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Certain novel inequalities for monotonic and convex functions
involving modified unified generalized fractional integral operators
with extended unified Mittag-Leffler functions and related results

Wengui Yang?

“Normal School, Sanmenxia Polytechnic, Sanmenxia 472000, China

Abstract. In this study, based on the modified unified generalized fractional integral operators (MUG-
FIOs) with extended unified Mittag-Leffler functions (EUMLFs), we investigate certain new MUGFIO
inequalities for some positive continuous monotonic functions and convex functions. Furthermore, some
novel Chebyshev type inequalities and reversed Minkowski inequalities for MUGFIOs with EUMLFs are
established. The presented results constitute a significant extension of classical inequalities in the literature,
unifying and generalizing multiple existing frameworks through the proposed MUGFIOs with EUMLFs.

1. Introduction

In 2009, Liu et al. [16] presented the following integral inequality: assume that f and g are two positive
monotonic decreasing and increasing functions on [a, b], respectively, then

[o7@dx [ 0@ (x)dx )
[Pi@dr [P e (x)dx

holds for positive constants @ > 0 and x > 9 > 0. If { is increasing, then the reverse of inequality (1) holds.
In the same paper [16], the integral inequality involving convex function was also presented: assume that
f,g and b are three positive continuous functions with f(x) < g(x) for x € [4,b] such that f/g and f,} are
decreasing and increasing functions on [, b], respectively. By setting different parameters, the inequality

(1) can reduce to some interesting results. Furthermore, let ¢ be a convex function with (0) = 0. Then the
following inequality holds

[Pidx P pep(())dx
b Z : )
[Pa@dx [P pe)p(a())dx
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Fractional integral inequalities (FIIs) have attracted intensive attentions and great interests from many
scholars both domestically and internationally since they play a significant role in discussions of the
quantitative and qualitative behavior of solutions to fractional differential equations. For the past few
decades, there are A large number of FlIs involving all kinds of fractional integral operators (FIOs), we
can refer the reader to see [4, 9, 10, 14, 29, 32, 36] and the reference quoted therein. For instance, using the
Riemann-Liouville (RL) FIOs, Mohammed and Abdeljawad [17] studied the modified Hermite-Hadamard
inequality and related FlIs. In [15], Khurshid et al. derived some new conformable fractional Hermite-
Hadamard type inequalities containing GG- and GA-convex functions.

In 2014, based on the RLFIOs, Dahmani [8] obtained the following result: let (fx)x=12,..» be n be positive
continuous and monotonic decreasing functions on [4, b]. Then the following FII

JoIs (o) T, ()] | [l -a° @ I, )
FULL @] =2 [T, 7]

holds for any x € [a,b], &,@ > 0, k > 9, > 0 and a fixed integer number p € {1,2,...,n}, where [* denotes
the RLFIO of order a. By means of generalized k-conformable and unified weighted FIOs, Qi et al. [22] and
Rahman et al. [26] established the FIIs similar to the inequality (3), respectively. The inequality (3) can be
the fractional order generalization of the inequality (1).

In 2020, by taking advantage of Hadamard proportional (HP) FIOs, Rahman et al. [25] obtained the
following conclusion: for any @ > 0 and x > 9 > 0, let f, g and b be three positive continuous functions on
[1, c0) satisfying

(6°@F°() - g*OF° M) - 7)) >0, ste(lx), x>1. (4)
Then, for all x > 1, the following HPFII holds

H D@ @] H T (x8°()]
H D] ™ H 0T (090 ()]

3)

(5)

where H7’ stands for HPFIO of order a. Based on the generalized proportional (GP) FIOs, Abdeljawad
et al. [1] etablished the GPFII similar to the inequality (5). In the paper [18, 31], Nale et al. and Tassaddiq
et al. presented the special case of the inequality (5) by utilizing the HP and multiple Erdélyi-Kober FIOs,
respectively.

In 2021, by using the FIOs with extended generalized (EG) Bessel function, Hussain et al. [13] observed
the interesting inequality: let f, g and ) be three positive continuous functions with f(x) < g(x) for x € [a, b]
such that f/g and f, ) are decreasing and increasing functions on [g, b], respectively. Furthermore, suppose
that 1) be any convex function with 1(0) = 0. Then the following FII holds

Tosanliipl  ToSar I i) p]
>

,(,0,c 7 Jolsc / 6)
Jolsanla@hip] oo @ (a(); pl
where ](gff’; denotes the FIO containing the EG Bessel function in the kernel. By employing the general-

ized Katugampola, GP, generalized-type, weighted-type and generalized weighted FIOs, Nale et al. [19],
Neamah and Ibrahim [20] and Neamah et al. [21], Yildiz and Giirbiiz [37] and Yildiz et al. [38] derived
some FllIs involving convex functions similar to the inequality (6), respectively. The inequality (6) can be
the fractional order generalization of the inequality (2).

To the best of my knowledge, there have been no relevant achievements by using modified unified
generalized (MUG) FIOs with extended unified Mittag-Leffler functions (EUMLFs) to study the inequalities
mentioned earlier. Motivated by the mentioned paper above, based on the MUGFIOs with EUMLFs, we will
consider the corresponding inequalities involving some positive monotonic functions and convex functions.
Then, we will present some novel Chebyshev type inequalities and reversed Minkowski inequalities for
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MUGFIOs with EUMLFs. Finally, by exploiting the known important FIOs, some special cases of the
obtained main results will be given.

The remaining part of this paper is organized as follows. In Section 2, we will introduce some related
definitions of MUGFIOs with EUMLFs. In Section 3, some MUGFIIs involving some positive continuous
monotonic functions and convex functions will be acquired. Then some new Chebyshev type inequalities
and reversed Minkowski inequalities via the MUGFIOs with EUMLFs will gained in Section 4 and Section 5,
respectively. Finally, we will sum up the conclusion in Section 6.

2. Preliminaries

In 2022, Abubakar et al. [2] introduced the definition of EUMLF based on the modified extended beta
function as follows.

Definition 1 ([2]). Assume that a = (aj,ap,--+,a,), b= (by,by,---,b,), ¢ = (¢c1,¢2,--- , ¢,), where q;,b;,¢; € C,
i=1,2,...,n, such that Vi, Z(a;), Z(b;), Z(c;) > 0, where Z(-) denotes the real part of complex number.
Moreover, suppose that a, 8,7, 0, 1, v, p, 0,5 € C, min{Z (), Z(B), Z(y), Z(5), Z(A), Z(0)} > 0,k € (0,1) UN,
and k + Z(p) < Z(6 + v + a) with 7 (p) = #(6 + v + a), where .# () denotes the imaginary part of complex
number. Then we define the following EUMLF

A0k = [T BEY2 (b, a5, 2)(A) (O’

a2 pg (5;0,b,¢,%) = - ,
T i [Tizy B(ei, ai)(0)or(ul (al + )

01,027 a,B,y,0,uu,v

)

where (A),, T'(), B(-,-) and Bgll’/ ﬂzz(-, -,+) stand for the well-known generalized Pochhammer symbol, gamma
function, beta function and modified extended beta function, respectively. Here
_T(A+pl)

1 - o
A — B01/92 — T1—-1 1-— Ty—1 (—ﬁ—ﬁ)d 8
( )pl r(/\) ’ 01,02 (Tll T2, %) 0 S ( S) n S, ( )

for min{%#(t1), Z(12), #(01), #(02), #(01), Z(02)} > 0, % € (0, 00)\{1}.
According to the EUMLE, the author [35] presented the definition of MUGFIOs as follows.

Definition 2 ([35]). Let a = ((11,(12,-" ,(ln), E = (bl,bz,-" ,bn), = (Cl, Cp, v ,Cn), where Qa;, bi, ¢ € C, 1=
1,2,...,n, such that Vi, Z(a;), Z(b;), Z(¢;) > 0. Let ¢,& € C[u, 0] such that ¢ € L[u, ] is positive and &
is a strictly monotonically increasing differentiable function. Also let ¢ be a positive continuous function
such that ¢/x is a monotonically increasing function on [1, +00). Furthermore, let w, , 8, y,0, 1, v, p, 0,t € C,
min{Z(a), Z(B), Z(y), %(0), Z(A), Z(0)} > 0,k € (0,1)UN, and k+Z(p) < Z(6+v+a) with Z(p) = 7 (0+v+a).
Then, for x € [u, v], we introduce the left and right-side MUGFIOs (f@g+ P)(x; #) and (?@ﬁ, Y)(x; ) with the
EUMLF (7) as follows

oL =C22O M v)(x; ) = N () j NEMLCEM L & OYEE), ©)
COL Y@ =0y o W) ) = N-l(x)J NEOMIGEMET & QUEHAE), (10)

X

where 8(s) expresses a weighted function satisfying N(s) > 0 for all s € [u,v] and Mi(, -, -) stands for the
kernel function defined by

(P(‘g(x) - ‘S(S)) 01,02 MA,p,E),k,n

01,02 A,‘[J,Q,k,l’l —
WSl Maanr & D = Tetg g o Maprans

01,02 ", B,y,6,u,v" (a)(é(X) - 5(5))[1; q, E/E/ %)r (11)

which satisfies the following inequality

s (01, Ap,0kn 01,02 § g0,k
MMy s & ®) S MGCEMES & ). (12)
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Remark 1. The EUMLF (7) can be seen as a generalization of the gamma function, beta function, hyperge-
ometric MLF, generalized Q function, extended MLF and unified MLE. Therefore, FIOs with generalized
Q function [40], FIOs with EGMLF [39], FIOs with generalized unified MLF [3], more general FIOs with
EGMLEF [27], unified FIOs with EGMLF [11] and unified FIOs with generalized unified MLF [12] can be
considered as special cases of the MUGFIOs (9) and (10). Furthermore, it follows from [33, Remarks 9
and 10] and [34, Remarks 2.2 and 2.3] that the foregoing MUGFIOs (9) and (10) can acquire a tremendous
amount of noteworthy existent FIOs in accordance with different settings of the adjustable parameters and
functions.

Nextly, we will give the upper bounds of the MUGFIOs (9) and (10) in variable form.

Theorem 1. For x € [u,v], then we have

(O Y)() < NT@PER) — EHTEMLETT (@(ER) — £ 8, b ¢ 2P, (13)
(05 Y)(x) < N WPER) — E@NLEMET (@(E®) = E@) b, ¢ IV, (14)

where [YIR, ;= SUP.ep o IREY(S) and [YIY, ) = SUP ey o NP

Proof. Since & is a strictly monotonically increasing differentiable function and ¢/x is a monotonically
increasing function on [u, +00), then, from (11), we have

%ﬁi EMET (@(EX) - E6)%a,
< M@L@z M/\,p,e,k,n

E(x) — &) VO ayopy

a,b,¢x)

(@(E(x) = E6)H 4 b6 %), seux], (15)

—¢(5‘E(§§)__€‘§i’§))§i EMAO (@(E(S) - £0)) g,
< (P(S(U) E(X)) o, Qz M)L ,0,0kn

E0) — E@) 0 whrbuy

a,b,¢ %)

(@(&(s) = €N a4 b 6 %), s €[x 0] (16)
Multiplying both sides of (15) and (16) by 871 (x)8(s)y(s)&’(s) and integrating with respect to s both sides of
the obtained results from u to x and x to v simultaneously, respectively, then we can observe

(P((S( )_é(u))J 01,02 /\p@kn

(O VW <N T | a,ﬂ,),ﬁwy( W(EW) = EE)5 0, b, & OREY(EE (S)ds

PE() — EW) ITis B2y (b, i, ) (M)pi(O) [ 1
N TN — o ’ d
N 2w ”‘””[“xl,o T, B, 00T (@l + f) J (@(E0x) = &)Y &' ()
NTOPER) - EQNAEMIEI (@(ER) - EW)%0,b, ¢ IR, . )

(P(é( _E(X))J 0,02 /\p@kn

(GO )0 N W | aﬁym(w@(s) £ 0 b, ¢ ONEPEE ()ds

1, PE®) = W) TTisy B2 (bi, 0, 2)(A)pu(O)a [ .
\N 1 T E—— —_ a d
N T I, L T, Bler, 0 ()T al + ﬁ)J (@(&(s) = E(0))*) & (s)ds
NT@PE®) - EQEEMAT (@(E®) = E@)% a,b, g VI, (18)

which imply that (13) and (14) hold using the inequality 1/(al + 1) < 1. This completes the proof of
Theorem 1. O

For the convenience of narration, we always suppose that all the MUGFIOs mentioned later in this
paper exist. Meanwhile, we introduce the following notation i(x) = x, fg(x) = f(x)g(x), f/g(x) = f(x)/g(x) and
f(g)(x) = (a(x)).
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3. MUGTFIIs for Monotonic and Convex Functions

In this section, by utilizing the MUGFIOs with EUMLFs, we will present some new FlIs for some positive
continuous monotonic functions and convex functions.

Theorem 2. Let §, g and V) be three positive continuous functions on [u, v] satisfying
(6°DF°(9) = IO () = T 1) >0, Vs te[uv], (19)
where ® > 0 and x > 9 > 0. Then, for x € [u,v], the following FII holds

@quw>(%mmwm

. (20)
(%mwmw<%mmwm
Proof. It follows from (19) that
a®(MF*T 0 (s) + g°(5)IT V(1) > g (MF()FE(E) + g2 ()TN (). (21)

Multiplying both sides of (21) by X~ (x)N(s)M (22, Mi ;Z%ZV’ &, O)D(5)F°(s)&’ (5) and integrating with respect

to s both sides of the obtained inequality from u to x, then we have

0° (1) OLHI) (@) + 1P (H)(COL P a)(x) > a® T B OLHI ) () + P OL Y a)(x).  (22)

Multiplying both sides of (22) by 81 (x)N(t)ML(22 Mi gf(];zv, &, OB (H)&’ (1) and integrating with respect
to t both sides of the obtained inequality from u to x, then we achieve

(25D 47) () (O3 517 )(x) + ({05 i) (1) (O3 bi ) (v

> (L0 b a”)(X)(OL ™)) + ({05 b)) (O b*a7)(x), (23)

which implies the required inequality (20). This completes the proof of Theorem 2. [

Theorem 3. Assume that all the conditions of Theorem 2 hold. Then, for x € [u,v], we have the following FII

<%wwmm%mﬁwwﬂ%mﬁwm'mwwm
@Qﬂ@%@ﬁ@ﬁﬁﬂm+@®bMﬂm@QmWﬂm

(24)

. . . _ o, A,0,0kn
Proof. Multiplying both sides of (23) by 81 (x)N(H)ML(2 qul 5

respect to t both sides of the obtained result from u to x, then we get

& P ()&’ (1) and integrating with

($O5.57°9”)(@)(C O 5 )(x) + (O, Hi* ™))L 0%, bi*a”) (x)
> (P05 57 a) (@) (COL ™ )(x) + ((OLHF*) @) (CO%Lb*a)(x),  (25)
which indicates the desired assertion (24). This completes the proof of Theorem 3. [
Remark 2. Employing Theorem 3 for ¢ = a, we achieve Theorem 2.

Corollary 1. Suppose that one of the following assumptions holds for ® > 0 and x > 9 > 0, (a) f and g are
two positive continuous monotonic increasing and decreasing functions on [u, v], respectively; (b) f and g are two
positive continuous monotonic decreasing and increasing functions on [u, ], respectively; (c) =% and §© /o® are two
continuous synchronous functions on [, v]. Then the FIIs (20) and (24) still hold true.
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Proof. If one of the previous assumptions holds true, then we can derive the inequality (19). Furthermore,
we obtain the FlIs (20) and (24) similar to the proofs of Theorem 2 and Theorem 3. This completes the proof
of Corollary 1. [J

Theorem 4. Let f, g and Y be three positive continuous functions on [u, ] satisfying
@°(1) = g°(ENF () T 1) >0, Vs, te[u,v], (26)

where @ > 0 and k > 9 > 0. Then, for x € [u,v], the following FII holds

(02, H)(x) (“b®u+bf"g‘°)(X)

. (27)
(q)@,ﬁbfs)(x) ((©2.57°9°)(x)
Proof. It follows from (26) that
a7 () + g9 (1) = ¢°(OF (1) + 6 ()T (9). (28)

Multiplying both sides of (28) by 871 (x)N ()M fg ffz Mi Z/’j’;’:/v, &, P)h(s)i¥(s)€’ (s) and integrating with respect
to s both sides of the obtained result from 1 to x, then we gain

0 MO ) (x) + PO B OL P a?) (@) > g OF 1) OB @) + ([0 5 6°) (). (29)

Multiplying both sides of (29) by 81 (x)N(H)ML(22 Mi Zf::v, &, OH(HFP(H)E’ (1) and integrating with respect

to t both sides of the obtained inequality from u to x, then we get
(CO2.57°97) ()L O H)(x) + (FO5, 57 () (O, bi*67)(x)
> (OO0 (0) + (O D)W O b)), (30)
which reveals the desired inequality (27). This completes the proof of Theorem 4. [

Theorem 5. Assume that all the conditions of Theorem 4 hold. Then, for x € [u, v], we obtain the following FII

(02,1 ()(C 05, b°a?)(x) + (O bF° ‘D)(X)((p@)wa")(X)
(0051 (x)({ 05, b a°)(x) + (P02, b*g)(x) (¢ ®u+bf9)(x)

(31)

Proof. Multiplying both sides of (29) by 8~ (x)N(®)ML( 2 M) gf;‘y &, ¢ ()& (1) and integrating with

respect to t both sides of the obtained results from u to x, then we claim
(103 B4 () (O HT)() + (O D)@ ©5.bi* 4" )
> (0.b* 8”00 b*)(x) + (O, b)) (O b s”)(x), (32)
which displays the required assertion (31). This completes the proof of Theorem 5. [J

Remark 3. Employing Theorem 5 for ¢ = a, we have Theorem 4.

Corollary 2. Suppose that one of the following assumptions holds for ® > 0 and x > 9 > 0, (a) f and g are two
positive continuous monotonic increasing and decreasing functions on [u, ], respectively; (b) f and g are two positive
continuous monotonic decreasing and increasing functions on [u, v], respectively; (c) f*=° and g® are two continuous
asynchronous functions on [u,v]. Then the FlIs (27) and (31) still hold true.
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Proof. If one of the previous assumptions holds true, then we can derive the inequality (26). Furthermore,
we obtain the FlIs (27) and (31) similar to the proofs of Theorem 4 and Theorem 5. This completes the proof
of Corollary 2. [J

Theorem 6. Let (fy)k=12,..n, 9 and b be positive continuous functions on [u, v] satisfying

@7 (1) () = a”(9)T, (D), ()—f;_s"(t))>0, Vs, t € [u,v], (33)

where ® > 0and k > 9, > 0(p = 1,2,...,n). Then, for any fixed integer number p € {1,2,...,n} and x € [u,v], the
following FII holds

OB [Ty, L) (COL DTS [y 1)

K—9p

> . (34)
GO [Tiea i) (0% hao T, 7))

Proof. It follows from (33) thatforp =1,2,...,n,
a®®)F, T (5) + 82, T (M) > PN + IO (9). (35)

Multiplying both sides of (35) by N~ (x)R(s)M(22 M gfﬁ'ﬁm, & O)B(s) [T1, F4(5)'(s) and integrating with

respect to s both sides of the obtained result from u to x, then we derive

o) (forvie [T 1) + 1 " (fes ba® H @)

k#p

> g@(t)fp_ p(t) ‘7’@& HfSk (x + fm(t) ‘P®<1>f+ chk HTSk ‘ (36)

k#p
Multiplying both sides of (36) by N~ (x)N(t)ML (2 ?ZM;\ ngﬁv, &0 [T, fl‘?" ()&’ (t) and integrating with

respect to t both sides of the obtained inequality from u to x, then we achieve

(Yo bee H e [T + (Fonsi ™ [ i)@(¢es b H o))

k#p k#p

> (Yo ba%f [ [ 7)o (: be@Hf + (Yo bf Hfsk W(tes e [ [ 1), ©7)

k#p k#p
which exhibits the required inequality (34). This completes the proof of Theorem 6. [

Theorem 7. Assume that all the conditions of Theorem 6 hold. Then, for any fixed integer number p € {1,2,...,n}
and x € [u,v], we have the following FII

((P@a bf{7+1< Hk;:p Sk)(x)(tl)@g bgm HZ:1 Tl\?k)(x) 4 (Z)®ﬁ+bf$+;< Hk;&pf )(x)( @)D:Jfbgo Hk . J':Sk)( )
(08570 Tt 1)@ O3 00T Ty 1)) + (COLDE Tt 1)@ O a5 Ty 1) ()

Proof. Multiplying both sides of (36) by N~ (x)N()ML (42 M gfg‘y & O)b() T, Fi*(1) &' (1) and integrating

with respect to t both sides of the obtained inequality from u to x, then we obtain

‘7’®i+bg Hf&k (x) b e f®+K HTSk (x) + ®u+ fm+1< Hf ¢®a Bg® ﬁf}?k)(X)

k#p k#p

>1. (38)

> (for 0%y [ [ ) @(ennip [ [ 1) + (Cos.vis H ie(tenneis [ 1), (69

k#p k=1 k#p

which bespeaks the desired assertion (38). This completes the proof of Theorem 7. [
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Remark 4. Employing Theorem 7 for ¢ = a, we obtain Theorem 6.

Corollary 3. Suppose that one of the followzng assumptzons holds for @ >0, x > 8 >0andp =1,2,...,n,(a) f,
and g are two positive continuous monotonic increasing and decreasing functions on [u, v], respectively; (b) fpand g
are two positive continuous monotonic decreasing and increasing functions on [u, v], respectively; (c) Tg‘s and 73 /a°
are two continuous synchronous functions on [u,v]. Then the Flls (34) and (38) still hold true.

Proof. If one of the previous assumptions holds true, then we can derive the inequality (33). Furthermore,
we obtain the FlIs (34) and (38) similar to the proofs of Theorem 6 and Theorem 7. This completes the proof
of Corollary 3. [

Theorem 8. Let (fx)k=12,..n, 9 and b be positive continuous functions on [u, v] satisfying
@) - EE "G -1 1) >0, Vs teu], (40)

where ® > 0and k > 9, > 0(p = 1,2,...,n). Then, for any fixed integer number p € {1,2,...,n} and x € [u,v], the
following FII holds

(0115 Ty PO (459755 sy )

> . (41)
GO T, i@ (COnbee [T, i)
Proof. It follows from (40) thatforp =1,2,...,n,
a2 (DF, () + 82T, (1) > 6By (1) + 0Py (S). (42)

Multiplying both sides of (42) by N1 (x)N(s)Ms (2 ‘;ZZMQ gfgﬁv, E O(s) [Tiy f]‘jk(s)é'(s) and integrating with

respect to s both sides of the obtained result from u to x, then we have

o®(t)(fO5 b7 [ [ 1)e0 + 1, (008 b® Hfsk (x)

k#p

> g Of 05D H e + (e neois [ [ 1)@ @3)

k#p

Multiplying both sides of (43) by 8~1(x)N(HIML (22 nggf,%, & o) TTi; ()&’ (1) and integrating with
respect to t both sides of the obtained result from u to x, then we get

(Yot ha” H e [T + (oo [T i)l vee H )@

k#p k#p
(¢@ﬁ+bq0f; H TSk (x) <P@u+b H f;?k)(x) + ‘P@d bH fSk (x) ‘P@& (ka H T-Sk ), (44)
k#p k=1 k#p

which manifests the desired inequality (41). This completes the proof of Theorem 8. [

Theorem 9. Assume that all the conditions of Theorem 8 hold. Then, for any fixed integer number p € {1,2,...,n}
and x € [u,v], the following FII holds

OB Ty TeNCO5 1% [Ty T + O 0T Ty FoDCO2, 1% [Ty T (@)
(0D Ty @O b8 [Ty 1)) + (05 Ty 1)) (O DS [Tisy TeH()

>1. (45)



W. Yang / Filomat 39:30 (2025), 1093510959 10943

Proof. Multiplying both sides of (43) by N1 (x)N(H)Mt, (2% Mggjgy & @) T, T4 (1) -&'(1) and integrating
with respect to t both sides of the obtained inequality from u to x, then we claim

(Pe5.0o° H i)eo(envis TTi)eo + (coro T )wizen e [T

k#p k#p
¢@C HT (x) ¢)®ﬁ+b H Tl\?k)(x) + (P@fﬁb H fSk (x) ‘P@a (DfK H T-Sk ), (46)
k#p k=1 k#p

which emanates the desired assertion (44). This completes the proof of Theorem 9. [
Remark 5. Employing Theorem 9 for ¢ = a, we confirm Theorem 8.

Corollary 4. Suppose that one of the following assumptions holds for @ > 0, x > 9 > 0andp = 1,2,...,n, (a) fp
and g are two positive continuous monotonic increasing and decreasing functions on [u, v], respectively; (b) T, and g
are two positive continuous monotonic decreasing and increasing functions on [u, ], respectively; (c) fg"g and g® are
two continuous asynchronous functions on [u, v]. Then the Flls (41) and (45) still hold true.

Proof. If one of the previous assumptions holds true, then we can derive the inequality (40). Furthermore,
we obtain the FlIs (41) and (45) similar to the proofs of Theorem 8 and Theorem 9. This completes the proof
of Corollary 4. [

Theorem 10. Let ¢, (fx)k=12,..1, 8 and Y be positive continuous functions on [u, v] satisfying

(alt) - ())(fp% - ;;%) >0, Vs teluu], @)

wherep =1,2,...,n. Then, for any fixed integer number p € {1,2,...,n} and x € [u, v], the following FII holds
(708, be T ) () <‘5 ©2.heg [Ty, T)(x)

P (48)
(:©5.5 I Tiz L@ (e ha i L@
Proof. It follows from (47) thatforp =1,2,...,n,
¢ | ot e(t) ¢(s)
haSA = = = 49
g() e ()f,,(t) ()f,,(t) ()Tp(S) (49)
Multiplying both sides of (49) by N~ (x)R(s)M(Z2 M’ gf(’;y & O(s) [T1—, Tx(s)&’(5) and integrating with
respect to s both sides of the obtained result from u to x, then we have
<P o e(t) (P a
a(H)(7©%. be HT (x) + f— RN H ) > 9(t) = (YO%b H ) +(forves [ i), (©50)

k#p

Multiplying both sides of (50) by N~ (x)N(HML(Z2M" gf(’;y & oDt [T, () () and integrating with

respect to t both sides of the obtained result from u to x, then we get

®if+b9]_[fk (e [T i) + (fe%ve [ Ti)e (! ngm (x)

k#p k#p
> (ferbes [ [i)m(fen [ T i) + “’@ﬁmﬂfk ) (erves [ [ i), (651)
k#p k=1 k#p

which manifests the desired inequality (48). This completes the proof of Theorem 10. O
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Theorem 11. Assume that all the conditions of Theorem 10 hold. Then, for any fixed integer number p € {1,2,...,n}
and x € [u,v], the following FII holds

(08, be T, )@ O ba Ty 1) + (05 be [Ty ) @) (COL b [T}y RN
0.5 [Ty T O bea [, () + (O Ty T O bea T, 0w

(52)

Proof. Multiplying both sides of (50) by N~ (x)N()Mt (%2 M )g’f’é"# &, O)(t) [T7_, fx(t) -& (1) and integrating
with respect to t both sides of the obtained inequality from u to x, then we claim

?©;.bg H i@ (e be [ [i)e + (205 ve [ [ i) (l@5 b H fi)(x)

k#p k#p
> (Y05 bes | [ 1) m(f05b H i) ) + (Y5 H i) )(fOsbea [ [ 1)), (53)
k#p k#p
which emanates the desired assertion (52). This completes the proof of Theorem 11. [
Remark 6. Employing Theorem 11 for ¢ = a, we get Theorem 10.

Corollary 5. Suppose that one of the following assumptions holds for @ > 0,k > 8> 0andp =1,2,...,n,(a) {5, g
and e are two positive continuous monotonic increasing and decreasing functions on [u, v], respectively; (b) f,, ¢ and
¢ are two positive continuous monotonic decreasing and increasing functions on [u, v], respectively; (c) ¢/, and g are
two continuous asynchronous functions on [u,v]. Then the Flls (48) and (52) still hold true.

Proof. If one of the previous assumptions holds true, then we can derive the inequality (47). Furthermore,
we obtain the FlIs (48) and (52) similar to the proofs of Theorem 10 and Theorem 11. This completes the
proof of Corollary 5. O

Corollary 6. Let ¢, (fi)k=12,.,1,8 and ) be positive continuous functions on [u, o].

(a) Assume that g is monotonic increasing, ¢ and (fx)k=12,.. are differentiable and there exist positive constants
(Mi)k=1,,..,n such that My = supxe[u/v](e/ fx) (x). Then, for any fixed integer number p € {1,2,...,n} and
x € [u, v], the following FII holds

(@02 be T, IO ba T T)(x) + MO T, 10O big T, (%)
@025 T, (O beg [Ty T)(x) + My(O2.bg TTi, T)(x)(E O bi T, 0 (x)

>1. (54)

(b) Assume that g is monotonic decreasing, e and (fx)k=12,. . are differentiable and there exist positive constants
(Mi)k=12,..n such that my = infyepo)(e/ fx)' (x). Then, for any fixed integer number p € {1,2,...,n} and
x € [u, v], the following FII holds

(02, be [T, @O ba [Ty 0(x) + my (PO TTi, T ()(CO2. big [T LGN
(02,5 TTi-y T (O bea [Ty F) () + 1, (L0 ba TTiy T () (CO% B T, D

(55)

Proof. (a) In Theorem 10, we substitute U,(x) = ¢/f,(x) — M,x for ¢/f,(x), x € [1,v]. According to the
hypothesis, it is obvious to see that U, is decreasing. Then U, and g are two continuous asynchronous
functions on [u, v]. It follows from (47) and Corollary 5 that by means of a simple computation, we can
claim (54).

(b) In Theorem 10, we substitute V,(x) = ¢/f,(x) — mpx for ¢/f,(x), x € [u, v]. According to the hypothesis,
it is obvious to see that U, is increasing. Then V), and g are two continuous asynchronous functions on
[u, v]. It follows from (47) and Corollary 5 that by means of a simple computation, we can achieve (55). This
completes the proof of Corollary 6. 0O
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Corollary 7. Let ¢, (fi)k=12,., 8 and Y be positive continuous functions on [u, o).

(a) Under the hypothesis (a) of Corollary 6, then, for any fixed integer number p € {1,2,...,n} and x € [u,v], the
following FII still holds true

Sa,cM, (x)
AT 56
Taor, () 6)

(b) Under the hypothesis (b) of Corollary 6, then, for any fixed integer number p € {1,2,...,n} and x € [u,v], the
following FII still holds true

i—’"fﬁi > L (57)
where
Baco() =(0%be [ [ 1)) (f05. b H o)) + ((05.be [ | i) (28 v H fi) (%)
ey e s e
+3(%ey H i) (@)(2©5. big H i) x) + 8(Y@5. b H i) (@)(2©%. big H fi) ), (58)
Tocol®) = ¢®ﬁ+bHTk &) ¢®ﬁ+begﬂfk)(x)+ q’@fﬁb]"[fk () ‘P@megl"[fk)(x)
ip p
(er. bQHTk (¢ ,ﬁbtm x)+6‘?’®;+bg]"[fk (x) ‘f’@,ﬁthfk (59)

Proof. Similar to the proof of Corollary 6, by applying Theorem 11 and Corollary 5, then we can get
Corollary 7. O

Remark 7. Applying Theorem 10 and Theorem 11 for n = 1, we have the following FllIs

(¢®H+be)(x) (@2, bae)(x)

e, 7)) <(’>®u+bgf><x>’
(1075 baN @ + (OL bW baD )
(02565 bae)(x) + <‘P@u+bf>(x)(¢®u+bqe)(x)

(60)

(61)

Moreover, suppose that ¢, f, h are three positive continuous functions with e < f such that ¢/f is decreasing
and e is increasing on [1, v]. It follows from (60) and (61) that for @ > 1, then we obtain

(0590 _ (O4.0eN)

({557 (‘p@mbf@)(X),

(02,50 () (007, 57)(x) + (O he)(x) (L OL, )6

(O O;.be?)(x) + (‘7’@“+bf)(X)(¢®“+be‘a)(X)
Remark 8. By setting the different parameters and functions in (9), the MUGFIIs with EUMLFs in the front
can reduce to the standard Riemann integral inequalities [16], RLFIIs [8], generalized k-conformable type

FIIs [22], unified weighted type Flls [26], HPFIIs [18, 25], GPFlls [1], multiple Erdélyi-Kober type Flls [31]
and more generalized type FlIs [27] for positive monotonic functions.

(62)

(63)



W. Yang / Filomat 39:30 (2025), 1093510959 10946

Theorem 12. Let ¢,f and b be three positive continuous functions with ¢ < f such that e/f is decreasing and e is
increasing on [u, v]. Moreover, let ¢ be a convex function with ¢(0) = 0. Then, for x € [u,v], the following FII holds

(¢®u+be)(X) (€02, 5g(e)(x)
<?§@u+bf>(x) (o bp(M)(x)

Proof. Since ¢ is a convex function with ¢(0) = 0, then ¢(v)/v is increasing. Furthermore, the function
@(e(v))/e(v) is also increasing as ¢ is increasing. And because the function ¢/f is decreasing. We have the
following inequality

(64)

ple®)  @e(s))ye(s) et
( e(t) - W)(@ - m) >0 for Vs, te[un]. (65)
Multiplying both sides of (65) by {(s)f(t) > 0, then we claim
t
(P(;i))) e(s)f(t) + (P((())) e(D)f(s) = p(e(t))i(s) + p(e(s))i(t) for Vs, t e [u,v]. (66)

Multiplying both sides of (66) by N‘l(x)N(s)i)ﬁ;(ﬂ’, ffz Migsgzw

s both sides of the obtained result from u to x, then we have

p(e(t)

e(t)
Multiplying both sides of (67) by 871 (x)N(s)Dt! ((0,11 f,)zzMz ESZ‘:;IV’ &, P)h(1)E'(t) and integrating with respect to t

both sides of the obtained result from u to x, then we observe

&, P)H(s)&'(s) and integrating with respect to

(1) (O he)(x) + () (COLbip(e)/)(x) > p(e(®)(COLHNE) + FB(TOL bp(e) (). (67)

(0O bip(e)/) () (LO5. he)(x) + ({ O be) () (L O big(e) /¢)(x)
> (02, 59(e)(0)(COLHN(E) + (CO%LHNE@)(COLbp(e)(x).  (68)

It follows from (68) that

(OLh(®)  (COLhp)()
>

5 > (69)
Cenmne) (O bip(e)/ox)

On the other hand, since ¢(v)/v is increasing and ¢ < f on [u, v], then, we get
PLE) U ¢ v e ). (70)

e(s) (o)

Multiplying both sides of (70) by N~ (x)N(s)M5 (%2 Mg fo:v, &, P)h(s)7(s)&’(s) and integrating with respect

to s both sides of the obtained result from u to x, then we derive

CO8.big(e)/)(x) < (O bhp(H)(). (71)

It follows from (69) and (71) that we give the desired inequality (64). This completes the proof of Theo-
rem12. [

Theorem 13. Assume that all the conditions of Theorem 12 hold. Then, for x € [u,v], we have
(02, 5e)(x) (L O, () (x) + (¢@11+be)(x)(‘#)@mb(P(f))(X)
02, 1NE)(CO5, bp(e)(x) + ({65, 5) (1) (1 O° oo

(72)
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Proof. Multiplying both sides of (67) by x—l(x)x(s)mz;(gg;gzzM;‘;’gjfé’fﬁv, &, ¢)H(HE (1) and integrating with re-
spect to t both sides of the obtained result from 1 to x, then we observe

(05, bp(e)/)(®) (0L he) () + (PO be) (1) (O bigp(e)/¢) (x)
> (Y05 bp()@)(CO%L () + (O5. 1N OLbp()@). (73)

On the other hand, multiplying both sides of (70) by N~!(x)N(s)M: (%% Mf [’;f:: L &0) B(9)i(s)E/(s) and

integrating with respect to s both sides of the obtained result from u to x, then we derive

(5. big(e)/)(x) < (O hp(M)(). (74)

It follows from (71), (73) and (74) that we present the desired inequality (72). This completes the proof of
Theorem 13. [

Remark 9. Employing Theorem 12 and Theorem 13 for ¢(v) = v® with @ > 1, then FlIs (62) and (70) reduce
to FlIs (61) and (62), respectively. Applying Theorem 13 for ¢ = @, we get Theorem 12.

Theorem 14. Let ¢, T, g and V) be four positive continuous functions with e < f such that ¢/ is decreasing and ¢, g are
increasing on [u, v]. Moreover, let ¢ be a convex function with @(0) = 0. Then, for x € [u,v], the following FII holds

¢ b)) (702, hag(e))(x)
@’@wa)(x) (o2 bap()(x)

Proof. Since ¢ is a convex function with ¢(0) = 0, then ¢(v)/v is increasing. Furthermore, the function
a(v)p(e(v))/e(v) is also increasing as ¢, g are increasing. And because the function ¢/f is decreasing. We have
the following inequality

(75)

p(e(t)) p(e(s))a(s)ye(s)  e(t)
(Wg(t) - T)(% - %) >0 for Vs te [u, ] (76)
Multiplying both sides of (76) by {(s)f(t) > 0, then, for Vs, t € [u, v], we claim
t
PP e@i0a() + L) > o9 + N 0u(s: )

Multiplying both sides of (77) by N~1(x)N(s)Ms (2% Mg;g;j;gg,

s both sides of the obtained result from u to x, then we have

p(e(t)

e(t)
Multiplying both sides of (78) by N8~ (x)N(s) ML (2% MQ;E%';V,

both sides of the obtained result from u to x, then we observe

& P)(9)E(5) and integrating with respect to

et (O b)) + e (O bap(e)/€)() > p(e®)at)(COLHN() + FH(COLbap(e)(x).  (78)

&, P)hH(1)E' (t) and integrating with respect to t

(O biap(e)/) () (CO% he)(x) + ([0, 5e) ()L O, bap(e)/e)(x)
> ({08 hap(e) ()L b)) + ((OLHNE)(COLbap()@). (79)
It follows from (79) that
(%Wbe)(x) (02, bag(e))(x)
o bix) (‘*ﬁ@wag@(e)/e)(x)'

(80)
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On the other hand, multiplying both sides of (70) by x-l(x)x(s)wt;(;‘;;ggMﬁ;ﬁjﬁy, &, ¢) B(s)i(s)a(s)&’ () and
integrating with respect to s both sides of the obtained result from u to x, then we derive

({08 biag(e)/€)(x) < ((O% hap(H)(x). (81)

It follows from (80) and (81) that we give the desired inequality (75). This completes the proof of Theo-
rem 14. [

Theorem 15. Assume that all the conditions of Theorem 14 hold. Then, for x € [u,v], we have

(08505 bap()(x) + ((OLH) ()¢ Oy bap M@
(0251005, hap(e)(x) + (‘P@ﬁbf)(x)(q’@lﬁbq(p(e))(x)

(82)

Proof. Multiplying both sides of (78) by x—l(x)x(s)sm;(gg;gzzMj;’gjgfﬁv, &, ¢)H(HE (1) and integrating with re-
spect to t both sides of the obtained result from 1 to x, then we observe

(05 bafp(e)/) () CO%Lbe)(x) + (1O, he) @)L O bag(e)/)(x)
> (265 bap(e) ()L O H)(x) + (05, H)()( O hap(e)().  (83)

On the other hand, multiplying both sides of (70) by 8! (x)x(s)ﬂﬁ;(ﬁg;fgMiﬁ%ﬁw &, ¢) H(s)i(s)a(s)E'(5) and

integrating with respect to s both sides of the obtained result from u to x, then we derive

(05 biag(e)/€)(x) < (L5, bap(H)(x). (84)

It follows from (81), (83) and (84) that we present the desired inequality (82). This completes the proof of
Theorem 15. O

Remark 10. Applying Theorem 15 for ¢ = a, then we get Theorem 14.

Remark 11. By setting the different parameters and functions in (9), the MUGFIIs in Theorem 12-Theorem 15
can reduce to the FlIs with Bessel function in the kernel [13], generalized Katugampola FIIs [19], GPFIIs [20],
(k, s)-type FlIs [21], weighted type FlIs [37], generalized weighted type Flls [38], GPFlIs [28], Hadamard
type FlIs [6], Saigo type FllIs [7], GP Hadamard type FlIs [23] and tempered type FlIs [24] for some convex
functions, respectively.

4. Chebyshev type Inequalities for MUGFIOs

In this section, by utilizing the MUGFIOs with EUMLFs, we will presented some new Chebyshev type
FlIs.
Similar to the proof of Theorem 4 and Theorem 5, we will give the next theorem without proof.

Theorem 16. Let f, g and b be three positive continuous functions such that § and g are two synchronous functions
on [u,v], that is, (f(s) — f(t))(a(s) — g(t)) = O for any s, t]in[u, v]. Then, for x € [u, v], we have the following FIIs

€05, 5)(0) (0% bia)(x) > ({02 5)(x)(OL. ba)(x), (85)

(02, 5)(x) (005, bia)(x) + (O DO bia)x) > (CO%L IO ba)) + (CO5. b)) O ba)(x).
(86)
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Theorem 17. Let f, (0k)k=12,..n and b be positive continuous monotonic increasing functions on [u,v]. Then, for
x € [u, v], we have the following FII

(02 b)"(x)(; . bf H 9¢)(x) > ({©4.HN(E) ]"[(4’ D) () (87)

Proof. We will present the proof by taking advantage of the principle of mathematical induction. When
n =1, f and g; are positive continuous monotonic increasing functions, then f and g; are two synchronous
functions. According to the inequality (85) in Theorem 16, we have the next FII

(OO bian)(x) > (O b (X)( O ba)(x), (88)
Now we assume that the FII (87) holds for some n = n—1,n € N, that is,

n-1

n-1
e n) @) (e bi [ [ a)w = (oo [ [Cer vaw. (89)
k=1 k=1

The function { Hk 1 Ok is also increasing as f and (gx)k=1.2,.« are increasing. Applying the inequality (85)
in Theorem 16 for { = f I1Z 11 gr and § = g,, then, from (89), we observe

(o.h) )
¢®ﬁ+bfn 9)(x) = (1)) > ((O5.b)(x >¢—
(e, h)(x)
=! q’@“ ba @ (08, H)()
= (Yo, b (O ba0(x),  (90)
B <¢’®u+b)<x> ~ o l_[ "

which manifests the desired FII (87). This completes the proof of Theorem 17. [

Theorem 18. Let §,g and V) be three positive continuous functions on [u,v] such that f is increasing and g is
differentiable with m = infyepo) 8’ (x). Then, for x € [u, v], we have the following FII

(0 H)(x)({ 02, bia)(x) + m( O Hi)(x)(L O hi)(x)
O (O b)) + (O DO i)

Proof. Let §(v) = g(v) — mi(v) with i(v) = v, then § is increasing on [u, v]. According to the inequality (85) in
Theorem 16, we obtain

€O, 5)(0) (0% bia)(x) > (O 5N (O ba)(x) = (O b)) 0L be)(x) - m(; 0L, b)) (x)( O bi)(x).
(92)

©1)

From (92) and ({©2,573)(x) = ({©2,bia)(x) — m(TO:Lbii)(x), we get
(CO8.H)(x)(; O big)(x) — m(COLH(X)(COL biD)(x) > (O BN (X O ba)(x) — m(E O Hi) (X)L O bi) ().
(93)
which implies the desired FII (91). This completes the proof of Theorem 18. [J

Corollary 8. Let f,g and b be three positive continuous functions on [u,v] such that § is decreasing and g is
differentiable with M = sup, ., ,; ' (x). Then, for x € [u, v], we have the following FII

(02, 5)(x) (L O% ba)(x) + M(¢@fpbf)<x>(¢@mbz><x>

(94)
02, 5N()( 02, he)(x) + M(TO b)(x)( 2. b oW
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Proof. Let §(v) = g(v) — Mi(v) with i(v) = v, then § is decreasing on [1, v]. Similar to the proof of Theorem 18,
we claim the desired FII (94). O

Corollary 9. Let f, g and b be three positive continuous functions on [u, v] such that f and g are differentiable with
my = infrepuo) T (X) and my = infyepo) 87 (x). Then, for x € [u, v], we have the following FI1I

ety (%)

B () >1, (95)
where
W0 (x) =({OL D)) (O b))+ & (PO ) (x)(LOLbi) ()
+ v(OL N (COLHN(X)+ & VCOLD)X)( O b)), (96)
Bae, (@) =(LOLHNE)(COL DX+ & ((OLH) X O bai)(x)
+ v(OL ) OLBi)(x)+ & V(O DI (x). (97)

Proof. Let f'(v) = f(v) — mi(v) and g*(v) = g(v) — myi(v) with i(v) = v, then f* and g" are increasing on [u, v].
Similar to the proof of Theorem 18, we obtain the FII (95). O

Corollary 10. Let f, g and 1) be three positive continuous functions on [u, v] such that f and g are differentiable with
My = sup, ., I'(¥) and My = sup, ., ,; 9'(x). Then, for x € [u, v], we have the following FII
o,y M, (X)
B vty (X)

Proof. Let *(v) = f(v) — Mhi(v) and g*(v) = g(v) — Mai(v) with i(v) = v, then f* and g* are decreasing on
[u, ]. Similar to the proof of Theorem 18, we claim the FII (98). O

(98)

Remark 12. By setting the different parameters and functions in (9), the modified unified generalized
Chebyshev type FllIs in Theorem 16-Theorem 18 can reduce to the generalized FlIs with Wright function in
the kernel [30, Thereom 1-Theorem 3].

5. Reversed Minkowski Inequalities for MUGFIOs

In this section, by utilizing the MUGFIOs with EUMLFs, we will presented some new reversed
Minkowski FlIs. It follows from [35] that we have the next FlIs: let f, g and b are three positive continuous
functions on [u, v] and ¢ be a convex function, then, for 1/p + 1/q = with p > 1, we have

(¢®3+ big)(x) < (¢@ﬁ+ bfp)%(x)(qh@fﬁbgq)%(x) (Holder’s inequality), (99)
3 5 3 , £
O, @9,
<;P®u f;f))((x))] Pt (m;) b(pb()f());x) (Jensen’s inequality). 100)
cOL.D)(x LOLD)(x

It follows from (99) that for 0 < p < g, we get the following inequality

CO0.b)7 (x) < ((O%H) 7 (0O (x). (101)

It follows from (100) that for p(v) = V", we get the following inequalities

¢ e 0
Germe)  (OLhm )

< > (102)
Cenne) ) (e
Cermm)  (Cenpiw
ib ! > = ! (0 <7< (103)
GornE ) (o
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Theorem 19. Let §, g and Y be three positive continuous functions satisfying 0 < x < m < 9f(s)/g(s) < M for all
s € [u,v]. Then, for 0 < p < g and x € [u,v], we have the following FII

M+9 o ea e E ¢ ayt
SO = )( ®u+b) (x)( O H(T - x8)P)P () < (O b (x)

m+d

S (COLDOT — k) (x). (104)
3(m - x) ¢

+ (00, ha)a (v) <

Proof. From the hypothesis 0 < k¥ < m < 9f(s)/g(s) < M, we have

1 1 1 g(s) 1 M Sf(s) m
x m % 9 %_M:}M—KSST(E)—KQ(E)gm—K’ (105)
9(s) — xg(s) 9(s) — xg(s) 9f(s) — xa(s)
0<m—K<T<M—KzM—_K<g(S)<m—_K. (106)
It follows from the inequality (105) that for 0 < p < g, we obtain
( S(MM 5870 - K@) <PE), 49 <(g S )(ST(S) ka(s) . (107)
Multiplying both sides of (107) by 2’4‘1(JC)?’((%)EJJEE’(?1 ‘;22 M;‘ ;f(};zv, &, P)h(s)&’(s) and integrating with respect to

s both sides of the obtained results from u to x, then we observe

S O BT — 0) (1) < (L) ), (108)
(OLDT (W) < 55 (O HST - k) W), (109)

According to the inequalities (101) and (108), we get the next FII

‘%M—_)(@@‘ﬂb) b (@)(COLH(OF — kg)P)F (1) < ((OLHIY) (). (110)

It follows from the inequality (106) that for 0 < p < g, we obtain

(579719 ~ ko) <979, 979 < (——(9(9) ~ xa(@))" 1)

M

Multiplying both sides of (111) by N’l(x)?'{(s)ims(gll f),zz Mg gf:;zv, &, P)h(s)&’(s) and integrating with respect to

s both sides of the obtained results from u to x, then we acuqire

1 1 1
T (OB ~ Kk)?)> () < ((©5.baP) > (v), (112)
(O g™ 7 (x) < (113)
According to the inequalities (101) and (112), we get the next FII
1 p-a 1 1
(000 ((COLST - k9P () < (04 bg™) 7 () (114)

By means of the inequalities (109), (110), (113) and (114), we acquire the desired FII (104). This completes
the proof of Theorem 19. [
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Theorem 20. Let §, g and Y be three positive continuous functions satisfying 0 < x < m < 9f(s)/g(s) < M for all
s € [u,v]. Then, for x € [u,v] and 0 < q, we have the following FlIs

M+3 oo0 1) @ PRY-N 9@ pit)d
ST SO F WL - k) () < (OB
#0007 () < SO - ki) (1<), (119)
: Sen-n)
ST 5O BT — k) (1) < (0L () + (0 bty E (o)
< oS ten T wderei-wHiw 0<p<D. 119

Proof. It follows from the inequality (105) that for 1 < p, we obtain

(SEr—g O - xa@)” < 0. )

Multiplying both sides of (107) by 81 (x)N(s)M3(2% M gfz’jy &, ¢)H(5)& (s) and integrating with respect to

s both sides of the obtained result from u to x, then we derive

M %1 a 4 D~ 2
(sar—)” (O80T~ k) )00 < (b7 (). (118)

Applying the inequality (103) with 7i = 1/p < 1 to the right side of (118), then we have

O 7)) < (COLY) T (1)L H)F (x). (119)
According to the inequalities (118) and (119), we get the next FII
M O~y (LB ' ¢ 1

m(‘mb) @ () (COLH(ST - k) ) 5 (x) < (POL BTN (x). (120)

It follows from the inequality (106) that for 1 < p, we obtain

a
P

(5= (97— xae))” < 5?9 (12)

Multiplying both sides of (121) by 8~1(x)8(s)M5 (22 M;\ Z:f/’;’;v,

s both sides of the obtained result from u to x, then we observe

&, P)h(s)&'(s) and integrating with respect to

() (CO8H(T — xa) )0 < (P05 bo? ) (122)

Applying the inequality (103) with 7i = 1/p < 1 to the right side of (122), then we have
(CO%.he%)(x) < ((OLH) T (x)(( 02 g™ (x). (123)

According to the inequalities (122) and (123), we get the next FII

= (05 T (O - k)P (1) < ((O8b9) (). (124)

By means of the inequalities (109), (113), (120) and (124), we acquire the desired FII (115).
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Next, it follows from the inequality (105) that for 0 < p < 1, we obtain

a
P

( S(M sar— e - KE) <@, FE<(g S )(Sf(S) xa(s)))” (125)
e e o et PO ) e g it specti

m(q’@mb(%—m)@‘) () < (¢@u+bfq)é(x), (126)

(fe8bf2) () < (ﬁ) (OB - ka)»)(x). (127)
Applying the inequality (102) with 7i = 1/p > 1 to the left side of (127), then we have

(0L T (W(OL)7 () < ((O5LHT%)(x). (128)
According to the inequalities (127) and (128), we get the next FII

(o0 b1)s (x) < ﬁ(f@f@b)“ ()OS — k0)?) % (). (129)

It follows from the inequality (106) that for 0 < p < 1, we obtain

q

(G160 — x0)" <699, 97() < (- (57() ~ xa(e) (130)

Multiplying both sides of (130) by 8~ (x)N(s)M (22 M gf(’;ﬁ

s both sides of the obtained results from u to x, then we acugire

&, PIH(s)E’ (5) and integrating with respect to

S (O — )W) < (O By (), (131)

((©41.0g7 )(x) < —

u

— (@37 ~ k0)7)(x). (132)
Applying the 1nequa11ty (102) with 7i = 1/p > 1 to the left side of (132), then we derive

C01.0)F @)(CO5heMF () < (PO%.hu? )(x). (133)
According to the 1nequahties (132) and (133), we get the next FII

(2©41.5g™)7 (1) < — 20) 5 ()(COLH(SF - k0)?)F (x). (134)

By means of the inequahtles (126), (129), (131) and (134), we acquire the desired FII (116). This completes
the proof of Theorem 20. O

Remark 13. Applying Theorem 19 for p = g and ¥ = 1 and Theorem 20 for p = 1 and 9 = 1, respectively,
then Theorem 19 and Theorem 20 can degenerate into the result given by the author [35, Theorem 13]. By
setting the different parameters and functions in (9), Theorem 19 and Theorem 20 can degenerate into the
inequalities [5, Theorems 1 and 2].

Theorem 21. Let fi, ax and by be positive continuous functions satisfying 0 < x < m < 9fk(s)/ar(s) < M for all
seuv]andk=1,2,...,n Then, for 0 < p < g and x € [u,v], we have the following FII

M + 9)n e :
S )Z) Hb G ¢®ﬁ+l_[b (3 — ka0 ¥) " () < “’@)iﬁzbfq ®

Jd
+ (Yo, Zbgk < S %f;Zbk(ka—mk)‘Q) (). (135)



W. Yang / Filomat 39:30 (2025), 1093510959 10954

Proof. From the hypothesis 0 < k¥ < m < 9fk(s)/gk(s) < M, we get

1 1 1 s) 1 M Si(s) m
X m Sk i(s) ;_M:M_K<‘9Tk(5)_K9k(5)<m_K’ (136
Ik(s) — kgk(s) Ii(s) — rgr(s) Ii(s) — rgr(s)
0<HI1—K<T(S)<M—K W gk(5)<v. (137)
It follows from the inequality (136) that for 0 < p < g, we obtain

H by () S(M )<9fk<s> k()" H by (97 (), (138)
Y 591 < 2 0(6) gy =y OT09) k) (139)
k=1 k=

Multiplying both sides of (138) and (139) by N 1(3()2’4(5)9)?5(5;11 g Mi ;fgz & 9)E (s) and integrating with

respect to s both sides of the obtained results from u to x, respectively, then we observe

S(M “)@fp]‘[b (97 = x99 ¥ )7 (%) < q’@iﬁnb ) ), (140)

‘[’ q31 m 4’ C
Yo, Z i) () < S % Z B3 — xa) " (). (141)
Applying the inequalities (101) to the right side of (140), we get the next FII

Qe T (Cen P
S(M S ®U+Hb 0 ®H+Hb (9 - xka0F)" (@ < ®u+Hb )" ). (142)

It follows from the inequality (137) that for 0 < p < g, we obtain

—— )" [T v ©is) - kox()® Hb ()P (s), (143)
k=1

Y 09019 < ()" Y 0ko)7ele) ~ ()" (144)

k=1 k=1

Multiplying both sides of (143) and (144) by N~!(x)N(s)Mt3(% ?ZMi E%ﬁv, &, $)E'(s) and integrating with

respect to s both sides of the obtained results from u to x, respectively, then we acquire

1
Tl ¢®$ku (9 ka0 F)" (9 < ¢®ﬁ+ku o) ) (145)

@;ﬁZbkgk ) < —({or. Zbk ka—xgkw) (). (146)

According to the inequalities (101) and (112), we get the next FII

1

¢®§3Hb” = w]‘[bk(sn—mk) )" () < ¢®$Hb;9k” ). (147)
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Adding (142) and (147) yields the following result

sas(en Hb o(tes. ku (9f - ka0 F)” ()

4’®ﬁ+1_[b"f" (x)+ ¢®ﬁ+ byoy ) (). (148)

=1

1
Applying the arithmetic mean-geometric mean inequality ( [Ty Ek) & < Yioq Bk/n to the right side of the
inequality (148), then we derive

@‘;ﬂ H b fn (x ¢®ﬁ+ H bk gk (x) % u* Z bqu (x

By taking advantage of the inequalities (141), (146), (148) and (149), we acquire the desired FII (135). This
completes the proof of Theorem 21. [

=

ﬁ\~|’_\

Z: Zbqu ) @), (149)

Theorem 22. Let f, g and b be three positive continuous functions satisfying 0 < x < m < 9f(s)/a(s) < M for all
s € [u, v]. Then, for x € [u,v] and 0 < q, we have the following FIlIs

(M+\9)nq (7) " 1 ?]p (7) X q
i O HI’ s H by (91 - a0 ) () < Z i) (o)
+(Cen, Z biay!) ( ) < ](m +_‘9 ¢@ff+ Z DSk — qu)q) 0 (1<p), (150
(ﬂ‘;/zﬂ\-z e ¢®ﬁ+ H b (x) (P@)ﬁ* Hb Ok — ng) (x) ( Z bkf% %
¢®ff+ Zbqu (X) < 1(m+_3 ‘P@a Zbk(@fk - qu)%) (x) (0<p<1). (151)

Proof. It follows from the inequality (136) that for 1 < p, we obtain

Hb,f S(M S O~ ka() ) Hb (97 (s). (152)

Multiplying both sides of (152) by N~ (x)N(s)Ms(¢"2M gfék}

both sides of the obtained result from u to x, then we derive

&, @)E'(s) and integrating with respect to s

( M

3 (Cer #)
oy ®,,+Hb (9 = K0 ) () < u[[bf (158)

Applying the inequality (103) with i = 1/p < 1 to the right side of (153), then we have
(fes. H 0w < (e H )~ w(ler. H 1) ). (154)
According to the inequalities (153) and (154), we get the next FII

e ¢@ff+l_[b " ¢@ﬁ+ku<8fk—mk>w)<x> < (e [[o/7) @ (155)

k=1
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It follows from the inequality (137) that for 1 < p, we obtain

n
[Tor 65
k=1
A,p,0kn

Multiplying both sides of (156) by 87! (x)N(s)M3 (2 M) Y
both sides of the obtained result from u to x, then we observe

q

(97 - k() ku (9977 (5). (156)

&, @)&'(s) and integrating with respect to s

1

(5==)"( )" (Cen. Hb“(sn—xgk)w () < "®ﬁ+Hb 9.7 )(). (157)

Applying the inequality (103) with 7i = 1/p < 1 to the right side of (157), then we have

1

(Yen. H b ol ) < (e, H bk H bray )" (x (158)
According to the inequalities (157) and (158), we get the next FII

¢@$ku ) ‘i’@f;]'[b (91 = x0) ™ ) () (¥) < ¢®ﬁ+kugk . (159)

Adding (155) and (159) results in the following FII

M+9 " "
SOI= 5O Hb (e, ku (9% — k)™ ) ()7 ()

.ﬁ]"[rﬁ ) )+ ")®ﬁ+Hb”gk @, (160

By means of the inequalities (141), (146), (149) and (160), we acquire the desired FII (150).
Next, it follows from the inequality (136) that for 0 < p < 1, we obtain

S(M Hb (5)(97k(s) — Kean(s) ¥ Hb ©) (s, (161)

a
P

Zbk(sﬁ () < Zbk@ S g (VO — k() (162)

Multiplying both sides of (161) and (162) by x—l(x)x(s)wt;(gﬁ;?zM;‘K;gj;g;;j/v, &, )& (s) and integrating with

respect to s both sides of the obtained results from 1 to x, respectively, then we observe

S(MM u+ku (8 — xa) ") (x) “b@iﬁﬂb (x), (163)
¢®ﬁ+ bf EX)\ (m ¢®ﬁ+2bk(~9fk—1<gk) ) (x). (164)

Applying the inequality (102) with /i = 1/p > 1 to the right side of (163), then we have

¢®i+ﬁbfff’)%(x)\ Yo, ku e q’@{;Hb
k=1



W. Yang / Filomat 39:30 (2025), 1093510959 10957

<7>®a

IﬁHb%” ) @< wa ) (e “+ku7 (. (165)

According to the inequalities (163) and (165), we get the next FII

n

S(M it u+ku "o ¢®ﬁ+ku (o - xa?) @ < (P [ vi77) " . (166)

k=1

It follows from the inequality (137) that for 0 < p < 1, we obtain

1"[ b (5)(91(5) — k3(5) H by ()97 (9), (167)

Z De(s)9™ (5) < Z f)k(S

Multiplying both sides of (167) and (168) by N~ (x)R(s)M (22 M gsg;v, & ¢)E'(s) and integrating with

respect to s both sides of the obtained results from u to x, respectwely, then we acquire

gl

—(37(s) ~ ()" (168)

1
YR ¢®$ku (O - ka)?) () < ¢®$ku of) @, (169)

(Yor Zbqu W< ‘P®1T+Zbk(\9fk—mk) NC (170)

Applying the inequality (102) with 7i = 1/p > 1 to the right side of (169), then we derive

P

¢@§T+kug,;’ W< ¢@ﬁ+Hb )7 ( ‘7’®ﬁ+kuggp

¢@ﬁ+kuqk (x) ¢®§7+Hb 7 v(les q;“”) (). (171)

k=1
According to the inequalities (169) and (171), we get the next FII
wak )T (e ku (9 - k) () < ¢®§+Hb 5*)" ). (172)
Adding (166) and (172) leads to the following result
M+ (Cer (Cer
ST 1<) o5, Hb (x) o, Hb (O — xgi) ™ ) ()
< (les Hb ) @ + (Yo [ Toge T°) ). (173)
k=1

Applying the arithmetic mean-geometric mean inequality ( [T Ek) "< Y r—1 Ex/n to the right side of the
inequality (173), then we derive

¢®$Hb RNCR(CH kug,:fp ¢®ﬁ+2bf (x)+—“’®ﬁ+2bkgk @ a7

By means of the inequalities (164), (170), (173) and (174), we acquire the desired FII (151). This completes
the proof of Theorem 22. [
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Remark 14. Applying (135) and (150) for n = 1, then the inequalities (135) and (150) reduce to the inequalities
(104) and (115), respectively.

6. Conclusion

According to some known inequalities involving some positive continuous functions and convex func-
tions, we have established certain new MUGTFIIs for some monotonic functions and convex functions.
Furthermore, some novel Chebyshev type inequalities and reversed Minkowski inequalities have been
obtained based on the MUGFIOs with EUMLFs. By setting the different parameters and functions in
MUGFIOs, the previous main results can degenerate into a great deal of FllIs with kinds of known FIOs.
Hence, some existing FIOs in the references can be seen as the special cases of the main results in this paper.
Following the main results in this paper, we will investigate other related MUGFIIs with EUMLFs in the
future.
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