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g-Numerical radii of sectorial matrices and 2 X 2 operator matrices

Jyoti Rani?, Arnab Patra®*

?Department of mathematics, Indian Institute of Technology Bhilai, Durg, 491002, India

Abstract. This article focuses on several significant bounds of g-numerical radius w,(A) for sectorial
matrix A, which refine and generalize previously established bounds. One of the significant bounds we
have derived is as follows:

g[? cos(ar)

2
(Y- 1g) (1 + 25in%(@) + g1
2 [|JA*A + AA™||I< w;(A) < > [|JA*A + AAY|,

where A is a sectorial matrix. Also, upper bounds for commutator and anti-commutator matrices and
relations between w,(A’) and wj(A) for non-integral power t € [0,1] are also obtained. Moreover, a few
significant estimations of g-numerical radii of off-diagonal 2 X 2 operator matrices are developed.

1. Introduction

Let B(H) be the C* algebra of all bounded linear operators acting on the Hilbert space (H, (., .)) equipped
with the operator norm. For any T € B(H), the numerical range W(T), the numerical radius w(T), and the
operator norm ||T|| are defined, respectively, by

W(T) = (Tx,x) : x € H, lIxll= 1},

w(T) = sup{Tx, x)| : x € H,||x]|= 1},and

ITII= sup{KTx, y)| : x, y € H, lIxll= llyll= 1}.

It is well known that w(.) defines a norm on B(H), which is equivalent to the usual operator norm [|T]|. In
fact, for every T € B(H), the following relation holds:

T
PV <oy <imi

(1)
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The left-hand side inequality becomes an equality when T? = 0, and the other inequality becomes an
equality when the operator T is normal.
In 2005, Kittaneh [20] obtained one more refinement of inequality (1) as follows

1 1
Z||T*ir + TT*||< w*(T) < §||T*T +TTl. 2)

For more such inequalities, one may refer to the recent articles [4, 6, 12, 13, 22, 23] along with the references
therein and, the books [5, 17].

Recently, studies have been conducted on the numerical radius of a particular class of matrices, known
as sectorial matrices. Let M, be the algebra of n X n matrices. Every A € M, admits the decomposition
A =R(A) +iI(A), where R(A) = A+TA* and 7(A) = ‘% are Hermitian matrices. Recall that a matrix A € M,,
is said to be positive semi-definite (positive definite), denoted by A > 0 (A > 0), if (Ax,x) > 0 ((Ax, x) > 0),
forall x € C" (0 # x € C"). A matrix A € M, is said to be accretive if R(A) > 0. Also, A € M, is said to be
accretive-dissipative if R(A) > 0 and 7(A) > 0. In other words, A is accretive if the numerical range W(A) is
a subset of the right-half plane. If the numerical range W(A) is a subset of a sector S, for some a €[0, 7) in
the right half of the complex plane, then A is said to be sectorial where

Sqo={zeC:Rz>0,|Iz < tan(a)(Rz)}.

Here, Rz and 7z denote the real and imaginary parts of the complex number z. The class of all n X sectorial
matrices where W(T) C S, is denoted by Hg/a. If @ = 0, then the sector S, reduces to the interval (0, o),
reducing the class [];, to the set of all positive definite matrices in M,,. If A > 0, then A is a sectorial matrix
with @ = 0. The numerical range and radius of sectorial matrices have been explored by several authors.
In particular, Samah Abu Sammour et al. [28], Yassine Bedrani et al. [3], and Pintu Bhunia et al. [7] have
focused their study on the bounds of the numerical radius of sectorial matrices. However, we explore the
concept of more generalized numerical range, namely, the g-numerical range of sectorial matrices. The

g-numerical range of T € B(H) is defined by,

Wy(T) = KTx, y) : x, y € H, lIxll= llyll= 1, {x, y) = q1,
where |g| < 1. The gnumerical radius w,(T) of T € B(H) is

wy(T) = sup |w].
weW,(T)

For any T € B(H), we have T = R(T) + iZ(T), where R(T) = % and I(T) = % The following relations
can be easily derived:

wy(R(T)) < wy(T) and  w,y(Z(T)) < wy(T). (3)

Limited research work is available in the literature on the g-numerical range. Notable contributions in this
direction can be found in [8, 14, 21, 26, 27, 31]. For a comprehensive review, one can refer to [17, p.380].
Recently in [11], for T € B(H) and g € (0, 1), several significant estimations of the g-numerical radius has
been established, such as

q

20— g TS @i <l “

2
1( 4 ZT*T TT < 2T<(‘7+2v1_9]2)
1\ ITT+TTls wi(n) < .

The present work aims to obtain bounds of g-numerical radii of sectorial matrices. This leads to the
refinement of several results on g-numerical radius. Significant results on upper bounds for the gnumerical
radii of commutator and anti-commutator matrices, and on non-integral powers of matrices, are obtained.
Furthermore, this study explores the g-numerical radius inequalities associated with 2 X 2 block matrices.

IT°T + TT7|. ®)
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2. g-Numerical Radius Inequalities for Sectorial Matrices

Throughout this paper, the symbol T denotes an element of B(H), while the letter A is designated
specifically for n X n matrices. We start this section by listing some known outcomes that will be required
in our analysis of the principal findings.

Lemma 2.1. [28] Let A € [[;,, for some a €[0, §). Then
IZ(A)]|< sin(a)w(A).

Lemma 2.2. [28] Let A € []5,,. Then

JAlI< /1 + 2sin(@)w(A).

The following Lemma represents a relation between [||{R(A)||| and [||Alll, where [||.||| is a unitarily invariant
norm on M,,.

Lemma 2.3. [32] Let A € Hg’ﬂ and |||.||| be any unitarily invariant norm on M,,. Then
cos(a)llIAlll < [IIRCAII < [lIALIl-

The following result states that, if a matrix A is sectorial, then raising it to a fractional power will still
preserve its sectoriality.

Lemma24. [10]Let0<a < 5,0 <t <1and A € M, is a square matrix with W(A) C S,. Then W(A") C S.

Additionally, it should be noted that W(A™) is a subset of S,. This can be inferred from the fact that W(A™!)
is a subset of S, when W(A) is a subset of S,.
Here are some additional important results related to the fractional powers of sectorial matrices:

Lemma 2.5. [9] Let A € ], and t € [0,1]. Then
cos? (@)R(A) < (R(A))' < R(A").

Lemma 2.6. [9] Let A € [], and t € [-1,0]. Then
R(A") < (R(A))' < cos? (a)R(AD).

Let O be the closed unit disc in the complex plane and O’ = D \ {0}. Also, if dimH = 1 then W,(A)
is empty if and only if |g| < 1, and W,(A) is non-empty if dim H > 2 [17, p.380, Proposition 3.1(a)]. Thus,
throughout the article we restrict ourselves to the case dimH > 2. An operator T € B(H) is said to be
normaloid if w(T) = ||T||. Also, all normal operators satisfy the similar relation. However, similar equality
5 0
0 4

wy(T) = 9572—+1 # ||IT|| for all g € [0,1) (i.e., except g = 1) follows from Theorem 3.4 [17, p.384]. In this context,
Theorem 2.7 provides a relation between w,(T) and ||T|| for normaloid operator T. It is noteworthy that for
a normaloid operator T, the equality #(T) = ||T]|= w(T) holds, where #(T) is the spectral radius of T.

We start our main result with a relation between w,(T) and w(T) for normaloid operators by using the
spectral inclusion relation.

does not hold for g-numerical radius. For example, let T = [ ] Then ||T]|= 5 and the g-numerical radius

Theorem 2.7. If T € B(H) is a normaloid operator and q € D, then

lqleo(T) < wy(T) < w(T).
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Proof. From Proposition 3.1 (h) [17, p.380], we have the following inclusion relation

go(T) m for |g| < 1.
It follows that

|1 (T) < wy(T).
As T is normaloid, we have

|91ew(T) < wy(T).
Also, it is well-known that w,(T) < ||T|| for all T € B(H). Since T is normaloid, we have

wy(T) < |ITll= w(T).
This completes the proof. O

Remark 2.8. A few important observations are mentioned below.

(i) For normal T, the relation w(T) = ||T|| holds, and subsequently we have |q|||T||< wy(T) < ||IT|| which was
recently obtained in [30 Theorem 1.4].
(ii) Forqe€(0,1),q > 2 5=, thus Theorem 2.7 is a refinement of [11, Theorem 2.1] for normal operator T.

(iii) Theorem 2.7 is the g- numerzcal radius analogue of the well-known relation (1) for normal operators, which
reduces to the equality w(T) = ||T|| when q = 1.

(iv) Both the inequalities of Theorem 2.7 are best possible. Let Sy be the set of all n X n (n > 2) real scalar matrices.
Let Sy > A1 = nl, where n(# 0) € R and I is n X n identity matrix. Therefore, wy(A1) = |glw(A1). Let S be the
right shift operator. Then wy(S) = w(S) = 1[17, p.384].

For any T € B(H), R(T) and I(T) are self-adjoint operators. An easy calculation leads to the following
corollary.

Corollary 2.9. If T € B(H) and q € D, then we have
(@) [gIIR(T)II< wy(R(T)) < [IR(T)II,
(@) 1L (Tll< wy(Z(T)) < [IL(T).

The next result provides the equivalence of two norms ||A|| and w,(A) and extends the inequality (1) for
g-numerical radii of sectorial matrices.

Theorem 2.10. (a) IfA € [[;, and q € D', then
9l cos(@)l|All< wq(A) < [|A]l.
(b) Letq € D'. If either A, A* € T1:, or A is accretive—dissipative, then

|jl_IIAII< wy(A) < [IA]l.

Proof.  (a) Using Lemma 2.3, Corollary 2.9, and relation (3) we have
cos(a)lIAll< IR(A)II< r |wq(R(A))

Hence, the required result holds.

<7 |wq(A)— 7 |I| -
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(b) If A% € []%,, then Lemma 2.4 implies that
W(A) = W((A)}) € S5 C Ss. ©6)
Also, if A is accretive-dissipative, then
W(eTA) c Ss. 7)

Thus, inequalities (6) and (7), together with part (a), give the desired result.
|

Remark 2.11. (i) Ifa € [O, %) and q = 1, then the lower bound mentioned in Theorem 2.10(a) is a refinement
of lower bound mentioned in (1). Moreover, for cos(a) > 2(+_qz), q € (0,1), the lower bound mentioned in
Theorem 2.10(a) is a refinement of the lower bound mentioned in relation (4).

(ii) Part (b) provides a more precise bound than part (a) of Theorem 2.10 for « € (%, %)

The following corollary provides an upper bound for w,(AB). Recall that for any two matrices A, B € M,,,
we have [17, p.125]

w(AB) < 4w(A)w(B). 8)

Also, it is well-known that if A and B are positive semidefinite matrices then

w(AB) < w(A)w(B). 9)
However, the relations (8) and (9) do not hold for g-numerical radius. Consider normal matrices
A = [(1) g] and B = |:3 g] Then by Theorem 3.4 [17, p.384], we have w,(A) = %, wy(B) = 29 and

wy(AB) = 3q + 1. One can check that w,(AB) £ w,(A)w,(B) for all g € [0,1) and w,(AB) £ 4w,(A)w,(B)
for g < 0.25. Our next theorem is an attempt to overcome such situations. Using Theorem 2.10(a) and
wy(AB) < ||A]ll|Bll, we can derive the following result easily.

Corollary 2.12. For q € 9¥, the following hold:

(a) If A and B both are sectorial matrices, then

lg/*we(AB) < sec*(a)w,(A)w,(B).

(b) If A and B both are positive definite matrices, then
917w, (AB) < wy(A)w,(B).
Remark 2.13. If we take q = 1, Corollary 2.12(a) implies that w(AB) < sec?(a)w(A)w(B) when A and B both are

sectorial matrices, which is a refinement of inequality (8) when o € (0, %) If we take q = 1 in Corollary 2.12(b), we
obtain the well-known result w(AB) < w(A)w(B) for positive definite matrices A and B.

Before proceeding to the next theorem, we establish the following construction.
Consider g € D and dim H > 2. Let x € H be the unit vector. For any y € H with [lyl|= 1 and (x, y) = g,
using H = lin{x} @ {x}*, we can express y as

y=gx+ 4 1—-1g%z, wherez € H, |z|l= 1, and (x,z) = 0. (10)

The converse is also true, i.e., if (10) holds, then (x, y) = g and ||y||= 1.
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Our next focus is to establish a relation between the g-numerical radii and classical numerical radii for
sectorial matrices. Itis evident thatif A is normaloid, then w,(A) < w(A). Take g € (0, 1) and a non-normaloid

matrix A = [8 (1)] Then for [il] , I:Zl] € R?, with ||x]|= [lyll= 1 and (x, y) = g, we have (Ax, y) = xo1;.
2 2

Thus

wy(A) = sup [x2y1l. (11)
Ill=LlIylI=14x,y)=q

If we take x = (%, %) and y = (%, IHT ';qz), then equation (11) implies w,(A) > = '21,,12. Also,

w(A) = % In this case w,;(A) > w(A), g € (0,1). In general, there is no relation between classical numerical
range and g- numerical range. Our next result is an attempt in this direction for sectorial matrices.

Theorem 2.14. Let A € [[;, and q € D. Then

(@) w,(4) < (1 = 1a) (1 + 25in%(@) + gl i),

(b) wy(A) < {1+ sin?(a)w(A).

Proof. (a) Letx, y € H such that||x||= [lyll= 1 and (x, y) = g. Then y can be expressed as y = gx+ +/1 — |q]?z,
where z € H, ||z||= 1 and (x, z) = 0. Therefore,

[{Ax, )l <KAx, gx + /1 = 1q2)|
<|gllKAx, )| + J1 = |gPP(Ax, 2)|
<|gll{Ax, x)| + /1 — |glPlIAll.

Using Lemma 2.2, we get

KAx, y)I < /(1 - gR)(1 + 2sin’(@)w(A) + gl Ax, )l

This implies,

(Ax, y)l < (\/u — )1 + 2sin’(@)) + |q|) w(A),

Taking supremum over all x, y with ||x||= ||yll= 1 and {x, y) = g, we have

wy(A) < (\/(1 - )1 + 2sin*(a)) + |q|) w(A).

(b) Using the Cartesian decomposition A = R(A) + i (A), we obtain

KA, 1) < R, 12 + (T(AYx, 12
<(VIRAIPHIZAIP) lixlllyl
Using [|R(A)lI< w(A) and Lemma 2.1, we have

KA, 1) < (\/wZ(A) ¥ sin2<a)w2<A>) Il
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Taking supremum over all x, y on both sides with ||x||= ||yll= 1 and (x, y) = g, we have

wy(A) < 1+ sin?(a)w(A).
0

Remark 2.15. Theorem 2.14 enables us to explore the ratio u;“(f)) in terms of q and the sectorial index a. Also, for

different values of a (say a = 0, §, §) we can compare the bounds in part (a) and part (b) as follows:

(i) Fora=%, V2 = 1 +sin(@) < g+ \B1—-¢) = \/(1 —q?) (1 + 2sin2(a))+ |g| holds when q € [0,0.966],
(i) Fora =%, \/§ = 1 +sin’(@) < g+ 21— ) = \/(1 — Igl2) (1 + 2sin’(@)) +Iq| holds when q € [0,0.986],
(iii) Fora=0,1= {/[1+sin*(@) <g+ 1-¢*= \/(1 —g1?) (1 + 2sin2(a)) + |g| holds when g € [0, 1].

2
15 -
1.5
(ﬂ.f‘fi&l/ill)\ (0,!)86.1,225)‘\
¥ y !
.
0.5 s 05
0 ‘ ‘ ‘ —y=q¢+3(1-¢) 0 ‘ ‘ ‘
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 1
q q
Figure 1: Whena = % Figure 2: Whena = §

—

(0.00,1.00) (1.00,1.00)

—y=1
—y=q4+V1-¢

0 01 02 03 04 05 06 07 08 09 1

q
Figure 3: When a =0

The analysis of the figures demonstrates that the bound presented in part (b) is a refinement of the bound presented
in part (a) within a specific range of q. As the value of « decreases, the region of q where refinement occurs expands
correspondingly. This observation highlights the relationship between the parameter v and the extent of refinement
achieved in the specified region of q.

Now we are ready to give g-numerical radius version of Theorem 1 [20] for sectorial matrices. Further-
more, this result serves as a refinement of Theorem 3.1 in [11].

Theorem 2.16. Let A € [[;, and q € D'. Then

l91? cos? a
2

ZIA*A + AAY||

14°A + ALl< wd(A) < (= 1gP) (1 + 25in%@) +lal) =
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Proof. From Lemma 2.1, we have
17 (A)lI< sin(a@)w(A) < sin(a)||A]l.

Using Theorem 2.10(a), we have
LAl — il tan(of)wq(A) (12)

Also,

[A*A + AA"|=2[IR*(A) + T*(A)||
2(IIRA)IPHIZ(A)IP).

Using equation (12) and Corollary 2.9(a), we have

[A*A + AA™ ||<2( z q(R( )) + tan® &

: |1|2 q(I(A)))

<2(|1|2 q(A)+tan alllz q(A))

Thus, we have

|g1? cos? a

5 |A*A + AA"|I< wi(A).

For the other part, Theorem 2.14(a) implies,

2
w}(A) < (\/(1 — 1) (1 + 25in%(@)) + I w(A),

Using relation (2), we obtain

2| ax .
@A) < (1~ P (1 + 25in(@) + gl 12AZAAY

O

Remark 2.17. (i) Ifq € (0, 1), the upper bound of wg(A) of the aforementioned theorem refines the upper bound of
wg(A) given in relation (5). Furthermore, if either cos(a) > m or a € [0, 7), the lower bound of wfi(A) in
the aforementioned theorem provides an improvement over the lower bound of wﬁ(A) in relation (5).

(ii) If g = 1, Theorem 2.16 gives us

cos?(a) |A*A + AAY|

2

lA*A + AAY|I< w?(A) < (13)

Clearly, if a € [0, T), then lower bound of above inequality is a refinement of the lower bound of inequality (2),

and if A is a positive definite matrix, then inequality (13) gives us w*(A) = w.

Next, we focus on the g-numerical radius inequalities of commutator and anti-commutator sectorial
matrices.

Theorem 2.18. Let B,C,D € M,,, A € [[;, and g € O'. Then

|qlw,(ACB + BDA) < 2 sec(a) max{||C||, ||DI[}w,(A)I|Bl|.
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Proof. As the norm satisfies the homogeneity property, we can take ||C||< 1 and ||D||< 1. Consider,
wy(AC + DA) < ||AC + DA]|< 2||All.

It follows from Theorem 2.10 that,

2
wy(AC + DA) < |’7| sec(a)wy(A). (14)
If C = D = 0, then the required result holds trivially. Let max{||C||, [|D||} # 0. Then ”m“ < 1and
D
“max {ICILIDI ” =
Therefore, by replacing C with m and D with m in relation (14), we have
2
wg(AC + DA) < — sec(a) max{||Cl|, [ID|[}wy(A). (15)

lg1
Again, replacing C with CB and D with BD in inequality (15), we obtain that

w,(ACB + BDA) Sl%'ll sec(a) max{||CB|, |BDI[}w,(A)

S% sec(a) max{||Cl|, [|Dl[}w, (A)IB]|-

This completes the proof. [
Remark 2.19. It was obtained in [15, Theorem 11] that
w(AB + BA) < 2 V2w(A)|B|\. (16)
Take C = D = I in Theorem 2.18, we have
|qlwy(AB + BA) < 2sec(a)w,(A)|B]l. (17)
If g = 1, relation (17) implies that
w(AB + BA) < 2sec(a)w(A)||Bl. (18)
Thus, relation (18) is a refinement of the relation (16) if o € [O, %)
Replacing A and B in relation (17), we can obtain the following corollary easily.
Corollary 2.20. IfA,B € 1., and q € D', then
|qlw,(AB + BA) < 2 sec(a) min{w, (A)||Bl|, w,(B)lIAl}.

It is noteworthy that the literature does not extensively address non-integral powers of the g-numerical
radius. In our forthcoming results, we address this gap by establishing a relation between w/(A) and
wy(A") for A € []¢,. Itis well-known that [|A’||= [|A||" for positive semidefinite matrix A. The significance
of the forthcoming result lies in its ability to establish a relationship between w,(A™!) and w;l(A). In

general there is no such relation between wq(A‘l) and w;l(A). For example, let A = [é g] and g € (0,1).

Then, wy(A) = %~ and wy(A™) = 2=, Here wy(A™) < w;'(A) if g € (0,0.6095] and w;'(A) < w,(A™) if
g € [0.6095, 1).

Theorem 2.21. IfA €[], q € D and t € [0,1], then
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(@) lgI"*! cos'(@)wi(A) < lglwy(A") < sec™ (@) sec(ta)wh(A),
(b) 1qI"*" cos(tar) cos® (a)w, (A) < wy(A™).
Proof. (a) By Lemma 2.3, we have
cos(@)wg(A) < |IR(A)II.
For t € [0,1], Lemma 2.4 implies,
wy(A") < sec (ta)|R(AN.
Now,
wy(Ah) < sec(ta) sec” ()R (A)|
= sec(tar) sec? (a)||R(A)||"

< (é) sec(tar) sec® ()wj(R(A))

t
< (ﬁa) sec(tar) sec” (a)wg (A),

where the first inequality follows from Lemma 2.5, while the last two inequalities follow from Corol-
lary 2.9 and, relation (3), respectively.

For the other inequality, we have
wy(A") 2wy(R(AY))
>|gllIRAYI
>|gllIR (A
~lIRA)!
>|gl cos' (a)lIAll
>[q] cos'(a)wy(A)

where the first, second, third, and fifth inequalities follow from relation (3), Corollary 2.9, Lemma 2.5,
and Lemma 2.3, respectively. Finally, we have

|l cos (@)w(A) < wy(A") < W% sec” (a) sec(ta)wj(A).

(b) Using Theorem 2.10 and Lemma 2.3, we obtain that
wy(A™) 2lgl cos(ta)||A”|
>|q] cos(ta)[[R(A™)II.

Using Lemma 2.6, Corollary 2.9(a) and the fact that ||A||"!< [[A7}]|, where A is invertible matrix, we
have

we(A™") 2|gl cos(ta) cos™ () IR (A)
>|g| cos(ta) cos® (a)||R(A)|| ™
>|gI"*" cos(ta) cos® (@)w, " (R(A))

2|gI"*" cos(ta) cos® ()w,(A).

Hence the required result.
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Remark 2.22. (i) Forq =1, the lower bound in the part (a) of the aforementioned theorem represents an improve-
ment over the following lower bound, which is mentioned in [3, Theorem 3.1 ]

cos(tar) cos! (@)w'(A) < w(A!) < sec? (@) sec(ta)w'(A).

(ii) Theorem 2.7 and Theorem 2.21(a) give us the following significant relation,
P HIAI < Igl'wg(AT) < 1AL, (19)

where A is a positive definite matrix. If g = 1, then relation (19) gives us the well-known equality ||A*||= ||A]l",
A is positive definite matrix.

(iii) The case t = 1 in Theorem 2.21(b) provides
| cos*(@)w; ! (A) < wy(A™), (20)
and if A is positive definite matrix, relation (20) implies that

lgPw, ' (A) < wy(A™).

3. g-Numerical Radius Inequalities of 2 X 2 Operator Matrices

Assuming H represents a complex Hilbert space equipped with the inner product (., .), the direct sum
H @ H constructs another Hilbert space, and any operator T € B(H @& H) can be represented by a 2 x 2
operator matrix in the following manner

3

where Z, X, Y, and W are in B(H). In this section, our objective is to analyze the properties of the g-numerical

radius of operators having off-diagonal representation of the form Y %(] Since the g-numerical radius is
weakly unitarily invariant, i.e.

W,(U'TU) = Wy(T)
for any unitary operator U on H, the following relations,

wy ([8 i)(]) = Wy ([eigy i){]) forall 0 € R (21)
and

0 X 0 Y
lly 3)=llx 3] s

0 I .
I ol respectively.

I 0
can be easily deduced by considering the unitary operator U as [ 0 2 I]’ 0 € Rand [

Next, for g € [0, 1], some observations of the g-numerical radius of are mentioned, where A is a

A 0
Hermitian matrix. Let A; > Ay > ... 2 A, be the eigenvalues of A. Thus by using Theorem 3.4 [17, p.384],
we have

1
wy(A) = T+ Al + 51 = Al
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Also, the largest eigenvalue of [,2 g] is Amax = max{—A,, A1} and the smallest eigenvalue of [2 A] is

Amin = min{—A7A4, A,,}. Therefore,
q 1 .
El/\l + /\nl + El/\l - Anl if Amax = M, Apin = Ay

q 1 .

Wy ([0 A]) = ElAl + /\nl + EI/\l - Anl if /\max = _Anl Amin = _/\1
|A1| if Amax = A1, Amin = _Al
|An| if Amax = =An, Ain = Ay

0 A
A 0|f

In particular, let A be a positive semidefinite n X n matrix with eigenvalues A1 > A, > ... > A, > 0, we
have A,y = A1, Apin = —A1 and

w, ([,2 ‘3]) = lAll= w(A).

Following this, we will establish the bounds for g-numerical radius of [8 1(;] and [8 §], X, Y € B(H).

and wy(A) < w,

For Y € B(H), [3 2)(] satisfies the equality w ([3 g]) = w(Y) [18]. However, a similar assertion may not

hold for g-numerical radius, as illustrated in the subsequent example.

Let
0 0 2 0]
0 00 3
T=12 0 0 of
0 3 0 O
Then w,(T) = 3 and w, ([é g = % + % Clearly, wy(T) # w, g g] except q = 1 but w, [g g] < wy(T).

With this observation, we present the following result.

Proposition 3.1. Let X, Y € B(H) and q € D, we have

(a) max{w,(X —Y), wy(X +Y)} <wy, ([}; Q) < max{||X - Y|, [IX + Y]},

0 X

(b) %max{wq(X +Y), wy(X =)} <w, ([Y 0

]) < 3(IX + Y[I+IX = YI).
Proof.  (a) From [24, Remark 4(i)], we have

mMWMX—nWMX+Y“§%q%EY XEY

) < max{||X = Y|, X + Y|}.

. . I 1
As wy(U'TU) = wy(T) holds, taking U = % [—I I] ,

Y{. X-Y 0 e
we have [Y X] is unitarily similar to [ 0 X+ Y]’ This implies,
XY
max{wy(X = V), w,(X+ V) (|3 x| < maxtiX = YILIX + Y.
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(b) The triangle inequality of g-numerical radius provides

ol el 3]s )

From the relation w, ([3 f)(]) = w, ([ g){ g]) (equality 22), it follows

ol 3Tz )

Taking X = 0 in part (a), we have w,(Y) < w, ([8 g]) Therefore, using relation (21), we obtain

i 5=l 5=l )

Replacing Y with -Y, and taking € = 11, we have

w0, (X - Y) <1, ([ng XEY]) < 2, ([3 g‘])

wy(X+Y) < wq(

Thus,
0 X 1
(O ([Y 0]) > 3 max{wy(X +Y), ws(X = Y)}.
I -1
.
LetU = \E[I I]' Then

ol o) = lely By

1 X+Y  X-Y |
2|~ -Y) —(x+ )

1 X+Y 0 [0 X-Y
2%\ 0 -x+y|T|-x-v 0

([ o

0 -x+n||”"
1
=§mX+WHM—ﬂU

Hence the required result holds.

Remark 3.2. If we take X = 0 in part (a) of the aforementioned result, we have

uwﬂﬁwdw ﬂ)gwu (23)

ForY = [(1) (1)], we have ||Y]|= wy(Y) = wy ([8 g]) = 1. Thus, the bounds mentioned in relation (23) are best

possible.
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Corollary 3.3. Let X € B(H) and q € D. Then

(@) lqlmax(IRC, TN} < w, ([;g 3{]) < IRGIHIZXI,

) 0 < wq([ 0 R(OX)]) < I,

(c) if X is Hermitian, then |q|||X||< w, ([?{ i)(]) < 1XIl,

(@) if X2 = 0, then |glIRCOII< w, ([}8 }g]) < AR

Proof. Taking Y = X* in Proposition 3.1(b) and using Corollary 2.9(a), we can easily obtain the result
mentioned in part (a). Replacing Y with iY in Proposition 3.1(b), we have

0 X

% max{w,(X + i), w,(X - iY)} < w, ([iY 0]) < %(nx +iY|[+IX = 1Y)

For 0 = 7, from the relation w, ([0 X]) =Wy ([ 0 X])(equality (21)), it follows

Y 0 4oy 0
1 . . 0 X 1 . .
3 max{w, (X +iY), wy(X — 1Y)} < w, Y 0 < E(”X + 1Y||+||X — iY]). (24)

The inequalities in part (b) follow by replacing X with R(X) and Y with 7(X) in (24). Moreover, the
relations in part (c) and part (d) follow from part (a) when X is Hermitian and X? = 0 (|[R(X)II= IZ(X)I)),
respectively. [

Let T be a bounded linear operator, acting on a Hilbert space H. Then there exists a unique complex
number ¢ € W(T) such that [29]

m(T) = inf||T — All|=||IT — <I||. (25)
AeC
Prasanna [25] termed m(T) as the transcendental radius and defined it as

mA(T) = sup (ITxP~Tx, 2)f). (26)
x||=1

Consider an orthonormal set O that contains x and z. Bessel’s inequality implies

Y KTx, v < IITxdP.

y'e0

ie, [Tx,z)f < Z KTx, y' ) < ITx|P—KTx, x).
y’eO\{x}

Therefore, relations (25) and (26) imply,

KTx,2)| < (ITx|P=KTx, 2)2)> < m(T) = |IT = cl|l, ¢ € W(T). (27)

Using m(T), the following result gives us an upper bound of w, ([?{ i)(]) using the concept of non-negative

functions f and g. The following lemma is used in the next theorem.
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Lemma 3.4. [19, Theorem 1] Let T € B(H), f and g be non-negative functions on [0, co) which are continuous and
satisfy the relation f(t)g(t) = t for all t €[0, 00). Then Tx, )| < [FATDxIg(T*Nyll for all x, y € H.

Theorem 3.5. Let f and g satisfy the conditions of Lemma 3.4, g € D, and ¢ € W(T). Then, we have

(a)

1—1qP
2

([3 ﬂ) <z max((I2(Y) + P 0X DL, 1F20X0) + lgPgY DIl + max{llg* (XD, llg* (YDl

+lgl 41 = lgP2 max{llg*(X"]) = eIl lg*( YD) = elll).

(b)

a2
([3 §])<1max LFAQYD + laPg* X DIL ILFAAXD + g (Y DIl + 2|q| max{llg* (XDl lg* ("Dl

+lgl 41 = lgP max{llg*(1X"1) = eIll, llg* (YD) = elll).

Proof. (a) Letx = [2] eH,and y = [gj € H with [|x]|= [lyll= 1 and (x, y) = . From Lemma 3.4, we have

{0 Sl DM
fel Sl el vl
{5 ko) (2[5 hfss)
S5 )+ (25 o)
Al ool |$Iqx+\/ﬁzzx+mz>)
A8 S S 2R
o3 (e (]! |§*|]xz>+q |q|2<g2['X* |
[T i) L )
B (I 0 (e )

1/,[Iv1 o lg? [ S[1Ix1 0
S2<f[0 |X|]x,x>+ > 9o Y| X, X
1-1ql X1 0

+ 2q<2rd Wdz%+mll—ng
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Using relation (27), we have

5 S e[ Re T 5 )
Ll —Zlql2 <gz [Iﬁé"l | S*I] . Z>

(X0 |I 0 =
9[0 |Y*|] C[O I , where c € W(T)

L[y o P [[#axh 0
S§<| 0 f2(|X|)]""‘>+7<[ 0 92(IY*I>]X’X>

L-lgP [[20x) 0
™/ <[ 0 F(Yp|**

[g2<|X*|> 0 ]_C[l o]
0 g0rh| "o I
0

+lgl 1 = IgP?

+gl /1 =g

1[0 + lgPg?(X7]) >
=2 <| 0 £X0) + |q|292(|Y*|)} o
L-lgP [[/20x7) 0
T2 <[ 0 gYD|F*
2(1X* 0 I 0
Therefore,
0 x| A\l _L(|[F20YD + laPg*(X) 0
y o|%Y]|=3 0 20X + lgPg*( YD)
LWl laxn o
2 || 0 YD
2(1x* 0 I 0O
=% max{|[f2(Y1) + lgPF2 X DI, 11F20XD) + lgPg* (Y DIl
1- 2
w2 g XL I

+gl /1 = g2 max{llg*(1X"1) = cIll, lg* (YD) = I}

Taking supremum for all x, y € H with ||x||= |lyll= 1 and (x, y) = g, we obtain

@ ([10/ i){]) 5% max{|| (Y1) + [gP>(X DI, ILF2IXD) + lgPg> (YT}

1-1qP

+ max{llg2(1X DIl lg>( Y Il

+lgl 4/1 = g2 max|i{g?(IX"]) = eIll, lg*(Y"]) = eIl

10624
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(b) From Lemma 3.4, it follows

7 Sl < A e
z[no/l |§<|]x'x><9i[pg| |3*|]y'y> 2
(<f 2 |Igl |§|]x,x> *<92 ) |§,l|] ”>]
([ w5 o)

A similar calculation as part (a) follows the required result.
|

2 2

IA

0

y 0]) follow by choosing particular f and g.

Remark 3.6. Several upper bounds of w, ([
(i) Let f(t) = t" and g(t) = t'77,0 <y < 1. Then Theorem 3.5(a) gives us,
0 X\ 1 , . 2(1-

([Y 0]) < max{|| [YP + [gPIX P XP + 1Py P

+ ax{L X PO Y PO

A2
2IvII m
+gl /1 = g2 max{|| X P = eIl | [y P37 = eIl

If we take y = L in the aforementioned inequality, then

0 xJ]\_1
([Y 0]) <5 max{[| [Y] + lgPIXL L 1 XT+ IRy i

— lql? . .
+ > max{|| X" I, [ Y] I}
+lgl /1 = g7 max{|| X" = cIll, [| [Y*] = cIlI}.

When q = 1, we have

([3 ﬂ) < 5 max{I 1Y) + X DIL 120X + (DIl

which is mentioned in [2, Theorem 1].

(ii) If we take f(t) = 1+t and g(t) = 1 + t in Theorem 3.5(a), we have

ol o) =2t

1-— 2
N IqI

Y| \? X| \?
(1|+—|) Flgla+1x?, (#'Xl) g (1 + Y]

Y]

}

max{ll(I + X)L I+ 1Y)

+gl 41 = lgP max|{(L + X1 = elll, (I + [Y*])* = cIll}.

10625
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The following result provides a lower bound of the g-numerical radius of [8 iﬂ

Theorem 3.7. Let X,Y € B(H) and q € D, we have

o x|\ Il 1l
w([y 0])>im XX VI + 21X+ Y =1 = YL
Proof. Corollary 2.9 implies that w, ([8 }0(]) > IqIHR([S i){) and w, ([3 é(]) > IqIHI([g )01)” This
implies, _
0 X >|| 0 X Iql X+Y
Da\ly 1 Y+X* 0
|| * *
=% max({IX + Y'ILIY + X'}
1l
=TIX + Y.
Also,
0 X 0 x|\ _lal 0 X-Y
o | | P
|| % %
=imax{||x Y'Y = X
|| )
=X =Y.
Finally,
0 1l ,f )
wq([y 0])>imax{||X+Y|| X = Y[l
Iql N lal . .
T+ Y = Yl + X + Y = Yl
Iql . . Iql . .
T+ Y) 2 (X =YD + THIX + Y=IX = Y|
|| il
> T max(IXI I + X + Yl-11X = Y,
[l

Taking X = Y in the aforementioned result, we obtain the following corollary.

Corollary 3.8. If X € B(H) and g € D, then we have

wly 5= e Gumcor-ircon o8

Remark 3.9. For g = 1, (28) gives us a refinement of inequality (1). Also, if X*> = 0, then relation (28) gives us a
significant result as follows

1< ([g }é])sllxll-
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In our next result, we extend the following well-known equality for g-numerical radius.

Lemma 3.10. [1] Let T, S € B(H) be positive definite operators. Then

o 1)

To prove this, we need the following relation.

|71 suplIR(€T)lI< sup wy(R(EOT)) < sup wy(e®T) = w,(T).
feR OeR OeR

Hence, for T € B(H), we have

wy(T) > |q| suplRE°T)||.
0eR

Theorem 3.11. Let X,Y € B(H), g€ Dand 0 <y < 1, we have

lql i0 —i0 0 X|\_ll o 21-y)p; 4 2(1- 2y
— supille”X + e Y[} <w S IXP + (Y PED X PE 4 Y22
7 s f<ally o))<

+4/1 = Ig? max{|IX]|, [ Y]}}.

Proof. From the relation wy(T) > |q] sup,yglIR(e®T)|l, we have

lly S =melele s )

OeR
>@ 0 e0X + 70y
) Selelﬂg oY + 70X~ 0
_lgl i0 —iOy
=—sup|le”X +¢e Y.
2 OeR

Now, to prove the second part, let x = [il] eH,and y = Bl] € H with ||x]l= llyll= 1 and (x,y) = g. Then
2 2
we can take y = gx + /1 — |9z, where z = [Z] € H, |lzll= 1 and (x,z) = 0. Thus, y1 = gx1 + /1 — |gl°z1 and

Y2 = gxa + /1 —19Pz.

Hence,

(v Sl )

<K Xx2, yi)l + KYx1, y2)l

=[(Xxa, gy + /1 = gzl + KYx1, G2 + /1 = |g22)]

<Igl({Xx2, 2] + KYxy, x2)1) + /1 = g (X2, z1)| + [(Yx, 22))).
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Using Theorem 1[16] and the Cauchy-Schwarz inequality, respectively, we have

(v Sl

1 " —y 1 1 " _ 1
<IgICIXPY 22, 22) 2 (X PI 21, x0) 2+ (VP o00, 30) 2 (Y P, 342) )

+ 1 = lgRAXIx2 lz 1Y e 2211
<IgICIXPY 22, x2) + (Y P20, 020) 2 (X Py, 200) + (VP e, x0))
+ 1 = lgRAXx2 lz Y e 2211
<IgIIXE + Y PADEX R 4+ YR |2l e
+ 1 = lgRAXIx2 lz Y e 211
Take ||x1]|= sin(0), |Ix2l|= cos(6), |Iz1l|= cos(¢p) and ||z||= sin(¢p), where 0, ¢ € R.

(v Sl )

<lqgl <|||X|2V + YA X + |Y|2y||%)COS(6) sin(0)

+4/1 = g (IX]Icos(0) cos(¢) + [IYllsin(6) sin(¢))

|g] sin(26) (1A L eio(]— i1
<P Y POV PO 4 v

+4/1 = Ig? max{|IX]|, [[Y]]}.

Hence,

0 X\ 1l o e o "
%([Y o])g%”lxlz’ﬂﬂz“ PIEIXPAD + Y[+ /1 — lgP max{IXI] [[Y1]).

O

10628

Remark 3.12. If X and Y are positive definite operators, then for y = 1/2 it follows from the above theorem that

lgl 0 Xx|\_ ll 5
7IIX HYll<wglly o) s 7IIX + Y[+ /1 = lgl* max{[IX]|, [[Y][}.
. 0 X 1 D . .
For g = 1, it follows w y oll= 511X + Y]|, which is mentioned in Lemma 3.10.

In our final result, we assume X and Y both are in []g,.
Theorem 3.13. Let X,Y € [, and g€ D'.
(a) If a # 0, then we have
w, ([3 i)(]) lelll max{||(1 + cot(a))X + (1 — cot(a))Y*||, ||(1 — cot(a)) X + (1 + cot(a))Y™||}
lg]

+ X+ Y7lI= cot(@)l[X — Y

(b) If a = 0, then we have

w ([y OD = a1t + 21 + Y- - v
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Proof.  (a) From Theorem 2.10 and Lemma 2.1, the following relations

IZ(DlI< sin(@w(T) < sin(@)[ITl|< ta;ﬁ“)wqm
hold for any T € B(H). Hence, for T € B(H), we have
w,(T) = IR and w,(T) = lgl cot(@)| Z(T)IL (29)

Taking T = [3 i)(] in inequality (29), we have

wq( 0 X ) > %HXJFY*H and wq([o XD 1 ot = v

Y 0] Y 0 2
Hence
Wy (3 g() >M max{[|IX + Y7||, cot(a)IX — Y|}
=% (X + Y'll+ cot(@)lIX = Y7 [+ [IIX + Y| cot(@)l|X - Y7|])
Zl;il (X +Y7) = cot(@)(X = Y)I+[IX + Y*[|- cot(@)IX — Y*[I]) .
Thus

W, ([O O]) |ql(max{ll(l + cot(a))X + (1 — cot(a)) Y|, I(1 — cot(a))X + (1 + cot(a))Y"||}
+[lIX + Y*[|— cot(@)lIX = Y7II| ).
(b) If &« = 0, then X and Y are positive definite matrices. We have
we(T) Z IR and wy(T) = IglILL(TII-
By using similar calculations as Theorem 3.7, we have

0 X]),l N *
(|9 5]) 25 maxtinivn + s vi-pe- v

As X and Y are positive definite so X = X* and Y = Y*,we have

[0 X]\_ldl il
w‘i( Y 0 )>imaX{IIXII Y1} + =X+ YI=IX = Y

O

Remark 3.14. One notable point is that if X € 15, then X* € [],,. If we take Y = X*, then Theorem 3.13(a) gives
us

0 X
lgllIXII< w, ([X 0]) < IXII.

The lower bound mentioned in the aforementioned inequality is better as compared to the lower bound in Corollary
3.3(a).
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