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New characterizations of subclasses of A-selfadjoint, A-normal and
A-partial isometry operators on semi-Hilbertian spaces
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*Laboratory of Science for Mathematics, Computer science and Engineering applications,
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Abstract. In this paper subclasses of A-selfadjoint, A-normal and A-partial isometry are characterizated

in terms of operators inequalities by using the arithmetic-geometric mean inequality. Some properties of
this subclasses are also presented.

1. Introduction

Throughout this manuscript H denotes a complex Hilbert space with inner product<., .) and the operator
norm ||.||. L(H) be the algebra of all bounded linear operators on H. This paper is devoted to the study of the
following characterizations of some distinguished classes of bounded linear operators acting on H, namely,
the selfadjoint operators, the normal operators, and the unitary operators, in terms of operator inequalities
when an additional seminorm is consider on a complex Hilbert space H, which denoted ||.||[4 when A be a
nonzero positive operator which defines a positive semi-definite sesquilinear form

(boatHXH — C{x,y) — {x,y)a = (Ax, y).

The seminorm induced by (.,.)4 denoted by ||.||4, is given by [[x||a = V{x,x)a, for every x € H. This makes
H into a semi-Hilbertian space. It is obvious that [|x||4 = 0 if and only if x € N(A). Then ||.||4 is a norm if

only if A is injective operator. In addition the semi-hilbert space (H, |x]|4) is complete if, and only if A has a
closed range.

The author in [16] proved that

o The class of selfadjoint operators with closed range S € L(H) is characterized by each of the following
properties
VX, S € B(H), ISXST +STXS|| = [IS'XS* + STXS,
VX € B(H), lISXS™ + S*XS|| = IS XS + STXS|
VX € B(H), lISXS* + S*XS|| = 2]ISSTXS™SI,
VX € B(H), |IS*X + XS?|| > 2|ISXS]I.
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e The class of all normal operators with closed range S € L(H) is characterized by each of the following
properties

VX € B(H), ISXS*|| + IS*XS|| = IS'XS™|| + IS*XS"l, (S € Z(H)),
VX € B(H), ISXS™|| + ISTXSI| > IS XS™|| + IS*XS*, (S € Z(H)),
VX € B(H), ISXS™|| + ISTXSI| < IS XS™|| + IS*XS"l, (S € Z(H)),
VX € B(H), ISXS™|| +ISTXS|| > 2lISTXS*SI, (S € Z(H)),

VX € B(H), |IS2X]| + IXS?| = 21ISXSl, (S € Z(H)).

And the author in [13] proved the following. For all T € L(H) with closed range the following statements
are equivalent:

N A 1

(i) Al is a partial isometry,
(i) [IAll- 1A =1,
(iii) VX € B(H), IAXA™|| = |ATAXAYA]l,
(iv) VX € B(H), ||A*XA|| = [[AA*XAAY|.

My main purpose of this survey paper is to present these characterizations when we consider this seminorm
and when we replace the operator uniform norm by the following seminorm on a subset of L(H):
ITxlla

ITlla = _—
llxlla

xeR(A),x#0

=sup {[|Txll4 : x € H, |Ixlla = 1}.

So in this work, we shall explore, among other things, new characterizations for some subclasses of A-
bounded operators acting on a complex semi-Hilbertian space H ( namely A-selfadjoint, A-normal, and
A-partial isometry).

The paper is organized as follows. In section 3 we prove some results related to The arithmetic-geometric
mean inequality for A-selfadjoint operators with closed range. In section 4 we give a new characterizations
of Subclasses of A-normal operators. Finally in section 5 we prove a new characterizations of Subclasses of
A-partial isometry.

2. Preliminaries

Throughout this manuscript L(H)* is the cone of positive (semidefinite) operators of L(H), i.e., L(H)" =
{TeLH): (Tx,x)>0 Vxe H} Inallthat follows, by the range and the null space of an operator T are
denoted by R(T) and N(T), respectively, and its adjoint by T* and its spectrum by o(T). R(T) denotes the
closure of R(T) with respect to the norm topology of H. L.(H) is the subset of L(H) of all operators with
closed range. Q = {Q € B(H) : Q* = Q} is the subset of L(H) of all projection. P = {P € Q : P* = P} is the
subset of L(H) of all orthogonal projection.

From now on, every positive operator is assumed to be non-zero.
We denote by #(T) and y(T) the spectral radius and the minimum modulus of T respectively. They are
defined as

r(T) = supi{|A| : A € o(T)}.

and
y(T) = inf{||Tx||, x € N(T)* and ||x|| = 1}.

Given T € L.(H), the Moore-Penrose inverse of T, denoted by T7, is defined as the unique linear tranfor-
mation from D(T*) = R(T) @ R(T)* to H. T* is the unique solution of the four Moore-Penrose equations:

T*TT =T, TT*T=T, TT'= PmlD(TJr), T*T = Pnry--

Note that T* € L(H) if, and only if R(T) is closed (see [14] for its proof)( In general, T* is not bounded ).
It is easy to check that for every T € L.(H), we have
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o (TH* =T.

o (T*) = (T")".

o T"=TTT* =T*TT".

o T* = (T'T)*T* = T(TT")*.

For every bounded linear densely defined operator T there exists a unique bounded linear extension

T € L(H) of T. In the next proposition, we present some properties of T
Proposition 2.1. Let T and R be bounded densely defined linear operators. Then:
LT)y=T=T._
2. IfT=R'Rthen T = R*R.
The following main theorem is Known as the Douglas theorem (see [2] or [3] for its proof )
Theorem 2.2. Let B, C € L(H). The following conditions are equivalent:

1. R(C) c R(B).
2. There is a positive number A such that CC* < ABB*.
3. Thereis D € L(H) such that BD = C.

If one of these conditions holds then there exists a unique operator E € L(H) such that BE = C and

R(E) € R(B*) and N (D) = N(E) = N(C) (E known as the Douglas Solution).

We denote
LAH) = {T € L(H) : [ITlla < o).
Proposition 2.3. [8] Let A € L(H)" and T € L(H). Then the following conditions are equivalent:
1. T € LA(H).
2. A%T(A%)Jr and T® = (A%)+T*A% are bounded operators.
3. RAIT*A?) C R(A).
Moreover, if one of these conditions holds then
ITlla = IAZT(AZ)*]| = [[(A2)*T°Az].

If M C H then we denote by M4 = {x € H (x,y)4 = 0 forevery y € M].

Definition 2.4. [9] Let T € L(H). An operator R € L(H) is called an A-adjoint of T if for every x,y € H

(Tx, y)a = (x,Ry)a, ie., if AR = T"A.
T is called A-selfadjoint if AT = T*A.

Remark 2.5. Not every T € L(H) admits an A-adjoint. By Douglas theorem, T admits an A-adjoint if and only if

R(T*A) € R(A).
Throughout this paper.
e L4(H) denotes the set of all operators T € L(H) which admit an A-adjoint. Then

La(H) = {T € L(H) : T'R(A) C R(A)}.

° LA 1 (H)is the set of all operators T € L(H) which admitan Az -adjoint (called also A-bounded operator).

Then

3 (H) = {T € L(H) : T'R(A?) S R(A?)).



Guelfen hanane / Filomat 39:30 (2025), 10887-10903 10890

By Douglas Theorem , it is obvious that
Ly (H) ={T € L(H) : dc > 0, [ITx||a < cllxlla, ¥x € H}.

The relationship between the obove sets is proved in [[6], Theorem 5.1]).
Proposition 2.6. [6] let A € L(H)* then La(H) C L 3 (H) € LAH).

It easy to check that if A has a closed range, then Ls(H) = LA% (H).

Let T € Lo(H) then the reduced solution of the equation AX = T*A is a distinguished A-adjoint operator of
T. We denote this operator by T#. Note that, T# = A*T*A.

The main properties of T are

AT =T'A, R(T* CRA), N(T?) = N(T*A).

IfTe LA 1 (H), then the reduced solution of the equation AiX =T'Alisa distinguished Az -adjoint operator
of T, which will be denoted by T°. Note that, T? = (A2)*T*Az.

The folllowing proposition gives some properties of T# and its relationship with the semi-norm |[|T||4 which
we shall use along this work. (for its proof and more details we refer the reader to see [9] and [8].

Proposition 2.7. [9],[8] Let T € Lo(H). Then the following statement hold:
1. (A" = A! for every t > 0.

IfAT = T*A, then (A2)*T* Az is selfadjoint.

Tt € La(H), (T} = PTP and ((TH)})* = T*.

TT¥ and T*T are A-selfadjoint.

ITlla = IT*la = IT*TI].

IfW € La(H), then TW € La(H) and (TW)# = WFT*,

If W € La(H), then [[TW|la = [[WTa.

NS O k»DN

Given A € L4(H)* and a closed subspace S, we denote by P(4, S) the set of A-selfadjoint projections with
fixed range S:
PA,S)={QeLa(H): Q*=Q, RQ=S and AQ=QA)

The classes of normal, isometries and partial isometries and contractions on hilbert spaces have been
generalized to semi-hilbert spaces by many authors in [9],[15]. The following definition gives this class of
operators.

Definition 2.8. Let T € L4(H). Then T is

1. normal ifTﬁT =TTt or equivanlently if ||Tx||a = IT%x|| 4 for every x € H.
2. A-contraction if ||Tx||4 < |lx||a for every x € H or equivanlently if T*"AT < A.
3. A-partial isometry if ||Tx||a = ||x||4 for every x € N(A)*.

3. Main results

Proposition 3.1. ((Heinz’s inequality[7]) For every two positive operators Sand T € B(H), and for every a € [0, 1],
the following operator inequality holds

VX € B(H) |ISX + XT|| > ||S®*XT + SaXT9||.

It is well known that the Heinz inequality is equivalent to the following form operator of the so-called The arithmetic-
geometric mean inequality

VS, X, T € B(H) |ISS'X + XT"T|| = 2||SXT]!. (1)
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3.1. New Caracterizations of subclasses of A-Selfadjoint operators

We start our results with the main proposition

Proposition 3.2. Let S, T € Lo(H) be A—selfadjoint operators and X € LA (H). Then

[N

ICT#X + X(S#lla 2 2 TEXSH .
Proof. Assume that S, T € Ls(H) be A—selfadjoint operators and X € LA% (H). Then

ITHX + X(SHla = AT APX + X(A*S AP lIa

= AT AATT'AX + XA*S'AA*S*Alla

= |JAY(T")?AX + XA"(5)?Alla

= JAZAY(T")PAX(AZ)* + ATXA*(S)2A(AL)||

= A TPAIAIX(AD)' +ATX(AZ) (A2 (S'V AR,
Let T = (A2)*T*Az, X° = A2X(A?)* and S° = (A2)*S*A?. Then we obtain

I(TH2X + X(SH2lla = IT°)2X° + X°(S%)?l.
Since S, T € L(H) be A-selfadjoint operators and X € L ; (H). Then $°, X° and T° are bounded operators
(By using proposition 2.3) and S°, T? are selfadjoints. Moreover
ITH2X + X(SPPla = II(TO)PX" + XO(SY|

2IT°X°S°%|  (by the The arithmetic-geometric mean inequality)
A% T AR ARX(AR) (A2) 5" A%
lAZA*T*AXA*S* A(A?)"||
= JAIT!XSFA(AD)|
= |IT*XSa.

v

O

Lemma 3.3. Let T € Ly(H) such that T, T* € La(H), TT*, T*T are A-selfadjoint operators. Then
a) (A T'AZ)* = (AD)"(T)* A2 = (AD)"(T*) A2
b) R((A2)*T*A?) is closed.

Proof.  a) LetT € Ly(H) and T° = (A2)*T*Az. Then
1) TTO)* T = (AD)* T" AR (A" (T") A (A2 T'A: = (AD)*T(T") T"A? = (A3)*T"Az = T°.
2) (T TOUTO)* = (A2)*(T*)* A2 (A2) T' A3 (A2)*(T")* A2 = (A2)*(T")*S"(T")*A> = (T°)*.
3) TOTY)* = A2T+T(A?)*
Let’s prove that T%(T°)" is an orthogonal projection.

TOTO*YTUTO)* = AT T(A2)*AIT*T(A2)* = AX(T*T)X(A?)* = AT T(A2)* = T)(TY)*

Since T*T is A-self adjoint then we obtain that T(T%)* = AzT* T(A%)+ is a self adjoint operator.
So TY(T?)* is an orthogonal projection
4) By the same argument we find that (T%)*T° = A3 TT*(A2)* and (T°)*T? is an orthogonal projec-
tion.
Finally ((A2)*T"A?)* = (A2)*(T*)*A? .
b) Since T* € La(H) then (A2)*(T*)'Az = ((A2)*T*A2)* = (A2)*(T*)*A?) € B(H) then R((A)*T*A?) is
closed.
|
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Remark 3.4. If T € Ly(H) such that T,T* € Ly(H), TT*, T*T are A-selfadjoint operators. Thus by using Lemma
(3.3), we obtain
(TH" = (ATT'A)" = (A" (A T'AAL)" = (A (AN (T) A2 AL = (T,

Proposition 3.5. Let S, T € Ly(H) such that S,S*,T,T* € La(H). If S, T, SS%,S*S,TT*, T*T are A-selfadjoint
operators. Then
VXL, (H): IT#X(S*) + (T*)* XS4 = 21T T)*X(SS™) la-

Proof. Assume thatS, T € Ly(H) suchthatS,S*, T,T* € Ly(H),and S, T, SS§*,S*S, TT*, T*T are A-selfadjoint
operators. For every X € LA% (H) we obtain

ITEX(ST + (THXSHI, = ATTEX(SHH(AT) + AZ(TH)FXSHAD)|
= JAZATTAXA*(STYA(AR) + AZA*(T*) AXATS A(AR)*||
= (A TATAIX(AD) (A (ST) AT + (A2)*(T) ATAIX(AD)(AD)* S A
— ”TOXO(SO)+ + (T0)+XOSO||.
AS S and T are A-selfadjoint, S° and T? are selfadjoints. So
ITEX(SH) + (THXSH. = ITOXOS)* + (10" XS]
I(T0) XO(S)* + (T XO(S°Y'I.
From the properties of the Moore-penrose inverse, we obtain (T%)* = (T%)*'T%(T°)* and (S°)* = (S%)*S%(S?)".
Then we have
IT*X(ST) + (THXSHIA = (T TOTO) XSO + (T0) XO(S%) " S°(S%) |
2IT°(T°)*X°(S%)* S| ( by The arithmetic-geometric mean inequality)
(A2 T"AZ (AR (TH) AT ATX(AZ)* (A2)*(S*) AR (AZ)* S AT ||
I(AD)* (T T) AXA*(SS*) A%
= JJAZAN(T*T) AXA*(SS*Y A*(AZ)||
= (T*T)*X(SS%)"la-

v

O

Corollary 3.6. Let S,T € Ly(H) such that 5,5*,T,T* € La(H) and S, T, S§*,S*S, TT*,T*T are A-selfadjoint
operators. For every X € L ., (H) if T is injective, and S is surjective, then

IT*X(S*)* + (T*)*XSHla > 2/ Xlla.
Proof. .

e Since T is injective, then T*T = I, So (T*T) = P%.

e Since S is surjective, then SS* = I, So (SS*H)F = P%.

Thus by by using proposition (3.5) we obtain
ITEX (S + (TFXSHa = 20Xla.

O

Definition 3.7. [1] Let T € La(H) be a non-zero operator. T is said to be A-invertible in La(H) if there exists a
non-zero operator S € La(H) such that ATS = AST = A. Here S is called an A-inverse of T in La(H).
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Proposition 3.8. [1] Let T € Ls(H) be an A-invertible operator in T € La(H) with an A-inverse S € La(H). Ten

the following statements are equivalent:

1. A= ATS = AST.

2. PTS=PST =P.

3. A7 = AiTS = A3ST.
Remark 3.9. [11] T € La(H) is A-invertible operator in Lo(H) with an A-inverse S € La(H) if and only if T is
A-invertible operator in La(H) with an A-inverse S* € L(H).

Lemma 3.10. Let T € Ly(H) such that T, T* € Lo(H). If T is an A-invertible operator with an A-inverse S € La(H).
Then

a) (A3)*T"A%)" = (A2)*S'A:
b) if T is A-selfadjoint, then S is A-selfadjoint.
Proof. Let T € La(H) such that T is A—inversible with an A-inverse S € L4(H). Then
a)
1) (A)'T'AI)((AD)'S'AY) = ATA'T'A(AR)'(A})*SA(A%)*
= AITiSHAZ)*
= (AD)TATSH(AYY
= (A)TA@AY)
= AI(A?)*.
So ((A2)*T*Az)((A2)*S*A?) is an orthogonal projection.
2) (AD)*SAN((AI)TAI) = AIATSAAI (AT AAY*
= AMSTHAY)*
= (AY)ASTHAR)
= (A A@AY
= (A})*Ar
So ((A2)*S*A2)((A2)*T*A?) is an orthogonal projection.
By using item (1), we obtain
3) (AI)'T'AH(A'SANAN'TAY) = AHAH'(AD)'TA:
= AIATT'A:
= (A2)*TA:
By using item (2), we obtain
) (ADSAN(AYTAN(ADTSAL) = (AD)PAZ(AD)'SA
= (A})*S'Al.
Finally, we obtain that ((A2)*T*Az)* = (A2)*S*Ax.
b) Since T is A-invertible with A-inverse S, then T* is A-invertible with A-inverse S*. Then we have
A=ATiS = AS'T! o A=T'S'A=STA )
Assume that T is A-selfadjoint with A-inverse S. We have
S*A S*ATS (S is the A-inverse of T)
S*T*AS (T is A-selfadjoint )
= AS (S is the A-inverse of T, by using equation 2).
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Then S is A-selfadjoint. [

Proposition 3.11. Let T € Ly(H) such that T,T* € La(H). If T is an A-invertible operator with an A-inverse
S € La(H) and if T is A-selfadjoint, we obtain

VXL (H): T+ (THXTHla 2 20 X]la.

Proof. Let T € Ly(H) such that T, T* € La(H). If T is A-invertible operator with an A-inverse S € La(H), and
if T is A-selfadjoint then S is A-selfadjoint. By using proposition 3.5 and, we obtain

ITEX(THE + (TXTH. = 2T TEX(TT s

= 2I(ST)*X(TS)lx by using Lemma (3.10)
= 2AZ(ST)X(TS)"(A2)*||
= 2JAIT!SEXSITHAL)||
= 2l(AZ)*AT!S*XA*ASHTH(AZ)Y||
= 2|l(AZ)*AXA*A(A%)*|| (T is A-invertvible iff T# is also A-invertible )
= 24X
= 2[[Xlla.

O

3.2. New characterizations of subclasses of A-normal operators

The following results can be found in [8].
Proposition 3.12. [8] Let A € L(H)" and Q € L(H) such that S = R(Q) is a closed subspace of R(A).

1. If Q € QN LA(H) then A2 Q(Az)* is a projection.
2. The following conditions are equivalent:
(@) Qe P(A,S).
(b) Q € La(H)and A%Q(A%)Jr is an orthogonal projection.
In one of these conditions holds then ||Q||a = IIA%Q(A%)JfIl =1

Forall x, y € H the operator x®y is called a rank-one operator in L(H). The author in [17] define the so-called
A-rank one operator in LA% (H).

Definition 3.13. [17] Let A € La(H)*. The A-rank one operator denoted by x ®4 y is definded as follows for all
x,yeH
(x®4 ¥)z = (z, Pax.

Proposition 3.14. [17] Let x,y € Hand T € LA% (H). Then x®s y € LA% (H) and the next assertions hold:

L llx®4 ylla = lIxllallylla and (x ®4 y)* = y @4 x.
2. Tx@ay)=Tx@ayand (x®4 y)T = x®4 Tﬁy.

Proposition 3.15. [16] LetT € L(H). Then following properties are equivalent

1. T is normal operator.
2. VSeB(H) TSI =TSl
3. VS e B(H) [IST|I = IST"|I.

A useful characterizations of the class of A-normal operators is given in the following proposition.
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Proposition 3.16. Let T € La(H). Then the following inequalities are equivalent:

1. T is A-normal.
2. VSeL,y(H), ITSlx = [T4S]a.

3.VSeL y(H), STl =ISTa.
Proof. e (1) = (2). Suppose that T is A-normal. Then for every x € H, we obtain
ITxI = IT*x|X & (ATx, Tx) = (AT*x, Thx)

& (T'ATx,x) = (T*)'AT%x, x)
& T'AT = (TH' AT

For every x € H,and S € L4(H) we have

TS

(ATSx, TSx)
= (T*ATSx, Sx)
= ((T*)AT*Sx, Sx)
= (AT*Sx, T*Sx)
= ||IT*SxI3.

By taking the supremum over x € H with [|x||4 = 1, we obtain
ITS|la = IT*Sla.

® (2) = (1). Forevery x,y € H, let (S = x ®4 y) in item 3. So by using proposition 3.14 we obtain that
Se LA% (H) and

IT*SIla = IT*x®a v)lla
= (T*x) ®4 ylla
Tl allylla-

and

ITSlla

IT(x ®a y)lla
I(Tx) ®a ylla
ITx|allyllA-

Since ||TS||4 = ||T#S||4, we have

ITxllallylla = ITxllallylla.
By taking the supremum over y € H with ||ylla = 1, we obtain

ITxlla = T4
then T is A-normal.

e (2) = (3). Suppose that [|TS||4 = IT#S]|4. Then for every T € La(H)and S € LA% (H), we obtain

IST#14

(ST By proposition 2.7 item (5)
= |(TH¥S*lx By proposition 2.7 item (6)
= |IT*S*la  (By hypothesis

= ST la By proposition 2.7 item (6)
= |ISTlla By proposition 2.7 item (5).
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e (3) = (2). Let||STI|a = ||STﬁ||A, then

IT*Sll4

I(T*S)|14 By proposition 2.7 item (5)
= |ISHT*¥|s By proposition 2.7 item (6)
= |IS*T*la  (By hypothesis)

= |(TS¥la By proposition 2.7 item (6)
= |ITS||a By proposition 2.7 item (5).

Corollary 3.17. Let T € L4(H). Then the following properties are equivalent:

1. T is A-normal.
2. (A%)J'T*A% is normal operator.

Proof. .

e Assume that T is A-normal operator. By using proposition (3.16), we obtain that ||TS||4 = IT#S|| 4 for
every S € LA% (H). So

IAZTS(A2)"|
IART(A2)* AZS(AZ)"].

ITSlla

and
IT*Sla = [IARTAS(AR)|
= JAATTAS(A|
= (A T AZAIS(A%)|
= ATl ARS(AR)].
Then
AFT(AR) ARS(AR) | = AT T(AD) AT S(ARY']. ©)
Since T € La(H), and S € L, (H) then (A2)*T*Az, A2S(A?)* € L(H). Therefore (AZ)*T*A? and
AXT(Az)* are normal by using proposition (3.15).
e Conversely, assume that (A2)*T*Az is normal operator. Then by using proposition (3.15), we obtain
IA2 AT AS(A2)|
= (A2 T'A2AZS(A) |
= |JAST(A%)*A2S(A2)*||  (because (A2)*T*A? is normal)
= [IAIT(AZ)*A2S(A2)|
= IARTS(A%)"|
= [APTS(A)|
= |ITSlla.

IT*S|4

Therefore T is A-normal by using proposition (3.16).
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Example3.18. 1. Let H=C% A = (g g) e LH)*, T= (_11 }) € L(H)". It is easy to check that T € Ly and

Tr=ara=(1 Y rr=rr=(% 2. s0Tis A—norma
1 1 0 2
By direct computation we find that ((A%)J'T*A%)((A%)*T*A%)* = ((A%)JfT*A%)* ((A%)+T*A%) = (604 6(11)

So Az T*(A%)Jr is a normal operator.
1 -1 . 10 g _ (-1 4 . . )
2. Let A= 1 o€ LH)*, T= 1 1) € La(H). So T* = 1 3 By a simple computation we find that
TT# # T*T. So T is not A—normal operator.
It easy to see that ((A})*T"A?) ((A})*T'A%) # ((A})*TA2) ((A2)*T°A}). So (A)*T*A% is not normal.
The following proposition will be useful in the proof of the next result.

Proposition 3.19. [16] Let T € L(H). Then the following properties are equivalent:

1. T is normal.
2. ¥X € B(H), IT2X|| + [|IXT?|| = 2||ITXT].

In the following proposition we give our main result in this section.

Proposition 3.20. Let T € Ly(H) such that T,T* € La(H), T, TT*, T*T are A-selfadjoint operators. Then the
following conditions are equivalent:

1. T is A-normal.
VX €Ly (H), ITEX(T)Flla + ITFXTHLa = ITX(T*)Pla + I(T*XTll.

2
3. VX €L,y (H), ITEX(T*)flla + (TP XTHla 2 ITX(T*Fla + I((T*FXTa.
4. VX €Ly (H), IT*X(THa + ITHFXTHIa = 20T T)EX(TT*)la
5. VX €L,y (H), IT*Xla + IX(T#2lla = 2T XTa.
Proof. .

e (1) = (2) assume that T € Ls(H) be an A-normal operator with closed range. Let X € LA% (H). By
using proposition (3.16), we obtain

ITX(T*)¥||a = ITX(T*)|a.

and
I(THEXTH| 4 = [(THEXT 4.

Thus
ITEX(T*Y LA + (THPXTH| 4 = ITX(TYlla + (T XTI 4.

e The implication (2) = (3) is trivial.

¢ (3) = (4). From the triangle inequality, we obtain

ITEX(T*)F + (T*)FXTH4
20T T)*X(TT) ||a (by using proposition (3.5)).

IT*X(T*Yla + (T XTH||a

[\ Y
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e (4) = (5). Replace X by T*XT* in (4), we obtain

\%

IT*T*XTHT Y ||a + (THFT*XTHT? |4 2T DT XTHTT )l

= 2THTH TXTHTH T4
= 2ITHTH* T*XTHT** T¥|4 (by using remark (3.4))
= 2IT*XT|,.

Therefore
IT*2X(T TYHla + ICTTH Y X(T*2Ila = 2T XTI

By using triangle inequality, we obtain
T T LANTH X4 + ITTHALAXTH 1A > ITPXT Tl + ITTHEX(THla > 20T X T4

Since T*T and TT* are A-selfadjoint projection, we have IT*T)?lls = IT*Tlla = 1 and [(TT*)|l4 =
ITT*|la = 1 ( by using proposition 3.12), it holds

T2 X4 + IX(TH24 = 2T XTH 4.

e (5) = (1). Since T € Ly(H), T, T* € La(H), and TT*, T*T are A-selfadjoint operators, we obtain

AZ(TH2X(AD)*| + |A2 X(TH(AZ)*|
I(AZ)"(T'PAATX(AR)" ]| + A2 X(A2)* (AR)* ('A%
(A2) T"AZ)2ATX(AZ)*| + AT X(AZ)(A2) T A2)?).

T2 X4 + IX(T#)214

and
IT*XTH|4 = [JAZ TEXTHAZ)Y|| = [[(A2) T"AZAZX(A?) " (A2) T A2,

From (5), we obtain
(A2 T"AZPATX(AD)*|| + AT X(AD) (A2 T'AZ2|| > 2I[(A2) T'AZ AT X(A2) (AR T'AZ||. (4)

Since (A2)*T*A? € L(H), and A2 X(A?)* € L(H). So from proposition (3.19), we obtain that (A2)* T Az
is normal. Therefore T is A- normal (By corollary 3.17).
|

Corollary 3.21. Let T € Ly(H) such that T,T* € La(H), T,TT*, T*T are A-selfadjoint operators. Then, the
following conditions are equivalent

1. T is A-normal.
2. VX e L,y (H), T XINIXT*?la = ITEXTH],.

Proof. .
e (1) = (2). Assume (1) holds. Let X € LA% (H), then we obtain
I(T*2Xla = IT*T*X||4 = ITT*X|l4  ( Using proposition 3.16).

and
IX(TH2Ila = IXT*T*la = IXT*Tlla ~ ( Using proposition 3.16).
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Then
ITH2XNANXTHA = ITTXIAIXTHT) 4
= JATTT*X(AR)*|IAXXT*T(AR)|
= JATT(AY)*(AZ) T'A? A X(A2) [IATX(AZ) (A T' A2 AT T(AR)|
= Ty TOX X TO(TOy|
= (T TOXO|ITO(TO)*(XO)||  because |[VW|| = [[WV]| for every V,We L(H)
> (TOyTOXOTO(TO)(XO)||  because [[VWI| > [[WI|I|[V]| for every V,We L(H)
> r((TOTXOTO(TO)*(X0))  because |[VW|| = (WV) for every V,We L(H)
= ((TOY(XO)(TO) T°XTO)  (r(VW)=r(WV) for every V,W € L(H))
= (T (X (1% T°X°T)
= r((TOXOTO)* TOXOTO)
= IT°X°T)?
= (A2 T A2 AZX(AZ)"(A2) T A2
= JJAZATT'AXA T A(A2)*|
= JATTIXTHAR) P
= |IT*XTH3.
e (2)=(1)
”(Tﬁ)ZX”A;”X(TW”A > \/II(T“)ZXIIAIIX(T“)ZHA ( By Arithmetic-geometric mean inequality)
> ||IT*XTH.

By using proposition (3.20), we obtain that T is A-normal.
O

3.3. New characterizations of Subclasses of A-Partial isometry operators
In the following section, we give some preliminary characterizations of A-partial isometries. Before
starting our results we need the following proposition.

Proposition 3.22. [9] Let A € L(H)* with closed range and T € L(H). The following statements are equivalent:

1. T is A-partial isometry.

2. Te LA(H) and T*AT = APAW

3. T € La(H) and T*T = P v

Our first result in this section is stated as follows:

Proposition 3.23. Let T € La(H). The following conditions are equivalent:

1. T is a nonzero A-partial isometry.
2. (A2)*T*Az is a nonzero partial isometry.

Proof. .
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e (1) = (2). Assume (1) hold. Since D((A%)*T*A%) = H, we obtain that

(A2)*T'A?) = (A})*T*A3) = AIT(AZ)*.

and

TO(TO)TO(TO) = (A2)*T*AzA:T(A2)*(A2)*T*AtAiT(A?)*
= AIATT*ATA*T-AT(A?)*
= ASTITTIT(AZ)*

= A:TiT(Az)* (T is A-partial isometry, T*T is projection by proppositin 3.22)

= AIATT-AT(A2)*
= (AI)*T*A1AIT(A?)*
= TO(TO).

Then T°(T?)* is an orthogonal projection, Therefore T° = (A%)J’T*A% is partial isometry.

e (2) = (1). Let T be a partial isometry. Then TO(T?)* = A: TﬁT(A%)+ is an orthogonal projection.
So since T*T € L(H) is A-selfadjoint and AITIT(AZ)* is an orthogonal projection, then by using

proposition (3.12), we obtain that T*T = P(A, R(T*T)). Then by using proposition 3.22 we obtain that
T is A-partial isometry.

[
o (3 0 + - _(1 0 . i
Example 3.24. Let H = C*, A = 0 o € LH)*, T = 1 1) It is easy to check that T € La(H) and T* =
arra=t O rr=( 9 mr=p So T is A—partial isomet
=lo of =lo of =Pz S0 T is A—partial isometry.

With a simple computation we find that

((AH T A3) (A T A) ((Ah)Tal) = (A Tal = ((1) g).

So A2T*(A2)* is a partial isometry.
In 2004, Mbekhta has given the following characterization of partial isometries in Hilbert spaces.
Proposition 3.25. [12] Let T € Ly(H)). Then T is a nonzero partial isometry if and only if |T|| = ||T*|| = 1

Now, let us study this characterization in semi-Hilbertian spaces.

Proposition 3.26. Let T € Ly(H) such that T,T* € La(H), TT*,T*T are A-selfadjoint operators. The following
conditions are equivalent:

1. T is a nonzero A-partial isometry.
2. |ITlla =NIT*lla = 1.

Proof. e (1) = (2). Since T is A-partial isometry. Then from proposition (3.23), we obtain that (A2)* T Az
is partial isometry. So by using proposition 3.25 it holds

1= (A2 T'A%|| = [JATT(A2)*|| = [|AZT(A2)*|| = ||T]|a.

and .
1= ((A2) T A2 || = (AD)H(T*) A3 = A2 T+(A2)*|| = AT T (AD)*|| = |IT*| .
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e (2)= (1) Let|[Tllx = |IT*|l4 = 1. Then
1=|ITlla = IT¥l4 = IAZT(A2)"|| = (A2) T'A%|| = 1.

and
1= T lla = I(T*)lla = IAZTH(AZ)*] = [[(A)*(TH) A%l = 1.

By using proposition (3.25), we obtain that (A2)*T*A? is partial isometry, So T is A-partial isometry
(by using proposition (3.23)).
|

Proposition 3.27. Let T € Ly(H) such that T,T* € La(H), TT*,T*T are A-selfadjoint operators. The following
conditions are equivalent:

LATIANT Nla = 1.
2.

is a nonzero A-partial isometry.
1Tl

T
Proof. e (1) = (2). Assume (1) holds. Let S = W then [|Slla = 1 and S* = T*||T|la. It is easy to see
A

that [|S*|la = IT*]|allTlla = 1. So [ISlla = [IS*|la = 1 By using proposition (3.26), we obtain S = T, is
A
A-partial isometry.
e 2)=>(1).IfS= T is A-partial isometry. Then by using proposition (3.26), we obtain
A
Tl
S = — =
115114 T
and
IS¥lla = TNl T ]l = 1.
O

Our main result in this section is stated as follows.

Proposition 3.28. Let T € Ly(H) such that T,T* € La(H), TT*,T*T are A-selfadjoint operators. The following
conditions are equivalent:

1. is a nonzero A-partial isometry.

1Tl
2. VX€eL, (H), ITEX(Tla = I(TT*EX(TT* Y¥lla.

BVXEL,(H),  ITXTAl = (T DX Tl
Proof. e (1) = (2) Asume (1) holds. By using proposition (3.27), we obtain

ITANT*[la = ITOMICTO) N = 1.
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And

|AZATT AXA*(T*) A(AD|

= (A2 T ATAZX(AD) (AN (TH) A%

= IT°X%(T%"|

— ||TO(T0)+T0XO(TO)+TO(TO)+”

ITCT)* TOXO(TO) TONINTO) |

(T TOXUTO) T (because [T°|II(T°)*]l = 1)
IA2)*(T*)' A2 (A2) T AT A X(AD) (A (T AR (AD) T A%
= JAZAN(TY) T AXAH(TY T A(A?) ||

= JAZAT(TT*Y AXA*(TT*Y A(A2)*||

=TT X(TT*la.

IT*X(T* )l

I IA

Then
IT*X(T*) 4 < I(TTHYX(TTYla-

From another side, since ||(T*)¥||allT#4 = [IT*|lalITlla = 1, then we have
ITTHYX(TT Yl = N TEXT T < ITHHIANTEXTHAANTHI = ITEX (T 4.

Consequently, [|T*X(T*)|4 = [[(TT*)*X(TT*)||4.

(2) = (3). If we replace X by (T*)*XT* in item (2), we obtain
I(TTHHTEXTHTT |

= (THFTHTHEXTHT P TH |4

= (TH*THTH*XTHTH* T4 (Using remark (3.4))
= (T XTH|x

= (T XTH4.

ITHT* Y XTHT )

(3) = (1). Let X = x ®4 y in item (3), then we obtain
(T (x @4 Y THa

(T %) ®4 (TH Yl

T llall(TH y L.

by taking the supremum over |[x|l4 = |lylla = 1, we obtain
T ATl

IT* 1A T

IT* Al T4

Since [[(T*)*XT#||4 = [(T*T)*X(T*T)*||4, then by taking X = x ®4 y, we obtain

(T XTH|a

(T XTHa

T 114l Tlla

I(T*)*XTH A

= (T TX(T* T4 (Using item 3)
= T T)Hx @4 y)(T Tl

= [(T*Tx @A (T*T)Hylla

= T Tl (T Tyl .
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by taking the supremum over |[x|ls = |lylla = 1, we obtain
I IAITIA = I DFIAICT TF)la = IT*TUANT Tl
Since T*T is A-selfadjoint projection, then by using proposition (3.12), we obtain ||[T*T||4 = 1.

Consequentl
! g IT*NallTIIA = 1.

T . .
1S A-part1al isometry. [J
IT1|A

Acknowledgments: The author expresses gratitude to the editor and referees for their insightful feed-
back, which helped to improve the exposition.

By using proposition (3.27), we obtain
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