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A numerical iterative approach for solving weakly singular Volterra
fractional integral equations
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Abstract. This paper explores a new numerical iterative approach for approximating solutions of fractional
Volterra integral equations, based on the successive approximations method and the product integration
method. Under certain conditions, we prove the existence and uniqueness of the solution and give error
estimates of the approximations. Furthermore, both of the convergence analysis and numerical stability

of the suggested method are examined. In the end, some examples confirm the theoretical results and
illustrate the accuracy of the approach.

1. Introduction

Aot of phenomena in mathematical physics and chemical reactions including the radiation of heat from
a semi-infinite solid [20], stereology [28], the heat conduction, electro-chemistry, superfluidity [27], plasma
diagnostics, physical electronics, nuclear physical, optics and astrophysics [25, 43] and many others lead to
a fractional integral equations (FIEs).

Fractional calculus is a field dealing with integrals and derivatives of any real or complex order, and
their applications in science, engineering and other fields. Since most FIIEs cannot be solved analytically,
therefore, much attention has been devoted to searching for approximate and numerical techniques to
the solution of FIlEs. Recently, many numerical methods have been developed by researchers for solving
FIEs. In [26] the Haar wavelet method was employed to solve Volterra FIIEs (VIFIEs). Product integration
method has been applied to find the solution of IFIEs in References [2, 3, 16, 31]. Collocation methods for the
solution of [FIIEs were introduced in [7, 8]. Fractional multistep method for the solution of FFIIEs has been
applied in [15, 29]. The fractional-order Legendre functions and pseudo spectral method for the solution
of [FIEs were introduced in [11]. Backward Euler methods for the solution of FIIEs were introduced in [5].
Galerkin method and Taylor series expansion have been applied in [32, 34] to solve singular fractional

integro-differential equations. The existence (and uniqueness) of the solutions, under various conditions
for FIIEs can be found in researches [1, 9, 12, 14, 19, 21, 33].
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The authors in [41] studied the following Hammerstein IEs with two variable delays:
=) = (o200, 2(c0)) [ 9069 K(s,26)2(a(9)) s + ),

for r,s € J, := [a,b], where p € C(J,, E), E is a closed subset of R, f,h € C(],, x E?, E), with the kernel of

the Hammerstein, IE g € C( g,E). Further, they investigated the uniqueness of solutions and Ulam type
stabilities of the nonlinear iterative Fredholm and the Volterra IIEs with variable delays, respectively:

z(x) = F(r,z[”(r),z[”(’c(r)), .. .,f K(r, s,z2M(s), ... ,z[’”](a(s))) ds),
for 1, s € J,, with mth iterate of the function z, zI"! which is denoted by

M) =z(),..., 2") = 2(z(... 2((1)),
-

where F € C(J, x E2"*1, E), K € C(J2 x E2", E) [40]. For more related works, see [6, 36, 37, 39, 42].

In fact, the Riemann-Liouville integral (RL-FI) of fractional order g € R>" for function u € L'(a,b),
0 <a <b < oo, is showed by

t

— 1 ©)

Hﬁu(t) = Tﬁ) f (tfs;‘ﬁ dS, a<t< b,
a

with the Euler Gamma function I'(-) [35].

In this study, we present a new iterative procedure according to the successive approximations method
for approximating solutions of the next FIEs

s
20 =p+ iy [ A as  vel, )
a

where p € C(J,), £ € C(J?) and z is an unknown function on J, and also, y is a positive constant. The aim
of this paper is to present an iterative method based on product integration method for numerical solution
of weakly-singular VIEs (1). The convergence and numerical stability of the method are proved without
smoothness conditions, using only modulus of continuity properties, when the existing numerical methods
require smoothness conditions in the proof of convergence. It should also be noted that most numerical
techniques used for solving various IIEs ultimately lead to the solution of a system of linear or nonlinear
equations. In these cases, there is always the possibility of encountering singular coefficient matrices.
Therefore, using successive approximations methods can be very beneficial in such cases [17, 18, 30, 38].
If £L=1and 0 < < 1, then Eq. (1) become the so-called Abel’s IE the second kind,

200 =p0 iy [ S ds  veh @

Abel’s IE is one of the most known equation that repeatedly appears in many models of problems in
engineering and mathematical physics [13, 23]. If L(r,s) = a(r)a(s) and 0 < f < 1, then Eq. (1) become the
following IE,

v
b
2(r) = p(0) + £ f ZEG ds,  t€ 3)
a
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Existence and uniqueness of the solution of Eq. (3) is presented in [31]. The stability results for IFIEs are
found in [43]. The researchers in [44] used the spectral collocation approach for approximating solution of
Eq. (3). Also, the authors in [1] used the Simpson’s rules to solve special case of VIFIEs.

This work is carry out as follows: In Section 2, some basic definitions, notations, and preliminary for
developing our method are given. In Section 3.1, the existence and uniqueness of the solution of VIFIE (1)
is obtained. In Section 3.2, the convergence result of the approach is verified. The numerical stability of the
proposed approach is investigated in Section 3.3. In Section 4, numerical experiments are presented. In the
end, Section 5 serves as the conclusion for the paper.

2. Mathematical preliminaries

2.1. Modulus of continuity

Hereafter, we consider the Banach space C(J,) with the standard norm || - ||. Let u : ], = IR be bounded
function, then the function (1, -) : R*°U — R>?, which is expressed as form

' (u, B) = sup {Ju(xy) = u(e)| : 11,12 € Jo, d(r1,12) < 1),

is named the oscillation of u on J,, and @ (u,h) is also called uniform modulus of continuity whenever
u € C(J,). Similarly, for a bounded function u : J, X |, = R, we denote

@" () h) = sup {juvy,t)—u(o,t) : d(y, 1) <h),  te,

11,12€],
where d is a given metric on IR.

Theorem 2.1 ([10, 24]). Let u € C(J,). The following properties hold:

a) |u(x) — u(s)l < @l (u,d(x,s)) forall x,s € J,;
b) w*(u,h) is an non-decreasing mapping in h;
Q) @l(u, by + hy) < W (u, ) + @ (u, hy) for any hy, hy > 0;
d) @ (u,nh) < nwli(u,h) forany h > 0and n € IN;
e) wl(u, Ah) < (A + D (u,h) for any h, A > 0;
f) If ], C J,, then wi(u, h) < w*(u, h) for all h > 0;
g) wi(u,-) is continuous from the right;
h) wle(u,-) is continuous at 0 iff u € C(J,);

i) @"()(u,h) € C(Ja).

2.2. Product trapezoidal method

The main idea of the product integration method is introduced by Atkinson for linear integral equations
[2, 3]. To solve the Eq. 1, we give a new method called the product trapezoidal rule. Let m > 1 be an integer,
h= %. For general z € C(J,), define

[£@, s)z(r)]m = 1 = 9L 1)z 1) + (5 — 1) L 1)), (4)

forvip <s<v,vj=jh j=1,...,mandr € J,. This is piecewise linear in s, and it interpolation .L(x, 5)z(s) at
s =To,..., ;. Define a numerical approximation to the integral operator in (1) by

L m
Yuz(x) = %ﬁ)f % ds, 1,5 € ], 5)
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Using (4), Eq. (5) can be written as
Yuz(r) = i wj() L(r, vj)z(x)), re ], zeC(],), (6)
j=0
with weights
w(® = by [ -9y ds

tj
wj(r) = %%ﬂ) f (s—rjo)(x—s)flds
Tig

W) = by [ =t =9 .

To approximate the integral Eq. (1), we use

2(0) = p(0) + ), w0 L, 1)z(x)).

=0

3. Main results

3.1. The existence and uniqueness theorem
We illustrate the existence and uniqueness theorem for solution of the [FIIE (1). We need to the conditions:

a°) Letp € C(J,) and £ € C(J?) such that L(x,-)* € L(J,) forany r € J,;
b°) There exists Q = % <1, Mg > Osuch that | L(r, s)| < Mg = sup [|L(x, 9)ll1, V1,5 € J,.
t€]a
Now, applying the method of Banach contraction principle, we show that the existence and uniqueness of
the solution of Eq. (1)

Theorem 3.1. Eq. (1), under conditions (a°) and (b°) has an unique solution z* € C(J,). Moreover, for every
zo € C(J,), the sequence of successive approximations

2
21(1) = () + o f Llafds,  ref,leN 7)
a

with initial value zy := p converges respect to the standard norm ||-|| to z*. In addition, the following error estimations
hold

Iz -zl < 125 llzo — zll, ®
and
Iz =zl < 55121 - zll, )
where Q is defined by (b°). Moreover, choosing zy = p € C(],), Ineg. (8) becomes
Y 8 p q
Il - zill < £5Mo, (10)

where My = max {lzo(s)l 1S€J,Z0=p€ ]R}.
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Proof. We define the operator A : C(J,) = C(J,) as follows

AR) = p) + 1 f r Lelds,  ve (11)
For any z € C(J,), we have

@ (A@), h) < sup {Ip(r2) = p(eo)] : 11,12 € Jo, d(ra,11) < )

12

251
u Lr1,9)2(5)
@ ) w9 ds

%)
w7 L) -Las)kE)
T L (r2—3)1 P dS

L) L)
(=) (ry-s)'F

+ sup {

211,10 € J,, d(tp, 1) < h}

< a)]”(p, h) + sup { 11,10 € J,, d(rg,17) < h}

+sup {%ﬁ) f
1]
+ sup {%ﬁ) I |.£(r1,5)| |Z(S)| (rz,i)lfﬁ dS Y, € ]g, d(rz, 1'1) < h}

< a)]“(p, h) + pllzll@" (8)(L 1) (x2—a)f 4 G Mz

@ ds & 1112 € Jo iz, 1) < B}

I(1+p) I(1+p)
.\ i@ )Lk | HPuMglizl
< wh(p,h) + T+p) Ta+p)

Using Theorem 2.1 and Lebesgue’s monotone convergence theorem, we have v’ (A(z),h) = 0 ash — 0, so
A maps C(J,) into itself. Now, we prove that A is contraction. In this aim, let z, y € C(J,). We obtain

A0 = A0 = | [ E5 e -y
" L6

< %ﬁ) 7 2(5) = y(s)l ds

a

< mie b’ sup LG, e, Nz -
€,
s Hl}_:ﬁ)bﬁML”Z - ]/“/ Yre], (12)
thus,
IAR) = AWl < gt Mllz = yll-

With the condition (b°®), we infer that A is contraction. Thus, this operator has in C(J,) an unique fixed point
z*. According to the fixed point principle of Picard-Banach, the estimates (8) and (9) are obtained. [

Now, we present the numerical method to approximate the solution of (7). To this end, let D, defined by

D: O=ry<1<tp<---<1,=b, (13)

be the uniform grid of Jo = [0, b] with mesh h = %, and v; = ih, i = 0, m. On these knots, the iterative
procedure (7) becomes:

20(v) = p), i=0,m,

2%
) = p) + fy [ £ ds, 1= m s, (14
0
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Using the quadrature rule (6) to the relations (14), we derive the numerical method:

zo(xi) = p(vi),
zi(x;) = p(r;) + %ﬁ) f _(? 5)52)11 1ﬁ(s> ds
0
= p(t) + 15 Z [L(ri, tj1)h@a,i(j = Dz (tj-1)
=
+ L(vi, vp)he1,i(j - 1)21_1(rj)] +E,;, i=0,mVIeN, (15)

where
1
o1 = [ = G+ P
0
1
=hﬁ‘1f u(i — j—u)f~'du,
0

1
92.(j) = fo (1= )t — (j + W) du

1
=h’“f(1—u)(i—j—u)’“du, i=0,m, j=1,i
0

The computation of these coefficients is easier with the change of variables s —v;1 = uh, 0 < u < 1in the
following integrals respectively,

rl = 1‘] B
(Xj(ri) = f (rjh s) (I’i — S)ﬁ*‘l dS, ﬁ](rz) — f (s ]1,,]71)(1‘1’ _ S)ﬁ,] ds.
g T

-1 -1

Also, note that for any fixed 7 and j,

o) + @2,(j) = B[ = ) = (= = 1], (16)

Since in (15), we obtain approximated the terms of the sequence of Picard iterations using Lagrange
interpolation polynomial,

21(5) =} = 9z 0) + G- 1)z = Vi), selyyl j=1m,
for all I € N, we infer that

¥i(5) - 2] < H(r/ = $)ai(t) + 5 — ty-)a)] - 206)

< (”’

zl(r, 0+ 5220 - 209)

<

(s—1j-1) =S S—1j_
(e - (5 + 5250

< thf—wﬂ(zr, hy + S 51z,

< &l(z,h), s€vjg,yl] j=1m

Consequently, we have

¥
w7 LY e) i [ L
@) f o 95 T f G 7 d‘

M gbP
< I < M ol 2y, ), (17)

|Zi(x:)) — zi(v))| <
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fori =0, mand each I € IN. By (14), (15) and (17), we derive the following approximations
0

p(x;) + 13 Z L(x;, r] Wi, jzZ1- 1(1]) +Epi

j=1
= p() + w5 2 L(vi, t)w; (21-1(xj) + Eicv j) + By = 21(v) + Ei, (18)
j=1

where

281
win= [ -o ds

Yo

T o Tjsl _
wi,jzf %(ri—s)ﬁ—ldﬁf S —spplds, j=1,...,m—-1,
T T

j-1 'j

rWI
Wiy = f —(s_t,;”’l)(r,' —s)f1ds. (19)
-1

Generally, for i = 0, m, the computed values are

21(t:) = p() + ey Y L v)w; 214 (x)), (20)

j=1
and z(x;) = z)(v;) + E;;, foreach I € N, i = 0, m.
3.2. Convergence analysis
Now, we present the convergence of the suggested approach for solving IFIE (1).

Theorem 3.2. We consider IFIE (1) under the same features as Theorem 3.1. If Q) < 1, which was expressed in (b°),
then the numerical iterative approach (20) converges to the unique solution of IFIE (1) z*, and its error estimate is as
follows

* + Q hPn— Q hP
2" =2l < £5Mo -+ 55| (o, ) + R G)L ) + S, 21)
where
Ty =sup [z(), 1= max {[i}. (22)
ref, i=1,1-1

Proof. Using (10), we have

* = * = +
2" = Zll < Iz = zill + llz1 — Zill < L5Mo + llzi — i, (23)

and hence, it remains to obtain the estimates for ||z; — Z||. By (18) and (20), for / = 1, we can find
i
z1(v;) = p(v;) + %ﬁ) Z L(vi, vj)w;jzo(xj) + E1i = Z1(x;) + Eq, (24)
j=1
and thanks to (17), we have

l21(0) = 21 (9)] < [|En | < S0 0P (20, B,
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and
2(0) = p(e) + f L) g
= p() + 5 Z L, tj)w; 2 () + Eay
j=1
p(rz F(ﬁ) Z L(rll r])w”(z1(r]) + E1 ]) + EZz = ZZ(r ) + E2 ir
j=1
where
i
(1) = pd) + 7y ) L vjwi za(x)).
j=1

This leads us to
i
200) = 2201 < 1Bl < B2l + gl Y Lt e 1l
=1

i
< Qw(z1,h) + %Qw]o(zo,h) Z Wi j.
=1

Using (16) and (19), we have
zzww<h2:whwﬂ+¢b0»—%' [ f -G -j-1F] = 5F
=1 =1

So,
[22(x) — 22(v)] < Q[ (21, ) + Qwh (p, h)].

By induction for / > 3, using (20), (25) and the estimate (26), we have
l21(r) — 2] < Q0 (@1, B) + Qo (@, B) + -+ QT wh(p, )]

On the other hand, we see that

T
L L
) = 0] < e —ple +| [ as - [ el g

Consequently,

DOE)LCahf | pM Dk
T(T+p) T(+p) -

WP (z1,h) < @ (p, h) +

Applying (22), (27) and (28), we get

m—1

m—1

) M — ; B

les =21 < oo, Y, @)+ e oL ) 0T +
i=0

i=1

Using (29), since ) < 1, we derive

_ QuM hPn— QuM phP
s = 2l < 1% (o, 1) + ST ()L ) + |

3

I\
—_

1

ng.

10912

(25)

(26)

(27)

(28)

(29)

(30)
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From inequalities (30) and (23), we have

llz" = zill < ll2" = zill + [lz; =zl

I+1 QuM shPn— QuM ghP
< ?_—QMO+%[0)]°(;9,11)+ AN ()L, ) + ;’(ﬁfl)"].

O

Lemma 3.3. Let p € C(Jo) and L € C(Jo X Jo). Then 1) limy,_,o @ (p, h) = 0; 10) limy,—o SUP,g), 5]"(5)(£, h) — 0.

Proof. The function £(x,-) and p are in C(Jp), for each r € Jy, so from Theorem 2.1, we have lim;, 0 @ (p,h) = 0
and limy,_o sup, @ (s) (LK) — 0. O

Remark 3.4. Applying Lemma 3.3, the error estimation (21) and Q < 1, it is evident that

lim ||z* — z|| = 0,
h—0

[—>00

it is concluded that z; convergence to z*.

3.3. The stability of the numerical results

In order to demonstrate the stability of the numerical results obtained against very small disturbances in
the values and initial condition (7), we consider the same previous integral equation with initial condition
assumed by another new function, such as yg € C(Jo, R), provided that the relation |yo(r) - zo(r)| < g, for
each s € Jp holds. In the case of y(r) = 4(r), the new sequence of successive approximations is as follows

v
yie) = q(0) + 5 f HBds,  vsefo izl (31)
0

By the same (20) for solving (31), we obtain

Po(ri) :==q(v;), i=0,m,
7i() = () + 555 ), L t)wi; i (1) (32)
j=1

Definition 3.5. We say the iterative algorithm used for FIE (1) is numerically stable with respect to the selection of
the initial iterate if and only if there exist constant values o1, 02,03 > 0, independent of h and continuous functions
Yy, Py 1 (0,a] = [0, 00), with limy,_g Y, (h) = 0 and limy,_g Y4(h) = 0 such that

21 — i1l < o1& + a21pp(h) + o314(h), le NU{0}.

Theorem 3.6. In the light of the assumptions of Theorem 3.2, the method (20) is numerically stable with regard to
the choice of the first iteration.

Proof. Let

[} =sup |y(), 1= max {F§}. (33)
te], i=1,1-1

Similarly as the proof of Theorem 3.2 and (30), we can deduce that

B — ! B’
1109 = 701 < 1% |0, ) + T T 6L + SRt (34)
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We have |zp(r) — yo(r)| < ¢, for each r € ]y, and

[2100) = 11 (0] < Ip@) = g1 + 5 fo i 1z0(5) = yo(s) ds

2y
., Mgue
<e+ rfﬁ) f (rs)lﬁds<e+Qe

Also
|Z2(r) yz(r < e+ F(ﬁ) f (f(:f)ﬂ z1(s) — y1(s)| ds < € + Qe + Q%e.

By induction, for I > 3, we obtain

1
) - ol < () @)
=0

Since Q) < 1, it is clear to see that,

zi(v) - yi()] < g¢-
On the other hand, we have

lIzi() = v, < llzi(x) =zl + llzi () = vl + Nlya(x) =y, (V).
Now, by the inequalities (30), (34), (35) and (36), we obtain

_ — QuM hPn— QuM ghP
Bi) - T < tlge + 1 [0l + ST 6L + S|

+ 155 [whiq, by + SHETT L) + S|,

T(B+1) TTED
where 01 = 15,02 = 0, = 155 and
QuM WPy — QuM cHP
¢p(h = =5 [(U]O(p/ h) + {"l(ﬁ-fl) : ]O (S)(.E, h) + l‘L"l(‘B-fl) W:| ’

QuM iy —Jo QuM chPry

qu(h) = m [w 0(‘7/ h) + T(p+D) ()L, h) + L(B+1) ]

O

10914

(35)

(36)

Remark 3.7. Since Q) < 1, it is evident that limy, .o |[x; — ;|| = O, this shows the stability of the iterative approach.

Remark 3.8. By Inegs. (9) and (30), we get a practical stopping criterion of the iterative method. For given & > 0

(previously chosen), we obtain the first | € N with, |2;(x;) — Z11(x;)| < € and stop at this iterative step. We see

|2 (1) — Zi(u)| < |2°(vs) — zi(x)| + |z (x)) — 2i0p)] < T li(0) — zima ()] + Togp(h),

and
|z1(xi) — zi—1 ()| < lzi(vi) — Zi(e)| + 120(xi) — Zia () + 1Z20-1. (i) — Zi-1(v3)
< ELy,(h) + 121(r) = Zia ()l

So,

* = QQ+1 = =
12" () — 2] < Ty () + 1551200 — 2 (),
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and therefore, for obtain |z;(v;) — z(v;)| < €, we need

Q(Q+1 = =
ot <5, ) -2 < 5

Finally, we have
Zi() — 2o ()] < £ - 52 = ¢

With these, the inequality 12;(v;) — zj—1(v;)| < ¢ leads to |27 (v;) — Zi(vi)| < €, and the desired accuracy & is obtained.

4. Numerical experiments

Here, we assess the validity of the present method by considering some examples of FIE (1). The
values of absolute errors are calculated as follows e,,, = |z*(r) — Z()|, r € ] := [0, 1]. Moreover, the maximum
absolute errors

lemlloo = max {lew(x)] : j=0,1,2,...,m},

are computed at points v, j = 0,1,2,...,m. Also, we introduce the following notations (see [4]),

-
Ratio = T

. _zCm)
[

() ()
€1 co Cmlloo
[ ’",‘lf-mr Order = L log[ lewl ]

= o
lle2u] log2 lleanll S

o0

where “Ratio” and “Order” are rate of convergence and estimate of the convergence order of the presented
methods for FIE (1), respectively.

Example 4.1. Consider the following FIE,

2y

3 5
2(r) =2V - § - S 4 Ao fo Z_fﬁf? s, veo. 47

The exact solution of FIE (37) is
2() =22 - L. (38)
In this example, we have b =1, = 1, My = 1 and B = 1. Therefore, we have

M bP
Q_P‘L _ 1 1

TIEH) T ovn

By the product trapezoidal scheme for m = 10,20,40, we get | = 11,11, 12, respectively, whenever ¢ = 1075, The
results |||l for € =107 and m = 10, 20,40, respectively, are

7.844115x 107, 1.988245x 107°, 4.987971 x 107°.

For more details, please see Tables 1 and 2. Also, the rate and order of convergence applying the algorithm with
m € {10, 20, 40, 80}, are given in Table 2.

Example 4.2 ([22]). Consider the following FIE,

)y
2(r) = 1 - § - 0.2615¢7 + 0.0981:7* + 3 m fo ﬁ ds, r € Jo. (39)

The exact solution of IFIE (39) is given by z(x) = v — 1. Tables 3 and 4 display the exact and error results using the
product integration method for different value of m and ¢ = 10715,
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Table 1: Numerical results for m = 10, 20, 40 in Example 4.1.

T

Z*(x;)

em

m=10

m=20

m =40

0.1
0.3
0.5
0.7
0.9

0.380886938
0.746280949
1.009921049
1.226747032
1.414339503

2.75043301 x 107>
3.47364303 x 107°
4.32919629 x 1075
5.33211542 x 107>
6.49821779 x 107>

6.97386177 x 107°
8.80691103 x 10~°
1.09752495 x 1075
1.35169165 x 1075
1.64719626 x 1075

1.74973101 x 10©
2.20955884 x 1070
2.75352234 x 107°
3.39113155 x 107°
4.13243143 x 10°

Table 2: Summery of numerical results of Example 4.1.

m I llem oo Ratio Order CPU time(s)
10 | 11 7.844115 x 107° - - 0.013
20 | 11 1.988245 x 1075 3.9452  1.9801 0.825
40 | 12 4.987971 x 107° 3.9861 1.9949 1.971
80 | 12 1.248273 x 10°° 3.9959  1.9985 4.015

Table 3: Numerical results for m = 10, 20, 40, & =10 in Example 4.2.

%]

2*(t;)

em

m=10

m=20

m =40

0.1
0.3
0.5
0.7
0.9

—-0.2333333
—0.0333333
0.16666666
0.36666666
0.56666666

1.38240357 x 107>
1.77223993 x 107>
2.23815626 x 107°
2.78931452 x 107°
3.43538828 x 1075

3.48761189 x 10~°
4.47087286 x 10~°
5.64596963 x 106
7.03599592 x 10~°
8.66533444 x 10~°

8.73941333 x 10~/
1.12031649 x 106
1.41475640 x 106
1.76304678 x 106
2.17129614 x 10~°

Table 4: Summery of numerical results of Example 4.2.

m | 1 lemlloo Ratio Order CPU time(s)
10 | 8 4.186562 x 107° - - 0.001
20 | 9 1.055965 x 1075 3.9647  1.9872 0.702
40 | 9 2.645931 x 1076 3.9909 1.9967 1.605
80 | 9 6.620202 x 1077 3.9967  1.9988 3.806

5. Conclusions

10916

FIEs are important for solving a large proportion of the problems in many topics in mathematical
physics, particularly in chemical reactions. In this article, we used the successive approximations method
and product integration method for approximating the solution of IFIE (1). The sufficient conditions (a®)
and (b°), for existence and uniqueness solution of [FIE (1) are provided in Theorem 3.1. The convergence of
the suggested approach in terms of modulus of continuity for FIE (1) was proved by providing the error
estimate in Theorem 3.2. To demonstrate the convergence of the approach, only modulus of continuity
properties are required, smoothness conditions being not necessary. Therefore, the suggested procedure
does not need the solution of any system of equations.

Abbreviations
IE: Integral equation

FFIIE: Fractional integral equation
VIE: Volterra integral equation
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VFIE: Volterra fractional integral equation

RL:

Riemann-Liouville
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