
arc a from G.
For u,v € Vg, we denote

e u 5 v, if there is exactly one arc from u to v, and exactly one arc from v to u;

e u = v, if there is exactly one arc from u to v, and exactly one edge joining u and v;

e u = v, if there is exactly one arc from u to v, and exactly one arc from v to u, and exactly one edge
joining u and v.

Theorem 5.2. Let G be a mixed graph with Vg = {v1,vy,...,v,}. Let G; be the mixed graph obtained from G by
taking a new vertex u, and joining it with v; in one of the following way: v; Suud v}, U; Lu, v 2 U, =2 u,
u = vjand vj 3 u. Then we have the following.

. 1
(i) vaj — u, then P](G/.)(x) = XZP[(G)(X) - xP[(G)[]‘](X).
.. 1
(i) If u — v}, then Pr(c (%) = X*Pr(c)(¥) = XPrGyn+1(%)-
(iii) Ifvj ~ u, then Prc,)(x) = ¥*Pr6)(x) = X{Proyji(*) + PrGyms 1)} + Pr(G-o)(x)-
(iv) Ifv; 2 u, then Pr,)(x) = X*Pr)(x) = X{P1G)(j1(¥) + Pr(G)n+/1(¥)} + Pr(G—o)(%)-

(v) Ifvj = u, then Py, (x) = ¥*P)(x) = x{2P 1)1 (%) + Pr6)n+1(X) + (=1)"P 1)+ 11 (X) + (= 1) P16y pjin+ 1 (%)} +
Pr(G-o,)(x).

(vi) Ifu = vj, then Pr(c(x) = X*Pr(c)(x) = X{P1yji (%) + 2P 1G)in+ 1(X) + (1) P 1)+ j1j1 () + (= 1) P16y pjims+ 1 ()} +
Pr(G-o,)(x).

(vii) Ifv; = u, then Prc,)(x) = X*P1)(x) = 2X{P 161 (%) + P 1+ 1 (%) + (=1)" P 1+ 11 (%) + (1) P16 1jin+ 1 (0))-
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Proof. 1f v; 2 u, then by a suitable ordering of vertices of G;, we have

AG)) Opa AGs) E
01><n 0 01><n 0
AG)T 0pa AG)) Opa|’
E]T 0 01xx 0

I(G)) =

where E; denotes the n X 1 matrix with (j, 1)-th entry is 1 and all other entries are 0. Now

Prey() = IxI-I(G))
A -AG)) Opa  —AGy)  —E
_ 01><n X 01><n 0
- _A(Gd)T 01 xI— A(Gu) 0,1
_Ef 0 01><l’l X

x[-AG,) -AGy) -

= ()" _AGHT X - AGl) Oua

_E}H 01)(;1 X

xl-AG)  —AGy)

~AGy)T  xI-A(Gy)

(- AGI  ~AG)  -E

_A(Gd)T[OUJ xl—A(Gu) 0n><1
X*Pr(c)(x) — xP gy (x)-

= x |:(_1)(2n+1)+(2n+1)x

+(_1)(2n+1)+j X (_1)

|

This completes the proof of part (i). Similar to part (i), the remaining parts can also be proved. [

Theorem 5.3. (i) The I-spectrum of K%m) is 2m(k — 1) with multiplicity 1, —2m with multiplicity k — 1, and 0
with multiplicity (2m — 1)k.

(ii) The I-spectrum of KkD(m) is £m(k — 1) with multiplicity 1, £m with multiplicity k — 1, and 0 with multiplicity
2k(m —1).

Proof. We have I(Kﬁfm)) =Lo[(Jk — Ix) ® Jn] and I(Kl?(m)) = (]2 —L)®[(Jx — It) ® Jm]. For a positive integer s,
the eigenvalues of J; are s with multiplicity 1, and 0 with multiplicity s — 1. The proof follows by applying
these in [4, Lemma 3.24]: “Let A and B be symmetric matrices of order m X m and n X n, respectively. Then

the eigenvalues of A ® B are given by A;(A)Ai(B) fori=1,2,...,mand j=1,2,...,n". O

Corollary 5.1. (i) The I-spectrum of KM is 2(n — 1) with multiplicity 1, =2 with multiplicity n — 1, and 0 with
multiplicity n.

(ii) The I-spectrum of K2 is +(n — 1) with multiplicity 1, and +1 with multiplicity n — 1.
Proof. By taking m =1, and k = n in Theorem 5.3} the result follows. [
An oriented graph of a graph G is the directed graph obtained from G by replacing each edge in G by an arc.

Theorem 5.4. (i) If G is the oriented graph of P, (n > 2) with all its arcs have the same direction, then the
I-spectrum of G is 1, =1, and 0 with multiplicity n — 1, n — 1, and 2, respectively.

(ii) If G is the oriented graph of P, (n > 2) with all its arcs have the alternating direction, then the I-spectrum of G
is 0 with multiplicity n, and 2 cos “—kfor k=1,2,...,n.

n+1
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(iii) If G is the oriented graph of C, (n > 3) with all its arcs have the same direction, then the I-spectrum of G is 1
and =1 each with multiplicity n.

(iv) If G is the oriented graph of C,, (n > 4) with all its arcs have the alternating direction, then the I -spectrum of G
is 0 with multiplicity n, and 2 cos Z% fork =1,2,...,n.

Proof. (i) Here G* is the union of (n — 1)K, and two isolated vertices. Consequently the spectrum of
A(G%)is 1, -1, and 0 with multiplicity n — 1, n — 1, and 2, respectively.

(ii) Here G” is the union of P,, and n isolated vertices. It is known that the spectrum of A(P,) is 2 cos nn—fl
k

fork=1,2,...,n. So, the spectrum of A(GA) is 0 with multiplicity n, and 2 cos 2% fork =1,2,...,n.

n+l

(iii) Here G* = nK; and so the spectrum of A(G*) is 1 and —1 each with multiplicity .

(iv) Here G is the union of C, and 7 isolated vertices. It is known that the spectrum of A(C,,) is 2 cos 27“1‘

fork=1,2,...,n. So, the spectrum of A(GA) is 0 with multiplicity #, and 2 cos %‘ fork=1,2,...,n.

Since the spectrum of 7(G) and A(G”) are the same, we get the result. [

6. Mixed components of a mixed graph

Definition 6.1. Let G be a mixed graph. A submixed graph G’ of G having at least one arc is said to be a
special submixed graph of G, if it satisfies the following conditions.

(i) Any two distinct vertices of G’ are joined by an alternating walk;

(ii) If a component H of G, has at least one vertex having in-arc in G’, and at least one vertex having
out-arc in G/, then for each vertex v of H, there exists a closed alternating walk in G’ which starts and
ends at v, and containing odd number of arcs.

Definition 6.2. Let G be a mixed graph. A submixed graph G’ of G is said to be a mixed component of G if it
satisfies one of the following three conditions.

(i) G’ is a component of G, and each vertex of G’ has out-degree zero in G.
(ii) G’ is a component of G,, and each vertex of G’ has in-degree zero in G.
(iii) G’ is a maximal special submixed graph of G.

We call a mixed component satisfying the conditions (i), (ii) and (iii) mentioned above as a mixed
component of Type I, Type II and Type I1I, respectively.

Example 6.1. Consider the mixed graph G shown in Figure[3} The mixed graphs G1, G2, G, and G4 shown
in the same figure are some special submixed graphs of G. The mixed graphs G, G4, Gs and G are the
mixed components of G. Since G; and G3 are submixed graphs of G,, they are not maximal special submixed
graphs of G. So, they are not mixed components of G. Furthermore, G5 and G¢ are not special submixed
graphs of G, since they have no arcs.

Particular cases: The structure of the mixed components of a mixed graph G is detailed below for the cases
when G is either a directed graph or a graph.

(1) If Gis a directed graph:

(i) A mixed component of Type Iin G is a vertex v € Vi whose out-degree in G is zero.

(ii) A mixed component of Type Il in G is a vertex v € V; whose in-degree in G is zero.
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U1 U1 U1
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v3 v3 Vs 5 4 5
G G1 Go Gs Gy Gs Gs

Figure 3: A mixed graph G and it’s special submixed graphs G1, G2, G3, G4, G5 and Gg

(iii) A mixed component of Type IIl in G is a non-trivial subdirected graph G’ of G which is maximal
with respect to the following conditions:

a) Any two distinct vertices in G’ are connected by an alternating walk in G'.
y y g

(b) For each vertex v € Vs that has both an in-arc and an out-arc in G’, there exists a closed
alternating walk of odd length in G” which starts and ends at v.

(2) If Gis a graph:

e A subgraph G’ of G is a mixed component of G if and only if G’ is a component of G.

o Note that each component of G is counted twice in the total number of mixed components. Hence,
the number of mixed components of G is twice the number of components of G.

Observation 6.1. Let G be a mixed graph. Then the following properties hold:

(i) Let G1,Gy, ..., Gk be the components of G,,. If H is a mixed component of G, then H, = LJIGi, where
1€

Ic{1,2,...,k}. Otherwise, the maximality condition of a special submixed graph will be violated for
Type IIl mixed component. For Type I and Type II mixed components, it is straightforward.

(ii) Each vertex of G belongs to either one or two mixed components of G.

(iii) A vertex v of G is part of exactly one mixed component if and only if there exists a closed alternating
walk in G that starts and ends at v and contains an odd number of arcs.

(iv) Each arc of G is contained in exactly one mixed component.
(v) Each edge of G belongs to either one or two mixed components.

(vi) An edge e of G is part of exactly one mixed component if and only if there exists a closed alternating
walk in G that starts and ends at an endpoint v of e and contains an odd number of arcs.

Let S(G) denote the multiset of all mixed components of a mixed graph G. If a component of G is a
graph, then it can be viewed as a mixed component of Type I or Type II. Therefore, we take two copies of
this component in S(G), and designating one as a mixed component of Type I and the other as a mixed
component of Type IL

Theorem 6.1. If G is a mixed graph, then there exists a one-to-one correspondence between S(G) and the set of all
components of GA.
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Proof. Let Vg = {v1,02,...,04}. Let Gy,Gy,..., Gy be the components of G,. Let G},G),..., G, (resp.
GY,GY,...,G) be the components of the subgraph spanned by the vertex subset {v],v;,...,v,} (resp.
{v,v,...,v)}) of GA. Let B be the set of all components of G*. We define a mapping f from S(G) to 8 as
follows.

Consider a mixed component H of G.

Case 1. If His of Type I, then H = G; forsome i = 1,2,...,k. So, G’ is a component of G4 and we associate
H with G/ under f.

Case 2. If H is of Type II, then H = G; for some i = 1,2,...,k. So, G/ is a component of G4 and we
associate H with G!” under f.

Case 3. 1f H is of Type 111, then H is associated with a component H' of G#, which is constructed as
follows: Let G; be a component of H, for somei € {1,2,...,k}.

(a) Take G, if at least one vertex of G; has non-zero out-degree in H.

(b) Take G7, if at least one vertex of G; has non-zero in-degree in H.

(c) For each arc v; — v, in H, join v;, and v;/ by an edge.

Take H’ to be the subgraph of G* obtained by combining one copy of each G/ and G/’ mentioned above
in (a) and (b), respectively along with the set of all edges formed in (c).

Claim 1: H' is a component of G*.

First we show that H' is connected. Consider two distinct vertices u, v € V. The following cases arise:

Casei. u,v € Vg forsomer € {1,2,...,k}.
Clearly a path exists with in H’ joining # and v.

Caseii. u € Vgoand v € Vg forr # L.
Here, u = v; and v = ¢/ for some i,j € {1,2,...,n} and i # j. We have v;,v; € V. Since H is a mixed
component of G and v; € Vg, and v; € Vg, for r # I, there exists an alternating walk joining v; and v; in H.
This implies that at least one of the pair (v, v;), (v, v}’), (@7, v}.) or (v, v;,’) of vertices is joined by a walk
in H’. This assures that there exists a path joins any one of the above said pairs of vertices of H’. If there
is a path joining v; and v} in H’, then the case is resolved. If there is a path joining v} and o7 in H’, then
both G} and G}’ are subgraphs of H'. This implies that at least one vertex of G, has non-zero in-degree, and
one vertex of G; has non-zero out-degree in H. Since H is a mixed component of G, there exists a closed
alternating walk in H which stars and ends at v; containing odd number of arcs. So, corresponding to this
walk, we get a walk in H joining v}. and v}’. Therefore, there is a path in H' joining U;, and v}.’. Combining
together, we get a path joining v/ and v’ in H’. For the remaining two possibilities also, in similar manner,
we can show that there exists a path joining v and U;. in H'.

Case iii. u =v},v = U;.’.
As in Cases i and ii, it can be similarly shown that there exists a path joining # and v in H'.

Caseiv. u € Vg and v € Vir for somer € (1,2,...,k}.
Here, u = v/ and v = U;.’ for some i,j € {1,2,...,n}. This implies that at least one vertex of G, has non-zero
in-degree and one vertex of G, has non-zero out-degree in H. By definition of mixed component, there
exists a closed alternating walk in H which starts and ends at each vertex of G, containing odd number of
arcs. In particular, at v;, there is a closed alternating walk in H containing odd number of arcs. This implies
that there is a path joining v/ and v/ in H'. If i = j, then the case is resolved. If i # j, then there is a path
joining v}" and v;,’ in H’, since v}/, ZJ;.' € V. Combining together, there exists a path joining u = v/ and v = v/
inH'.

Casev. u€ Vg and v € VG;/ forr # L.
Here, u = vl’. and v = v;’ forsomei, j€{1,2,...,n}and i # j. Correspondingly, we have v;, v i € Vy, and since
H is a mixed component of G, there exists an alternating walk joining v; and v; in H. This implies that one
of the pair (v, U;.), (@, U;./), (07, v}) or (v, v;.’) of vertices are joined by a path in H’. If there is a path joining
v; and v in H’, then the case is resolved. For the remaining three possibilities, by using a similar method
described in Case ii, we can show that there exists a path joining v/ and v}’ inH'.
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Now, the maximality property of H in G assures the maximality of the connected subgraph H” in GA.
Hence, H’ is a component of G2. Proof of Claim 1 is completed.

Claim 2: f is bijection.

Asmentioned in Cases 1, 2 and 3, different mixed components of G are associated to different components
of G* under f. Therefore, the association f is one to one. To establish that f is onto, we have to show that
for each component C of G#, there exists a mixed component C* of G such that f(C*) = C.

Let Cbe a component of G*. As per the construction of G*, one of the following cases must hold: C = G/
forsomei=1,2,...,k; C =G/ forsomei=1,2,...,k or Cis the union of some G;, G;.’ along with all the
edges among them in G*. We analyze each of these cases in detail below.

Casea. If C = G/ forsome i =1,2,...,k then we take C* as the corresponding component G; of G,. Then
all the vertices of C* have zero out-degree in G, and so it is a mixed component of Type 1. By Case 1, it
follows that f(C*) = C.

Case b. 1f C = G for some i = 1,2,...,k, then we take C* as the corresponding component G; of G,,.
Since all the vertices of C* have zero in-degree in G and so it is a mixed component of Type II. By Case 2, it
follows that f(C*) = C.

Case c. 1f C is the union of some G/, G;’, and all the edges among them in G4, then the following

procedure is applied:
e We take the union of all G;s and G;s corresponding to G’s and G7sinC, respectively.

e For each edge v; v;.’ in C, we join the corresponding vertices v; and v; with an arc directed from v; to v;.

Let C* denotes the submixed graph of G obtained from Case ¢ described earlier.

Subclaim 2.1: C*, as obtained in Case ¢, is a mixed component of G.

To prove this, consider any two vertices v; and v; in C". At least one of v} or v;" and one of v’ or v/ must
be in C. Since C is a component of G#, there is a path joining at least one of the pair (@, v;.), (@, v;.’), (7, v;.),
or (v, v;.’) of vertices in C. From the construction of C*, this implies the corresponding walk or alternating
walk joining v; and v; in C*.

Now, consider u,v € Vg, such that d*(u) # 0 and d™(v) # 0 in G. Then G/ and G/’ are subgraphs of GA.
Let v; be a vertex of G;. Then v, and v/ arein C. Since Cis connected, there is a path joining vl and v/ inC.
This implies that there is a closed alternating walk starts and ends at v; in C* containing an odd number of
arcs.

Finally, since Cis a component of G, it assures the maximality of C* in G. Hence C* is a mixed component
of G. This completes the proof of Subclaim 2.1.

By Case 3, it follows that f(C*) = C, completing the proof of Claim 2, and subsequently the entire
proof. O

For each mixed component H of G, we uniquely associate a component of G* in this proof. Moving
forward we refer to this component as the associated component of H.
The following result is a direct consequence of Theorem 6.1}

Corollary 6.1. The number of mixed components of a mixed graph G is equal to the number of components of G*.
Definition 6.3. A mixed graph G is said to be r-regular if d*(u) = d~(u), and d(u) + d*(u) = r for allu € V.
It is evident that G is r-regular if and only if 7 is an eigenvalue of 7(G) with corresponding eigenvector 1,,.
Lemma 6.1. Let G be a mixed graph. Then G is r-reqular if and only if G* is r-regular.

Proof. Let G be an r-regular mixed graph with V¢ = {v1,v,,...,v,}). Then for i = 1,2,...,n, we have
d(v;) +d*(v;) = r = d(v;) +d~(v;). Observe thatfori=1,2,...,n,d(v)) = d(v;) +d" (v;) and d(v}’) = d(v;) +d~(v)).
Hence G* is r-regular. By retracing the above steps, the converse can also be established. [
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Theorem 6.2. If G is an r-regular simple mixed graph, then A1(G) = r, where multiplicity of v equals the number of
mixed components of G.

Proof. By Lemma G” is an r-regular simple graph. Since 7(G) and A(G*) have the same spectrum,
the result follows in view of Corollary [6.1|and [6, Theorem 3.3.1]: “If G is an r-regular simple graph, then
A1(G) = r whose multiplicity is equal to the number of components of G”. [J

Definition 6.4. A mixed graph G is said to be uniconnected if G has exactly one mixed component.

Example 6.2. The mixed graph G shown in Figure [4is uniconnected.

U1 U2

V4 ¢ U3

G

Figure 4: An uniconnected mixed graph G

Lemma 6.2. A mixed graph G is uniconnected if and only if G is a connected graph.
Proof. Follows directly from Corollary O

Theorem 6.3. Let G be a simple uniconnected mixed graph on n vertices. Then the following holds.

(i) If G has an alternating path of length 2n — 1 that includes all vertices, all arcs, and each edge of G exactly twice,
then the I-spectrum of G is 2 cos 5% fork = 1,2,...,2n.

(i) If G has an alternating cycle of length 2n — 1 that includes all vertices, all arcs, and each edge of G exactly twice,
then the I -spectrum of G is 2 cos % fork=1,2,...,2n.

(iii) If G has an alternating cycle of length 2n that includes all vertices, all arcs, and each edge of G exactly twice,
then the I-spectrum of G is 2cos %t fork =1,2,...,2n.

Proof. Since G is uniconnected, Lemmaimplies that G* is connected.
Under the conditions given in part (i), G* has a path containing all its edges, which implies G* = Py,.

Therefore, the spectrum of A(G*) is 2 cos 2,7:’+‘1 fork=1,2,...,2n.

Consider the conditions given in part (ii). Since the length of the alternating cycle is 2n — 1 (an odd
number) G contains an odd number of arcs. This implies that G* = P,, and so the spectrum of A(GY) is

K _
2cos 5 fork=1,2,...,2n.

Under the conditions given in part (iii), GA has a cycle containing all its edges, i.e., GA = Cy,. Conse-
quently, the spectrum of A(G4) is 2 cos %‘ fork=1,2,...,2n.
Since the spectrum of 7(G) and A(G”) are the same, the results follow. [

Theorem 6.4. A simple mixed graph G is uniconnected if and only if A1(G) is a simple eigenvalue with a positive
eigenvector.

Proof. Since I(G) = A(G?), the proof follows in view of Lemmaand [6, Corollary 1.3.8]: “A simple graph
G is connected if and only if A{(G) is a simple eigenvalue with a positive eigenvector”. [
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7. Determinant

For a mixed component H of a mixed graph G, we define the following notations:
Op := {v € Vg | there exits an alternating path in H which contains v twice},
Qp = {e € E | there exits an alternating path in H which contains e twice},

t(H) := |Egl + 1Qul + |Epl.

Lemma 7.1. Let G be a mixed graph, and H a mixed component of G. Then the associated component of H in G* has
[Vh| + |®n]| vertices, and t(H) edges.

Proof. Let H' denote the associated component of H in GA. First, we determine the number of vertices in
H'. It is obvious that each vertex of Vi corresponds to at least one vertex and at most two vertices in H'.
Now, we claim that v € Oy if and only if H" has two vertices corresponding to v. Let v € V. Suppose
H’ has two vertices corresponding to v. According to the proof of Theorem the component of H,
containing v includes a vertex with non-zero in-degree, and a vertex with non-zero out-degree in H. As
per the definition of mixed component, there exists an alternating walk in H starting and ending at v and
containing odd number of arcs. This implies that there exists an alternating path in H starting and ending
at v and containing odd number of arcs. Therefore, we have v € ®y. By retracing the above we can prove
the converse. Thus there are 2|@y| + |V \ Oy vertices in H'. Since ®y C Vy, we have |V \ Oyl = |[Vy|—|O4l.
So, the total number of vertices of H’ is |Vy| + |®yl.

Next, we determine the number of edges in H’. Each arc in H corresponds to exactly one edge in H’.
Each edge in H corresponds to at least one edge and at most two edges in H’. Now, we claim that e € Qp if
and only if H’ has two edges corresponding to e. Let e € Qp. Suppose H' has two edges corresponding to e.
According to the proof of Theorem the component of H, containing e includes a vertex with non-zero
in-degree, and a vertex with non-zero out-degree in H. As per the definition of mixed component, H has an
alternating walk (in particular, an alternating path) starting and ending at an end vertex of e and containing
odd number of arcs. Suppose the above path does not contain the edge e twice, we can extend it by taking
e as the first and last edge of the path. Therefore, we have e € Q. By retracing the above we can prove the

converse. Thus there are 2|Qy| +|En \ Qu| + IEHI edgesin H'. Since Qp C Ey, we have |[Eyx \ Qy| = |[Ex|—1Qgl.
So, the total number of edges in H' is t(H) = |Ey| + |Qn| + IEHI. OJ

Definition 7.1. Let G be a mixed graph, and let H be a mixed component of G. We say H satisfies the
associated path property (shortly AP property) if H is either a path, or H has an alternating path which contains
(i) each vertex v of H exactly twice if v € @p; otherwise, exactly once, (ii) all the arcs of H, and (iii) each
edge e of H exactly twice if e € Qy; otherwise, exactly once.

Example 7.1. Consider the mixed graph G shown in Figure[5| The mixed graph H, also depicted in Figure[5}
is a mixed component of G having the AP property. It includes an alternating path: vy, {v1, v2}, v2, (v2, v3), U3,
(v3,3), U3, (v3, Va), Vs, (U5, Va), Us, (Us,01), 01, {01, U2}, V2. Here, Oy = {v1, v, v3} and Qn = {{v1, v2}}.

Let G be a mixed graph, and H be a mixed component of G having the AP property. Notice that if H
is a path, then it’s length is t(H); otherwise, H has an alternating path as described in Deﬁnition whose
length is also t(H).

Lemma 7.2. Let G be a mixed graph. A mixed component of G has the AP property if and only if it’s associated
component in G* is a path.

Proof. Let H be a mixed component of G, and let H' be the associated component of H in G*. Suppose H
has the AP property. If H is a path, then H' is a path. Suppose H has an alternating path P as described
in Definition Then P contains: the vertices in ®y exactly twice, the vertices in Vy \ Oy exactly once,
the arcs in Eyy exactly once, the edges in Qp exactly twice, and the edges in Ey \ Qp exactly once. Let P’ be
the corresponding path of P in H’. Then P’ contains exactly 2|®y| + |Vy \ Oyl = |Vy| + |Onl vertices, and
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V6 Vs Vs

Figure 5: The mixed graph G and it’s mixed component H having the AP property

2|1Qg| + |Eg \ Q| + |EH| = t(H) edges of H’. According to Lemmam P’ contains all the vertices and edges
of H’, proving that H" is a path.

Conversely, suppose that H' is a path. Lemma ensures H’ contains |Vy| + |®y| vertices, and t(H)
edges. Let P be the sequence of vertices, edges, and arcs in H corresponding to the path H'. Then P may be
a path or an alternating path in H. Suppose P is a path. Then Ey = 0 and |Qu| = 0, and so H is a path of

length |E|. Suppose P is an alternating path. Then P contains |Vy|+|®y]| vertices, |Ey|+|Qpy| edges, and IE HI
arcs. As per the definition of alternating path, the above is possible only when H has the AP property. [

Definition 7.2. Let G be a mixed graph, and let H be a mixed component of G. We say H satisfies the
associated cycle property (shortly AC property) if H is either a cycle, or H has an alternating cycle having an
even number of arcs with starting vertex u which contains (i) u thrice if u € ®y; otherwise, twice, (ii) each
vertex v # u of H exactly twice if v € Op; otherwise, exactly once, (iii) all the arcs of H, and (iv) each edge e
of H exactly twice if e € Qy; otherwise, exactly once.

Example 7.2. Consider the mixed graph G shown in Figure[] The mixed graph H, also depicted in Figure|6}
is a mixed component of G having the AC property. It includes an alternating cycle: vy, {v1, v2}, v2, (v2,v3), U3,
(v3,03), 03, (03, 04), V4, (U5, V), Vs, (Vs, V1), 01, {01, 02}, V2, (v1,02), U1 Of length 8. Here, O = {v1, 02,03} and Qp =
{{o1, v2}}.

Ve Us Us

G H

Figure 6: The mixed graph G and it’s mixed component H having the AC property

Let G be a mixed graph, and H be a mixed component of G having the AC property. Notice that if H is
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a cycle, then it’s length is {(H); otherwise, H has an alternating cycle as described in Definition |7.2] whose
length is also t(H).

Lemma 7.3. Let G be a mixed graph. A mixed component of G has the AC property if and only if it’s associated
component in G* is a cycle.

Proof. Let H be a mixed component of G, and let H' be the associated component of H in G*. Assume that H
has the AC property. If H is a cycle, then H' is a cycle. Suppose H has an alternating cycle C as described in
Definition[7.2] Then C contains the vertices in ©p exactly twice (excluding the repeat of the starting vertex
in the end), the vertices in Vi \ Oy exactly once (excluding the repeat of the starting vertex in the end), the
arcs in EH exactly once, the edges in Qy exactly twice, and the edges in Ey \ Qp exactly once. Let C’" be
the associated cycle of C in H'. Then C’ contains exactly 2|®y| + [Vg \ Onl| = [Vu| + |®n]| vertices (excluding
the repeat of the starting vertex in the end) and 2|Qy| + |Ex \ Qnl + IEHl = t(H) edges of H'. In view of
Lemma we conclude that C’ contains all the vertices and edges of H’, thus making H" a cycle.

Conversely, we assume that H' is a cycle. According to Lemma H’ contains |Vy| + |®y| vertices and
t(H) edges. Let C be the sequence of vertices, edges and arcs in H corresponding to the cycle H’. Then C
could be either a cycle or an alternating cycle having even number of arcs in H. If C is a cycle, then Ey=0
and |Qg| = 0, which means H must be a cycle of length |Ey|. If C is an alternating cycle, then it contains
|[Vh| + |®n]| vertices (excluding the repeat of the starting vertex in the end), |[Eg| + |Qn| edges, and IE y| arcs.
As per the definition of alternating cycle, this is possible only when H has the AC property. [

A subgraph H of a graph G is called an elementary subgraph if each component of H is either an edge or a
cycle. Denote by c¢(H) and c1(H), the number of components in H which are cycles and edges, respectively.

Theorem 7.1. Let G be a mixed graph in which each mixed component either possesses the AP property or the AC
property. Suppose G has q mixed components, F1,F», ..., F,, each with the AP property. Additionally G has | mixed
components, Hy, Hy, ..., Hj, each possessing the AC property, such that t(H;) is even fori=1,2,...,1. Then

9 HEF;)+1 HH)
2n—p(G)-Y, ISI-2. = .
p(G)(— a2 - jes 2 i ) 1 = .
det 7(G) = 2P&)(-1) 1 X Sé\h( 1) s, ift(F)isoddfori=1,2,...,q; (7.3)

0, otherwise.

where (i) p(G) denotes the number of mixed components of G that have the AC property; (i) Ny =1{1,2,...,1}.

Proof. Since I(G) = A(G?), we have det 7(G) = det A(G”). In view of [4, Theorem 3.8]: “Let G be a simple
graph. Then

det A(G) = ) (1) e1H-<lioeih, (7.4)

where the summation is over all spanning elementary subgraphs H of G”, to find det A(G?), first we have
to determine all the spanning elementary subgraphs of G*.

Let F; denotes the associated component of F; in GAfori=1,2,... ,q. According to Lemma these
associated components are paths. From Lemma the length of F; is #(F;) for i = 1,2,...,q. If at least
one t(F;) is even fori = 1,2,...,4, then G4 has no spanning elementary subgraph. By (7.4), this implies
that det A(G) = 0. If each #(F;) is odd for i = 1,2,...,4, then each spanning elementary subgraph of G
has exactly % edges from F;. This implies that each elementary spanning subgraph of G has totally

1 % edges from ingFi.

According to Lemma the number of mixed components of G having the AC property is equal to
the number of components of G that are cycles. Therefore, G* has p(G) components that are cycles. Let
H; denotes the associated component of H; in GAfori=1,2,...,1. From Lemma it follows that H; is an
even cycle of length #(H,), while the remaining p(G) — I cycles in G are of odd length. All the odd cycles of

G” appear unchanged in each spanning elementary subgraph of GA.
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At this point, we have established that the spanning elementary subgraphs of G* have Z? t(F A2 edges
and p(G) — I cycles in common. The variation among these spanning elementary subgraphs depends on the
components Hy, Hy, ..., H; of G*.
For eachi =1,2,...,], since H; is a cycle of even length, it can either appear as it is or as two different
sets of @ independent edges in a spanning elementary subgraph of G4.

HF)+1
2
Y 5" ) edges and p(G) |S| cycles. This leads to the following contribution for each subset S € Nj in the

i€S
summation given in

Thus, for each S C Nj, there are 2% spanning elementary subgraphs of G*, each containing Y./ | +

KE; )+1 KH,)
25 (1) PO TR s

Hence the result follows. [

Example 7.3. Consider the mixed graph G shown in Figure [/} The mixed graphs Hi, H», G1, Gy, F1, F>, and
F3 shown in Figure [/} are the mixed components of G. Among these F, F, and F3 have the AP property,
while Hi, Hy, Gy, and G; have the AC property. Here n = 12, p(G) = 4, q = 3 l = 2 t(Fl) =3, tF) =1,
t(F3) = 1, {(H1) = 6 and t(Hz) = 4. Thus from (7:3), det 7(G) = 24(-1)>10-C5+5+5) x ((=1)° + (=1)'% +
(D)2 + (=1)>572) = 24(1 + 1 — 1 — 1) = 0. This fact is also evident since I(G) has two identical columns.

V11
V10 V10 V3
V12
U6
U9 /UQ ’U4
Us U7 (% Us
G H, H,
Ve V11 v v v
3 ’1}2 9 2
v
Us v7 V12 10 0y U1 vg U1
Gy Ga Iy Fy ;3

Figure 7: The mixed graph G; the mixed components Hy, H>, G, and G; of G having the AC property; the mixed components Fy, F»,
and F3 of G having the AP property.

8. Bounds

Let G be a mixed graph. We define the following notations:
A1 (G) := max{d(u) +d*(u) | u € Vg},
A (G) := max{d(u) +d~(u) | u € Vg},
01(G) == min{d(u) + d* (1) | u € Vg},
02(G) :=min{d(u) +d (u) | u € Vg}.
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Theorem 8.1. If G is a simple mixed graph, then |A| < max{A(G), A2(G)} for each eigenvalue A of 1(G).

Proof. Notice that A(G*) = max{A1(G), A2(G)}. Since I(G) and A(G?) have the same spectrum, the result
follows in view of [6, Proposition 1.1.1]: “Let G be a simple graph. Then |A| < A(G) for each eigenvalue A
of A(G)”. O

Theorem 8.2. If G is a simple mixed graph, then
s 1
min{61(G), 62(G)} < 5 (61(G) +82(G)) < A1(G) < max{A1(G), Az(G)}-

Proof. Let G has n vertices. Let X be a column vector in R*" with the usual Euclidean norm. Consider the
extremal representation

A(G) = ﬁgneyi{XTI(G)X}
B XTI(G)X
- ORE { XTX }
This implies that
17 7(G)1ay
MG = 1;1—1214
1 . _
- %(;vc(d(u) ')+ )+ )

1
2 5(51((3) + 62(G))
> min{61(G), 62(G)}.
By Theorem A1(G) < max{A1(G), A2(G)}. Hence, the result follows. [

The largest J-eigenvalue of a mixed graph G, i.e., A1(G) is referred to as the J-spectral radius of G.
Theorem 8.3. Let G be a mixed graph on n vertices. Then %(Al(G) + A2, (G)) < A1(Gy).

Proof. The proof follows by taking M = 7(G), P = R = A(G,), and Q = A)(Gd) in [6} Proposition 1.3.16]: “If
M is a symmetric n X n matrix with real entries and

_|P Q
wle 9
then A; (M) + A,(M) < i(P) + 4(R)”. O
Theorem 8.4. Let G be a mixed graph on n vertices. Then A,—1(G) < %[Ze(G) + 2I(G) + a(G)] < A(G) and

A (G) < %[Ze(G) +21(G) — a(G)] £ A2(G).

Proof. Consider the matrix 7(G) as described in (3.1). Here, the sums of the entries of A(G,) and A)(Gd) are
1
2e(G) + 21(G) and a(G), respectively. As per [6, Corollary 1.3.13], the eigenvalues - [2¢(G) + 2I(G) + a(G)] and

1
—[2e(G) + 2I(G) — a(G)] of the matrix
" 2¢(G)+2(G) a(G)

n n
a(G) 2¢(G)+21(G)
n n

interlace the eigenvalues of 7(G). This completes the proof. [



G. Kalaivani, R. Rajkumar / Filomat 39:30 (2025), 10823-10846 10844

Theorem 8.5. Let G be a simple mixed graph on n vertices. Then

21— 1)(2¢(G) + a(G)) \*
) .

A(G) £ (

Proof. G” is a simple graph on 2n vertices, and the number of edges of G4 is 2¢(G) + a(G). Since 7(G) and
A(G"?) have the same spectrum, the proof follows from [4, Theorem 3.15]: “Let G be a simple graph on n

vertices and m edges. Then A;(G) < (Zm(:—l))iu. 0
Theorem 8.6. Let G be a simple uniconnected mixed graph. Then A1(G — u) < A1(G) for u € V.

Proof. According to Lemma G* is a simple connected graph. For u € V¢, we consider the corresponding
vertices u’ and " of GA. Let G’ = G—-uand Gy = G —1/. Then G4 = G; —u” = GA — (v, u”}. From
[6, Proposition 1.3.9]: “Let G be a simple connected graph. If u € V¢, then A1(G — u) < A1(G)”, we have
M(Gi1) < A(G?). Since G™ is an induced subgraph of Gj, as per [6, Corollary 1.3.12]: “Let G be a simple
graph and let H be an induced subgraph of G. Then the eigenvalues of A(H) interlace the eigenvalues
of A(G)”, we have 1;(G"Y) < A1(G;). This implies that 1;(G4) < A1(G%). Since A;(G) = A1(G?) and
A1(G') = A1(G™), the result follows. [J

Theorem 8.7. Let G be a simple uniconnected mixed graph. Then A1(G —a) < A1(G) fora € EG.

Proof. In view of Lemma G* is a simple connected graph. Fora € E¢, we consider the corresponding
edgeeof G*. Let G’ = G—a. Then G4 = G —e. Since A;(G) = A1(G*) and A1(G’) = A1(G'?), the result follows
from [6] Proposition 1.3.10]: “Let G be a simple connected graph. If e € Eg, then A1(G —¢) < A1(G)”. O

Theorem 8.8. Let G be an r-regular simple mixed graph on n vertices. If G’ is an induced submixed graph of G with

n’ < n vertices, then
nd —rn’
Ay (G) £ ———— < A(G6),
() < T8 < 24(0)

where d’ = % Z [2d(u) + d* () + d~(u)].

ueVg

Proof. According to Lemma G” is an r-regular simple graph. Clearly, G4 is an induced subgraph of
G4 with 2n’ vertices, and d’ = % Y. [2d(u) + d*(u) + d~(u)] is the average degree of G’*. In view of [6,
ueVey

Theorem 3.5.7]: “Let G be an r-regular simple graph with n vertices. Let G; be an induced subgraph of G
with ny vertices and average degree d;. Then
ni(r — A2(G))

MU= 6y <y < O Gy,
1 n

we get the inequalities

nd —

rn’
Aon(G*) < R A2 (GH).

Since 7(G) and A(G”) have the same spectrum, the result follows. [
Lemma 8.1. For a mixed graph G, 2a(G) < a(G™).

Proof. Let Vg = {v1,v2,...,v,). Without loss of generality, let U = {v1,v,,...,v} be an independent set
of G with |[U| = a(G). This implies that no two vertices in U are adjacent in G. Therefore, no two
vertices in U’ = {v,7),...,0v;,0{,07,..., v/} are adjacent in GA. Thus U’ is an independent set of G4, and
a(GY) > |U'| =2a(G). O
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Theorem 8.9. Let G be a simple mixed graph on n vertices. Let n* and n~ denote the number of positive and negative
eigenvalues of I(G), respectively. Then a(G) < min {2”2” o }

Proof. Since I(G) = A(G”), we have that A(G*) has n™ positive eigenvalues, and 7~ negative eigenvalues.
Then proof follows from Lemma [8.1|and [6| Theorem 3.10.1]: “Let G be a simple graph on n vertices. Let
n* and n~ denote the number of positive and negative eigenvalues of A(G), respectively. Then a(G) <
min{n —nt,n-n"}". O

_nAZn (G)

Theorem 8.10. Let G be an r-reqular simple mixed graph on n vertices. Then a(G) < F—20(C)’
— \2n

Proof. From Lemma G” is an r-regular simple graph on 2n vertices. As per Theorem we have
M(G) = r. Since I(G) and A(G”) have the same spectrum, the proof follows from Lemma and [6,

Theorem 3.10.2]: “If G is a simple regular graph on n vertices, then a(G) < #”f&)@”. O
Definition 8.1. Let G be a simple mixed graph. A cligue of G is a complete submixed graph of G. The clique
number of G, denoted by w(G), is the number of vertices in a largest clique of G.

Theorem 8.11. Let p~, p° and p* denote the number of I-eigenvalues of a simple mixed graph G which are less than,
equal to and greater than 0, respectively and let q~,q° and q* denote the number of I-eigenvalues of G which are

less than, equal to and greater than —2, respectively. Let s = min {1 + Al(G) pep el +p = P+t =1, +q +1,1 }

Then w(G) < s.

Proof. Suppose that G contains a clique H on k > 1 vertices. Then 7(H) is of the form ], ® (Ji — I). Since H
is an induced submixed graph of G, by Theorem the eigenvalues of J(H) interlace the eigenvalues of
I(G). Since the eigenvalues of ], ® (Jx — Ix) are 2(k — 1) with multiplicity 1, 0 with multiplicity k, and —2 with
multiplicity k — 1, we have the following:

Azn-2k1(G) < 2(k - 1) < /\1(G)‘ (8.5)
Aonsi(G) <O < A(G) fori=2,...,.k+1; (8.6)
A2y 214i(G) £ =2 < A(G) for i = k + 2, ..., 2k. (8.7)
Ai(G O4+p+1
From the second inequality of (8.5), we getk < 1+ 1; ). By (8.6), we getk < % andk <p’+p*-1.
04 o+
9 +*4q

From (87), we getk < ¢°+ 4~ + land k <
w(G) <5, as desired. [

. Therefore, we obtain k < s. Since k is arbitrary, we get

9. Concluding remarks

The integrated adjacency matrix of a mixed graph, introduced in this paper, accommodates entries
corresponding to multiple edges, multiple arcs, and multiple loops. Furthermore, any mixed graph can
be uniquely determined from its integrated adjacency matrix. We have established results that reveal the
interplay between the eigenvalues of the integrated adjacency matrix of a mixed graph and its structural
properties.

It is evident that some of the spectral graph theoretic results for simple graphs, utilized in this paper,
can be extended to graphs with loops and/or multiple edges. Consequently, Theorems
and which were proved for simple mixed graphs, can also be extended to mixed
graphs with loops, directed loops, multiple edges, and/or multiple arcs. Additionally, Theorem 4.4 can be
extended to loopless mixed graphs. Furthermore, in part II of this paper [8], we introduce and study three
additional matrices for mixed graphs: integrated Laplacian matrix, integrated signless Laplacian matrix,
and normalized integrated Laplacian matrix, all defined using the integrated adjacency matrix.
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