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Abstract. In this paper, firstly, we provide some necessary and sufficient conditions for generalized
Cayley graphs of finite abelian groups to be bipartite. Secondly, we deduce several necessary and sufficient
conditions for generalized Cayley graphs of finite groups to be connected. At last, as a by-product, we
determine the groups whose all cubic generalized Cayley graphs are connected and integral.

1. Introduction

All graphs considered in this paper are finite and undirected. Let X be a graph with vertex set V(X)
and edge set E(X). For two graphs X and Y, the direct product X × Y of X and Y is the graph with vertex set
V(X × Y) = {{x, y} | x ∈ V(X), y ∈ V(Y)} and two vertices (x1, y1) and (x2, y2) are adjacent in X × Y if and only
if x1 is adjacent to x2 in X and y1 is adjacent to y2 in Y. Let G be a finite group. An element x of G is a square
if x = 12 for some 1 ∈ G. A subset S of G is square free if each element in S is not a square. For two subsets S1
and S2 of G, denote S1S2 = {s1s2 | s1 ∈ S1, s2 ∈ S2}. Especially, if G is an abelian group but not an elementary
abelian 2-group, let ι be the inverse automorphism 1 7→ 1−1 for all 1 ∈ G. A cubic graph is a regular graph of
degree 3.

The study on generalized Cayley graphs originates from Marušič, Scapellato and Salvi [12], who intro-
duced the definition of generalized Cayley graphs as follows and provided some examples of non-Cayley
generalized Cayley graphs.

Definition 1.1. Let G be a finite group. For S ⊆ G and α ∈ Aut(G), if they satisfy the following conditions,

(a) α2 = id, where id is the identity of Aut(G);

(b) for any 1 ∈ G, α(1−1)1 < S;
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(c) for 1, h ∈ G, if α(h−1)1 ∈ S, then α(1−1)h ∈ S,

then the graph with vertex set G and edge set {{1, h} | α(1−1)h ∈ S} is denoted by GC(G,S, α). We call S a generalized
Cayley subset of G induced by α and GC(G,S, α) a generalized Cayley graph with respect to the ordered pair (S, α).
Especially, if α = id, then GC(G,S, α) is a Cayley graph.

To distinguish them from Cayley graphs, all automorphisms used to define generalized Cayley graphs
in this paper are assumed to be involutions. Let G be a finite group and S a generalized Cayley subset of
G induced by an involutory automorphism α. For an involutory automorphism α, let ωα(G) = {ωα(1) =
α(1−1)1 | 1 ∈ G},Ωα(G) = {1 ∈ G | 1 ∈ G \ωα(G) and α(g) = g−1

} and℧α(G) = {1 ∈ G | α(1) , 1−1
}. Clearly, the

subsets ωα(G), Ωα(G) and ℧α(G) form a partition of G. In addition, the conditions (b) and (c) in Definition
1.1 are equivalent to S ∩ ωα(G) = ∅ and α(S−1) = S, which implies that, if s ∈ S ∩ ℧α(G), then α(s−1) ∈ S.
Moreover, if the size of S is odd, then S ∩Ωα(G) , ∅.

So far, the research on generalized Cayley graphs is mainly focused on finding examples of non-Cayley
generalized Cayley graphs [7, 8], and studying isomorphism problems of generalized Cayley graphs [11, 13–
15]. Recently, Zhu, Yang and Chen [16] studied the spectra of generalized Cayley graphs of finite abelian
groups with the help of the result in [6], which characterized the connection between Cayley graphs and
the double cover of generalized Cayley graphs. In fact, these are almost all the results about generalized
Cayley graphs up to now.

Let G be a finite abelian group and S a subset of G. The Cayley sum graph Cay+(G,S) [4] is a graph
with vertex set G and edge set {{1, h} | 1, h ∈ G, 1h ∈ S}, where S is a square free subset of G. When
G is an elementary abelian 2-group, then Cay+(G,S) coincides with Cay(G,S). Clearly, if G is an abelian
group but not an elementary abelian 2-group, then the Cayley sum graph of G is a special generalized
Cayley graph of G under the inverse automorphism ι. Unlike the usual Cayley graph, which has been
well studied, there are only a few results in the literature on Cayley sum graphs. Cheyne, Gupta and
Wheeler [4] and Lev [10] established the conditions for a Cayley sum graph of a finite abelian group to
be connected, respectively. Besides, Cheyne, Gupta and Wheeler [4] also derived some necessary and
sufficient conditions for a Cayley sum graph of a finite abelian group to be bipartite. Grynkiewicz, Lev
and Serra [5] determined the connectivity of a Cayley sum graph of a finite abelian group. Amooshahi
and Taeri [2] classified simple connected cubic integral Cayley sum graphs. Amooshahi and Taeri [1]
deduced some necessary and sufficient conditions for a Cayley sum graph of a finite group to be connected.
Moreover, they also characterized cubic connected integral Cayley sum graphs. Inspired by the above
results, we consider the necessary and sufficient conditions for generalized Cayley graphs to be connected
and bipartite, respectively.

This paper is organized as follows. In Section 2, we provide some necessary and sufficient conditions for
generalized Cayley graphs of finite abelian groups to be bipartite. In Section 3, we derive some necessary
and sufficient conditions for generalized Cayley graphs of finite groups to be connected. In Section 4, we
determine the groups whose all cubic generalized Cayley graphs are connected and integral by the aid of
the results in Section 3.

2. Bipartite generalized Cayley graphs

A graph is bipartite if and only if it has no cycle of odd length. In this section, we investigate the
conditions for generalized Cayley graphs of finite abelian groups to be bipartite. First, we derive the
following property of generalized Cayley graphs on finite abelian groups.

Let G be a finite abelian group. For each element 1 ∈ G, let R(1) : x 7→ x1 be a permutation on G and
R(G) = {R(1) | 1 ∈ G}. Let S be a generalized Cayley subset of G induced by an involutory automorphism α
and

Gα(S) = {1 ∈ G | α(1)S1−1 = S} = {1 ∈ G | ωα(1−1)S = S}.

Clearly, ωα(1−1)S = S is equivalent to ωα(1)S = S. Thus, 1 ∈ Gα(S) if and only if 1−1
∈ Gα(S). The following

proposition for a generalized Cayley graph holds.
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Proposition 2.1. LetΓ = GC(G,S, α) be a generalized Cayley graph of a finite abelian group G. Then R(G)∩Aut(Γ) =
R(Gα(S)).

Proof. Assume R(h) is an automorphism of Γ, then for any element 1 ∈ G and s ∈ S, {1h, α(1)sh} ∈ E(Γ). It
follows that α((1h)−1)α(1)sh = ωα(h)s ∈ S. Thus, h ∈ Gα(S). Conversely, for any element 1 ∈ Gα(S), we claim
that R(1) ∈ Aut(Γ). Observe that

ωα(1)α(1−1
1 )12 = α(1−1)1α(1−1

1 )12 = α((111)−1)(121).

Since both 1 and 1−1 are contained in Gα(S), α(1−1
1 )12 ∈ S if and only if α((111)−1)(121) ∈ S. Therefore,

R(1) ∈ Aut(Γ).

Lemma 2.2. Let α be an involutory automorphism of a finite abelian group G. If 1112 ∈ ωα(G) and 11 ∈ ωα(G), then
12 ∈ ωα(G). Moreover, if h1, h2 ∈ ωα(G), then hn

1hm
2 ∈ ωα(G) for all integers n and m.

Proof. Assume 1112 = α(a−1
1 )a1 and 11 = α(a−1

2 )a2 for some a1, a2 ∈ G. Then 12 = α(a2a−1
1 )a1a−1

2 ∈ ωα(G). If
h1 = α(b−1

1 )b1 and h2 = α(b−1
2 )b2 for some b1, b2 ∈ G, then for any integers n and m, hn

1hm
2 = α(b−n

1 b−m
2 )bn

1bm
2 ∈

ωα(G).

Lemma 2.3. Let H be a graph. If H contains a closed walk of odd length, then H contains an odd cycle.

Proof. Let W = v0e1v1e2 · · · vk−1ekv0 be a shortest odd-length closed walk of H, where k is odd. If there
exist vertices vi and v j such that i , j and vi = v j, then we obtain two closed walks W1 = viei+1 · · · e jv j
and W2 = v0e1 · · · vi−1eivie j+1v j+1 · · · vk−1ekv0. Note that one of the walks W1 and W2 is odd-length, which
contradicts the choice of W. Thus, the vertices in W are all distinct, which implies W is an odd cycle.

During the proof, the following fact will be used frequently.
Fact: For any s ∈ S ∩Ωα(G), we have s2 = α(s−1)s ∈ ωα(G) and further s2k

∈ ωα(G) for any integer k.

Theorem 2.4. Let GC(G,S, α) be a generalized Cayley graph of a finite abelian group G. Then GC(G,S, α) is not
bipartite if and only if for each s ∈ S, there exists a non-negative integer ks such thatΣs∈Sks is odd and

∏
s∈S sks ∈ ωα(G).

Proof. Necessity. Since GC(G,S, α) is not bipartite, it contains an odd cycle C2k+1 = (x0, x1, · · · , x2k, x2k+1 = x0),
which implies that α(x−1

i )xi+1 = si ∈ S for each integer 0 ≤ i ≤ 2k. Then α((x0 · · · x2k)−1)(x0 · · · x2k) = s0 · · · s2k ∈

ωα(G).
Sufficiency. Assume that for each s ∈ S, there exists a non-negative ks such that Σs∈Sks = 2t + 1 is odd

and
∏

s∈S sks ∈ ωα(G). Let T = {s1, s2, · · · , s2t+1}, where for 1 ≤ j ≤ 2t+ 1, s j are not necessarily distinct and for
each s ∈ S, s appears in T exactly ks times. Then

∏
s∈S sks =

∏2t+1
j=1 s j. We divide T into two subsets T1 and T2

such that the size of T1 and T2 are t+ 1 and t, respectively. Let T1 = {s1, s2, · · · , st+1} and T2 = {st+2, · · · , s2t+1}.
Since

∏2t+1
j=1 s j ∈ ωα(G) and s−1

ℓ α(sℓ) ∈ ωα(G) for t + 2 ≤ ℓ ≤ 2t + 1, by Lemma 2.2, we have

2t+1∏
j=1

s j

2t+1∏
ℓ=t+2

(
s−1
ℓ α(sℓ)

)
=

t+1∏
j=1

s j

2t+1∏
ℓ=t+2

α(sℓ) ∈ ωα(G).

Suppose
∏t+1

j=1 s j
∏2t+1
ℓ=t+2 α(sℓ) = α(1−1)1 for some 1 ∈ G. Then1, α(1)s1, 1α(s1)st+2, · · · , 1

t∏
j=1

α(s j)
t∏

j=1

st+1+ j, α(1)
t+1∏
j=1

s jα

 t∏
j=1

st+1+ j

 = 1


is an odd closed walk in GC(G,S, α). By Lemma 2.3, GC(G,S, α) contains an odd cycle and then it is not a
bipartite graph.

The following two examples are applications of Theorem 2.4.
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Example 2.5. For the cyclic group Z14 = ⟨1⟩, S1 = {1, 13, 15
} is a generalized Cayley subset of Z14 induced by the

inverse automorphism ι and contained in Ωι(Z14). The graph GC(Z14,S1, ι) is displayed in Figure 1. Observe that
for any non-negative integers k1, k2, k3, if k1 + k2 + k3 is odd, then k1 + 3k2 + 5k3 is also odd. Since ωι(Z14) = ⟨12

⟩,
1k113k215k3 = 1k1+3k2+5k3 < ωι(Z14). It follows from Theorem 2.4 that GC(Z14,S1, ι) is bipartite.

Figure 1: GC(Z14,S1, ι)

Example 2.6. For the group Z2
2 × Z6, S2 = {(1, 0, 0), (0, 0, 2), (0, 0, 4)} is a generalized Cayley subset of Z2

2 × Z6
induced by the involutory automorphism α : (1, 0, 0) 7→ (1, 0, 0), (0, 1, 0) 7→ (0, 1, 0), (0, 0, 1) 7→ (0, 1, 1), where
(1, 0, 0) ∈ Ωα(Z2

2 ×Z6) and {(0, 0, 2), (0, 0, 4)} ⊆ ℧α(Z2
2 ×Z6). Since (0, 0, 2)3 = (0, 0, 0) ∈ ωα(Z2

2 ×Z6), it follows
from Theorem 2.4 that GC(Z2

2 ×Z6,S2, α) is not bipartite. The graph GC(Z2
2 ×Z6,S2, α) is displayed in Figure 2.

Figure 2: GC(Z2
2 ×Z6,S2, α)

3. Connected generalized Cayley graphs

In this section, we provide several necessary and sufficient conditions for the generalized Cayley graphs
of finite groups to be connected. We assume that G is a finite group, S is a generalized Cayley subset of G
induced by an involutory automorphism α. Firstly, a simple observation should be pointed out.

Proposition 3.1. Let GC(G,S, α) be a generalized Cayley graph of a finite group G. Then {x, y} ∈ E(Cay(G,S−1S))
if and only if there exists a walk of length 2 from x to y in GC(G,S, α).

Proof. Notice that e ∈ S−1S, it follows that Cay(G,S−1S) is an undirected graph with loops. If {x, y} ∈
E(Cay(G,S−1S)), then there exist two elements a, b ∈ S such that y = x(a−1b), which implies α(y)α(b−1) =
α(x)α(a−1). Note that α(S−1) = S, hence both α(a−1) and α(b−1) belong to S. Therefore, (y, α(y)α(b−1), x) is a
walk of length 2 from x to y in GC(G,S, α).

Conversely, if there exists a walk (x, α(x)s1, y) from x to y, where s1 ∈ S, then y = α(α(x)s1)s2 = x(α(s1)s2)
for some s2 ∈ S. Recall α(S−1) = S, we have α(s1)s2 ∈ S−1S. Thus, {x, y} ∈ E(Cay(G,S−1S)).

For the generalized Cayley graph GC(G,S, α), we define an equivalence relation on G by declaring that x
is equivalent to y if there exists a walk of even length from x to y in GC(G,S, α). Denote byΘ the equivalence
class containing the identity element e of G. Using this equivalence relation, we obtain the following result.

Lemma 3.2. Let GC(G,S, α) be a generalized Cayley graph of a finite group G. If GC(G,S, α) is connected, then
Θ = ⟨S−1S⟩ and |⟨S−1S⟩| ≥ 1

2 |G|.
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Proof. Firstly, we show that Θ ⊆ ⟨S−1S⟩ and the size of Θ is not smaller than 1
2 |G|. For any y ∈ Θ, there

exists a walk of even length from e to y. Then by Proposition 3.1, there exists a walk (e, y1, y2, · · · , ym = y)
from e to y in Cay(G,S−1S). Observe that y1 ∈ S−1S, then y2 = y1x1 ∈ ⟨S−1S⟩ for some x1 ∈ S−1S. Similarly,
we obtain yi ∈ ⟨S−1S⟩ for each integer 2 ≤ i ≤ m. Thus, Θ ⊆ ⟨S−1S⟩. Since GC(G,S, α) is connected, for
each element z ∈ G \ Θ, let (e, z1, z2, · · · , z2t+1 = z) be a walk of odd length from e to z. Let s ∈ S. Then
(e, z1, z2, · · · , z2t+1, α(z)s) is a walk of even length from e to α(z)s, which implies α(z)s ∈ Θ. It follows that
each element z in G \ Θ corresponds to the element α(z)s in Θ. Moreover, for any two distinct elements z1
and z2 in G \Θ, α(z1)s , α(z2)s,which implies that the size of Θ is not smaller than 1

2 |G|. As a consequence,
only one of the two conditions Θ = ⟨S−1S⟩ and, Θ ⊊ ⟨S−1S⟩ and ⟨S−1S⟩ = G holds. In fact, the latter case is
impossible. If ⟨S−1S⟩ = G, then Cay(G,S−1S) is connected. Thus, for any vertex x ∈ G, there is a path from
x to e in Cay(G,S−1S). By Proposition 3.1, there is an even walk from x to e in GC(G,S, α), which yields that
Θ = G = ⟨S−1S⟩. Therefore, the desired result follows.

To prove Theorem 3.5, the next two lemmas will also be needed.

Lemma 3.3. Let GC(G,S, α) be a generalized Cayley graph of a finite group G. It holds that α(⟨S−1S⟩) = ⟨SS−1
⟩.

Proof. Note that (S−1S)−1 = S−1S, hence each element of ⟨S−1S⟩ is the product of some elements in S−1S. Since
α(S−1S) = α(S−1)α(S) = SS−1, we have α(⟨S−1S⟩) ≤ ⟨SS−1

⟩. Similarly, for SS−1, we have α(⟨SS−1
⟩) ≤ ⟨S−1S⟩.

Since α is an involutory automorphism of G, it follows that ⟨SS−1
⟩ ≤ α(⟨S−1S⟩). Thus, α(⟨S−1S⟩) = ⟨SS−1

⟩.

Lemma 3.4. Let GC(G,S, α) be a generalized Cayley graph of a finite group G. Let C(e) be the vertex set of the
connected component containing e in GC(G,S, α). Then C(e) = ⟨S−1S⟩ ∪ ⟨SS−1

⟩s for any s ∈ S.

Proof. Notice that for any s ∈ S, t = ts−1s ∈ ⟨SS−1
⟩s for every t ∈ S. It follows that S ⊆ ⟨SS−1

⟩s and
⟨SS−1

⟩t = ⟨SS−1
⟩s.

On the one hand, for each vertex x ∈ C(e), there exists a path P = (e, x1, x2, · · · , xn = x) from e to x. We
claim that either xi ∈ ⟨S−1S⟩ or xi ∈ ⟨SS−1

⟩s for 1 ≤ i ≤ n. It is easy to see that x1 = α(e)s1 = s1 ∈ ⟨SS−1
⟩s and

then x2 = α(x1)s2 ∈ α(⟨SS−1
⟩)α(s)s2 for some s1, s2 ∈ S. By Lemma 3.3 and α(S) = S−1, we have x2 ∈ ⟨S−1S⟩.

By induction, suppose that for each integer t smaller than k, where k ≤ n, xt ∈ ⟨SS−1
⟩s when t is odd and

xt ∈ ⟨S−1S⟩ when t is even. Then from xk−1 ∈ ⟨SS−1
⟩s ∪ ⟨S−1S⟩ and xk = α(xk−1)sk for some sk ∈ S, it follows

that xk ∈ ⟨S−1S⟩ ∪ ⟨SS−1
⟩s. Thus, C(e) ⊆ ⟨S−1S⟩ ∪ ⟨SS−1

⟩s.
On the other hand, we claim that ⟨S−1S⟩ ∪ ⟨SS−1

⟩s ⊆ C(e). For any y ∈ ⟨S−1S⟩, assume that y =
∏m

i=1 s−1
i ti,

where si, ti ∈ S for 1 ≤ i ≤ m. Since α(S) = S−1, there exists ui ∈ S such that α(ui) = s−1
i for each 1 ≤ i ≤ m.

Then

W1 =

e,u1, s−1
1 t1,u1α(t1)u2,

2∏
i=1

s−1
i ti, · · · ,

m−1∏
i=1

uiα(ti)

um,
m∏

i=1

s−1
i ti = y


is a walk from e to y, which implies that ⟨S−1S⟩ ⊆ C(e). For any y ∈ ⟨SS−1

⟩s, assume y = (
∏n

j=1 s jt−1
j )s, where

s j, t j ∈ S for 1 ≤ j ≤ n. For each 1 ≤ j ≤ n, let v j = α(t−1
j ) ∈ S. Then

W2 =

e, s1, α(s1)v1, s1t−1
1 s2,

2∏
j=1

α(s j)v j, · · · ,
n∏

j=1

α(s j)v j,

 n∏
j=1

s jt−1
j

 s = y


is a walk from e to y, from which we deduce that ⟨SS−1

⟩s ⊆ C(e).
Therefore, C(e) = ⟨S−1S⟩ ∪ ⟨SS−1

⟩s follows.

Combining with Lemmas 3.3 and 3.4, we deduce the following result.

Theorem 3.5. Let GC(G,S, α) be a generalized Cayley graph of a finite group G. Then GC(G,S, α) is connected if
and only if one of the following conditions holds:

(i) S is not contained in a right coset of any proper subgroup of G;
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(ii) S is contained in a nontrivial right coset of a proper subgroup H of G, where H = ⟨SS−1
⟩ and it satisfies

|G : H| = 2 and α(H) = H.

Proof. Suppose GC(G,S, α) is connected and let H be the smallest subgroup of G such that S is contained
in some right coset of H. Assume S ⊆ H1 for some 1 ∈ G. Then S−1

⊆ 1−1H, which yields that SS−1
⊆

H11−1H = H. Thus, ⟨SS−1
⟩ ≤ H. Since for any s ∈ S, we have S ⊆ ⟨SS−1

⟩s, which implies that S is also
contained in a right coset of ⟨SS−1

⟩. By the choice of H, ⟨SS−1
⟩ = H follows. From Lemma 3.2, either H = G

or |H| = 1
2 |G|. For the latter case, H is a normal subgroup of G. It follows that S−1S ⊆ 1−1HH1 = H and

then ⟨S−1S⟩ ≤ H. By Lemma 3.3, we obtain α(H) = α(⟨SS−1
⟩) = ⟨S−1S⟩ ≤ H. Since |α(H)| = |H|, we have

α(H) = H. In addition, we assert that 1 < H. Otherwise, assume 1 ∈ H, then S ⊆ H. From Lemma 3.4, we
obtain the connected component C(e) containing e in GC(G,S, α) satisfies C(e) ⊆ ⟨S⟩ ≤ H, which contradicts
that GC(G,S, α) is connected.

Conversely, we show that both the conditions (i) and (ii) imply GC(G,S, α) is connected. Let s ∈ S. If S
is not contained in a right coset of any proper subgroup of G, then we have G = ⟨SS−1

⟩ since S ⊆ ⟨SS−1
⟩s.

Thus, by Lemma 3.4, C(e) = G, which implies that GC(G,S, α) is connected. Let H = ⟨SS−1
⟩ < G. If S is

contained in H1 for some 1 ∈ G \H, where α(H) = H and |G : H| = 2, then by Lemmas 3.3 and 3.4, we have
C(e) = α(H) ∪Hs = H ∪Hs = H ∪H1 = G. Thus, GC(G,S, α) is connected.

By Theorem 3.5, we obtain another equivalent condition for generalized Cayley graphs to be connected,
which is more convenient to use in general.

Theorem 3.6. Let GC(G,S, α) be a generalized Cayley graph of a finite group G. Then GC(G,S, α) is connected if
and only if G = ⟨S⟩, |G : ⟨SS−1

⟩| ≤ 2 and α(⟨SS−1
⟩) = ⟨SS−1

⟩.

Proof. Necessity. Assume GC(G,S, α) is connected. Since the connected component C(e) containing e in
GC(G,S, α) satisfies C(e) = ⟨S−1S⟩ ∪ ⟨SS−1

⟩s ⊆ ⟨S⟩ and C(e) = G for any s ∈ S, we have G = ⟨S⟩. Note that
S ⊆ ⟨SS−1

⟩s, by Theorem 3.5, ⟨SS−1
⟩ = G or α(⟨SS−1

⟩) = ⟨SS−1
⟩ and |G : ⟨SS−1

⟩| = 2.
Sufficiency. We split the proof into two cases:

Case 1: G = ⟨S⟩ = ⟨SS−1
⟩ = ⟨S−1S⟩.

In this case, we claim that there is no proper subgroup of G such that S is contained in a right coset of
this subgroup. If the claim is not true, let H < G and S ⊆ H1 for some 1 ∈ G. Then SS−1

⊆ H11−1H = H.
Further, G = ⟨SS−1

⟩ ≤ H, a contradiction. Thus, by Theorem 3.5 (i), the result follows.

Case 2: G = ⟨S⟩, |G : ⟨SS−1
⟩| = 2 and α(⟨SS−1

⟩) = ⟨SS−1
⟩.

If there is a proper subgroup H of G such that S ⊆ H1 for some 1 ∈ G, then we obtain ⟨SS−1
⟩ ≤ H. Since

|G : ⟨SS−1
⟩| = 2, it follows that H = ⟨SS−1

⟩. Clearly, 1 < H. Otherwise, S ⊆ H and then ⟨S⟩ = G ≤ H, a
contradiction. Using Theorem 3.5 (ii), it follows that GC(G,S, α) is connected.

Remark 3.7. If G is a finite abelian group, then α(⟨SS−1
⟩) = ⟨SS−1

⟩ always holds. Thus, the generalized Cayley
graph of a finite abelian group G with respect to the pair (S, α) is connected if and only if G = ⟨S⟩ and |G : ⟨SS−1

⟩| ≤ 2.

According to Theorem 3.6, we give the equivalent conditions of the connected generalized Cayley
graphs to be bipartite.

Theorem 3.8. Let GC(G,S, α) be a generalized Cayley graph of a finite group G. If GC(G,S, α) is connected, then
the following statements are equivalent:

(i) GC(G,S, α) is bipartite;

(ii) |⟨SS−1
⟩| = 1

2 |G|;

(iii) S ∩ ⟨SS−1
⟩ = ∅.
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Proof. As GC(G,S, α) is connected, by Theorem 3.6, we have ⟨S⟩ = G, |G : ⟨SS−1
⟩| ≤ 2 and α(⟨SS−1

⟩) =
⟨S−1S⟩ = ⟨SS−1

⟩. Next, we show that the conditions (i), (ii) and (iii) are equivalent.
(i)⇒ (ii) : Since GC(G,S, α) is connected, by Lemma 3.2, for each element x ∈ ⟨SS−1

⟩, there exists an even
walk from e to x. Combining with GC(G,S, α) is bipartite, it follows that ⟨SS−1

⟩ is contained in the same
partition set of GC(G,S, α). Thus, ⟨SS−1

⟩ , G.
(ii) ⇒ (iii) : Suppose that |⟨SS−1

⟩| = 1
2 |G| but S ∩ ⟨SS−1

⟩ , ∅. Let a ∈ S ∩ ⟨SS−1
⟩. Then, for any b ∈ S,

b = (ba−1)a ∈ ⟨SS−1
⟩, which yields that S ⊆ ⟨SS−1

⟩. As a result, ⟨S⟩ , G, which leads to a contradiction.
(iii) ⇒ (i) : If S ∩ ⟨SS−1

⟩ = ∅, then ⟨SS−1
⟩ , G, which implies |⟨SS−1

⟩| = 1
2 |G|. For any edge {x, y} in

GC(G,S, α), we have y = α(x)s for some s ∈ S. Observe that s < ⟨SS−1
⟩, thus G = ⟨SS−1

⟩ ∪ ⟨SS−1
⟩s. Without

loss of generality, assume that x ∈ ⟨SS−1
⟩. Then y = α(x)s ∈ α(⟨SS−1

⟩)s = ⟨SS−1
⟩s. Thus, GC(G,S, α) is

bipartite with bipartition ⟨SS−1
⟩ and ⟨SS−1

⟩s.

4. Connected integral cubic generalized Cayley graphs

A graph is integral if all eigenvalues of its adjacency matrix are integers. In this section, combining
with the results about generalized Cayley graphs in Section 3, we determine the groups whose all cubic
generalized Cayley graphs are connected and integral.

Lemma 4.1 ([8]). Let GC(G,S, α) be a generalized Cayley graph of a finite group G. Then GC(G,S, α) � GC(G,Sβ, αβ)
for all β ∈ Aut(G), where αβ = βαβ−1.

By Lemma 4.1, to study all generalized Cayley graphs of a finite group G, it suffices to study the
generalized Cayley graphs induced by the involutory automorphisms in different conjugate classes of
Aut(G).

Lemma 4.2 ([3]). A connected integral cubic graph has n vertices, where n ∈ {4, 6, 8, 10, 12, 20, 24, 30}. Moreover,
all cubic, connected, integral graphs are displayed in Figure 3.

Lemma 4.3 ([2]). Let G be a finite abelian group. For every square free subset S of G of size 3, Cay+(G,S) is connected
and integral if and only if G is isomorphic to one of the groups Z2

2, Z3
2, Z6 and Z8.

Lemma 4.4 ([9]). If the direct product X × Y of graphs X and Y is connected, then both X and Y are connected.

Lemma 4.5 ([8]). Let X = GC(G1,S1, α1), Y = GC(G2,S2, α2), and let α1 × α2 be the automorphism of G1 × G2
defined by (α1×α2)(11, 12) = (α1(11), α2(12)) for all 11 ∈ G1 and 12 ∈ G2. Then X×Y = GC(G1×G2,S1×S2, α1×α2).

Lemma 4.6. For any integer n ≥ 2, there exists a cubic generalized Cayley graph of the dicyclic group T4n which is
not connected.

Proof. Let T4n = ⟨a, b | a2n = b4 = e, an = b2, b−1ab = a−1
⟩. Note that α : a 7→ a, b 7→ anb is an involutory

automorphism of T4n and S = {b, a2b, a4b} is a generalized Cayley subset of T4n induced by α. From
S−1 = {anb, an+2b, an+4b}, we have ⟨SS−1

⟩ = ⟨a2
⟩ and |⟨SS−1

⟩| = n < 1
2 |T4n|. By Theorem 3.6, GC(T4n,S, α) is not

connected.

Lemma 4.7. For the dihedral group D4n(n ≥ 2), all cubic generalized Cayley graphs of D4n are connected and integral
if and only of n = 2.

Proof. Let D4n = ⟨a, b | a2n = b2 = e, bab = a−1
⟩ and α : a 7→ a−1, b 7→ a2b be an involutory automorphism of

D4n. If n ≥ 3, then S = {a3b, a−1b, ab} is a generalized Cayley subset of D4n induced by α. As |⟨SS−1
⟩| = |⟨a2

⟩| =
n < 1

2 |D4n|, by Theorem 3.6, GC(D4n,S, α) is not connected. If n = 2, then all involutory automorphisms of
D8 and the corresponding partition of D8 are depicted in Table 1 where we omit ℧ = D8 \ (ω ∪Ω).
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G1

G2 G3 G4 G5

G6

G7 G8

G9

G10 G11
G12

G13

Figure 3: All connected, integral, cubic graphs

Table 1:

Involutions of Aut(D8) ω Ω

α : a 7→ a, b 7→ a2b {e, a2
} ∅

β1 : a 7→ a−1, b 7→ b {e, a2
} {a, a3, b, a2b}

β2 : a 7→ a−1, b 7→ ab ⟨a⟩ ∅

β3 : a 7→ a−1, b 7→ a2b {e, a2
} {a, a3, ab, a3b}

β4 : a 7→ a−1, b 7→ a3b ⟨a⟩ ∅

According to Table 1, there is no cubic generalized Cayley graph induced by α, β2 and β4. In addition,
it can be verified that all cubic generalized Cayley graphs induced by β1 and β3 are isomorphic to G4 in
Figure 3. Thus, all cubic generalized Cayley graphs of D8 are connected and integral.

Proposition 4.8. For each of groups D12 ×Z2, T12 ×Z2 and D6 ×Z4, there exists a cubic generalized Cayley graph
which is not connected.

Proof. By Lemmas 4.6 and 4.7, both D12 and T12 have cubic generalized Cayley graphs which are not
connected. Let GC(G,S, α) be a disconnected cubic generalized Cayley graph, where G = D12 or T12. Then
from Lemmas 4.4 and 4.5, GC(G ×Z2,S × {1}, α × id) is not connected.

Note that GC(Z4, {1}, ι) is not connected, and GC(D6, {b, ab, a2b}, β) is a generalized Cayley graph of D6
induced by β : a 7→ a−1, b 7→ a2b. Then GC(D6 ×Z4, {b, ab, a2b} × {1}, β × ι) is not connected.
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Theorem 4.9. Let G be a finite group admitting cubic generalized Cayley graph.
(i) If G is an abelian group, then all cubic generalized Cayley graphs of G are connected and integral if and only if
G � Z6, Z3

2 or Z8.
(ii) If G is a non-abelian group, then all cubic generalized Cayley graphs of G are connected and integral if and only if
G � D6, D8 or Q8, where D6, D8 are the dihedral groups and Q8 is the quaternion group, respectively.

Proof. (i) According to Lemma 4.2, to determine the abelian groups whose all cubic generalized Cayley
graphs are connected and interal, it suffices to consider the abelian groups of order n ∈ {4, 6, 8, 10, 12, 20, 24, 30}.
Let G be an abelian group of order n ∈ {4, 6, 8, 10, 12, 20, 24, 30}. We consider the following three cases.

Case 1.1: G is an elementary abelian 2-group. In this case, G � Z2
2 or G � Z3

2.
• For Z2

2, all involutory automorphisms of Z2
2 are in the same conjugate class. Let δ : (0, 1) 7→

(1, 0), (1, 0) 7→ (0, 1) be an involutory automorphism ofZ2
2 and we obtain three subsetsωδ(Z2

2) = {(0, 0), (1, 1)},
Ωδ(Z2

2) = ∅ and ℧δ(Z2
2) = {(0, 1), (1, 0)}. Thus, there is no cubic generalized Cayley graph of Z2

2.
• ForZ3

2, Aut(Z3
2) � GL(3, 2) and all involutory automorphisms of Z3

2 are in the same conjugate class. By
Lemma 4.1, it is enough to discuss the generalized Cayley graphs induced byα : (1, 0, 0) 7→ (1, 0, 0), (0, 1, 0) 7→
(0, 1, 0), (0, 0, 1) 7→ (0, 1, 1). With respect to α, we obtain three subsets ωα(Z3

2) = {(0, 0, 0), (0, 1, 0)}, Ωα(Z3
2) =

{(1, 0, 0), (1, 1, 0)} and℧α(Z3
2) = {(0, 0, 1), (0, 1, 1), (1, 0, 1), (1, 1, 1)}. Thus, the generalized Cayley subsets of size

3 induced byαare S1 = {(1, 0, 0), (0, 0, 1), (0, 1, 1)}, S2 = {(1, 0, 0), (1, 0, 1), (1, 1, 1)}, S3 = {(1, 1, 0), (0, 0, 1), (0, 1, 1)}
and S4 = {(1, 1, 0), (1, 0, 1), (1, 1, 1)}. It is easy to verify that for 1 ≤ i ≤ 4, ⟨Si⟩ = Z3

2 and |⟨SiS−1
i ⟩| ≥

1
2 |Z

3
2|.

By Theorem 3.6, all cubic generalized Cayley graphs of Z3
2 are connected. Moreover, for each 1 ≤ i ≤ 4,

GC(Z3
2,Si, α) � G4,which is displayed in Figure 3.

Case 1.2: G is not an elementary abelian 2-group without square free subset of size 3.
From the proof of Theorem 3.18 in [2], it follows that G � Z4. In this case, there is no cubic generalized

Cayley graph of Z4.
Case 1.3: G is not an elementary abelian 2-group with square free subsets of size 3.
In this case, each Cayley sum graph of G is a special generalized Cayley graph induced by the inverse

automorphism. Thus, all cubic generalized Cayley graphs of G are connected and integral implies that
all cubic Cayley sum graphs of G are connected and integral. From Lemma 4.3, it suffices to consider the
groups Z6 and Z8.
• ForZ6, it has the unique involutory automorphism ι, which implies the generalized Cayley graphs of

Z6 are Cayley sum graphs.
• For Z8, the involutory automorphisms of which are ι, α1 : 1 7→ 13 and α2 : 1 7→ 15 for all 1 ∈ Z8.

Since Ωα1 (Z8) = Ωα2 (Z8) = ∅, there is no cubic generalized Cayley graph induced by α1 and α2. Thus, all
generalized Cayley graphs ofZ8 are Cayley sum graphs. It follows that all cubic generalized Cayley graphs
of Z6 and Z8 are connected and integral.

We complete the proof of (i).

(ii) Since G is non-abelian, its order cannot be equal to 4. By Lemma 4.2, the order of G belongs
to{6, 8, 10, 12, 20, 24, 30}. We divide the proof into the following cases:

Case 2.1: Let |G| = 6. Then G � D6. Observe that the generalized Cayley graphs of D6 are
GC(D6, {b, ab, a2b}, α j), where α j : a 7→ a−1, b 7→ a jb for 0 ≤ j ≤ 2. It can be verified that these general-
ized Cayley graphs are isomorphic to G2 in Figure 3.

Case 2.2: Let |G| = 8. Then G � D8 or Q8 = ⟨a, b | a4 = e, a2 = b2, b−1ab = a−1
⟩.

Since Aut(Q8) � Sym(4), the involutory automorphisms of Q8 are divided into two conjugate classes. Let
α : a 7→ a−1, b 7→ ab and β : a 7→ a−1, b 7→ b be two involutory automorphisms in different conjugate classes
of Aut(Q8). By Lemma 4.1, it suffices to discuss the generalized Cayley graphs induced by α and β. Since
ωα(Q8) = ⟨a⟩ and Ωα(Q8) = ∅, there is no cubic generalized Cayley graph induced by α. With respect to β,
we obtain three subsets ωβ(Q8) = {e, a2

}, Ωβ(Q8) = {a, a3, ab, a3b} and ℧β(Q8) = {b, a2b}. Thus, there are some
cubic generalized Cayley graphs. It is easy to verify that all cubic generalized Cayley graphs of Q8 induced
by β are isomorphic to G4 in Figure 3. Therefore, all cubic generalized Cayley graphs of Q8 are connected
and integral.
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In addition, by Lemma 4.7, all cubic generalized Cayley graphs of D8 are connected and integral.

Case 2.3: Let |G| = 10. Then D � D10. Let S = {b, ab, a4b} be a generalized Cayley subset of D10 induced
by α : a 7→ a−1, b 7→ b and the corresponding graph is displayed in Figure 4. Notice that GC(D10,S, α) is
connected but not isomorphic to any graph in Figure 3.

Figure 4:

Case 2.4: Let |G| = 12. Then G � D12, T12 or A4. By Lemmas 4.6 and 4.7, there exists a cubic generalized
Cayley graph of D12 and T12 which is not connected, respectively. For A4, let S = {(123), (124), (12)(34)},
which is a generalized Cayley subset induced by α : x 7→ (12)(34)x(12)(34) for all x ∈ A4. As |⟨SS−1

⟩| =
|⟨(243)⟩| < 1

2 |A4|, by Theorem 3.6, GC(G,S, α) is not connected.

Case 2.5: Let |G| = 20. Then G � D20, T20 or F5,4 = ⟨a, b | a5 = b4 = e, b−1ab = a2
⟩. Using Lemmas 4.6

and 4.7 again, there exist disconnected cubic generalized Cayley graphs for both D20 and T20. For F5,4, let
α : a 7→ a−1, b 7→ b be its involutory automorphism and S = {b, b2, b3

} a generalized Cayley subset of F5,4
induced by α. Since ⟨S⟩ , F5,4, by Theorem 3.6, GC(G,S, α) is not connected.

Case 2.6: Let |G| = 24. Then G � D12 ×Z2, T12 ×Z2, D6 ×Z4, A4 ×Z2, Q8 ×Z3, D24, T24, Sym(4), D8 ×Z3,
U24 = ⟨a, b | a8 = b3 = e, a−1ba = b−1

⟩, V24 = ⟨a, b | a6 = b4 = e, ba = a−1b−1, b−1a = a−1b⟩ or SL(2, 3).
The groups D12 ×Z2, T12 ×Z2 and D6 ×Z4 are discussed in Proposition 4.8. As stated in Case 2.4, there

exists a disconnected cubic generalized Cayley graph of A4. With the same argument in Proposition 4.8, it
follows that there exists a disconnected cubic generalized Cayley graph of A4 ×Z2.

For Q8 × Z3, let α1 : (e, 1) 7→ (e, 1), (a, 0) 7→ (a−1, 0), (b, 0) 7→ (b, 0) be an involutory automorphism and
S1 = {(a, 0), (a, 1), (a, 2)} a generalized Cayley subset of Q8 × Z3 induced by α1. Since ⟨S1⟩ , Q8 × Z3,
GC(Q8 ×Z3,S1, α1) is not connected by Theorem 3.6.

For D24, let α2 : a 7→ a5, b 7→ b be its involutory automorphism and S2 = {a2, a6, a10
} a generalized Cayley

subset induced by α2. Clearly, ⟨S2⟩ , D24, hence by Theorem 3.6, GC(D24,S2, α2) is not connected.
For T24, by Lemma 4.6, there exists a disconnected cubic generalized Cayley graph of T24.
For Sym(4), let α3 : x 7→ (12)x(12) be its involutory automorphism and S3 = {(12), (13), (23)} a generalized

Cayley subset induced by α3. Then GC(Sym(4),S3, α3) is not connected by ⟨S3⟩ , Sym(4).
For D8 × Z3, let α4 : (e, 1) 7→ (e, 1), (a, 0) 7→ (a−1, 0), (b, 0) 7→ (a2b, 0) be its involutory automorphism and

S4 = {(a, 0), (a, 1), (a, 2)} a generalized Cayley subset induced by α4. Then GC(D8×Z3,S4, α4) is not connected
by ⟨S4⟩ , D8 × Z3.

For U24, let α5 : a 7→ a, b 7→ b−1 be its involutory automorphism and S5 = {a, a7, a4
} a generalized Cayley

subset induced by α5. Then GC(U24,S5, α5) is not connected by ⟨S5⟩ , U24.
For V24, let α6 : a 7→ a, b 7→ b−1 be its involutory automorphism and S6 = {a, a5, a3

} a generalized Cayley
subset induced by α6. Then GC(V24,S6, α6) is not connected by ⟨S6⟩ , V24.

Finally, we show that there is no cubic generalized Cayley graph of SL(2, 3) = ⟨A,B⟩, where

A =
[
0 1
2 0

]
,B =

[
1 1
0 1

]
.

Observe that there are 9 involutory automorphisms of SL(2, 3) which are divided into two conjugate classes.
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Let

α7 :
[
0 1
2 0

]
7→

[
0 2
1 0

]
,

[
1 1
0 1

]
7→

[
0 1
2 2

]
and

α8 :
[
0 1
2 0

]
7→

[
2 1
1 1

]
,

[
1 1
0 1

]
7→

[
1 2
0 1

]
be two involutory automorphisms in different conjugate classes. For α7, we obtain subsets ωα7 (SL(2, 3)) =
{E,A,A2,A3,B2A3B,B2AB} and Ωα7 (SL(2, 3)) = ∅. Similarly, with respect to α8, we have ωα8 (SL(2, 3)) =
{E,B,B2,A2,AB2A3B,AB2AB,B2A2,AB,B2A3,A3B,BA2,B2A} andΩα8 (SL(2, 3)) = ∅. It follows that there is no
cubic generalized Cayley graph of SL(2, 3).

Case 2.7: Let |G| = 30. Then G � D30,U30 = ⟨a, b | a10 = b3 = e, a−1ba = b−1
⟩ or D10 ×Z3.

Let α9 : a 7→ a4, b 7→ b be an involutory automorphism of D30 and S9 = {b, a5b, a10b} a generalized Cayley
subset induced by α9. Then GC(D30,S9, α9) is not connected by ⟨S9⟩ , D30. Similarly, let α10 : a 7→ a, b 7→ b−1

be an involutory automorphism of U30 and S10 = {a, a−1, a5
} a generalized Cayley subset induced by α10.

Then GC(U30,S10, α10) is not connected by ⟨S10⟩ , U30. For the group D10 ×Z3, α11 : (e, 1) 7→ (e, 1), (a, 0) 7→
(a−1, 0), (b, 0) 7→ (a2b, 0) is its involutory automorphism and S11 = {(a, 0), (a, 1), (a, 2)} is a generalized Cayley
subset induced by α11. Since ⟨S11⟩ , D10 ×Z3, GC(D10 ×Z3,S11, α11) is not connected.

In conclusion, among all non-abelian groups admitting a cubic generalized Cayley graph, the groups
D6, D8 and Q8 satisfy that whose all cubic generalized Cayley graphs are connected and integral.

We complete the proof of (ii).

Remark 4.10. Let G be a connected integral cubic generalized Cayley graph of order n. By Lemma 4.2, we have
n ∈ {4, 6, 8, 10, 12, 20, 24, 30}. In fact, using the similar technique as in Theorem 4.9, we can obtain the full list
of connected cubic generalized Cayley graph whose eigenvalues are integers as follows: Firstly, one can verify that
there are no connected integral cubic generalized Cayley graph of order 4, 10, 20, 30. Secondly, when n = 6, one
can verify that Cay+(Z6, {1, 3, 5}) is a connected integral cubic generalized Cayley graph of order 6. Obviously,
Cay+(Z6, {1, 3, 5}) � G2. When n = 8, one can verify that GC(Z3

2, {(1, 0, 0), (0, 0, 1), (0, 1, 1)}, α) is a connected
integral cubic generalized Cayley graph of order 8, where α : (1, 0, 0) 7→ (1, 0, 0), (0, 1, 0) 7→ (0, 1, 0), (0, 0, 1) 7→
(0, 1, 1), Obviously, GC(Z3

2, {(1, 0, 0), (0, 0, 1), (0, 1, 1)}, α) � G4. When n = 12, one can verify that Cay+(Z2 ×

Z6, {(1, 3), (1, 2), (0, 1)}) and Cay+(Z2 ×Z6, {(1, 0), (0, 5), (0, 1)}) are two connected integral cubic generalized Cay-
ley graphs of order 12. Obviously, Cay+(Z2 × Z6, {(1, 3), (1, 2), (0, 1)}) � G8 and Cay+(Z2 × Z6, {(1, 0), (0, 5),
(0, 1)}) � G12.When n = 24, one can verify that Cay+(Z2 ×Z12, {(0, 11), (1, 3), (1, 1)}) is a connected integral cubic
generalized Cayley graph of order 24. Obviously, Cay+(Z2 ×Z12, {(0, 11), (1, 3), (1, 1)}) � G13. From above, there are
exactly 5 simple connected integral cubic generalized Cayley graphs, which are G2, G4, G8, G12 and G13 displayed in
Figure 3, respectively.
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