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Abstract. In this paper we extend the notions of recurrent vectors and recurrent opertaors to linear
relations.

1. Introduction

Let X and Y be two infinite dimensional separable complex Banach spaces. The set of all bounded linear
operators from X into Y is denoted by B(X, Y) with B(X) = B(X, X). The most significant concepts related to
linear dynamical properties are hypercyclicity, topologically transitive and recurrent. We say that T € B(X)
is hypercyclic if there exists a non-zero vector x in X such that the set

Orb(T,x) := {T"x : n € N U {0}

is dense in X. In this case, the vector x is called a hypercyclic vector of T. T is topologically transitive if for all
non-empty open subsets U and V of X, there exists n € IN U {0} such that T"(U) N V # 0. In 1929, Birkhoff
proved the equivalence between hypercyclicity and topologically transitive. A bounded operator T € B(X)
is said to be recurrent if for any non-empty open subset U of X, there exists some 7 in IN such that

T (U) N U # 0.

A vector x in X is said to be a recurrent vector for T or T-recurrent if there is a strictly increasing
sequence of positive integers {k,} for which {Tnx) converges to x. The set of all recurrent vectors for T is
denoted by Rec(T). Then Rec(T) is a Gy set dense if and only if T is recurrent [10, Proposition 2.1]. For a
more comprehensive understanding of recurrent linear operators and its related properties within linear
dynamics, we refer the reader to [3}/5,6,19, 10, [13] and the reference therein.

Chen et al. [8] and Abakumov et al. [1] extended some dynamic notions to linear relations. In the
same direction, we extend the central concept in topological dynamics that is the recurrent concept to the
context of linear relations. This work on recurrent linear relations is divided into three parts. In the first
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two parts, we present and we investigate the concept of recurrent vectors of linear relations and the concept
of recurrent linear relations. These two concepts extend the notion of recurrent vectors of bounded linear
operators and the notion of recurrent bounded linear operators. We study the notion of recurrent linear
relations, we prove that the same properties known for a recurrent bounded operator also hold true for
recurrent linear relations and we give more characterizations to recurrent linear relations. In the third part,
we prove that the point spectrum of the adjoint of a recurrent linear relation is included in the unit circle.

2. Preliminary of linear relations

A linear relation or multivalued linear operator T on X is a mapping from the subspace D(T) := {x € X :
Tx is non-empty subset of X} into 2% \ 0 the set of all non-empty subset of X provided that

Tx+y)=Tx+Ty and T(Ax)=ATx,

for all x, y € D(T) and for all non-zero scalar A. The subspace D(T) is called the domain of T. By LR(X) we
denote the set of all linear relations on X. A linear relation T on X can be uniquely determined by its graph
G(T) which is defined by

G(T)={(x,y)eXxX: xe D(T) and y € T(x)}.

For T € LR(X), the inverse of T is the linear relation T~! defined by
G(T™) == {(y,x) e XX X : (x,y) € G(T)}.
Let A and B be two non-empty subsets of X, let

T(A) := U Tx and T™Y(B):={x € D(T): TxN B # 0.
xeAND(T)

In particular, R(T) := T(D(T)) is the range of T. The subspace T~}(0), denoted by ker(T), is called the null
space of the linear relation T. The subspace T(0) is called the multivalued part of T. T is said to be a single
valued operator or an operator if Tx is a singleton, which is also equivalent to T(0) = {0}.

For T and S € LR(X), the linear relations T + S and TS are defined respectively by

G(T+S) :={(x,y +z) € XX X such that (x,z) € G(S) and (x, y) € G(T)}
and
G(TS) :={(x,y) € Xx X : dz € X such that (x,z) € G(S) and (z,y) € G(T)}.

For n € N U {0}, T" is defined by T° = I (the identity operator in X) and if T"~! is defined, then T"x :=
T(T" 'x) = U Ty, where x € D(T") := {x € D(T) : D(T) N T" 'x # 0} (see [8]). By induction, we can
yeD(T)NT1x

show that (T")~! = (T~!)", for all n € IN.

T € LR(X) is continuous if for all neighbourhood U in R(T), T~}(U) is an neighbourhood set in D(T). If
T is continuous and D(T) = X, then T is said to be bounded. If G(T) is closed then T is said to be closed.
BCR(X) denotes the set of all closed and bounded linear relations. We notice that if T is closed, then T(0) is
closed. A single valued linear operator S is called a selection of T if D(T) = D(S) and

Tx = Sx + T(0) for all x € D(T).

Moreover, if S is continuous, then T is continuous. Now, we recall some algebraic properties of linear
relation.

Lemma 2.1. [11] Proposition 1.2.8 and 1.3.1] Let T € LR(X).
1. If x € D(T), then y € Tx equivalently Tx = y + T(0). In particular,

0eTx & Tx =T(0).
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2. If M is subset of X, then
TT' (M) = M N R(T) + T(0) and T'T(M) =M N D(T) + T 1(0).
Lemma 2.2. [2] Lemma 2.5] Let A, B and C € LR(X). Then
1. G((A + B)C) € G(AC + BC). If C(0) c ker(A) U ker(B), then
(A+B)C=AC+BC.

2. If D(A) = X, then A(B + C) = AB + AC.

3. Recurrent vectors of linear relations

In this section, we introduce and study the notion of recurrent vectors of linear relations. We start by
the following definition

Definition 3.1. Let T € BCR(X). A vector x of X is called a recurrent vector for T or T-recurrent if there exists
a strictly increasing sequence of positive integers {k,} such that there exists y, € T"x, for all n € N and

Yk, — Xasn — oo.

We denote by Rec(T) the set of all recurrent vectors for T.

Example 3.2. Let A be the bounded shift operator defined on £,(IN) by
A(xq,x2,...) = 2(x2, x3, ...).

Let k € IN, then the vector v := (x1, x2, ..., Xk, %xl, Zl—kxz, .y 217xk, ﬁxl, .y ﬁxk, ...) is a recurrent vector for A (see
[13, Example 2.32]). Moreover, y = A"y for all n € N. Now, we consider the bounded linear relation T
defined by
T: 6IN) — 260)\p
X =(X)ien +— Ax+ker(A).

Then T(0) = ker(A). Let x = (x)ien € {2(IN), then Tx = Ax + T(0). From Lemma[2.] it follows that
T?x T(Ax + T(0))

A%x + T(0) + T?(0)

A%x + T%(0).

Therefore, by induction we can show that
T'x = A"x + T"(0), forall n € IN.
This implies that y = A"y € Ty, for all n € N. We set z, := y, for all n € N. Hence
2z, € Ty and 2z, — yasn —> oo.
Finally, we deduce that y is a recurrent vector for T.

More generally, we prove that every selection of linear relation T has a recurrent vector, then T has a
recurrent vector.

Proposition 3.3. Let A € B(X) be a selection of T € BCR(X). If x is a recurrent vector for A, then it is a recurrent
vector for T.
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Proof. As x is a recurrent vector for A, then there exists a strictly increasing sequence of positive integers
{k,,} such that

Abry — xasn — oo.

Since A is a selection of T, then by prove of example[3.2)(see also [4, Theorem 2.5.6], we have A" is a selection
of T" for all n € IN. Hence

T"y=A"y+T"0), foralln e Nand y € X. (1)
Which implies that A% x € T x, for all n € IN. This gives x is a recurrent vector for T. [

Example 3.4. Let A € B(X) be non-injective and let T be a linear relation defined by

T: X — 2X\0
x — AT1AZx,

Then for all x € D(A) = X, we have

Tx = A 1A%
Ax + A71(0)
Ax + T(0).

This gives A is a selection of T. Since D(A) = D(T) and A is continuous, then T € BCR(X). If x is a recurrent
vector for A, then x is a recurrent vector for T by the previous proposition

Proposition 3.5. Let A € BCR(X), B € BCR(Y) and S € B(Y, X) such that AS = SB. Then, we have
S(Rec(B)) C Rec(A).

Proof. Let x € Rec(B), then there exists a strictly increasing sequence of positive integers {k,} such that there
exists yx, € BYx, for all n € N and

Yk, —> X as n —> o0,

As AS = SB, then
S]/k,, € SBhix
= AkSx.

Since {y,} converges to x and S is continuous, then {Syy,} converge to Sx. Therefore Sx is a recurrent vector
for the linear relation A. [J

The following corollary is an immediate consequence of the previous proposition.

Corollary 3.6. Let T € BCR(X) and S € B(X) such that T commute with S. Then, we have the following assertions

i) S(Rec(T)) is a subset of Rec(T).
ii) ARec(T) = Rec(T), for every A € C \ {0}.

In the sequel, the open ball with center x and radius r is denoted by B(x, r).

Theorem 3.7. Let T € BCR(X). Then

Rec(T) = ﬂ U{y € X : Ay, € T"y such that ||y, — yll < %}.

p>1 n>1
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Proof. Let x € Rec(T), then there exists a strictly increasing sequence of positive integers {k,} such that there
exists yi, € Thx, for all n € N and
Yk, —> X as n —> oo,

Hence, for all p > 1, there exists m > 0 such that
lys, — ¥l <~
km - -
p

Therefore,

X € m U{y € X : Ay, € T"y such that ||y, — yll < %}.

p>1 n>1

Conversely, letx € (N U{y € X : Ay, € T"y such that ||y, —yll < %}. Then, forallp > 1, there exists y,, € T"x
p>1n=1

such that ||y, — x|l < %. We set B, := B(x, %), for all p € IN. Then for p = 1, there exists n; > 1 such that

Yn, € T"x N By. Also, for p = 2, there exists 1, > 1 such that y,, € T"2x N B,. Now, we show that there exists

k, € IN such that k, > k; := n; and T®x N B, # 0. Since Y2 € T"x N By, then x € T™™B; N B,. The continuity
of T implies that T~"2B, N B, is a neighbourhood of x. Which means that there exists 7 > 0 such that

B(x,r) C T7™B> N B,.

Then there exists i € IN such that
1
B; := B(x, 7) C B(x, l’) c T7™B, N B,.
For p = i, there exists n; > 1 such that y,, € T"x N B;. We then have

TmB; C T™(T"ByN By)
c T™T™B,NT™B,
C (B, + T™"(0)) N T™B,.

Hence

T™B; C (B, + T"(0)) N T™By, (2)
where m := n, + n;. Since y,, € T"x N B;, then

Ty, C T"x N T™B,. (©)
Combining (2) and (3), we obtain

0+ T2y, = T"y, NT"B;
c T"xNT"B;N(By+ T"(0)) N T"B,,

which implies that T"x N (B, + T™(0)) # 0. Now, let z € T"x N (B, + T™(0)), then there exist b € B, and
¢ € T™(0) such that z = b + c. Therefore

T"x = z+T™0)
b+c+T™0)
b+ T™(0).

This gives b € T"x N By. Hence m > ny and T™"x N B, # 0. Consequently, if m > ki, then we take kp := m.
Otherwise, we use the same argument, and there exists m’ € IN such that T™" x N\ By, # 0 and m + m’ > ky.
Then we take k, := m + m’. Finally, we take zy, := y,, € TVx N By, n1 = ki, zi, € T2x N By and ky > ky.
Therefore there exists a strictly increasing sequence {k,} of positive integers such that z;, € Tk x and Zk, — X
as p — oo. Therefore, x € Rec(T). O
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Let T € LR(X) and S € LR(Y). Then the linear relation T @ S is defined by

T®S: DXeY) — 2XV\p
x®y +— Tx®Sy

where X @Y := {(x1,x2) : x1 € X, and x; € Y} and D(T @ S) := D(T) ® D(S) Now, let k € IN, then
(TeSfxey=TxeSy
Proposition 3.8. Let T € BCR(X) and S € BCR(Y). Then
Rec(T ® S) € Rec(T) & Rec(S).

Proof. Let x = x1 ® x» € Rec(T ® S), then there exists a strictly increasing sequence of positive integers {k,}
such that there exists
Y, € (T®SYrx = Tx@ Sx, forallpe N

and y, — xasp — oo. Let P be the bounded projection defined by

P: XY — Y
X1Dxy X

We have
P(yr,) — x2 as p — oo and P(y,) € Sk xy.

We deduce that x; is a recurrent vector for S. Similarly, we then get x; is a recurrent vector for T. [

4. Recurrent linear relations
In this section, we define and study the notion of recurrent linear relations.

Definition 4.1. Let T € BCR(X). We say that T is recurrent, if for any non-empty open subset of X, there
exists some n € IN such that
™U)nU +0.

By Rec(X) we denote the set of all recurrent linear relations on X.

Proposition 4.2. Let A € B(X) be a selection of T € BCR(X). If A is a recurrent operator, then T is a recurrent
linear relation.

Proof. Let U be a non-empty open subset of X. Since A is recurrent single valued operator, then there exists
n € IN such that
AT NU #0.

On other hand, since A is selection of T, then by equality [1} we get A"y € T"y forallm € N and y € X.
Since A7"(U) N U # 0, then there exists x € A™(U) N U. So, A"x € U and A"x € T"x. Hence A"x ¢ T"x N U
and x € U. We deduce that T"(U) N U # 0. Finally, we conclude that T is a recurrent linear relation. [

We show here that for every non-injective recurrent selections, we can construct recurrent linear relations.
Indeed, let A be a non-injective bounded operator on X and let T be a linear relation defined by

T: X — 2X\0
x — AT1AZx,

Then by Example [3.4] we obtain A is a selection of T € BCR(X). If S is a recurrent linear operator, then
according to Proposition[4.2} we deduce that T is a recurrent linear relation.
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Example 4.3. Let B be a shift operator defined on £,(IN) by
B(xg, x1, ...) = 3(x1, X2, -..)-
Then, the linear relation T defined on ¢,(IN) by

T: £(N) — 206M)\ g
x:=(X)ien +— Bx+B(0)

is recurrent. Indeed, since Tx = Bx + T(0), for all x = (x1,x,,...) € £2(IN), where T(0) = ker(B), then B is a
selection of T. Furthermore, by Example 2.22 in [13], B is a hypercyclic single valued operator. This implies
that B is recurrent. Therefore, by Proposition it follows that T is a recurrent linear relation.

Proposition 4.4. Let T € BCR(X), S € BCR(Y) and V € B(X,Y) such that VT = SV and the range of V is dense
in Y. If T is recurrent, then S is recurrent.

Proof. Suppose that T is a recurrent linear relation. Let U be a non-empty subset open of Y. Since V is
continuous and the range of V is dense in Y, then V~1(U) is a non-empty open subset of X. Since T is a
recurrent linear relation, then there exists n € IN such that

T™(V-HW)) N VHU) # 0.

This implies that there exist two elements x and y in V~!(U) such that y € T"x. Hence V(x), V(y) € U and
T"x = y + T"(0), therefore we have

S"V(x) VT'x (VT = SV)
V(y +T"(0)

V(y) + VT™(0)

V(y) + S"V(0)

= V(y) + S"(0).

Then V(y) € S"V(x) c §"(U). Consequently S"(U) N U # @ and so S is a recurrent linear relation. [J
The immediate consequences of the last proposition are the following.

Corollary 4.5. Let T € BCR(X), S € BCR(Y) and V € B(X,Y) such that VT = SV and V is invertible. Then T is
a recurrent linear relation if and only if S is a recurrent linear relation.

Corollary 4.6. Let T € BCR(X) and S € B(X). If S is invertible, then T is a recurrent linear relation if and only if
STS™! or SITS is a recurrent linear relation.

In the following results, we characterize the recurrent linear relation.

Theorem 4.7. Let T € BCR(X). Then, the following assertions are equivalent

i) T is a recurrent linear relation.
i) For each non-empty open subset V of X, there exists n € IN such that

T"(V)NV #0.
iif) For all x € X, there are sequences {xi} in X, {yx} in X and {ny} in IN such that
X — %, yr—x and T"x =y, + T™(0).
iv) Forall x € X and for a neighbourhood W of zero, there exist two vectors z and t in X and p € IN such that

t—-xeW, z—xeW and TF(z)=t+T7(0).
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Proof. i) < ii). Suppose that T is a recurrent linear relation, then for any non-empty open subset V of X,
there exists n € IN such that T"(V) N V # 0. Which implies that

V+T70)NT™V)#0.
Then there exist v,w € V and y € T™"(0) such thatx := v+ y € (V+T7(0)) N T7"(V) and x € T""(w). Hence,

T™(w) = x+T70)
= v+y+T70)
= v+ T7(0).

Thus v € T™"(w) N V. Therefore, T (V) NV # (.
The converse goes similarly.

i) => iii). Suppose that T is a recurrent linear relation. Let x € X. For each k € N, let Uy := B(x, 1). Since
T is a recurrent linear relation, then for all k € IN, there exists {#n;} in IN such that

T (Ui) N Uy # 0.
Then, there exists a sequence {y} such that
Vi € T™(Ug) N Uy, for allk € N.

Thus, there exists {x;} in Uy such that yx € T"(x¢), for all k € IN. Therefore

1 1
e —xll < 2 llye—xll <2 and -y € T"(xi)

for all k € N. Which implies that {x;} converges to x, {yx} converges to x and T™(xx) = yx + T"(0).
iif) = iv). Let x € X and W a neighbourhood of zero, then there are sequences {x;} in X, {y} in X and

{ny} in IN such that
Xe— X, Y —x and Yy € Tx.

This means that there exists m € IN such that x; —x € Wand yy —x € W, forall k > m. Setx,, = z,t = y,, and
p = ny,, then we obtain
t—-xeW, z—xeW and teTl(2).

iv) = i). Let U be a non-empty open subset of X. Hence, there exists x € U. For all k € IN, we set
Wi = B(x, %). Then, Wy is a neighbourhood of zero. By assumption of iii), there exist z; in X and #; in IN
such that

[lxx — x| < %, [t — x| < % and  t; € TP (xy).

Which implies that {z;} converges to x and {t;} converges to x. Using the fact that U is open and x € U, then
there exists m € IN such that
zzelU and t el

for all k > m. Therefore
€ TP (ze) N U c TP(U) N UL

Finally, we can say that T is a recurrent linear relation. [J

Corollary 4.8. Let T € BCR(X). If T is bijective, then T is a recurrent linear relation if and only if T~' is a recurrent
linear operator.

Theorem 4.9. Let T € BCR(X). If for each non-empty open subset U and for each W a neighbourhood of zero, there
exists n € IN such that
T"UNW=#0 and T'W)NnU #0,

then T is a recurrent linear relation.
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Proof. Let x € X. For each k € IN, set Uy := B(x, ,1() and Wy := B(0, %). By assumption, for every k € IN, there
exists 1, € IN provided that

T"(U) N Wi #0 and T*(We) N U # 0.

This implies that there exist a; € T (Ux) N Wy and dy € T™ (W) N U, for each k € IN. Therefore, there exist
two sequences {b¢} in Wi and {c¢} in Uy such that

ar € T"™(cp) N Wy and  dy € T™(by) N Uy

for all k € N. We set {xi} := {bi} + {cx} and {yx} := {ax} + {di}, then we obtain

e —xll = lex — x + bl
< leg = x|l + (1Bl
< 7
and
lye —xll = [ldx — x +all
< i = x|l + Hlall
<7

for all k € N. Consequently x; — x and yx — x as k — c0. Moreover, we have

T (xk) T"™(by + cx)

T (by) + T™(cx)

di + T™(0) + a; + T"™(0)
= ar+ dk + Tn"(O)

= Y+ T™(0).

Finally, using ii) of Theorem 4.7, we conclude that T is a recurrent linear relation. [
Lemma 4.10. [T, Lemma 2.1] Let A and B be two subsets of X with int(B) = 0. Then
int(A) = int(A U B).
In the following theorem we characterize a recurrent linear relation by its recurrent vectors.

Theorem 4.11. Let T € BCR(X). Then, the following assertions are equivalents
i) T is a recurrent linear relation.
ii) Rec(T) \ {0} is dense in X.
iii) Rec(T) is dense in X.

Proof. iii) & ii) If Rec(T) \ {0} is dense in X, then obviously Rec(T) is dense in X. Conversely, suppose that
Rec(T) is dense in X. We set A = Rec(T) \ {0} and B = {0}. Since int(E) = (), then by Lemma it follows that
int(A) = int(A U B).

Therefore, we have

X = int(X)
= int(Rec(T))
= int(AUB)
= int(AUB)
= int(A)
c A
c X
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Hence Rec(T) \ {0} is dense in X.

iif) = 1) Suppose that Rec(T) is dense in X. Let U be a non-empty open subset of X, then there exists
some x in U N Rec(T). Since x € Rec(T), then there exists a sequence {n,} such that there exists y,, € T"x and
Yn, — X as k — oco. Since U is an open subset of X and x € U, then there exists N € IN such that v, € U,
for all k > N. Hence
Y, €ETHx & (x,Yn) € G(T™)

= () € G

& (Yu,, x) € G(T™)

= xeTy,.

Then x € T (y,,) N U c T~™(U) N U, for all k > N. Therefore T is recurrent by Theorem

i) = iii) Assume that T is a recurrent linear relation. Let x € X, set Uy := B(x, ¢), for some 0 < ¢ < % We
show that there exists a vector recurrent for T in Uy. Indeed, using the fact T is recurrent, then there exists
n, € N such that

T"(Uy) N Uy # 0.

Hence there exists x; € T (Uy) N Uy. As T™ is a continuous linear relation and x; € T (Up) N Uy,

then T~ (Uy) N Up is a neighbourhood of x;. Then, there exists positive real number &1 < » such that
U := B(x1,&1) € T (Up) N Uy. Since T is recurrent, then there exists m € IN such that

T="(Uy) N Uy # 0.

So, there exists x, € T~™(U;) N U;. As T™ is a continuous linear relation and x, € T~"(U;) N U;, then
T~"(U;) N U, is a neighbourhood of x,. This implies that there exists positive real number &, < % such that
Uy := B(xy, €2) € T7™(U;) N U;. Since T is recurrent, then there exists p € IN such that

TPU)NU 0. 4)
Since U, c T™™(Uy) N Uy, then
TP(Uy) c TP(T™"(U;) N U;) € T™"P(U;) N TP(U;) and U, € U.

Which implies that
TP(Uy) N U, € T-"™P(U) N TP(Uy) N Uy

By (), we obtain T-("*")(LI) N T™(U;) N Uy # 0. This means that
T (Uy) N Uy # 0.
Therefore there exists 11, € IN such that n, > n; and
T7(Up) Ny #0.

So, there exists x, € T2(Uy) N Uy. As T™ is a continuous linear relation and x, € T-2(U;) N U;, then
T7(U;) N U; is a neighbourhood of x,. This implies that there exists positive real number ¢, < 2% such
that Uy := B(xy, &2) € T™"2(U;) N U;. By continuing inductively, we construct a sequence {x,} in X, a strictly
increasing sequence of positive integer {1} and a sequence of positive real numbers ¢, < 2,% such that

B(xy, ) = Uy € U1 and Uy € T Uk_1 N Ug_1.

Since diam(Uy) — 0 as k — oo and X is a Banach space then from Cantor’s theorem, we deduce that there
exists y € X such that

ﬂ Uy = {y}.

k=0
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Since y € Uy, for all k € N, then there exists y; in Ui—1 such that
¥ € T (yx) N Up,

for all k € N. Then

= (yy) €GIT™)
= (Yoy) € G(T™)™)
= (1) € G(T™)
= yeT™y

y e T7"(yr)

Hence yy € T"y N Uy_y1, for all k € IN. Therefore, we obtain

lyx — xx + xx = yll
lyx — 2l + llx — |
Ek-1 + Ek—1

25

lyx — vl

NN ININ

2F

for all k € IN. So, yx — y as k — oo. Consequently, y is a recurrent vector for T and y € Uy. Finally, we
conclude that the set Rec(T) is dense in X. [

Definition 4.12. [8] Let T € LR(X). We say that x € X is a periodic point of T if x € Deo(T) := (| D(T") and
nelN
there exists n € IN such that T"x = x + T"(0).

We denote by Per(T) the set of all periodic points of T.

Theorem 4.13. Let T € BCR(X) such that T(0) C ker(T). If Per(T) is dense in X, then we have the following
assertions:

i) T" € Rec(X) for all n € IN.

ii)) AT € Rec(X) forall A € {exp(%) : n €N}

Proof. i) Let Ube anon-empty subset of X and letnn € IN. Since the set Per(T) is dense in X, then Per(T)NU # 0.
Let x € X such that x € Per(T) N U. Then there exists m € IN such that

T"x = x + T"™(0).

Since T(0) C ker(T), then by [7, Proposition 3.1], T?(0) = T(0) for all p € N. Moreover, from Lemma it
follows that

T2 (x) T (x + T"(0))
= T + T¥"(0)
= x+T"(0) + T>"(0)

= x+T?"(0).

By induction, we prove that T""(x) = x + T"(0). As result x € T"(x) c (T")"(U) and so (T")"(U) N U # 0.
Therefore T" is a recurrent linear relation.

ii) Let A € {exp(ZT"i) : n € N} and let x € Per(T). Then there exist n,m € IN such that A = exp(ZT“i) and
T"x = x + T™(0). Which implies that

(AT)"™"x

Anm Tnmx
x + T"™(0)
x + (AT)"™(0).

This means that x € Per(AT). Consequently, Per(AT) is dense in X. Therefore by i), we deduce that AT is a
recurrent linear relation. [

Proposition 4.14. Let T € BCR(X) and S € BCR(Y). If T®S is recurrent linear relation, then T and S are recurrent
linear relations.
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Proof. Let U and V be two non-empty subsets open of X and Y respectively. Since T @ S is recurrent linear
relation, then there exists n € IN U {0} such that

TeS(UaV)nUsV) = TUaS'(V)nUaV #0

this implies
TU)NU+#0O and SY V)NV #0.

This means that T and S are recurrent linear relations. [

5. Spectral property of recurrent linear relations
Let T € LR(X). Then, the adjoint T* of T ([11]), is defined by
GT) ={y,x)eX X : x(x) =y'(y), forall (x,y) € G(T)}

For Nc Xand M c X*. Let
Nt:={x'eX :x(x)=0, forall x €N}

and
MT" :={xeX: x'(x) =0, forevery x* € M}.

If N is a linear space of X and M is a linear subspace of X*, then N = N*" and M ¢ M™". By Proposition
II1.1.3 in [11], we have

D(T)* = T(0), R(T)* = ker(T") and (AT)" = AT" for A € C.

We say that A € C is an eigenvalue of T if there exists some non-zero vector x € X such that Tx = Ax + T(0).
In this case, the vector x is called an eigenvector of T corresponding to the eigenvalue A. The set of all
eigenvalues of T is called the point spectrum and denoted by 0,(T). In the sequel, the circle with center
zero and radius 1 in C is denoted by T.

Theorem 5.1. Let T € Rec(X). Then, for every A € C\ T the range of the linear relation T — Al is dense in X and
op(T*) C T.

Proof. Let T be a recurrent linear relation and A € C\ T. Suppose that R(T — Al) is not dense in X. Hence,
X\ R(T — Al) is a non-empty open subset of X. Since T is recurrent, then by Theorem is follows that

(Rec(T) \ {0}) N (X \ R(T = AD)) # 0.

Then, there exists a vector x in (Rec(T) \ {0}) N (X \ R(T — Al)). From the Hahn-Banach theorem, there exists an
continuous linear functional x* in X* such that x*(x) # 0 and x*(R(T — Al)) = {0}. Then x*((T — AI)(X)) = {0}.
Let n € N. From Lemma 4.2 in [14], it follows that

X (R(T" = A"D)) € x*(R(T = AD)) = {0}.

Which implies that
XT'a— A'x"(a) =x"(T" = A"Da =0

for all a € X. So, we get x'T"x = A"x"(x). Since x is a recurrent vector for T, then there exists a strictly
increasing sequence of positive integers {k,} such that there exists v, € T*x, for all n € N and y;, — x as
n — oo. Then, we obtain

Ak (x) x*(Tkx)
X (Y, + T (0))

x*(Yk,)-
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Since x* is continuous and {y,} converges to x, then
Afnx (@) = " (y,) — ()

as 1 —> oo. This means that, {1k} converges to 1, which is a contradiction with A ¢ T. Therefore
R(T — AI) = X. Moreover, we obtain

ker(T — AI)*
((ker(T — AI)*)™
(R(T = ADH)T
RT =AD"

X_L

{0}.

ker(T — AI)*

Nl

Using [[11, Proposition I11.1.5], it follows that
ker(T — AI)* = ker(T" — AI) = {0}.
Thus A ¢ o(T”). Finally, we get o(T") is a subset of T. [
In particular, if T is a recurrent linear relation, then the range of T is dense in X.
Theorem 5.2. Let T € BCR(H). If the subspace D := span(|J ker(T — Al)) is dense in X, then T is a recurrent
linear relation. -
Proof. Let x € D. Then the vector x has the form

m
X = Z a;x;, where a; € C,x; € U ker(T — AI) and m € IN.
i=1 AET

Then, for all i € {1, ..., m}, there exists A; € T such that
Tx; = Aix; + T(O).
Since T?(0) is a linear subspace of X and T(0) C T?(0), then we get

sz,- T(/\ixi + T(O))
A%x; + T(0) + T?(0)
A2x; + T2(0).

Therefore, by induction, we obtain
T"x; = Alx; + T"(0), forall n € N.

Using the fact A; € T, then there exists a strictly increasing sequence of positive integers {k,} such that {)\f”}
converges to 1 as n —> oo. Let I be a subset of {1,2,...,m} defined by I :== {i : a; # 0 and 1 <i < m}.
Therefore .
Thx = Th(Y amx;)
i=1
=TT aix)
iel
= Y aTh(x)
iel
= Y aidx + Y aT(0)
iel iel

= /\k" Z a;X; + Tk” (0)
i=1

= Abix 4+ TR (0)
=y, +T5(0),
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where yi, := A%x. Since {y,} converges to x as n — oo and y;, € T*x, then x is a recurrent vector for T.
Thus D is a subset of Rec(T). As D is dense in X, then also Rec(T) is dense in X. From Theorem we
conclude that T is a recurrent linear relation. [
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