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Abstract. Let f be a normalized primitive holomorphic cusp form of even integral weight for the full
modular group Γ = SL(2,Z). Let λsym j f (n) denote the n-th normalized coefficients of the Dirichlet expansion
of the j-th symmetric power L-function L(sym j f , s). In this paper, we are interested in the average behaviour
of the higher moments of λsym j f (n) for j ⩾ 2, which refines the previous results in this direction. As an
application, we also consider the number of sign changes of the sequence {λsym j f (n)} for j ⩾ 3 in the interval
(x, 2x].

1. Introduction

The Fourier coefficients of modular forms are important and interesting objects in number theory. Let
H∗k be the set of all normalized primitive holomorphic cusp forms of even integral weight k ⩾ 2 for the full
modular group Γ = SL(2,Z). Then, the Hecke eigenform f ∈ H∗k has the following Fourier expansion at the
cusp∞:

f (z) =
∞∑

n=1

λ f (n)n
k−1

2 e2πinz, ℑ(z) > 0,

where λ f (n) is the n-th normalized Fourier coefficient (Hecke eigenvalue) such that λ f (1) = 1. Then, λ f (n)
is real and satisfy the multiplicative property

λ f (m)λ f (n) =
∑

d|(m,n)

λ f

(mn
d2

)
, (1)
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where m,n ⩾ 1 are integers. In 1974, Deligne [5] proved the Ramanujan-Petersson conjecture

|λ f (n)| ⩽ d(n), (2)

where d(n) is the divisor function. By (2), Deligne’s bound is equivalent to the fact that there exist
α f (p), β f (p) ∈ C satisfying

α f (p) + β f (p) = λ f (n), α f (p)β f (p) = |α f (p)| = |β f (p)| = 1. (3)

More generally, for all integers ℓ ⩾ 1, one has

λ f (pℓ) = α f (p)ℓ + α f (p)ℓ−1β f (p) + · · · + +α f (p)β f (p)ℓ−1 + β f (p)ℓ.

It is generally conjectured that the j-th symmetric power L-function L(sym j f , s) for all j ⩾ 1 is an entire
function and satisfies certain Riemann type functional equation, which is a special case of the Langlands
functoriality and this conjecture has recently been settled by the breakthrough works of Newton and Thorne
[27, 28]. Let λsym j f (n) denote the n-th normalized coefficient of the Dirichlet expansion of the j-th symmetric
power L-function. Fomenko [6] proved that∑

n⩽x

λsym2 f (n)≪ x
1
2 (log x)2.

Later, this sum has been studied by many authors (see, e.g., [15, 20, 36]). The analogous cases for symmetric
power lifting sym jπ f for large j were considered by Lau and Lü [21], and Tang and Wu [39].

On the other hand, Fomenko [7] studied the sum of λ2
sym2 f (n). Later, this result has been improved

and generalized by a number of authors (see, e.g., [9, 22, 37, 38]). Recently, Sankaranarayanan, Singh and
Srinivas [37] proved that∑

n⩽x

λ2
sym3 f (n) = c1x +O

(
x

15
17+ε
)
,∑

n⩽x

λ2
sym4 f (n) = c2x +O

(
x

12
13+ε
)
,

where c1, c2 > 0 are some suitable constants. More recently, Luo et al. [22, Theorem 1.1] established the
following∑

n⩽x

λ j
sym2 f (n) = xP j(log x) +O

(
xθ j+ε

)
,

where P j(t) is a polynomial in t with deg P3 = 0,deg P4 = 2,deg P5 = 5,deg P6 = 14,deg P7 = 35 and
deg P8 = 90, and the exponents are given by

θ3 =
971
1055

, θ4 =
262
269
, θ5 =

3237
3265

,

θ6 =
4923
4937

, θ7 =
7442
7449

, θ8 =
89771
89799

.

Furthermore, in the same paper, they [22, Theorem 1.2] also established the following asymptotic formulae∑
n⩽x

λ2
sym j f (n) = c̃ jx +O

(
xθ̃ j+ε

)
, 3 ⩽ j ⩽ 6,∑

n⩽x

λ2
sym j f (n) = c̃ jx +O

(
xθ̃ j
)
, j = 7, 8, (4)

where c̃ j, (3 ⩽ j ⩽ 8) is a suitable constant, and

θ̃3 =
551
635
, θ̃4 =

929
1013

, θ̃5 =
1391
1475

,

θ̃6 =
979
1021

, θ̃7 =
63
65
, θ̃8 =

40
41
.
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Define

S j( f ; x) :=
∑
n⩽x

λ j
sym2 f (n), j ⩾ 1.

In light of the recent progress of Newton and Thorne [27, 28] that sym j f corresponds to a cuspidal automor-
phic representation of GL j+1(AQ) for all j ⩾ 1 and the nice analytic properties of these L-functions therein,
the first purpose in this paper is to refine the results given by [22, Theorem 1.1]. More precisely, we are able
to establish the following results.

Theorem 1.1. Let 5 ⩽ j ⩽ 8 be any fixed integer, and let f ∈ H∗k be a normalized Hecke eigenform. Then,

S j( f ; x) = xP j(log x) +O
(
xϑ j+ε

)
,

where P j(t) is a polynomial in t of degree deg P5 = 5,deg P6 = 14,deg P7 = 35 and deg P8 = 90, and

ϑ5 =
8061
8131

, ϑ6 =
2451
2458

, ϑ7 =
14821
14835

, ϑ8 =
47893
47908

.

Remark 1.2. For comparison, we have 8061
8131 = 0.99139 · · · < 3237

3265 = 0.99142 · · · , 2451
2458 = 0.99715 · · · < 4923

4937 =

0.99716 · · · , 14821
14835 = 0.99905 · · · < 7442

7449 = 0.99906 · · · , and 47893
47908 = 0.999686 · · · < 89771

89799 = 0.999688 · · · , so the
results in Theorem 1.1 indeed improves the previous results of Luo et al. [22, Theorem 1.1].

Let

S∗j( f ; x) :=
∑
n⩽x

λ2
sym j f (n), j ⩾ 1.

Then, we can prove the following theorem which improves and generalizes the results of Luo et al. [22,
Theorem 1.2].

Theorem 1.3. Let j ⩽ 3 be any fixed integer, and let f ∈ H∗k be a normalized Hecke eigenform. Then,

S∗j( f ; x) = c f , jx +O
(
x1− 210

105( j+1)2−103
+ε)
,

where c f , j > 0 is some suitable constant depending on f and j.

Remark 1.4. In fact, for j ⩾ 3, by similar argument as that of Lao and Luo [23, Proposition 3.5], one can also
establish the result

S∗j( f ; x) = c f , jx +O
(
x1− 84

42( j+1)2−37
+ε)
,

where c f , j > 0 is some suitable constant depending on f and j. Obviously, our results improves the results
of Luo et al. [22, Theorem 1.2] and Lao-Luo [23, Proposition 3.5], respectively.

In recent times, the sign changes of Fourier coefficients attached to the cusp forms has becomes an
important and prominent topic, and has also attracted the attentions of a large number of scholars. Let
f ∈ H∗k be a normalized Hecke eigenform, using the classical theorem of Landau and certain analytic
properties of the associated L-functions, one can prove that the sequence {λ f (n)}n∈N has infinitely many
sign changes (cf. [19]). The sign changes of subsequence of Fourier coefficients at prime arguments was
firstly studied by Ram Murty [25]. Afterwards, Meher et al. [26] provided a quantitative version of
sign changes of the sequences {λ f (n j)}n∈N, ( j = 2, 3, 4) in short intervals. More recently, Lao and Luo [23,
Theorem 1.1] considered the number of sign changes of the sequences {λ f (n j)}n∈N, ( j ⩾ 3) in the interval
(x, 2x], which improved and generalized the results in [26]. In fact, for j ⩾ 3, Lao and Luo proved that the
sequence {λ f (n j)}n∈N has at least≫ x1−r sign changes for 1 − 84

42( j+1)2−37 < r < 1.
As an application of Theorem 1.3, in this paper, by combining Theorem 1.3 and a general result of Lao

and Luo [23, Lemma 2.3], we are able to prove the following result concerning the sign changes of the
sequence {λsym j f (n)}n∈N for j ⩾ 3 in short intervals.
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Theorem 1.5. Let f ∈ H∗k be a normalized Hecke eigenform. Then, for j ⩾ 3 and 1 − 210
105( j+1)2−103 < η

∗ < 1, the
sequence {λsym j f (n)}n∈N has at least one sign change in the interval (x, x + xη∗ ] for sufficiently large x. In particular,
the number of sign changes of the same sequence is≫ x1−η∗ for n ∈ (x, 2x].

Remark 1.6. In fact, for j ⩾ 3, using the similar argument of Lao and Luo [23, Theorem 1.1], one can also
prove that the sequence {λsym j f (n)}n∈N has at least ≫ x1−η∗ sign changes for 1 − 84

42( j+1)2−37 < r < 1. Clearly,
our result in Theorem 1.5 improves that of Lao and Luo.

Throughout the paper, we always assume that f ∈ H∗k a normalized Hecke eigenform. And denote by
ε > 0 an arbitrarily small positive constant that may vary in different occurrences.

2. Preliminaries

In this section, we introduce some background on the analytic properties of automorphic L-functions,
and give some useful lemmas which play important roles in the course of the proof of the main results in
this paper.

Let f ∈ H∗k be a normalized Hecke eigenform, and let λ f (n) denote its n-th normalized Fourier coefficient.
The Hecke L-function L( f , s) associated to f is defined as

L( f , s) =

∞∑
n=1

λ f (n)
ns =

∏
p

(
1 − λ f (p)p−s + p−2s

)−1

=
∏

p

(
1 −
α f (p)

ps

)−1(
1 −
β f (p)

ps

)−1

, ℜ(s) > 1,

where α f (p), β f (p) are the local parameters satisfying (3). The j-th symmetric power L-function L(sym j f , s)
associated to f is defined as

L(sym j f , s) =
∏

p

j∏
m=0

(
1 − α f (p) j−mβ f (p)mp−s

)−1
, ℜ(s) > 1.

We may expand it into a Dirichlet series and also a Euler product

L(sym j f , s) =
∞∑

n=1

λsym j f (n)

ns =
∏

p

(
1 +
∑
r⩾1

λsym j f (pr)

prs

)
, ℜ(s) > 1.

Obviously, λsym j f (n) is a real multiplicative function. For j = 1, we have L(sym1 f , s) = L( f , s). Similarly, the
Rankin-Selberg L-function L(symi f × sym j f , s) attached to symi f and sym j f can defined as

L(symi f × sym j f , s) =
∏

p

i∏
m=0

j∏
m′=0

(
1 −
α f (p)i−mβ f (p)mα f (p) j−m′β f (p)m′

ps

)−1

=

∞∑
n=1

λsymi f×sym j f (n)

ns ℜ(s) > 1. (5)

It is standard to find that

λ f (p j) = λsym j f (p) =
α f (p) j+1

− β f (p) j+1

α f (p) − β f (p)
=

j∑
m=0

α f (p) j−mβ f (p)m,

which can be rewritten as

λ f (p j) = λsym j f (p) = Ũ j(λ f (p)/2), (6)
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where Ũ j(x) is the j-th Chebyshev polynomial of second kind. For any prime number p, we also have

λsymi f×sym j f (n) = λsymi f (n)λsym j f (n) = λ f (pi)λ f (p j). (7)

As is well-known, to a primitive form f one can associated to an automorphic cuspidal representationπ f
of GL2(AQ), and hence an automorphic L-function L(π f , s) which coincides with L( f , s). It is predicted that
π f gives rise to a symmetric power lift–an automorphic representation whose L-function is the symmetric
power L-function attached to f .

For 1 ⩽ j ⩽ 8, the Langlands functoriality conjecture which states that sym j f is a cuspidal automorphic
representation has been established in a series of important works of Gelbart and Jacquet [8], Kim [18],
Kim and Shahidi [16, 17], Shahidi [35], Clozel and Thorne [2–4]. Very recently, Nowton and Thorne
[27, 28] proved that sym j f corresponds to a cuspidal automorphic representation of GL j+1(AQ) for all j ⩾ 1
(with f being a holomorphic cusp form). From the works of the Rankin-Selberg convolution L-functions
developed by Jacquet, Piatetski-Shapiro and Shalika [14], Jacquet and Shalika [12, 13], Shahidi [31–34], and
the reformulation of Rudnick and Sarnak [30], we know that L(sym j f , s) and L(symi f × sym j f , s), (1 ⩽ i ⩽ j)
has the analytic continuations to the whole C-plane (except possibly for simple poles at s = 0, 1 whenever
i = j) and satisfy certain Riemann-type functional equations. We refer the interested reader to [11, Chapter 5]
for a more comprehensive exposition.

We define the generating function L j( f , s) via

L j( f , s) =
∞∑

n=1

λ j
sym2 f (n)

ns ,

forℜ(s) > 1 and any given integer j ⩾ 1.

Lemma 2.1. Let f ∈ H∗k be a normalized Hecke eigenform. For 5 ⩽ j ⩽ 8 being a fixed integer, we have

L j( f , s) = F j(s)U j(s),

where

F5(s) = ζ(s)6L(sym2 f , s)15L(sym4 f , s)15L(sym6 f , s)10L(sym8 f , s)4L(sym10 f , s),
F6(s) = ζ(s)15L(sym2 f , s)36L(sym4 f , s)40L(sym6 f , s)29L(sym8 f , s)15L(sym10 f , s)5L(sym12 f , s),
F7(s) = ζ(s)36L(sym2 f , s)91L(sym4 f , s)105L(sym6 f , s)84L(sym8 f , s)39L(sym10 f , s)21L(sym12 f , s)6L(sym14 f , s),
F8(s) = ζ(s)91L(sym2 f , s)232L(sym4 f , s)280L(sym6 f , s)238L(sym8 f , s)154L(sym10 f , s)76L(sym12 f , s)28

·L(sym14 f , s)7L(sym16 f , s).

The L-series L j( f , s) is of degree 3 j, and the function U j(s) admits a Dirichlet series which converges uniformly and
absolutely in the half-planeℜ(s) ⩾ 1

2 + ε and U j(s) , 0 onℜ(s) = 1.

Proof. The results follows from the similar argument of [22, Lemma 2.1], by noting the Hecke relation (1)
and identities (6), (7).

For simplicity, we only consider the case for j = 8, since other cases can be handled by the similar
approach. From [21, (13)], we know that

L(syma f × symb f , s) =
b∏

r=0

L(syma+b−2r f , s) (8)

for any a ⩾ b ⩾ 1. Then, the result is the combination of the identity (8) and [22, Lemma 2.1]. □

Define

L∗j( f , s) =
∞∑

n=1

λ2
sym j f

(n)

ns , ℜ(s) > 1.
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We have the following lemma concerning the decomposition of L∗j( f , s).

Lemma 2.2. Let f ∈ H∗k be a normalized Hecke eigenform. For any given integer j ⩾ 8, we have

L∗j( f , s) = G j(s)U∗j(s),

where

G j(s) = ζ(s)
j∏

i=1

L(sym2r f , s),

where the function U∗j(s) admits a Dirichlet series which converges uniformly and absolutely in the half-plane
ℜ(s) ⩾ 1

2 + ε and U∗j(s) , 0 onℜ(s) = 1.

Proof. This result follows from the same argument as in the proof of Lemma 2.1 by noting the relation

λ2
sym j f (p) = λ2

f (p
j) = 1 +

j∑
r=1

λsym2r f (p). □

In the following, we record a number of results of the subconvexity and convexity bounds for the
associated L-functions available in the literature, which contributes the strengths of our results.

Lemma 2.3. For any ε > 0, one has∫ T

1

∣∣∣∣∣ζ(57 + it
)∣∣∣∣∣12

dt≪ T1+ε,

uniformly for T ⩾ 1.

Proof. The result can be found in [10, Theorem 8.4]. □

Lemma 2.4. For any ε > 0, we have

ζ(σ + it) ≪

(
1 + |t|

)max{ 13
42 (1−σ),0}+ε

,

L(sym2 f , σ + it) ≪

(
1 + |t|

)max{ 6
5 (1−σ),0}+ε

,

uniformly for 1
2 ⩽ σ ⩽ 2 and |t| ⩾ 1. .

Proof. The first result is the recent breakthrough of Bourgain [1, Theorem 5], and the second result follows
from the impressive work of Lin, Nunes and Qi [24, Corollary 1.2] and the Phragmén-Lindelöf convexity
principle for a strip [11, Theorem 5.53]. □

We state some basic definitions and analytic properties about general L-functions. A general L-function
L(ϕ, s) is a Dirichlet series (associated to the object ϕ) that admits an Euler product of degree m ⩾ 1, namely

L(ϕ, s) =
∞∑

n=1

λϕ(n)
ns =

∏
p<∞

m∏
j=1

(
1 −
αϕ(p, j)

ps

)−1

,

where αϕ(p, j), ( j = 1, 2, · · · ,m) are the local parameters of L(ϕ, s) at finite prime p. Suppose that this series
and its Euler product are absolutely convergent forℜ(s) > 1. We denote the gamma factor by

L∞(ϕ, s) =
m∏

j=1

π−
s+µϕ ( j)

2 Γ
( s + µϕ( j)

2

)
,

with local parameters µϕ( j), ( j = 1, 2, · · · ,m) of L(ϕ, s) at∞. The completed L-function Λ(ϕ, s) is defined as

Λ(ϕ, s) = q(ϕ)
s
2 L∞(ϕ, s)L(ϕ, s),
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where q(ϕ) is the arithmetic conductor of L(ϕ, s). We assume that Λ(ϕ, s) admits an analytic continuation
to the whole C-plane and is holomorphic everywhere except for possible poles of finite order at s = 0, 1.
Furthermore, it satisfies a functional equation of the Riemann zeta-type

Λ(ϕ, s) = ϵϕΛ(ϕ̃, 1 − s),

where ϵϕ is the root number with |ϵϕ| = 1, and ϕ̃ is the dual of ϕ such that λϕ̃(n) = λϕ(n),L∞(ϕ̃, s) = L∞(ϕ, s)

and q(ϕ̃) = q(ϕ). We call the L-function satisfy the Ramanujan conjecture if λϕ(n)≪ nε for any ε > 0.
Form above, we observe that L(sym j f , s), ( j ⩾ 1) is a general L-function in the sense of Perelli [29]. For

general L-functions, we have the following average and individual convexity bounds.

Lemma 2.5. Assume that L(s) is a general L-function of degree m. Then,∫ 2T

T

∣∣∣L(σ + it)
∣∣∣2dt≪ Tm(1−σ)+ε (9)

uniformly for 1
2 ⩽ σ ⩽ 1 + ε and T ⩾ 1, and .

L(σ + it)≪
(
1 + |t|

)max{ m
2 (1−σ),0}+ε

(10)

uniformly for 1
2 ⩽ σ ⩽ 1 + ε and |t| ⩾ 1.

Proof. The results follows from Perelli’s mean value theorem and convexity bounds for general L-functions
as given by [29]. □

In what follows, we give a general criterion for the sign changes of any real sequence {anbncn}n∈N due to
Lao and Luo [23], here {an}, {bn} and {cn} are three real sequences.

Lemma 2.6. Let {an}n∈N, {bn}n∈N and {cn}n∈N be three real sequences satisfying
(i) an = O(nα1 ), bn = O(nα2 ), cn = O(nα3 ),
(ii)
∑

n⩽x anbncn = O(nβ),
(iii)
∑

n⩽x a2
nb2

nc2
n = cx +O(xγ),

where α1, α2, α3, β, γ, c ⩾ 0. If α1 + α2 + α3 + β < 1, then for any r satisfying

max{α1 + α2 + α2 + β, γ} < r < 1,

the sequence {anbncn}n∈N has at least one sign change for n ∈ (x, x + xr]. In particular, the number of sign changes of
the sequence {anbncn}n∈N for n ∈ (x, 2x] is at least≫ x1−r for sufficiently large x.

Proof. This result follows from Lao and Luo [23, Lemma 2.3]. □

3. Proof of Theorem 1.1

In this section, we only prove the case for j = 8, since other cases can be handled in a similar manner.
Applying Perron’s formula (see [11, Proposition 5.54]) to the generating function L j( f , s), we have∑

n⩽x

λ8
sym2 f (n) =

1
2πi

∫ 1+ε+iT

1+ε−iT
L8( f , s)

xs

s
ds +O

(x1+ε

T

)
,

where s = σ+ it, and 1 ⩽ T ⩽ x is some parameter to be chosen later. It is clear that L8( f , s) can be analytically
continued to the half-planeℜ(s) > 1

2 , and it only has a pole at s = 1 of order 91. Therefore, by shifting the
line of integration to the parallel line withℜ(s) = 1

2 + ε and invoking Cauchy’s residue theorem, we get∑
n⩽x

λ8
sym2 f (n) = Res

s=1

{
L8( f , s)

xs

s

}
+

1
2πi

{∫ κ+iT

κ−iT
+

∫ η+iT

κ+iT
+

∫ κ−iT

η−iT

}
L8( f , s)

xs

s
ds +O

(x1+ε

T

)
:= xP8(log x) + I1 + I2 + I3 +O

(x1+ε

T

)
, (11)
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where κ = 1
2 + ε, η = 1 + ε, and P8(t) is a polynomial in t of degree 90.

Now, we need to evaluate the integrals I1, I2 and I3, respectively. For the sake of simplicity, by Lemma
2.1, we write

L8( f , s) = F8(s)U8(s) = ζ(s)91L(sym2 f , s)232L∗8( f , s)U8(s),

where

L∗8( f , s) := L(sym4 f , s)280L(sym6 f , s)238L(sym8 f , s)154L(sym10 f , s)76L(sym12 f , s)28L(sym14 f , s)7L(sym16 f , s).

It is not hard to find that the L-function L∗8( f , s) is of degree 38
− 787 = 5774.

For I1, by lemma 2.4 and (9), we get

I1 ≪ x
1
2+ε

∫ T

1

∣∣∣L8( f , κ + it)
∣∣∣t−1dt + x

1
2+ε

≪ x
1
2+ε log T max

1⩽T1⩽T/2

(
max

T1⩽t⩽2T1

T−1
1

∣∣∣ζ(κ + it)
∣∣∣91
(∣∣∣L(sym2 f , κ + iT1)

∣∣∣462
∫ 2T1

T1

∣∣∣L(sym2 f , κ + it)
∣∣∣2dt
) 1

2

·

( ∫ 2T1

T1

∣∣∣L∗8( f , κ + it)
∣∣∣2dt
) 1

2
)
+ x

1
2+ε

≪ x
1
2+εT

13
42 ·

1
2 ·91+( 6

5 ·
1
2 ·462+3· 12 )· 12+5774· 12 ·

1
2−1+ε + x

1
2+ε

≪ x
1
2+εT

23939
15 +ε. (12)

The integrals I2 and I3 over the horizontal segments can be treated in a similar manner. By Lemma 2.4
and (10), we have

I2 + I3 ≪

∫ η

κ
xσ
∣∣∣L8( f , σ + it)

∣∣∣T−1dσ

≪ max
κ⩽σ⩽η

xσT( 13
42 ·91+ 6

5 ·232+5774· 12 )(1−σ)+εT−1

≪
x1+ε

T
+ x

1
2+εT

95747
60 +ε. (13)

Combining the estimates (18)-(13), we obtain∑
n⩽x

λ8
sym2 f (n) = xP8(log x) +O

(
x

1
2+εT

23939
15 +ε
)
+O
(x1+ε

T

)
. (14)

On taking T = x
15

47908 in (14), we have∑
n⩽x

λ8
sym2 f (n) = xP8(log x) +O

(
x

47893
47908+ε

)
.

4. Proof of Theorem 1.3

Let j ⩾ 3 be any given integer. Applying Perron’s formula, and shifting the line of integration to the
parallel line withℜ(s) = κ′ := 5

7 , along with Cauchy’s residue theorem, we obtain∑
n⩽x

λ2
sym j f (n) = Res

s=1

{
L j( f , s)

xs

s

}
+

1
2πi

{∫ κ′+iT

κ′−iT
+

∫ η+iT

κ′+iT
+

∫ κ′−iT

η−iT

}
L∗j( f , s)

xs

s
ds +O

(x1+ε

T

)
:= c f , jx + J1 + J2 + J3 +O

(x1+ε

T

)
, (15)
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where c f , j > 0 is some suitable constant depending on f and j, and s = σ + it, η = 1 + ε, and 1 ⩽ T ⩽ x is
some parameter to be specified later.

Now, it remains to estimate the integrals J1, J2 and J3, respectively. For simplicity, by Lemma 2.2, we
write

L∗j( f , s) = G j(s)U∗j(s) := ζ(s)L(sym2 f , s)L(sym4 f , s)G∗j(s)U∗j(s),

where

G∗j(s) :=
j∏

r=3

L(sym2r f , s).

For J1, by Lemmas 2.3-2.4 and (9), together with Hölder’s inequality, we have

J1 ≪ x
5
7+ε

∫ T

1

∣∣∣L∗j( f , κ′ + it)
∣∣∣t−1dt + x

5
7+ε

≪ x
5
7+ε log T max

1⩽T1⩽T/2

(
T−1

1

∣∣∣L(sym2 f , κ′ + iT1)
∣∣∣( ∫ 2T1

T1

∣∣∣ζ(κ′ + it)
∣∣∣12

dt
) 1

12
(∣∣∣L(sym4 f , κ′ + it)

∣∣∣ 25
·

∫ 2T1

T1

∣∣∣L(sym4 f , κ′ + it)
∣∣∣2dt
) 5

12
( ∫ 2T1

T1

∣∣∣G∗j( f , κ′ + it)
∣∣∣2dt
) 1

2
)
+ x

5
7+ε

≪ x
5
7+εT

6
5 ·

2
7+

1
12+( 2

5 ·
2
7 ·

5
2+5· 27 )· 5

12+(( j+1)2
−9)· 27 ·

1
2−1 + x

5
7+ε

≪ x
5
7+εT

( j+1)2

7 −
481
420+ε. (16)

For J2 and J3, by Lemma 2.4 and (10), we get

J2 + J3 ≪

∫ η

κ′
xσ
∣∣∣L∗j( f , σ + it)

∣∣∣T−1dσ

≪ max
κ′⩽σ⩽η

xσT( 13
42+

6
5+(( j+1)2

−4)· 12 )(1−σ)T−1

≪
x1+ε

T
+ x

5
7+εT

( j+1)2

7 −
838
735+ε. (17)

Putting together (15)-(17), we obtain∑
n⩽x

λ2
sym j f (n) = c f , jx +O

(
x

5
7+εT

( j+1)2

7 −
838
735+ε
)
+O
(x1+ε

T

)
. (18)

On taking T = x
210

105( j+1)2−103 in (18), we have∑
n⩽x

λ2
sym j f (n) = c f , jx +O

(
x1− 210

105( j+1)2−103
+ε)
.

5. Proof of Theorem 1.5

Let j ⩾ 1 be any fixed integer. From [21, Theorem 1.1(b)], we know that∑
n⩽x

λsym j f (n)≪ x1− 2
j+2 . (19)

By taking an = λsym j f (n) and bn = cn ≡ 1, and noting Theorem 1.3 and (19), along with Deligne’s bound (2),
we can directly get the conclusion.
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Wenpeng Zhang, Bin Chen, Deyu Zhang, Huafeng Liu, Bingrong Huang, Yujiao Jiang, Zhiwei Wang,
and Dr. Fei Hou, Jiafan Zhang, Ruichao Ren and Zikang Dong, for their constant encouragement and
valuable suggestions. The author is extremely grateful to the anonymous referees for careful reading of the
manuscript with great patience and their professional spirit during the period of review. These corrections
and valuable suggestions have made the manuscript clearer and more readable.

Data Availability. Data sharing not applicable to this article as no datasets were generated or analyzed
during the current study.

Conflict of Interest. The author declares that there is no conflict of interests regarding the publication of
this paper.

References

[1] J. Bourgain, Decoupling, exponential sums and the Riemann zeta function, J. Amer. Math. Soc. 30 (2017), 205–224.
[2] L. Clozel and J. A. Thorne, Level-raising and symmetric power functoriality. I, Compos. Math. 150 (2014), 729–748.
[3] L. Clozel and J. A. Thorne, Level-raising and symmetric power functoriality. II, Ann. of Math. 181 (2015), 303–359.
[4] L. Clozel and J. A. Thorne, Level-raising and symmetric power functoriality. III, Duke Math. J. 166 (2017), 325–402.
[5] P. Deligne, La Conjecture de Weil. I, Inst. Hautes Études Sci. Pull. Math. 43 (1974), 273–307.
[6] O. M. Fomenko, Identities involving the coefficients of automorphic L-functions, J. Math. Sci. 133 (2006), 1749–1755.
[7] O. M. Fomenko, Mean value theorems for automorphic L-functions, St. Petersburg Math. J. 19 (2008), 853–866.
[8] S. Gelbart and H. Jacquet, A relation between automorphic representations of GL(2) and GL(3), Ann. Sci. École Norm. Sup. 11 (1978),
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