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Abstract.

In this paper, a generalized version of convex F-contraction, where F is not necessarily strictly increas-
ing, in b-metric spaces is introduced. A weaker form of the continuity, called nearly continuity, is presented
and it is also shown, by providing an example, that it is a real generalization of the continuity. A new
version of the convex F-contraction, by comparing the old one, in order to establish an existence result of a
fixed point for a self-mapping in the setting of b-metric spaces, has been offered. By using this version of
the convex F-contraction, being a Cauchy sequence of the Picard’s iteration is stated which by applying this
result an affirmative answer to the first question raised in [(MDPI) Axioms, DOI:10.3390/axioms10020071]
is given. By suitable conditions and replacing the strictly increasing by the quasi-convexity of the function
F, the existence and uniqueness of fixed points for self-mappings which are satisfied in F-Kannan type
contraction is proved. The results of the article improve the main results in this area as well answer to
the open problems raised in the paper [On Convex F-Contraction in b-Metric Spaces, (MDPI) Axioms,
DOI:10.3390/axioms10020071]. Moreover, all the fixed point theorems are obtained for F-contraction map-
pings whose F are strictly increasing instead of being quasi-convex.

1. Introduction and preliminaries

In [12], Wardowski introduced the concept of F-contraction and proved a fixed point theorem which
generalizes the classical Banach contraction mapping principle [1].

Definition 1.1. ([12]) Let (X,d) be a metric space and T : X — X be a mapping. Then T is called an
F-contraction, if there exists a function F : (0, ) — R such that:

(F1) F is strictly increasing on (0, o0);

(F2) for every sequence {a,} in (0, ) we have lim F(a,) = —oo if and only if lim a,, = 0;

n—-0oo

(F3) there exists a number k € (0, 1) such that 111’51 a*F(a) = 0;
a—0*
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(F4) there exists T > 0 such that

T+ F(d(Tx, Ty)) < F(d(x, ), 1)

for all x, y € X with Tx # Ty.

Theorem 1.2. ([12]) Let (X, d) be a complete metric space and T : X — X be an F-contraction. Then T has a unique
fixed point x* in X. Also, for every x € X, the sequence {T"x} converges to x*.

Recall that F-contractions in metric spaces were considered in [4, 5, 10], and in b-metric spaces in [6, 11].

The concept of b-metric space, which is a great generalization of usual metric space, was introduced by
Czerwik [3].

Definition 1.3. ([3]) Let X be a nonempty set. A b-metric on X is a function d : X X X — [0, +00), if there
exists a real number s > 1, such that for all x, y, z € X the following conditions hold:

(i) d(x,y) =0ifand only if x = y;
(ii) d(x,y) = d(y, x);
(iif) d(x,z) < sld(x, y) +d(y, z)].
(X, d,s) is called a b-metric space.

Example 1.4. Let X = [0,1] and d : X X X — RR* be defined by d(x,y) = |x — y|, for all x,y € X. Clearly,
(X,d,2) is a b-metric space that is not a metric space.

Remark 1.5. It is well known that if (X, d) is a b-metric space, then the function p(x, y) = inf{}.\; d(xi-1, x:)},
where the infimum is taken over all natural numbers n and all chains x = xg, x3, ..., x, = y of elements in X,
defines a pseudometric on X and d(x, y) < p(x, y), forall x,y € X.

Recall that a sequence {x,} in a b-metric space (X, d, s) converges to a point x € X, if lim, o d(x,,, x) = 0. A
sequence {x,} in a b-metric space (X, d, s) is a Cauchy sequence, if for each ¢ > 0, there exists a natural number
no(e) such that d(x,, x,,) < ¢, for each m,n > no(e). A b-metric space (X, d,s) is complete, if each Cauchy
sequence in X converges to some point of X.

Remark 1.6. ([2]) Let (X, d) be a b-metric space. The b-metric d is called continuous if
(d(xn,x) > 0 and d(yn, y) = 0) = d(xu, y») — d(x, y).
The following example shows that the continuity of d may fail.

Example 1.7. ([8]) Let X = IN U {oo} and let d : X X X — R be defined by

0, ifm=n,
d(m, n) = |% — %l, if one of m, n is even and the other is even or oo,
! 5, if one of m, n is odd and the other is odd (and m # n) or oo,
2, otherwise.

Then, considering all possible cases, it can be checked that for all m,#n,p € X, we have
5
d(m, p) < 5 (d(m, n) +d(n, p)).
Thus, (X, d) is a b-metric space (with s = 5/2). Let x, = 2n and y, = 1, for each n € IN. Then
d(2n, o0) = % — 0 asn — oo,

that is, x, — oo, butd(x,,1) =2 -» 5 =d(co,1) as n — oo.
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Let (X,d,s) be a b-metric space and T be a self-mapping on X. The Picard sequence of T is given by
{Xntnenuio) = {T"x}nenuio) for any x € X, where TOx = x.

In this paper, a generalized version of convex F-contraction, where F is not necessarily strictly increasing,
in b-metric spaces is introduced. A weaker form of the continuity, called nearly continuity, is presented and
it is also shown, by providing an example, that it is a real generalization of the continuity. A new version
of the convex F-contraction, by comparing the old one, in order to establish an existence result of a fixed
point for a self-mapping in the setting of b-metric spaces, has been offered. By using this version of the
convex F-contraction, being a Cauchy sequence of the Picard’s iteration is stated which by applying this
result an affirmative answer to the first question raised in [(MDPI) Axioms, DOI:10.3390/axioms10020071]
is given. By suitable conditions and replacing the strictly increasing by the quasi-convexity of the function
F, the existence and uniqueness of fixed points for self-mappings which are satisfied in F-Kannan type
contraction is proved. The results of the article improve the main results in this area as well answer to
the open problems raised in the paper [On Convex F-Contraction in b-Metric Spaces, (MDPI) Axioms,
DOI:10.3390/axioms10020071]. Moreover, all the fixed point theorems are obtained for F-contraction map-
pings whose F are strictly increasing instead of being quasi-convex.

2. Main results

In this section we are going to introduce weak forms of the continuity which are needed in the sequel.
Also, a weak version of the convex F-contraction is given. By using these notions, the results presented
in [7] will be improved by mild assumptions. Finally, the questions posed by Huang et. al. in [7] are
answered.

Definition 2.1. ([7]) Let (X, d, s) be a b-metric space and T be a self-mapping on X. We say that T is a convex
F-contraction, if there exists a function F : (0, +o0) — R such that condition (F;) holds and

(F3) for each sequence {a;} of positive numbers, if 1}1_{{)10 F(a,) = —c0, then 1}1_{{)10 a, =0;

(F;) there exists k € (0, ) such that lirgh a*F(a) = 0;

1
1+ log,
(F}) there exist T > 0 and A € [0, 1) such that

T+ P(d(xn+lr xn)) < F(Ad(xnﬂz xn) + (1 - /\)d(xnr xn—l))r (2)

for all d(x,,4+1,x,) > 0, where n € IN.
Condition (F}) in Definition 2.1 is a bit confusing and uncertain, because it depends on a recursive

sequence which depends on the variable x which changes on the set X. Therefore, the sequence in root
depends on all elements of X. Thus we modify it as follows.

(Fi) there exist T > 0 and A € [0, 1) such that

T+ F(d,) < F(Ad, + (1 = A)dy—1), 3

where {d, = d(T"*}(x), T"(x))} and x an arbitrary element of X.

Remark 2.2. If the self-mapping T : X — X satisfies in conditions (F1) and (Fs) then it fulfils in (FZ'), because
if x an arbitrary element of X, we get by (F4)

T+ FA(T(T"(x)), T(T" ™ (x)))) < F@(T"(x), " (x))),
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Hence, since F is strictly increasing and © > 0 we obtain
d(T(T"(x)), T(T"™(x))) < d(T"(x), T""(x))
which implies
T+ FAT™ (), T () < (T (), T" () + (1 = )d(T"(), T ().
Consequently the definition of F-contraction is a special case of convex F-contraction.

We introduce the following definitions which play important role in this article.

Definition 2.3. Let X be a topological space. The mapping T : X — X is called weakly continuous at xy € X,
if x; = xo, then there exists a subnet {x; } of {x;} such that Tx;, — Txo.

Remark 2.4. Let X be a topological space. If T : X — X is a continuous mapping at x*, then it is obvious
that T is weakly continuous at x*. Now if T is not continuous at x*, then there exists x; — x* such that
Tx; -» Tx". Hence for each open set U of Tx" there exists x;, with Tx;, ¢ U. Hence net {Tx;,}y does not have
a convergent subnet where x;, converges to x* which means T is not weakly continuous at x*. Consequently,
the concepts of continuity and weakly continuity are equivalent.

Definition 2.5. Let (X, d,s) be a b-metric space. We say that T : X — X is nearly continuous at xo € X, if
X, — X, then there exists a subsequence {x,,} of {x,} such that {Tx,,} is convergent.

Remark 2.6. (a) If T : X — X is continuous at x, then it is nearly continuous at xo, but the converse may
fail; for example, if we take X = {% :n € N} U {0} with the Euclidean metric and define T : X — X by

Tx:{l’ xe{x keNj,
0, xe{zg:keNJUI0}
then T is not continuous at xo = 0, while it is nearly continuous at 0.

(b) If T is nearly continuous at xg and T is closed (that is, its graph is closed), then for each sequence {x,}
converging to xj there exists a subsequence {x,,} of {x,} such that Tx,, is convergent. Hence, it follows from
the closedness of T that Tx,, — Txj and so it is weakly continuous at xo.

(c) The mapping T defined by T(x) = 1 for x # 0, and T(0) = 0, has closed graph, although it is not nearly
continuous at x = 0. This counterexample demonstrates that the closedness of T need not imply nearly
continuity, in general.

The following lemma plays a crucial role in proving the main results, and it gives an affirmative answer
to the first question raised in [7]. In fact, we use the condition (F;) instead of (F), with a new proof.

Lemma 2.7. Let (X, d,s) be a b-metric space and T : X — X a self-mapping. If T satisfies in the conditions (F1), (F3)
and (FS)), then for each x € X, the sequence {T"x}nenujo) is a Cauchy sequence.

Proof. Choose x € X and construct a sequence {x,} by x,, = T"x, for all n € N U {0}. If there exists 1p € IN U {0}
such that x, 41 = xy,, then
{x,} = {x, Tx, T%x,..., T x, Xngs Xngs + « -}

In this case, the sequence {T"x},enujo} is clearly Cauchy, and the proof is completed. So, we can assume that
Xp+1 # Xy, for each n € NU{0}. Therefore d(x,+1,x,) > 0, for all n € NU{0}. Now, if we define d,, = d(x,,4+1, Xy,),
then by (F}) we have

F(d(xn+1, %)) < T+ F(d(xp41,%n)) < F(Ad(xp41, %n) + (1 = A)d(x, X4-1))-
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Using condition (F;), we obtain
A(Xns1, X0) < Ad(Xp41, %) + (1 = A)d(xn, X-1).

Then d(xy4+1,xn) < d(x4,xn-1), for all n € IN. Hence, {d(x,+1,x,)} is a convergent sequence. We claim that
lim d(x,4+1,x,) = 0. Otherwise, let lim d(x,41,x,) = € > 0. Since F is strictly increasing, then F has right
n—00 n—oo

and left limit in each positive real number, especially L = tlirr_} F(t). Thus, since {d(xn+1,x,)} is a decreasing
sequence (converges to ¢) and lim d(x,41, x,) = gnﬂg d(xp41,x¢), we have d(x,1,x,) — €, d(x,,x,_1) — € and

n—oo €
Ad(Xpe1, %) + (1 = A)d(xy, Xp—1) — € which imply

L = lim F(d(xy+1,%n)), L= lim F(d(xy, X4-1)),
and

L = lim F(Ad(x;41,X,) + (1 = A)d(x, Xn-1))-
n—00
By condition (F} ), we have
F(d(xp41,x4)) < T+ F(d(Xp41, X)) < F(Ad(x41, %) + (1 = A)d(x, X-1))-

Now, by taking the limit from both sides of the above inequalities, when n — oo, we get L < 7+ L < L,
which is a contradiction. Therefore lim d(x,+1,x,) = 0. Hence, by lim d(x,.1,x,) = 0, via (F3), there exists
n—oo n—o0

k € (0,1) such that

Jim (@11, %)) F(dn1, ) = 0. 4)
We now proceed to show that

T+ F(d(Xn1, X)) < F(d(Xn, Xn-1)), (5)
for all n € IN. Indeed, if (9) is not true, then

T+ F(d(xXn41, %)) > F(d(xn, Xn-1)),
for some n € IN. Thus,
F(d(xn, Xn-1)) < T+ F(d(xn41,X0)) < FQAd(Xn41, X0) + (1 = A)d(Xn, Xn-1))-
Thus, it follows from the strictly increasing of F that
A(xn, Xp-1) < Ad(Xps1, Xn) + (1 = A)d(X, X3-1).

Hence, d(x,, x4-1) < d(X44+1,x,), which is a contradiction. Consequently, the relation (9) holds and by
repeating it we get

F(d(xn41, %)) < F(d(x1, X0)) — 17, (6)
for alln € IN.
From (10) we obtain
(dn = d(xue1, %)) 1T < (@041, %)) F@d(x1,%0)) = (@ (1, X)) F@d(Xs1, Xn))- @)
Therefore, the equations (8) and lim,,—,c d(x+1, X,) = 0 conclude
lim din = 0.

Hence, there exists 1y € IN such that for all n > n,
1
dy < —.
nk

Hence the series ), ; d, is convergent, which implies that the sequence {S,, = Y.,_; d,} of partial sums is
convergent. Now, the result follows from Remark 1.5. O
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Inspired by the proof of the previous result, we state the following proposition by removing the strictly
increasing condition of the mapping F.
Remember that F : (0, ) — IR is called quasi-convex if

F(tx + (1 — t)y) < max{F(x), F(y)}, Vx,y € (0,0),t € [0, 1].

It is obvious that a convex function is quasi-convex function while the converse may fail, for instance
F(x) = [x] (the step function).

Proposition 2.8. Let (X,d,s) be a b-metric space and T : X — X a self-mapping. If T satisfies in the conditions
Fy, F3 and (FS), where F is quasi-convex, then for each x € X, the sequence {T"x}uenupo) is a Cauchy sequence.

Proof. Put x, = T"x, for all n € IN U {0}. If there exists 1y € IN U {0} such that x,,+1 = xy,, then {x,} = x,,, for
all n > ny, which converges to x,,. Then x,, = T"x is a Cauchy sequence and the proof is completed. Hence,
suppose that x,,41 # x,,, for each n € N U {0}. Therefore d(x,+1,x,) > 0, for all n € N U {0}. Now, if we define
dy = d(xy41,xy), then by (Fi/) we have

F(d(xp41,x4)) < T+ F(d(xXp41, X)) < F(Ad(xp11, x0) + (1 = D)d(x, X4-1)),

which implies, by the quasi-convexity of F, that F(d(x,.+1, xx)) — F(d(xy, X-1)) £ —7. Hence, for eachm > 1,

m

Y (F@dCrnr, x0) = F@Con, x1) < Y -7,
n=1

n=1

which implies limy e F(d(xn4+1,X,)) = —00, and by F, we get d(x,, x,-1) — 0. By (F3), there exists k € (0,1)
such that

&ij?o(d(xnﬂr xn))kF(d(an/ xy)) = 0. 8)
By (F5) and the quasi-convexity of F, we deduce that
T+ F(d(xns1, Xn)) < F(d(xn, Xn-1)), )

for all n € N, which implies

F(d(xp41, x0)) < F(d(x1,%0)) — 171, (10

for all n € IN. From (10) we obtain

(dn = d(Xns1, %)) T < (@d(@ns1, %)) F(@d(x1, X0)) = (@11, %)) F(@d(X41, X)) (11)
Hence, by (8), (11) and lim,,—,c d(x+1, X») = 0 we conclude

lim dfn = 0.

n—oo

Then, there exists 1y € IN such that for all n > ng,

dy <

2 |-

This means the series )., ; d, is convergent, equivalently the sequence {S,, = Y, d,,} of partial sums of the
series )~ d, is convergent. Now, the result follows from Remark 1.5. [
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The following fixed point theorem, by using Proposition 2.8, is established in the setting of complete
b-metric spaces which improves the corresponding results given in [4, 6, 7, 10, 12].

Theorem 2.9. Let (X, d, s) be a complete b-metric space and T : X — X a closed self-mapping. If T satisfies in (F5),
(F3) and (F), for at least an element of X where F is quasi-convex then T has a fixed point.

Proof. Let x be an element of X which satisfies in (F} ). By Proposition 2.8 the sequence {T"(x)} is a Cauchy
sequence. Then, the completeness of X implies that there exists z € X such that T"(x) — z. It is obvious that
(T"(x), T(T""(x))) € GA(T) and (T"(x), T(IT"*(x))) = (z,z). Thus, the closedness of T assures that (z,z) € G,(T).
This means z = T(z). and the proof is completed. [

Example 2.10. Let X = L([0, 1]) (The set of all lebesgue integrable functions on [0,1]) with

1
a(f,q) = fo @) - g@ldx, VfgeX,

and T : X — X be defined by T(f) = f*. Now, if we take fo(x) = x?, for all x € [0, 1], then

11 2
2n+1 2n+3 (2n+1)(2n+3)

1
AT (), T'(fo) = fo 20 g =

and
1 1 2

2i-1)+1 2i-1)+3 @u-1@2n+1)

1
AT (fy), T (fo)) = fo b2 _ 20Dy =

Now, by taking F(x) = —L,for all x > 0, we have

Vx
T+ F@A(T"™ (o), T"(fo))) < F@(T"(fo), " (fo)))-
o J@2n +1)(2n + 3) - Jen=1)2n +1) e Van2 +8n +3 — Van2 -1

V2 V2 V2
Thus, the self-mapping T fulfills all the hypotheses of Theorem 2.9.

Hence

The next result was stated in [7] for A = 0. We are going to prove it for each A € [0, 1).

Theorem 2.11. Let (X, d, s) be a complete b-metric space and T : X a closed self-mapping on X. If conditions (F1), (F3)
and (F5) are satisfied, then, T has a fixed point in X, and the fixed point is unique when the following condition holds

(Fy') there exist T > 0 and A € [0,1) such that

T+ F(d(T(x), T(y))) < FAd(T(x), T(y)) + (1 = Md(x, y)),Vx, y € X. (12)

Proof. If x € X, then by Lemma 2.7 and the completeness of X we deduce that the sequence {T"x} is
convergent to an element x*. Hence, x* = lim T"x. Due to the closedness of T, we conclude that x* is a fixed

n—oo

points of T. Now, if we suppose x*, y* are two different fixed points of T, then by (F; ) we have

F(d(x*, y)) =Fd(Tx", Ty")) < 7 + Fd(Tx", Ty"))
SFAA(Tx", Ty*) + (1 — A)d(x*, y7))
=F(Ad(x", y") + (1 = D)d(x", y')) = F(d(x", y)),

which is a contradiction. So, x* = y* and the proof is completed. [
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Remark 2.12. Itis obvious that he condition (FZ”) and the strictly increasing of F imply d(T(x), T(y)) < d(x, y)
for x # y. Hence T is contractible mapping. Then it is Lipschitz continuous. Thus, in this case we can relax
the closedness of T in the first part of Theorem 2.11. Also condition (F;) is a special case of (Ffll') by taking
A = 0. Therefore, Theorem 2.11 improves Theorem 3 of [7].
By combining Theorem 2.11 and part (b) of Remark 2.6 we get the following result.

Theorem 2.13. Let (X, d, s) be a complete b-metric space and T be closed self-mapping on X. If conditions (F1), (F3)
and (F5) are satisfied, then T has a fixed point in X and the fixed point is unique if the following condition holds

(Fy') there exist T > 0 and A € [0,1) such that

T+ F(d(T(x), T(y))) < FAd(T(x), T(y)) + (1 — M)d(x, y)),Vx,y € X. (13)

Remark 2.14. The result of the first part of the previous Theorem is still valid if (F} ) holds for some element
of X.

In order to state the next result we need the following definition.

Definition 2.15. ([7]) Let (X, d,s) be a b-metric space and T be a self-mapping on X. We say that T is an
F-contraction of Kannan type if there exists a function F : (0, 0) — R such that condition (F;) holds and

(F’;) there exist T > 0 such that

©+ FUTW), T) < F (30, T() +d, ), (14)
for all x, y € X with x # y.

Remark 2.16. It is obvious from (F;) and the last inequality that

1
d(T(x), T(y) < 5 (d(x, T(0) +d(y, T(y)) < dlx, T(x)) +d(y, T(y)),
for all x, y € X with x # y which is Kannan contraction.

By using Definition 2.15 we can introduce the following condition.
We say that a self-mapping T on a b-metric X satisfies condition (F%) if the following statement holds:
there exists T > 0 such that

T+ F(d,) < F(%(dn + dn_l)), (15)

where {d, = d(T"*'(x), T"(x))} and x € X.

We note that condition (F’;) is exactly (Fi) when A = % Hence we have the following theorems which
answers to the second question posed in [7]. Moreover it is a new version of Theorem 4 of [7] and they are
new versions of Kannan type theorem.

Theorem 2.17. Let (X,d,s) be a complete b-metric space and let T : X — X satisfy (F1), (F3) and (F’;), for some
x € X. If T has closed graph, then T has a fixed point x* in X and the fixed point is unique if at least one of the
conditions (F5) or (F}') holds. Further, if (F%), is true for all x € X, then for each x € X, the sequence {T"x} converges
to x*.
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Proof. Let x be an arbitrary element of X and (FZ) be satisfied. Define x,, = T"(x) for each n € IN U {0}. By
Lemma 2.7, {x, = T"(x)} is a Cauchy sequence and by the completeness of X x,, converges to an element of
X, say x*. Now the closedness of x* assures that it is a fixed point of T. Now, if we suppose x* and y" are
two distinct fixed points of T, then by (F¥) we get

R, ) = FATG), T < T+ FATE), T)
< F (3000, ) + (g, T )

= F(%(d(x*, X +d(y", y*)))

which is a contradiction. Hence, T has a unique fixed point. Each iteration {T"x} converges to the unique
fixed point x* is obtained by Lemma 2.7 and the validity of (F%) or (F') for each element of X. [J

Remark 2.18. Theresult of Theorem 2.17 is still valid if the hypothesis (F;) is replaced by the quasi-convexity
of T.

3. Conclusions

A generalized version of convex F-contraction, where F is not necessarily strictly increasing, in b-metric
spaces is introduced. A weaker form of the continuity (is called nearly continuity) is given. A new
contraction which is named convex F-contraction in order to establish an existence result of a fixed point
for a self-mapping in the setting of b-metric spaces is provided. By suitable conditions and relaxing the
strictly increasing by the quasi-convexity of the function F existence and uniqueness of fixed point for a
self-mapping which is satisfied in F-Kannan type contraction is investigated. The results of the article
improve the main results in this area as well answer the open problems raised in the paper [On Convex
F-Contraction in b-Metric Spaces, (MDPI) Axioms, DOI:10.3390/axioms10020071]. Moreover, all the fixed
point theorems are obtained for F-contraction mappings whose F are strictly increasing are replaced by
quasi-convexity.
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