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Characterization of Banach-space-valued functions involving the
Weinstein transform
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Abstract. In this paper, the space H(A) is defined by exploiting the theory of the Weinstein transform, and
proved that Weinstein transform ¥,(¢) is an automorphism on the space H(A). The Banach space-valued
test functions of Beurling type ultradistribution H,(A) is defined by taking the weight function w. It is
shown that the subspace D]Rm (A) is dense in H, (A) and the Weinstein transform #,(¢) is an automorphism
on the space H,(A). Further showed that the linear space (A)D]Rn+1 (A) ® (A) is dense in H,(A).

1. Introduction

The Weinstein transform has rich calculus and nice mathematical backgrounds, which play animportant
role in solving problems in partial differential equations, waveforms, signal processing, fluid mechanics,
and other areas of mathematics. Using the aforesaid transform theory, many research works have been
made in [7, 10, 20, 32] by exploiting the theory of the Weinstein transform. In this connection, Mejjaoli et
al. [15, 16], Salhi [17], Nahia and Salem [26, 27], Mehraj [14], Salem and Nasr [25] found many important
observations by utilizing the aforesaid transform theory.

The theory of Banach-space-valued testing functions to the distributions was found by Zemanian [37]. This
space is more general than scalar distributions. He introduced the inductive limit space D" (A) which is
given by D"(A) = D, (A) = U§21D% (A). where D%"i (A) is the linear space of all smooth function f from R"
into a Banach space A such that supp ¢ C K; are the compact subsets of R" and K; C K1, Uiz K = R™.
The topology generated of the semi-norm of Dy (A) is defined by yi(¢) = sup;. |l Do) lla, 0 <k <m.
Motivated by the result of Zemanian [37], explmtmg the theory of Mellin transform, Tiwari [35] defined
Banach space-valued distributions and proved several properties, including a Mellin-type convolution
theorem. From the result of [37], Koh and Lie [13] proved the subspace ;D;(A) is dense in H,(A). They
further showed that there is a bijection from [H,(A); B] onto [H,;[A; B]]. After that, it is shown that the
Hankel transformation of an arbitrary order on H,(A) is an automorphism on H,(A). Upadhyay [34]
investigated the H}/(A) type space, which was defined by the set of all those smooth, complex valued
functions ¢(x) on I = (0, o0) such that

k

1A\ 1
q,‘)) = sup exp[/\a)(x)]( x) xH2¢(x) .,

xel

< oo, VA,kENO,
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and studied their algebraic and topological properties by using the theory of the Hankel transform.

The theory of ultradistribution, which is the generalization of Schwartz distributions, was introduced by
Beurling [1], Bjo'rck [4] and Roumieu [22]. In 1961, Beurling found many important observations, partly
based on ideas published already in [1] and [2]. From the development of [1] and [2], Bjo rck [4] introduced
the generalized distribution theory, including the spaces B,x of [8]. He also studied the questions of
existence and approximation and interior regularity of solutions of equations with constant coefficients,
and also consider equations that have no solutions. A unification of these results were given by Komtsu
[12]. The Hankel transformation of ultradistribution was first introduced by Pathak and Pandey [18] and
examined many properties. From the aforesaid concepts, Pathak and Shrestha [21] defined the Beurling
type ultradistribution space H’ and its important properties were studied. Our main objective of the
present paper is to investigate the Banach-space-valued ultradistributions associated with the Weinstein
transform. The organization of the present paper is given below:

Section 1 is introduction, in which we provides a brief description of the Weinstein transform, the Hankel
transform, various background of ultradistributions, and also the ideas of Banach-space-valued testing
function to the distributions. In section 2, some important definitions, properties and results are given
which are useful for our present manuscript. In section 3, the space H,(A) is defined and its various
properties are discussed by utilizing the theory of the Weinstein transform. In section 4, we present several
remarks and observations which concern the subject-matter of this paper.

2. Preliminaries

In this section, we discuss some properties related to the Weinstein transform that are useful for our
research. From [26, 27] and [31], standard notations, definitions, and properties are given below:
R = R" X (0, ).
* X= (X,, xn+1) = (xll X2, X3...-Xp, xn+l) € ]RTLl-
o —x = (=X, Xy41) = (X1, —X2, —X3... — Xy, Xp41) € R,
o (x, & =Y xék.
o (M= 5’1”1.5?2 ....... L”".E}’ﬁf Y & e R
IEIR = L &2
e D% = D‘{”D;‘2 .......... D;'D%* and a € ]Ng“.

n+1
o C, (lRTl), represents the space of continuous functions over R”*!, even with respect to the last variable.

. Cf"(IRTl), represents the space of infinitely differentiable function over R"*!, even with respect to the

last variable.

. S*(]Rﬁ”), represents Schwartz space of rapidly decreasing functions over R"*!, even with respect to the
last variable.

. L; represents the space of measurable functions ¢ over R"*! such that

oty = ( [ 160)P dus) <, 12 p < oo and gl = s sup 6] <o
]RZH

yE]RTrl
. 1 . y2ﬁ+l
where dug(y) is the measure over R} = R" x (0, 00) and defined as dug(y) = dus(y’, yus1) = mdg/.
The Weinstein operator Ay, ; over R"*! is given by Ajyp = 27:11 ;—xz? + 2)5 :1 5=, B>-1/2.
Definition 2.1. Let ¢ € Ly(RY*!). The Weinstein transform of  is defined by
(Fup)(&) = f T Gy dpp(y), &€ R, (1)
R



S. Yadav, S.K. Upadhyay / Filomat 39:30 (2025), 10679-10688 10681

_1\m 2m
00 ED"(y) nd

where jg is the normlized Bessel function of index p, which is given by js(y) = T(B + 1) Y, -9 TG

26+1

dug(y) is the measure over R = R" X (0, 00) given by dug(y) = dug(y’, Yns1) = (Zn)gy;%dy- The function

(& y) — W&, y) = e~y Jp(Ens1Yn+1) is called the Weinstein kernel, and it satisfies the following properties:
For all (§,y) € C"*1 x C"*L, from [33], we have

| Wea(&,y) 11 (2)
Definition 2.2. The translation operator Ti, y € R associated with the Weinstein operator Ay 1s given by

$(x,y) = Tho(x) = fRM P()Dp(x, y,z) dug(z), x,z € R @3)
where Dg(x, y,z) [33], is basic function and defined by

Dg(x,y,2) = f e (a1 Enn)EY S (Y1 Ens1)e T o (21 Ener) ditp(E). (4)
]RZH

By using the generalized translation, we define the generalized convolution product ¢#gy of the functions
¢, € LYR"™*) as follows

@) = [ W@ i = [ ot ndus). 6

Inversion formula: Let ¢ € L};(IRTl). IfFu¢ € Lflg(IRTl) then,

() = fR D o Ea) F ) (D), e, (6)

e For f € S,(R"*!), we have
Ful(Afyp) F)(E) = (=IIEIR) (Fu f)(E) and (Afy)*(Fuf)(E) = Ful(=IXIPF1E) (V& € RE). 7)
o Letpe S*(]R'fr“), then the inverse Weinstein transform is defined by

FolOy) = Fud(-y) Yy € RE (8)

Theorem 2.3. (See [33]) Let ¢, ¥ € R and o be any multi-index then

a 2j m .
- 1

S 1IN D 2 (?)(1:)(51; Lo )EE,’;,mx?:{*
40,20 702y eesUn :

j=0 m=1 g=0 |p’'|<2(a—j) 61,02,..

X (Dﬁ'*qu(x))(Dﬁ'*2‘5'+”"q¢(x)).54321'54 9)

3. The Space H,(A) and its Properties

In this section the space H,(A) is defined and discuss its various properties by utilizing the theory of
the Weinstein transform.
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Definition 3.1. The space H(A) is the set of all those smooth, complex-valued function ¢(x) from R"*! into A which
satisfies the following norm,

Ymr(®) = sup || X" (A k() lla < 0o, ¥,k € No. (10)

n+1
x€RY

Theorem 3.2. Let ¢ € H(A). Then F(¢p) € H(A). Moreover, the Weinstein transform ¥, defines an automorphism
on H(A).

Proof. From (10), we have

Yam[(FuP)(E)] = sup

1
EeR

E" D Fup)) |- (1)
We first compute
O Ta)©) = [ el o) )
In view of (7), this reduces to
B TeO) = [ WP e i)
Let g() := (~lyI2)*®(y). Then the above expression can be rewritten as

WO = [ e v (o).

n+.
RY

Substituting into (11), we obtain

ya,m[(qub)(g)] < sup

(SE]RKH

me D™ Ay [e—i<é’,y’>]'ﬁ(<‘;'n+1yn+1)]g(y) dug(y)
’ A

By integrating by parts and applying (2), it follows that

k
k _ .
Z(r)wz)r(A’;v,ﬁ);fg(y)H fR (W+y) M dug(y) <o, forany integerk > 1.
A +

r=0

Va,m[(?‘w(p)(é)] < sup

§€]R2+1

Thus, F,(¢) € H(A) whenever ¢ € H(A). Moreover, by the inversion formula for the Weinstein
transform, ., d(y) = FoP(—y). This shows that F;, is one-to-one. Hence, ¥, is an automorphism on
H(A). O

Definition 3.3. Let w be a continuous real-valued function defined on R™+! possessing the following condition:

@ 0=w()= }CILI(‘)I o) € w(x +y) < @)+ w(y),Yx, ye R

(i) Julw) = f| W) ) < o

ye1 1+ 1y P
(iii) a+blogl+y) <w(y), VyeR"™, aeR, andb> 0.

We denote by M the set of all continuous functions satisfying (i), (ii) and (iii).
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Definition 3.4. Let w € M. The space H,(A) is the set of all complex valued infinitely differentiable functions ¢
from R into a Banach space A, satisfying

P@) = sup [|OD p(x) lla< oo, ¥ A,k € No. (12)

n+1
x€RY

Theorem 3.5. let a € Ny, and ¢ be any C*- function then,

(A PR) = ZZ ) ()(al 52_..]: E )E’r e “ODR (). (13)

] 0 r=1 041,02,...,0,=>0
Proof. The proof of this theorem follows directly from [5, Pg. 14] and [36]. O

Lemma 3.6. Let ¢ € H,(A). Then, for any non-negative real number A, any multi-index o, and positive constants
Ej o the following inequality holds:

"W @)| < Ep [ O DF ().
Proof. Let ¢ € H,(A). From (13), we obtain

e)m)(x)(An (z)(x) ZZ( )(61 i )E/ wx)xnr+ixD2I6 |+r¢(x).

j=0 r=1

Therefore,

A S| =

Z( )(61 62101 )Eé,r M DT ()
r= 7 s ¥n

/\m(x)xr aDr¢(x)|

n+1

L ODY o) < B,

a
< (f)E;, Xt 1D ()|
i=0

D ()|

Hence,

/\m(x)(AWﬁ (x)’ < E;m X, e

From the above estimate, we define the function space Ha,(A) as follows: [
Definition 3.7. The space HP(A) is defined as the set of all functions ¢ € H,,(A) such that
V@) = sup || "L )ip(x) la< 0o, ¥ A,k € No. (14)

xE]R”H
Theorem 3.8. For w € M, the space Hf,(A) is a subspace of H(A).
Proof. Let ¢ € Hf,(A). We need to show that y,,x(¢) < co. From (10), we have

sup Hx’”(AWﬁ (p(x)”A = sup Hx”’e)\“’(")e A“’(x)(A (p(x)”A.
xeRIH xeRI+!

Since x"e 1™ < 1 for some A > 0, it follows that

(AP, < .

sup A k@), < sup )

Therefore, we conclude that y,, x(¢) < co. This shows that Hf,(A) CcH@). O
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Definition 3.9. A function ¢(x) belongs to Dy1(A) if and only if ¢ is defined on R™*1, is smooth, and there exists
b € R such that ¢(x) = 0 whenever |x| > b.

Furthermore, we define
wD]R'ffl (A) = DR1+1 (A) N Hw(A). (15)
Theorem 3.10. The subspace wDygu+(A) is dense in H,(A).

Proof. Let 0(x) € Dg1(A) be a cutoff function defined as

1 <1
o) =1 O<xl<1,
0, Ixl=2.

Now, let ¢(x) € H,(A) and A, k € Nj*!'. Then, we have

UG §¢<x>[9(§)¢<x> - ¢<x>] = e““)(A’;v,ﬁ)icp(x)[m»c)(e(%) - 1)]

From (9), it follows that

k 2] m .
Aw(x) (an \k X _ R PATEY k\(m k—j )
(AR XCP(x)[G(n)QD(X) CP(x)] e Z Z Z‘a,,>o (j)(q)(61,62, N

j=1 m=1 q=0 |p’|<2(k=]) 51,02,-r-,0n>

1 ’ p+q p’+20"+m—q
p/|Eﬁm 4l D ¢( x) - Dy Q(T])_l :

Therefore,
) X k 2 m max \(m
sup e“’“)(A’&v,ﬁ)xqb(x)[@(g)q><x> —qb(x)] =sup LY YN Y ) (])(q)
xeRY A x€RY j=1 m=1 g=0 |p’|<2(k—}) 61,02,-..,0n20

k ] 1 + /208 +11— X
E’ ket Df q[e x 1}
(51,52, ..,0 )p'l pon¥nit o(x) - (77)

5L & (e e

=1 =0 |p’|<2(k—}) xeRH

A

k—m
n+1

ot )

21900 -sup

xzn

From (12), we know that sup, g eA“’(x)Dﬁwqb(x)“A < o0. Moreover, since 0(x) and all its derivatives are

Dg’ +20 +m—q [6( 1] )_1]

xk=m
n+1

— 0 as|g — oo, forfixedkand 0 < p’ +26" + m—g <k

bounded, we obtain sup, .,

Hence, we conclude that 8( )(b(x — ¢(x) in H,(A). This shows that the subspace @D (A) is dense
in H' (A). O

Theorem 3.11. If p € Hf,(A) and w € M then the Weinstein transform ¥, is an automorphism on Hf,(A).

Proof. Let ¢ € HY (A). We aim to show that F,(¢) € H’ (A). From (14), we obtain

YO Fup@©] = sup | E(As, ) fR eV jp(E iy )W) A W) -

SEIR:_H] A
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Using (7), this can be written as

YalFwd(€)] = sup

A [ ) IV G0 dn )

EeRIH A
Now, setting f(y) = (—llyl)*¢(y), the above expression yields
PO < sup | [ )0 dis)
EeR R} A
From [21], for every € > 0 there exists a constant C(e) such that
(&) < ell&ll” + Cle).
Therefore, we obtain
Ve lFop(E] < sup ||}l f Y jo(Eneryna) F(y) dup(y)
EE]Rn»fl ]RKH A
Ae (E Y
<@ sup Z( )" ||§||2mf e jo(Enaynan) f () dpip(y)
§€IR"+1 m=0 + A
Ae _iE 0y
e Z o sup | @l e o)) i)
- rEEIR"H T‘ A

By applying integration by parts, we further deduce

Vi T (E)] < 0 Z " ) sup

(E]R”H
< M@ Z

m=0

(1" f e ot Ys) Al () ()

A

e~ Moy) dug(y) < oo

Thus, Fu(¢) € H,(A). Moreover, by the inversion formula for the Weinstein transform, we have ¥, 1¢(y) =
Fovp(—y). Hence 7, is injective, and consequently an automorphism. [

Definition 3.12. We denote by wDg:+1(A) ® (A) the linear space consisting of all functions ¢ € wDgw(A) that can
be represented in the form ¢ = Y., achy, where ay € wDgun(A), hx € A, and the summation is taken over a finite
number of terms.

Theorem 3.13. The space wDRii(A) ® (A) is dense in H,(A).

Proof. Let 6(x) denote the function defined in Theorem 3.10. For ¢ € wDp.(A), it suffices to show that
0(2) Ful) — Fuld) asn — oo in Hi(A).
Consider ¢(x) € H,(A) and A,k € lNg”. By (9), we obtain

k 2] m .
S ORI EED 595 VD WD VI v ) Moy P

j=1 m=1 q=0 |p’|<2(k-j) 61,...,0,20
N kDF’+'1(/r~:w¢) x) DP 20 +m— ‘I[ ( ) 1]

pm X1

Therefore,
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2] m
sup e ap,[6(%) Fup)) - Fop))]||, < Yyy ¥ ()(q)plz!E;S,m

xeR: j=1 m=1 =0 |p'|<2(k-)
p ' +20" +m— x
A(u(x) P+l] q[e(’]) 1]
X sup D, (Fud)(x) , SUP =
XGIR"H x=n n+1
Dp ! 426" +m— q[ﬁ(’ ) 1]
Since sup,., k—’ — 0 asn — oo, for fixedkand 0 < p’ +26” + m — g < k, we conclude that
- Tl

Q(ﬁ) Fuw(@) — Fu(p) in H,(A) as n — oo. This completes the proof. [

Theorem 3.14. Let w € M. Then HY (A) is a topological algebra with respect to pointwise multiplication.
Proof.

Proof. Let ¢, € H,(A). From (14), we obtain

Viy@w) = sup [ OAL KPP, (16)

xeR!1

Applying (9) to the expression in (16), we deduce

k2 -
L A N W 2

xeRyH! j=0 =1 q=0 |p’|<2(k=}) 61,62,---,6,>0

x (D2 00) - (0 y) |
2j r

: ’ ﬁﬂ'
j=0 r=1 q=0 |p’|<2(k—j) 61,02,...,04 20 1\a\01, 02, ..., Ou ) p"!
Aw(x)

X sup e 2 D§,+q¢(x)|' sup e

n+l n+1
x€RY x€RY

Aao(x)

A+2k

w(x)|DP +20"+r— qw( )|

In view of (10) and (13), it follows that

k 2 r .
ICOED 3D M MDY (']‘)(q)((3 o 5)pp,mg(qb)pp,ﬁwq,m;k<¢><oo.

=0 =1 q=0 |p'|<2(k—]) 61,62,---,0n>

Thus, we conclude that y7, (¢)) < co. This completes the proof. [

Theorem 3.15. Let w € M. Then Hfi(A) is a topological algebra with respect to convolution.
Proof. Let ¢, € H,(A). By definition, we have

Viohs) = sup oty )oll, (7)
From [29, p. 21] and by applying (5), it follows that

lomiionll, = | [ ow @i i) . (18)
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In view of (3), we obtain

lomsaitonll, = [ oo [ @ @hkDt s duo i)

Using (4), this expression becomes

||<¢#5<A€v,ﬁ>§¢><x>llA=H f q>(y)( f ¢<z>( f e o (1 Ene)E Y To (Y1 Enen)
IR:-H-l ]R:’_'*'l ]R:xﬂ

A

% e_i<zl’5’>]ﬁ(zn+1£n+1) d‘uﬁ(é)) d}lﬁ(z)) d[vlﬁ(]/)

Applying the supremum bound, we obtain

lio#saiptorcoll, = sup [@ipiv@l,-| [ oo [ Doty dm@hun)]

Substituting this estimate into (18), we get
Vo) < sup by, | [ ow )|
zeR!* i

<y sup o, [ du)

yE]RTrl

This yields

VL) S VL@@ [ 0 dugt) < oo

Hence, the desired result follows. [

4. Conclusion

The Weinstein transform has useful tool and strong calculus which is applicable for the various problems
image processing, signal processing, wavelets, quantum calculus, and other areas of mathematical sciences.
Utilizing the aforesaid theory, many important research work have been done by many authors [3,5, 6,14, 16]
and [17, 25, 26,29, 30]. The theory of ultradistributions is the origination of many research works. Exploiting
the theory of ultradistributions, the characterizations of functional space are investigated by many authors
[12, 19]. Later on, the problems of pseudo-differential operators and wavelet transform have been done by
the authors see [20, 23].

Motivated from the above result, the authors introduced the space H,,(A) and by utilizing the theory of the
Weinstein transform studied its various properties.

For applications point of view Beurling type ultradistributions associated with the Weinstein transform
provide a framework for defining and studying various properties of pseudo-differential operators of Ba-
nach space-valued functions associated with certain symbol. Exploiting the theory of pseudo-differential
operators Sobolev spaces with Banach space-valued functions can be produced and studied many prop-
erties. The analysis of wavelet transforms with Banach space-valued functions as input or output can be
found by using afoersaid theory.
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