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Abstract. In this article, several Φ-moment Banach spaces valued (briefly by B-valued) martingale in-
equalities on Lorentz-Karamata spaces are established by the tool of atomic decompositions, which are
new versions of the basic inequalities in B-valued martingale setting associated with concave functions
Φ. It is to be mentioned that the results obtained herein are closely connected with the geometric prop-
erties of the underlying Banach spaces. In particular, we present several novel characterizations of the
geometric properties of Banach spaces by using the Φ-moment B-valued martingale inequalities in the
context of Lorentz-Karamata spaces. Our conclusions obtained here generalize the previous conclusions
for B-valued martingale inequalities. Moreover, we remove the condition that the slowly varying function
b is nondecreasing in [Bull. Malays. Math. Sci. Soc., 2019, 42(5): 2395-2422].

1. Introduction

Martingale inequalities play a key role in martingale theory, probability theory and other fields in
mathematics. The classical martingale inequalities lay the foundation for studying the geometrical prop-
erties of the martingale space, such as the Φ-moment martingale inequalities. In 1970’s, Burkholder and
Gundy [4] firstly researched the Φ-moment martingale inequalities. Later, the Φ-moment version of the
Burkholder-Davis-Gundy inequality was established by Burkholder et al. in [3] as follows:
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Φ

(
S( f )

))
≲ E

(
Φ

(
M( f )

))
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Φ

(
S( f )

))
, (1)

where Φ is a strictly convex Orlicz function satisfying the ∆2-condition, M( f ) = supm≥0 | fm| and S( f ) =(∑
∞

m=0 |d fm|2
)1/2

denote the maximal function and the square function of a martingale f , respectively. Kikuchi
[14] generalized (1) to the rearrangement invariant Banach function spaces by the tool of Doob’s decompo-
sition and the averaging operators. Jiao and Yu [13] investigated some Φ-moment martingale inequalities
associated with concave functions. Subsequently, the results in [13] were promoted to the Lorentz spaces by
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Peng and Li [25]. Quite recently, Jiao et al. [12] proved the Φ-moment version of Burkholder’s inequalities
in rearrangement invariant spaces. For more information on Φ-moment inequalities, we refer to [9, 16, 28].

In this paper, we shall discuss the Φ-moment martingale inequalities for Banach spaces valued (B-
valued) martingale on Lorentz-Karamata spaces. Pisier [26] firstly proved that the inequalities of B-valued
martingale essentially depend on the geometric properties of Banach spaces. From then on, B-valued
martingale theory has attracted more attentions and flourished in the last decades. For instance, based on
[26], the p-variations Sp and the conditional p-variations sp of B-valued martingales were introduced by Liu
in [19]. Subsequently, Liu and Hou [22] delved into the atomic decompositions for B-valued martingales
in Hardy spaces and derived certain inequalities using these decompositions. In the following period,
B-valued martingale theory has seen extensive applications in Banach space theory and Hardy spaces. We
refer the reader to [1, 2, 17, 18, 20, 29, 30] and the monographs [21, 27] for more information on martingales
and Fourier analysis in Banach spaces. What needs to be mentioned here is that the results on B-valued
martingale inequalities are closely connected with the geometric properties of the underlying Banach space
and we shall discuss the main topic in the context of Lorentz-Karamata spaces.

The family of Lorentz-Karamata space is a generalization of the Lorentz space, the Lorentz-Zygmund
space and even the generalized Lorentz-Zygmund space [5, 24], which is defined by the so called slowly
varying functions. The Lorentz-Karamata space plays an irreplaceable and crucial role in several key fields
such as harmonic analysis, operator theory, and so on. We refer the reader to [5, 6, 11] for more details on
the Lorentz-Karamata spaces. In 2014, Ho [10] introduced the martingale theory to the Lorentz-Karamata
spaces, in which the atomic decompositions, dualities and interpolations on Hardy-Lorentz-Karamata
martingale spaces were established. Liu et al. [17] studied B-valued martingale Hardy-Lorentz-Karamata
spaces. One of their important conclusions is as follows. Let B be a Banach space, 1 < p ≤ 2, 0 < r1 < p,
0 < r2 ≤ ∞ and b be a nondecreasing slowly varying function. Then the following assertions are equivalent:
(i) B is isomorphic to a p-uniformly smooth space.
(ii) For each B-valued martingale f = ( fn)n≥0 ∈ Hsp

r1,r2,b
(B), there exists a constant C such that

∥M( f )∥r1,r2,b ≤ C∥ f ∥Hsp
r1 ,r2 ,b
. (2)

It is noteworthy that the condition of the nondecreasing of the slowly varying function b is necessary in the
above conclusion.

Inspired by the above results, we have a question that whether it is possible to extend (2) to the B-valued
Φ-moment version and remove the condition that the slowly varying function b is nondecreasing. The
answer is affirmative. Let us briefly state the corresponding results as follows (see Theorem 4.1 in Section
4). Let Φ ∈ G be a concave function, B be a Banach space, 1 < r ≤ 2, 0 < p < r, 0 < q ≤ ∞ and b be a slowly
varying function. Then the following statements are equivalent:
(i) B is isomorphic to a r-uniformly smooth space.
(ii) If the B-valued martingale f = ( fn)n≥0 satisfies ∥Φ(sr( f ))∥p,q,b < ∞, then

∥Φ(M( f ))∥p,q,b ≲ ∥Φ(sr( f ))∥p,q,b. (3)

The above results indicate that the geometric properties of Banach spaces can be characterized by studying
the Φ-moment B-valued martingale inequalities, and vice versa. Notice that if Φ(t) = t and b is nondecreas-
ing, then item (ii) arrives at [17, Theorem 5.4 (ii)], obviously, the condition that b is nondecreasing is not
necessary here; if we take b ≡ 1, then item (ii) returns to the very recently work [15, Theorem 4 (ii)], namely,
the Φ-moment B-valued martingale inequalities on Lorentz spaces; if r = 2, b ≡ 1 and B = R, then item (ii)
recovers the main result in [25]. Moreover, if b ≡ 1 and Φ(t) = t in item (ii), then we recover [18, Theorem
5.4 (ii)] while item (ii) gives [22, Theorem 5 (ii)] when Φ(t) = t, b ≡ 1 and p = q.

Compared with the above results, the topic we discuss here, namely theΦ-moment B-valued martingale
inequalities for Lorentz-Karamata spaces, needs to consider both the geometric properties of the Banach
spaces in which the martingales take values and the involving of the slowly varying function b. Moreover,
we characterized the uniform convexity and uniform smoothness of Banach spaces by using theΦ-moment
B-valued martingale inequalities on Lorentz-Karamata spaces. It is observed that we need new technique
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to establish these martingale inequalities, by the way, the technique we mainly rely on is the atomic
decompositions in the framework of B-valued Lorentz-Karamata martingale spaces.

The paper is organized as follows. Some preliminary lemmas and notations will be introduced in Section
2. In Section 3, we present the atomic decompositions for B-valued martingale Hardy-Lorentz-Karamata
spaces. As usual, the theorems depend on the geometric properties of the underlying Banach space. We
note that here the slowly varying function b does not require to be nondecreasing. In the last section,
employing the atomic decompositions, we establish some Φ-moment B-valued martingale inequalities on
Lorentz-Karamata spaces. Compared with the relevant conclusions in [17], the slowly varying function b
is not necessarily nondecreasing. These are new versions of the basic inequalities in B-valued martingale
setting associated with concave functions.

Throughout this paper, the set of nonnegative integers, the set of integers, the real number field and the
complex number field are denoted by N, Z, R and C, respectively. The letter C stands for a positive real
number, which may vary from line to line. f ≲ 1means there exists a positive constant C such that f ≤ C1.
We write f ≈ 1 if f ≲ 1 ≲ f .

2. Preliminaries

Let (Ω,F ,P) be a complete probability space. For a Banach space B with norm ∥ · ∥ and any B-valued
function f : Ω→ B, let

∥ f ∥Lp(B) =

( ∫
Ω

∥ f ∥pdP
) 1

p

(0 < p < ∞) and ∥ f ∥L∞(B) = ess sup∥ f ∥.

When the Banach space B in the definition above is the scalar field, for a scalar-valued function f : Ω →
R (or C), let

∥ f ∥p =
( ∫
Ω

| f |pdP
) 1

p

(0 < p < ∞) and ∥ f ∥∞ = ess sup| f |.

2.1. Lorentz-Karamata spaces.
In this subsection, we recall the definition of slowly varying function in order to define the Lorentz-

Karamata spaces.

Definition 2.1 ([5]). A Lebesgue measurable function b : [1,∞)→ (0,∞) is said to be a slowly varying function if
for any given ε > 0, the function tεb(t) is equivalent to a nondecreasing function and the function t−εb(t) is equivalent
to a nonincreasing function on [1,∞).

If b is a slowly varying function, we define γb on (0,∞) by

γb(t) = b(max{t, t−1
}), t > 0.

This definition can be found in [24]. We introduce the following properties for slowly varying functions,
which will be used in this paper.

Proposition 2.2 ([5]). Let b be a slowly varying function on [1,∞). Then the following properties hold:
(i) For each ε > 0, the function tεγb(t) is equivalent to a nondecreasing function and the function t−εγb(t) is equivalent
to a nonincreasing function on (0,∞).
(ii) For r ∈ R, br is a slowly varying function on [1,∞) and γbr (t) = γr

b(t).
(iii) For all r > 0 and t > 0, we have γb(rt) ≈ γb(t).
(iv) For all r > 0, denote b1(t) = b(tr) on [1,∞). Then b1 is also a slowly varying function.

Lemma 2.3 ([10]). Let 0 ≤ p < ∞ and b be a slowly varying function. For any constants α, β > 0, we have

(α + β)pγb(α + β) ≲ αpγb(α) + βpγb(β).
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Lemma 2.4 ([7]). Let b be a slowly varying function and αi (i ∈N) be positive constants. If 0 < p < 1, then∑
i∈N

αi


p

γb

∑
i∈N

αi

 ≲∑
i∈N

αp
i γb(αi).

If 1 < p < ∞, then ∑
i∈N

αp
i γb(αi) ≲

∑
i∈N

αi


p

γb

∑
i∈N

αi

 .
Given a measurable function f on the complete probability space (Ω,F ,P), the decreasing rearrangement

of f is the function f ∗ defined on [0,∞) by

f ∗(t) = inf
{
s ≥ 0 : P(| f | > s) ≤ t

}
(inf ∅ = ∞).

Definition 2.5. Let 0 < p < ∞, 0 < q ≤ ∞ and b be a slowly varying function. The Lorentz-Karamata space Lp,q,b
is defined to be the set of all measurable functions f such that

∥∥∥ f
∥∥∥

p,q,b =


(∫ 1

0

(
t

1
pγb(t) f ∗(t)

)q dt
t

) 1
q

, if 0 < q < ∞;

sup
0≤t≤1

t
1
pγb(t) f ∗(t), if q = ∞

is finite.

Remark 2.6 ([8],[10]). (i) If b ≡ 1, then the Lorentz-Karamata space Lp,q,b is the usual Lorentz space Lp,q. If
b(t) = 1 + log t, then the Lorentz-Karamata space is the Lorentz-Zygmund space. If b ≡ 1 and 0 < p = q < ∞, then
the Lorentz-Karamata space Lp,q,b is the classical Lebesgue space Lp.
(ii) The following is an equivalent characterization of the quasi-norm ∥ · ∥p,q,b:

∥∥∥ f
∥∥∥

p,q,b ≈


(∫

∞

0

(
tP(| f | > t)

1
pγb

(
P(| f | > t)

))q dt
t

) 1
q

, if 0 < q < ∞;

sup
t>0

tP(| f | > t)
1
pγb

(
P(| f | > t)

)
, if q = ∞.

(iii) Another equivalent discrete characterization of the quasi-norm ∥ · ∥p,q,b is given below:

∥∥∥ f
∥∥∥

p,q,b ≈


∑

k∈Z

2kq
∥∥∥χ{| f |>2k}

∥∥∥q

p
γq

b

(∥∥∥χ{| f |>2k}

∥∥∥p

p

)
1
q

, if 0 < q < ∞;

sup
k∈Z

2k
∥∥∥χ{| f |>2k}

∥∥∥
p
γb

(∥∥∥χ{| f |>2k}

∥∥∥p

p

)
, if q = ∞.

Lemma 2.7 ([5]). Let 0 < p1, p2 < ∞, 0 < q1, q2 ≤ ∞ and b1, b2 be slowly varying functions. If p1 > p2, then
Lp1,q1,b1 ⊂ Lp2,q2.b2 .

2.2. Orlicz functions
An Orlicz function is a nondecreasing function Φ : [0,∞) → [0,∞) such that Φ(t) > 0 for all t > 0,

Φ(0) = 0 and Φ(t)→∞ as t→∞. Let G be the set of all Orlicz functions. We now give the following simple
but useful lemmas.
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Lemma 2.8 ([23, 25]). Let Φ ∈ G be a concave function. Then the following conclusions hold:
(i) sΦ(t) ≤ Φ(st) for 0 < s ≤ 1 and t ≥ 0.
(ii) Φ(st) ≤ sΦ(t) for s ≥ 1 and t ≥ 0.
In addition, it can be proved that Φ is subadditive, continuous and bijective from [0,∞) to [0,∞).

Lemma 2.9 ([25]). Let Φ ∈ G be a concave function, 0 < p < ∞, 0 < q ≤ ∞ and p, q < r ≤ ∞. Fix f ∈ Lr and
A ∈ F with P(A) , 0. If { f , 0} ⊂ A, then

∥Φ(| f |)∥p,q ≲ P(A)
1
pΦ

(
∥ f ∥r
P(A)

1
r

)
.

2.3. B-valued martingales
We now introduce some standard notations for B-valued martingale theory. Let {Fn}n≥0 be a nondecreas-

ing sequence of sub-σ-algebras ofF such thatF = σ
(⋃

n≥0 Fn

)
. The expectation operator and the conditional

expectation operator related to Fn are denoted by E and En, respectively. A sequence f = ( fn)n≥0 in L1(B) is
called a B-valued martingale if fn is Fn-measurable and satisfies En( fn+1) = fn for each n ≥ 0. Denote byM
the set of all B-valued martingales f = ( fn)n≥0 relative to {Fn}n≥0 such that f0 = 0. For f = ( fn)n≥0 ∈ M, we
define its martingale difference by d fn = fn − fn−1 (n ≥ 0), with convention f−1 = 0 and F−1 = {∅,Ω}. Let T
be the set of all stopping times relative to {Fn}n≥0. For f ∈ M and τ ∈ T , the stopped martingale f τ = ( f τn )n≥0
is defined by

f τn =
n∑

m=1

χ{m≤τ}d fm.

The B-valued martingale f = ( fn)n≥0 ∈ M is said to be Lp(B)-bounded if fn ∈ Lp(B) for all n ≥ 0 and

∥ f ∥Lp(B) = sup
n≥0
∥ fn∥Lp(B) < ∞.

Define the maximal function, the r-variation function and the conditional r-variation function (1 ≤ r < ∞)
of a B-valued martingale f = ( fn)n≥0, respectively, as follows:

Mn( f )(ω) = sup
0≤m≤n

∥ fm(ω)∥, M( f )(ω) = sup
m≥0
∥ fm(ω)∥;

Sr
n( f )(ω) =

 n∑
m=0

∥d fm(ω)∥r


1
r

, Sr( f )(ω) =

 ∞∑
m=0

∥d fm(ω)∥r


1
r

;

sr
n( f )(ω)=

 n∑
m=0

Em−1

(
∥d fm∥r

)
(ω)


1
r

, sr( f )(ω)=

 ∞∑
m=0

Em−1

(
∥d fm∥r

)
(ω)


1
r

.

Denote by Λ the set of all sequences (λn)n≥0 of nondecreasing, nonnegative and adapted functions with
respect to {Fn}n≥0. Set λ∞ = limn→∞ λn. Let f ∈ M, Φ ∈ G, 0 < p < ∞, 0 < q ≤ ∞, 1 ≤ r < ∞ and b be a slowly
varying function. We define

Λ[QSr

p,q,b,Φ( f )](B) =
{
(λn)n≥0 ∈ Λ : Sr

n( f ) ≤ λn−1 (n ≥ 1),Φ(λ∞) ∈ Lp,q,b

}
and

Λ[Dp,q,b,Φ( f )](B) =
{
(λn)n≥0 ∈ Λ : ∥ fn∥ ≤ λn−1 (n ≥ 1),Φ(λ∞) ∈ Lp,q,b

}
.

Set
∥Φ( f )∥

Q
Sr
p,q,b(B) = inf

{
∥Φ(λ∞)∥p,q,b : (λn)n≥0 ∈ Λ[QSr

p,q,b,Φ( f )](B)
}

and
∥Φ( f )∥Dp,q,b(B) = inf

{
∥Φ(λ∞)∥p,q,b : (λn)n≥0 ∈ Λ[Dp,q,b,Φ( f )](B)

}
.
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Remark 2.10. If Φ(t) = t with the notations above, then we obtain the definitions of QSr

p,q,b(B) and Dp,q,b(B),
respectively; see Liu et al. [17].

It is well known that the inequalities of B-valued martingales are closely related with the geometrical
properties of Banach spaces. Now, we are going to introduce definitions of p-uniformly smooth, q-uniformly
convex and Radon-Nikodým property (in short RNP) of Banach spaces.

Definition 2.11 ([27]). Let B be a Banach space and t > 0. The modulus of uniform smoothness ρB(t) is defined as

ρB(t) = sup
{
∥x + ty∥ + ∥x − ty∥

2
− 1 : x, y ∈ B, ∥x∥ = ∥y∥ = 1

}
.

We claim that B is p-uniformly smooth if there exists a constant C > 0 such that ρB(t) ≤ Ctp for all t > 0.

Definition 2.12 ([27]). Let B be a Banach space and 0 < θ ≤ 2. The modulus of uniform convexity δB(θ) is defined
as

δB(θ) = inf
{
1 −

∥∥∥∥∥x + y
2

∥∥∥∥∥ : x, y ∈ B, ∥x∥ ≤ 1, ∥y∥ ≤ 1, ∥x − y∥ ≥ θ
}
.

We say that B is q-uniformly convex if there exists a constant C > 0 such that δB(θ) ≥ Cθq for all 0 < θ ≤ 2.

Definition 2.13 ([27]). A Banach space B is said to have the RNP if for every measurable space (Ω,F ), for every
positive, finite, countably additive measure P on (Ω,F ) and for every P-continuous, countably additive vector
measure µ of bounded variation, there exists a function f ∈ L1(B) such that µ(A) =

∫
A f dP for all A ∈ F . A Banach

space B has the RNP if B has the RNP with respect to every finite measure space.

Remark 2.14 ([21]). If B is isomorphic to a p-uniformly smooth (q-uniformly convex) space, then B has the
RNP.

The useful lemmas below were frequently used in this paper.

Lemma 2.15. Let B be a Banach space and 1 < r ≤ 2. Then the following properties are equivalent:
(i) B is isomorphic to a r-uniformly smooth space.
(ii) For every B-valued martingale f = ( fn)n≥0 with E

(∑
∞

m=0 ∥d fm∥r
)
< ∞ (or

∑
∞

m=0 ∥d fm∥r ∈ L∞), f = ( fn)n≥0

converges in probability.
(iii) There exists a constant C > 0 such that all B-valued martingales f = ( fn)n≥0 in Lp(B) (1 ≤ p < ∞) satisfy

∥M( f )∥p ≤ C∥Sr( f )∥p.

(iv) There exists a constant C > 0 such that all B-valued martingales f = ( fn)n≥0 in Lr(B) satisfy

sup
n≥0
E
(
∥ fn∥r

)
≤ Cr

∞∑
n=0

E
(
∥d fn∥r

)
.

(v) Same as (iv) for all B-valued dyadic martingales.

For Lemma 2.15, the proof of (i)⇔ (ii) was proved in [21] and the proof of (i)⇔ (iii)⇔ (iv)⇔ (v) comes
from [27].

Lemma 2.16. Let B be a Banach space and 2 ≤ r < ∞. Then the following conclusions are equivalent:
(i) B is isomorphic to a r-uniformly convex space.
(ii) There exists a constant C > 0 such that all B-valued martingales f = ( fn)n≥0 in Lp(B) (1 ≤ p < ∞) satisfy

∥Sr( f )∥p ≤ C∥M( f )∥p.
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(iii) For any B-valued martingale f = ( fn)n≥0 with supn≥0 ∥ fn∥L∞(B) < ∞, Sr( f ) < ∞ a.e..
(iv) There exists a constant C > 0 such that all B-valued martingales f = ( fn)n≥0 in Lr(B) satisfy

∞∑
n=0

E
(
∥d fn∥r

)
≤ Cr sup

n≥0
E
(
∥ fn∥r

)
.

(v) Same as (iv) for all B-valued dyadic martingales.

For Lemma 2.16, we refer to [21] for the proof of (i) ⇔ (iii), the proof of (i) ⇔ (ii) ⇔ (iv) ⇔ (v) can be
found in [27].

Lemma 2.17. Let B be a Banach space. Then the following properties of B are equivalent:
(i) B has the RNP.
(ii) If 1 < p < ∞, every B-valued bounded martingale in Lp(B) converges almost surely (a.s.) and in Lp(B).
(iii) If there is a constant C > 0 such that supn≥0 ∥ fn∥L∞(B) ≤ C for any B-valued martingale f = ( fn)n≥0, then fn
converges a.e..

For Lemma 2.17, the proof of (i)⇔ (ii) was showed in [27]; the proof of (i)⇔ (iii) can be seen in [21].

3. Atomic decompositions

In this section, we investigate atomic decompositions for B-valued martingale Hardy Lorentz-Karamata
spaces. First, let us introduce the definition of atoms.

Definition 3.1. Let Φ ∈ G be a concave function, 1 ≤ r < ∞, 0 < p < ∞ and 0 < ℓ ≤ ∞. A B-valued measurable
function a is called a (Φ, p, ℓ)sr -atom (resp. (Φ, p, ℓ)Sr -atom, (Φ, p, ℓ)M-atom), if there exists a stopping time τ ∈ T
such that
(i) an = En(a) = 0, if τ ≥ n;
(ii) ∥sr(a)∥ℓ (∥Sr(a)∥ℓ or ∥M(a)∥ℓ, respectively ) ≤ P(τ < ∞)

1
ℓΦ−1(P(τ < ∞)−

1
p ).

Let 0 < q ≤ ∞ and b be a slowly varying function. Denote by Asr
(Φ, p, q, ℓ) (resp. ASr

(Φ, p, q, ℓ),
A

M(Φ, p, q, ℓ)) the set of all sequences of triples (µk, ak, τk), where

µk =
Φ−1(2k+1)

Φ−1
(
P(τk < ∞)−

1
p
) ,

ak are (Φ, p, ℓ)sr
-atoms (resp. (Φ, p, ℓ)Sr

-atoms, (Φ, p, ℓ)M-atoms) satisfying (i) and (ii), τk are the stopping
times corresponding to ak, satisfying∥∥∥∥{P(τk < ∞)

1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)}
k∈Z

∥∥∥∥
lq
< ∞.

Let
W

(
{µk
}, {ak
}, {τk
}

)
=

∥∥∥∥∥{P(τk < ∞)
1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)}
k∈Z

∥∥∥∥∥
lq
.

Theorem 3.2. Let Φ ∈ G be a concave function, B be a Banach space, 1 < r ≤ 2, 0 < p ≤ r, 0 < q ≤ ∞,
max{1, p} < ℓ ≤ ∞ and b be a slowly varying function. Then the following statements are equivalent:
(i) B is isomorphic to a r-uniformly smooth space.
(ii) Assume that B-valued martingale f = ( fn)n≥0 satisfies ∥Φ(sr( f ))∥p,q,b < ∞. Then there exists a sequence of triples
(µk, ak, τk) ∈ Asr

(Φ, p, q, ℓ) such that for all n ∈N,

fn =
∑
k∈Z

µkEn(ak) a.e. (4)
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and

sup
k∈Z
∥M(ak)∥p < ∞. (5)

Moreover,

∥Φ(sr( f ))∥p,q,b ≈ infW({µk
}, {ak
}, {τk
}), (6)

where the infimum is taken over all the preceding decompositions of f of the form (4).

Proof. (i) ⇒ (ii). Suppose that f = ( fn)n≥0 is a B-valued martingale which satisfies ∥Φ(sr( f ))∥p,q,b < ∞. For
n ∈N and k ∈ Z, we define the following stopping times:

τk = inf{n ∈N : sr
n+1( f ) > Φ−1(2k)} (inf ∅ = ∞).

Obviously, the sequence of these stopping times is nondecreasing. For each n ∈N, it is easy to see that

fn =

n∑
i=0

di f =
n∑

i=0

∑
k∈Z

(
χ{i≤τk+1} − χ{i≤τk}

)
di f

=
∑
k∈Z

 n∑
i=0

χ{i≤τk+1}di f −
n∑

i=0

χ{i≤τk}di f


=

∑
k∈Z

( f τ
k+1

n − f τ
k

n ) a.e..

For all k ∈ Z and n ∈N, set

µk =
Φ−1(2k+1)

Φ−1
(
P(τk < ∞)−

1
p
) and ak

n =
f τk+1

n − f τk

n

µk
.

Let ak
n = 0 if µk = 0. It is easy to check that∑

k∈Z

µkak
n =

∑
k∈Z

( f τ
k+1

n − f τ
k

n ) = fn a.e.

for all n ≥ 0. Since

dak
n =

d f τk+1

n − d f τk

n

µk
=

d fnχ{τk<n≤τk+1}

µk
, ∀ n ∈N,

for any fixed k ∈ Z, we have

En−1

(
dak

n

)
=
En−1

(
d fn

)
χ{τk<n≤τk+1}

µk
= 0.

Thus, (ak
n)n≥0 is a B-valued martingale. From the definition of ak

n, it is clear that sr
(
(ak

n)n≥0

)
= 0 on {τk = ∞}.

Furthermore, sr( f τk
) = sr

τk ( f ) ≤ Φ−1(2k). Hence, we have

sr
(
(ak

n)n≥0

)
=

 ∞∑
m=0

Em−1

(
∥dak

m∥
r
)

1
r

χ{τk<∞} ≤
sr
τk+1 ( f )

µk
χ{τk<∞} ≤ Φ

−1
(
P(τk < ∞)−

1
p
)
χ{τk<∞}. (7)

It follows from Lemma 2.15 (iii) that∥∥∥∥M
(
(ak

n)n≥0

)∥∥∥∥
r
≤ C

∥∥∥∥Sr
(
(ak

n)n≥0

)∥∥∥∥
r
= C

∥∥∥∥sr
(
(ak

n)n≥0

)∥∥∥∥
r
≤ CP(τk < ∞)

1
rΦ−1

(
P(τk < ∞)−

1
p
)
< ∞, (8)
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which means (ak
n)n≥0 is a Lr(B)-bounded martingale. Since condition (i) implies B has the RNP (see Remark

2.14), then by Lemma 2.17, we know that ak
n converges a.s. to a limit ak in Lr(B). Therefore, ak

n = En(ak) (see
[21, p.27]). Combining this fact with (7), we have∥∥∥sr(ak)

∥∥∥
ℓ
≤ P(τk < ∞)

1
ℓΦ−1

(
P(τk < ∞)−

1
p
)
. (9)

For n ≤ τk,

En(ak) = ak
n =

f τk+1

n − f τk

n

µk
=

fn − fn
µk

= 0. (10)

Consequently, ak is a (Φ, p, ℓ)sr
-atom and (4) holds. Since 0 < p ≤ r, by using (8) and Hölder’s inequality, for

any fixed k ∈ Z, we conclude that

∥M(ak)∥pp = E
(
M(ak)p

)
= E

(
M(ak)pχ{τk<∞}

)
≤ ∥M(ak)∥prP(τk < ∞)1− p

r

≲ P(τk < ∞)
(
Φ−1

(
P(τk < ∞)−

1
p
))p
.

Thus, inequality (5) holds.
Next, we will prove that (6) holds. Apparently,

Φ
(
µkΦ−1

(
P(τk < ∞)−

1
p
))
= 2k+1 (11)

and

{τk < ∞} =
{
Φ
(
sr( f )

)
> 2k

}
.

For the case of 0 < q < ∞. Proposition 2.2 (i) and Remark 2.6 (ii) guarantee that

W({µk
}, {ak
}, {τk
}) =

∥∥∥∥∥{P(τk < ∞)
1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)}
k∈Z

∥∥∥∥∥
lq

=

∥∥∥∥∥∥
{
P
(
Φ
(
sr( f )

)
> 2k

) 1
p 2k+1γb

(
P
(
Φ
(
sr( f )

)
> 2k

))}
k∈Z

∥∥∥∥∥∥
lq

=

∑
k∈Z

P
(
Φ
(
sr( f )

)
> 2k

) q
p 2(k+1)qγq

b

(
P
(
Φ
(
sr( f )

)
> 2k

))
1
q

≈

∑
k∈Z

P
(
Φ
(
sr( f )

)
> 2k

) q
pγq

b

(
P
(
Φ
(
sr( f )

)
> 2k

)) ∫ 2k

2k−1
yq dy

y


1
q

≲

∑
k∈Z

∫ 2k

2k−1
P
(
Φ
(
sr( f )

)
> y

) q
pγq

b

(
P
(
Φ
(
sr( f )

)
> y

))
yq−1dy


1
q

≈

∥∥∥∥Φ(sr( f )
)∥∥∥∥

p,q,b
.

Similarly, for the case of q = ∞. Applying Remark 2.6 (ii), we find that

W({µk
}, {ak
}, {τk
}) =

∥∥∥∥∥{P(τk < ∞)
1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)}
k∈Z

∥∥∥∥∥
∞

= sup
k∈Z
P
(
Φ
(
sr( f )

)
> 2k

) 1
p 2k+1γb

(
P
(
Φ
(
sr( f )

)
> 2k

))
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= sup
t>0
P
(
Φ
(
sr( f )

)
> t

) 1
p 2tγb

(
P
(
Φ
(
sr( f )

)
> t

))
≈

∥∥∥∥Φ(sr( f )
)∥∥∥∥

p,∞,b
.

Thus (µk, ak, τk) ∈ Asr
(Φ, p, q, ℓ). Then we have the following inequality for 0 < q ≤ ∞,

W

(
{µk
}, {ak
}, {τk
}

)
≲

∥∥∥∥Φ(sr( f )
)∥∥∥∥

p,q,b
. (12)

On the other hand, for an arbitrary integer k0, set

T1 =

k0−1∑
k=−∞

Φ
(
µksr(ak)

)
and T2 =

∞∑
k=k0

Φ
(
µksr(ak)

)
.

It follows from the sublinearity of the conditional r-variation sr and the subadditivity of Φ that

Φ
(
sr( f )

)
≤ Φ

∑
k∈Z

µksr(ak)

 ≤∑
k∈Z

Φ
(
µksr(ak)

)
≜ T1 + T2. (13)

Firstly, we consider the case of 0 < q < ∞. In view of (13) and Remark 2.6 (iii), we obtain

∥Φ(sr( f ))∥p,q,b ≤ ∥T1 + T2∥p,q,b ≲ ∥T1∥p,q,b + ∥T2∥p,q,b (14)

≈

∑
k0∈Z

2k0q
∥χ
{T1>2k0 }∥

q
pγ

q
b

(
∥χ
{T1>2k0 }∥

p
p

)
1
q

+

∑
k0∈Z

2k0q
∥χ
{T2>2k0 }∥

q
pγ

q
b

(
∥χ
{T2>2k0 }∥

p
p

)
1
q

.

Estimation for
∑

k0∈Z
2k0q
∥χ
{T1>2k0 }∥

q
pγ

q
b

(
∥χ
{T1>2k0 }∥

p
p

)
.

Let 0 < θ < min{p, q, 1} and 1 < λ1 < min{ 1
θ ,
ℓ
p }. Using Chebyshev’s inequality and Lemma 2.9, we have

∥χ
{T1>2k0 }∥p ≤

1
2k0λ1

∥∥∥∥∥∥∥∥
 k0−1∑

k=−∞

Φ
(
µksr(ak)

)
λ1
∥∥∥∥∥∥∥∥

p

=
1

2k0λ1

∥∥∥∥∥∥∥∥
 k0−1∑

k=−∞

Φ
(
µksr(ak)

)
λ1θ

∥∥∥∥∥∥∥∥
1
θ

p
θ

≤
1

2k0λ1

∥∥∥∥∥∥∥
k0−1∑

k=−∞

Φ
(
µksr(ak)

)λ1θ

∥∥∥∥∥∥∥
1
θ

p
θ

≤
1

2k0λ1

 k0−1∑
k=−∞

∥∥∥∥∥Φ(µksr(ak)
)λ1θ

∥∥∥∥∥ p
θ


1
θ

=
1

2k0λ1

 k0−1∑
k=−∞

∥∥∥∥Φ(µksr(ak)
)∥∥∥∥λ1θ

pλ1


1
θ

≲
1

2k0λ1

 k0−1∑
k=−∞

P(τk < ∞)
θ
pΦ

( µk
∥sr(ak)∥ℓ

P(τk < ∞)
1
ℓ

)λ1θ


1
θ

.

Since ak is a (Φ, p, ℓ)sr
-atom, it is easy to check that

Φ
( µk
∥sr(ak)∥ℓ

P(τk < ∞)
1
ℓ

)
≤ 2k+1. (15)

Choose η1 such that 1 < η1 < λ1. By (15) and Hölder’s inequality with θ
q +

q−θ
q = 1, we obtain

∥χ
{T1>2k0 }∥p ≲

1
2k0λ1

 k0−1∑
k=−∞

P(τk < ∞)
θ
p 2kλ1θ


1
θ

(16)
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=
1

2k0λ1

 k0−1∑
k=−∞

P(τk < ∞)
θ
p 2kη1θ2k(λ1−η1)θ


1
θ

≤
1

2k0λ1

 k0−1∑
k=−∞

P(τk < ∞)
q
p 2kη1q


1
q
 k0−1∑

k=−∞

2k(λ1−η1)θ q
q−θ


q−θ
qθ

=
2η1−λ1

2k0η1

(
1 − 2

qθ(η1−λ1)
q−θ

) q−θ
qθ

 k0−1∑
k=−∞

P(τk < ∞)
q
p 2kη1q


1
q

.

Define b1(t) = b(t
p
q ) for t ∈ [1,∞) and 0 < ε1 < 1. Applying (16), Proposition 2.2 (ii), (iv) and Lemma 2.4, we

can further deduce that∑
k0∈Z

2k0q
∥χ
{T1>2k0 }∥

q
pγ

q
b

(
∥χ
{T1>2k0 }∥

p
p

)
(17)

≲
∑
k0∈Z

2k0q

 k0−1∑
k=−∞

2−k0η1qP(τk < ∞)
q
p 2kη1q

γq
b


 k0−1∑

k=−∞

2−k0η1qP(τk < ∞)
q
p 2kη1q


p
q


=
∑
k0∈Z

2k0q

 k0−1∑
k=−∞

2(k−k0)η1qP(τk < ∞)
q
p

γbq
1

 k0−1∑
k=−∞

2(k−k0)η1qP(τk < ∞)
q
p


=

∑
k0∈Z

2k0q


 k0−1∑

k=−∞

2(k−k0)η1qP(τk < ∞)
q
p


ε1

γbε1q
1

 k0−1∑
k=−∞

2(k−k0)η1qP(τk < ∞)
q
p




1
ε1

≲
∑
k0∈Z

2k0q
[ k0−1∑

k=−∞

2(k−k0)η1ε1qP(τk < ∞)
ε1q

p γbε1q
1

(
2(k−k0)η1qP(τk < ∞)

q
p
) ] 1

ε1

=
∑
k0∈Z

2k0q
[ k0−1∑

k=−∞

2(k−k0)η1ε1qP(τk < ∞)
ε1q

p γε1q
b

(
2(k−k0)η1pP(τk < ∞)

) ] 1
ε1

.

Set 0 < δ1 <
η1−1
η1

. (17) and Hölder’s inequality with 1 − ε1 + ε1 = 1 guarantee that∑
k0∈Z

2k0q
∥χ
{T1>2k0 }∥

q
pγ

q
b

(
∥χ
{T1>2k0 }∥

p
p

)
(18)

≲
∑
k0∈Z

2k0q
[ k0−1∑

k=−∞

2(k−k0)η1ε1qδ1 2(k−k0)η1ε1q(1−δ1)P(τk < ∞)
ε1q

p γε1q
b

(
2(k−k0)η1pP(τk < ∞)

) ] 1
ε1

≤

∑
k0∈Z

2k0q

 k0−1∑
k=−∞

2(k−k0)η1ε1qδ1/(1−ε1)


1−ε1
ε1 k0−1∑

k=−∞

2(k−k0)η1q(1−δ1)P(τk < ∞)
q
pγq

b

(
2(k−k0)η1pP(τk < ∞)

)
≲

∑
k0∈Z

2k0q
k0−1∑

k=−∞

2(k−k0)η1q(1−δ1)P(τk < ∞)
q
pγq

b

(
2(k−k0)η1pP(τk < ∞)

)
.

Given 0 < z1 <
η1−η1δ1−1
η1p . By Proposition 2.2 (i), we find that tz1γb(t) is equivalent to a nondecreasing function

on (0,∞). When k ≤ k0 − 1, we conclude that

γb

(
2(k−k0)η1pP(τk < ∞)

)
=

(
2(k−k0)η1pP(τk < ∞)

)−z1
(
2(k−k0)η1pP(τk < ∞)

)z1
γb

(
2(k−k0)η1pP(τk < ∞)

)
(19)
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≲
(
2(k−k0)η1pP(τk < ∞)

)−z1
(
P(τk < ∞)

)z1
γb

(
P(τk < ∞)

)
= 2−(k−k0)η1pz1γb

(
P(τk < ∞)

)
.

It follows from (18), (19), Abel’s transformation and (15) that∑
k0∈Z

2k0q
∥χ
{T1>2k0 }∥

q
pγ

q
b

(
∥χ
{T1>2k0 }∥

p
p

)
(20)

≲
∑
k0∈Z

2k0q
k0−1∑

k=−∞

2(k−k0)η1q(1−δ1)P(τk < ∞)
q
p 2−(k−k0)η1pz1qγq

b

(
P(τk < ∞)

)
=

∑
k∈Z

2k(1−δ1−z1p)η1qP(τk < ∞)
q
pγq

b

(
P(τk < ∞)

) ∞∑
k0=k+1

2k0q[1+η1(δ1−1)+η1z1p]

=
2qη1δ1−qη1+qη1z1p

1 − 2q[1+η1(δ1−1)+η1z1p]

∑
k∈Z

P(τk < ∞)
q
p 2(k+1)qγq

b

(
P(τk < ∞)

)
=

2qη1δ1−qη1+qη1z1p

1 − 2q[1+η1(δ1−1)+η1z1p]

∑
k∈Z

P(τk < ∞)
q
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))q
γq

b

(
P(τk < ∞)

)
.

Estimation for
∑

k0∈Z
2k0q
∥χ
{T2>2k0 }∥

q
pγ

q
b

(
∥χ
{T2>2k0 }∥

p
p

)
.

Let θ be as above and 0 < λ2 < 1. Applying Chebyshev’s inequality and Lemma 2.9, we get

∥χ
{T2>2k0 }∥p ≤

1
2k0λ2

∥∥∥∥∥∥∥∥
 ∞∑

k=k0

Φ
(
µksr(ak)

)
λ2
∥∥∥∥∥∥∥∥

p

=
1

2k0λ2

∥∥∥∥∥∥∥∥
 ∞∑

k=k0

Φ
(
µksr(ak)

)
λ2θ

∥∥∥∥∥∥∥∥
1
θ

p
θ

≤
1

2k0λ2

∥∥∥∥∥∥∥
∞∑

k=k0

Φ
(
µksr(ak)

)λ2θ

∥∥∥∥∥∥∥
1
θ

p
θ

≤
1

2k0λ2

 ∞∑
k=k0

∥∥∥∥∥Φ(µksr(ak)
)λ2θ

∥∥∥∥∥ p
θ


1
θ

=
1

2k0λ2

{ ∞∑
k=k0

∥∥∥∥Φ(µksr(ak)
)∥∥∥∥λ2θ

λ2p

} 1
θ

≲
1

2k0λ2

 ∞∑
k=k0

P(τk < ∞)
θ
pΦ

( µk
∥sr(ak)∥ℓ

P(τk < ∞)
1
ℓ

)λ2θ


1
θ

.

Set 0 < λ2 < η2 < 1. It follows from (15) and Hölder’s inequality with θ
q +

q−θ
q = 1 that

∥χ
{T2>2k0 }∥p ≲

1
2k0λ2

 ∞∑
k=k0

P(τk < ∞)
θ
p 2kλ2θ


1
θ

(21)

=
1

2k0λ2

 ∞∑
k=k0

P(τk < ∞)
θ
p 2kη2θ2k(λ2−η2)θ


1
θ

≤
1

2k0λ2

 ∞∑
k=k0

P(τk < ∞)
q
p 2kη2q


1
q
 ∞∑

k=k0

2k(λ2−η2)θ q
q−θ


q−θ
qθ

=
1

2k0η2

(
1 − 2

qθ(λ2−η2)
q−θ

) q−θ
qθ

 ∞∑
k=k0

P(τk < ∞)
q
p 2kη2q


1
q

.
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Set 0 < ε2 < 1. (21), Proposition 2.2 (ii), (iv) and Lemma 2.4 ensure that∑
k0∈Z

2k0q
∥χ
{T2>2k0 }∥

q
pγ

q
b

(
∥χ
{T2>2k0 }∥

p
p

)
(22)

≲
∑
k0∈Z

2k0q

 ∞∑
k=k0

2−k0η2qP(τk < ∞)
q
p 2kη2q

γq
b


 ∞∑

k=k0

2−k0η2qP(τk < ∞)
q
p 2kη2q


p
q


=
∑
k0∈Z

2k0q

 ∞∑
k=k0

2(k−k0)η2qP(τk < ∞)
q
p

γbq
1

 ∞∑
k=k0

2(k−k0)η2qP(τk < ∞)
q
p


=

∑
k0∈Z

2k0q


 ∞∑

k=k0

2(k−k0)η2qP(τk < ∞)
q
p


ε2

γbε2q
1

 ∞∑
k=k0

2(k−k0)η2qP(τk < ∞)
q
p




1
ε2

≲
∑
k0∈Z

2k0q
[ ∞∑

k=k0

2(k−k0)η2ε2qP(τk < ∞)
ε2q

p γbε2q
1

(
2(k−k0)η2qP(τk < ∞)

q
p
) ] 1

ε2

=
∑
k0∈Z

2k0q
[ ∞∑

k=k0

2(k−k0)η2ε2qP(τk < ∞)
ε2q

p γε2q
b

(
2(k−k0)η2pP(τk < ∞)

) ] 1
ε2

.

Let 0 < δ2 <
1−η2

η2
. By (22) and Hölder’s inequality with 1 − ε2 + ε2 = 1, we have∑

k0∈Z

2k0q
∥χ
{T2>2k0 }∥

q
pγ

q
b

(
∥χ
{T2>2k0 }∥

p
p

)
(23)

≲
∑
k0∈Z

2k0q
[ ∞∑

k=k0

2−(k−k0)η2ε2qδ2 2(k−k0)η2ε2q(1+δ2)P(τk < ∞)
ε2q

p γε2q
b

(
2(k−k0)η2pP(τk < ∞)

) ] 1
ε2

≤

∑
k0∈Z

2k0q

 ∞∑
k=k0

2−(k−k0)η2ε2qδ2/(1−ε2)


1−ε2
ε2 ∞∑

k=k0

2(k−k0)η2q(1+δ2)P(τk < ∞)
q
pγq

b

(
2(k−k0)η2pP(τk < ∞)

)
≈

∑
k0∈Z

2k0q
∞∑

k=k0

2(k−k0)η2q(1+δ2)P(τk < ∞)
q
pγq

b

(
2(k−k0)η2pP(τk < ∞)

)
.

Choose z2 such that 0 < z2 <
1−η2δ2−η2

η2p . According to Proposition 2.2 (i), we know that t−hγb(t) is equivalent
to a nonincreasing function on (0,∞). For k ≥ k0, we have

γb

(
2(k−k0)η2pP(τk < ∞)

)
=

(
2(k−k0)η2pP(τk < ∞)

)z2
(
2(k−k0)η2pP(τk < ∞)

)−z2
γb

(
2(k−k0)η2pP(τk < ∞)

)
(24)

≲
(
2(k−k0)η2pP(τk < ∞)

)z2
(
P(τk < ∞)

)−z2
γb

(
P(τk < ∞)

)
= 2(k−k0)η2pz2γb

(
P(τk < ∞)

)
.

Thus, we get the following inequality by (23), (24) and Abel’s transformation∑
k0∈Z

2k0q
∥χ
{T2>2k0 }∥

q
pγ

q
b

(
∥χ
{T2>2k0 }∥

p
p

)
(25)

≲
∑
k0∈Z

2k0q
∞∑

k=k0

2(k−k0)η2q(1+δ2)P(τk < ∞)
q
p 2(k−k0)η2pz2qγq

b

(
P(τk < ∞)

)
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=
∑
k∈Z

2k(1+δ2+z2p)η2qP(τk < ∞)
q
pγq

b

(
P(τk < ∞)

) k∑
k0=−∞

2k0q[1−η2(δ2+1)−η2z2p]

=
2q[−(δ2+1)η2−η2z2p]

2q[1−η2(δ2+1)−η2z2p] − 1

∑
k∈Z

P(τk < ∞)
q
p 2(k+1)qγq

b

(
P(τk < ∞)

)
=

2q[−(δ2+1)η2−η2z2p]

2q[1−η2(δ2+1)−η2z2p] − 1

∑
k∈Z

P(τk < ∞)
q
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))q
γq

b

(
P(τk < ∞)

)
.

As a consequence of (14), (20) and (25), we get

∥Φ(sr( f ))∥p,q,b ≈

∑
k0∈Z

2k0q
∥χ
{T1>2k0 }∥

q
pγ

q
b

(
∥χ
{T1>2k0 }∥

p
p

)
1
q

+

∑
k0∈Z

2k0q
∥χ
{T2>2k0 }∥

q
pγ

q
b

(
∥χ
{T2>2k0 }∥

p
p

)
1
q

(26)

≲

∥∥∥∥∥{P(τk < ∞)
1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)}
k∈Z

∥∥∥∥∥
lq
.

Next we prove the case of q = ∞. (13) and Remark 2.6 (iii) ensure that

∥Φ(sr( f ))∥p,∞,b ≤ ∥T1 + T2∥p,∞,b ≲ ∥T1∥p,∞,b + ∥T2∥p,∞,b (27)

≈

sup
k0∈Z

2k0∥χ
{T1>2k0 }∥pγb

(
∥χ
{T1>2k0 }∥

p
p

) + sup
k0∈Z

2k0∥χ
{T2>2k0 }∥pγb

(
∥χ
{T2>2k0 }∥

p
p

) .
Estimation for sup

k0∈Z

2k0∥χ
{T1>2k0 }∥pγb

(
∥χ
{T1>2k0 }∥

p
p

)
.

From (16) and Hölder’s inequality with θ + 1 − θ = 1, we obtain

∥χ
{T1>2k0 }∥p ≲

1
2k0λ1

 k0−1∑
k=−∞

P(τk < ∞)
θ
p 2kη1θ2k(λ1−η1)θ


1
θ

≤
1

2k0λ1

k0−1∑
k=−∞

P(τk < ∞)
1
p 2kη1

 k0−1∑
k=−∞

2k(λ1−η1)θ/(1−θ)


1−θ
θ

≲ 2−k0η1

k0−1∑
k=−∞

P(τk < ∞)
1
p 2kη1 =

k0−1∑
k=−∞

2(k−k0)η1P(τk < ∞)
1
p .

Let b2(t) = b(tp) for t ∈ [1,∞). It follows from Proposition 2.2 (ii), (iv), Lemma 2.4 and Hölder’s inequality
with 1 − ε1 + ε1 = 1 that

sup
k0∈Z

2k0∥χ
{T1>2k0 }∥pγb

(
∥χ
{T1>2k0 }∥

p
p

)
(28)

≲ sup
k0∈Z

2k0

 k0−1∑
k=−∞

2(k−k0)η1P(τk < ∞)
1
p

γb


 k0−1∑

k=−∞

2(k−k0)η1P(τk < ∞)
1
p


p

= sup
k0∈Z

2k0

 k0−1∑
k=−∞

2(k−k0)η1P(τk < ∞)
1
p

γb2

 k0−1∑
k=−∞

2(k−k0)η1P(τk < ∞)
1
p


= sup

k0∈Z

2k0


 k0−1∑

k=−∞

2(k−k0)η1P(τk < ∞)
1
p


ε1

γbε12

 k0−1∑
k=−∞

2(k−k0)η1P(τk < ∞)
1
p




1
ε1
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≲ sup
k0∈Z

2k0

[ k0−1∑
k=−∞

2(k−k0)η1ε1P(τk < ∞)
ε1
p γbε12

(
2(k−k0)η1P(τk < ∞)

1
p
) ] 1

ε1

= sup
k0∈Z

2k0

 k0−1∑
k=−∞

2(k−k0)η1ε1P(τk < ∞)
ε1
p γε1

b

(
2(k−k0)η1pP(τk < ∞)

)
1
ε1

= sup
k0∈Z

2k0

[ k0−1∑
k=−∞

2(k−k0)η1ε1δ1 2(k−k0)η1ε1(1−δ1)P(τk < ∞)
ε1
p γε1

b

(
2(k−k0)η1pP(τk < ∞)

) ] 1
ε1

≤ sup
k0∈Z

2k0

 k0−1∑
k=−∞

2(k−k0)η1ε1δ1/(1−ε1)


1−ε1
ε1 k0−1∑

k=−∞

2(k−k0)η1(1−δ1)P(τk < ∞)
1
pγb

(
2(k−k0)η1pP(τk < ∞)

)
≲ sup

k0∈Z

2k0

k0−1∑
k=−∞

2(k−k0)η1(1−δ1)P(τk < ∞)
1
pγb

(
2(k−k0)η1pP(τk < ∞)

)
.

Combining (28) with (19) and Abel’s transformation, we deduce that

sup
k0∈Z

2k0∥χ
{T1>2k0 }∥pγb

(
∥χ
{T1>2k0 }∥

p
p

)
(29)

≲ sup
k0∈Z

2k0

k0−1∑
k=−∞

2(k−k0)η1(1−δ1)P(τk < ∞)
1
p 2−(k−k0)η1pz1γb

(
P(τk < ∞)

)
= sup

k∈Z
2k(1−δ1−z1p)η1P(τk < ∞)

1
pγb

(
P(τk < ∞)

) ∞∑
k0=k+1

2k0[1+η1(δ1−1)+η1z1p]

=
2η1δ1−η1+η1z1p

1 − 2[1+η1(δ1−1)+η1z1p]
sup
k∈Z
P(τk < ∞)

1
p 2(k+1)γb

(
P(τk < ∞)

)
=

2η1δ1−η1+η1z1p

1 − 2[1+η1(δ1−1)+η1z1p]
sup
k∈Z
P(τk < ∞)

1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)
.

Estimation for sup
k0∈Z

2k0∥χ
{T2>2k0 }∥pγb

(
∥χ
{T2>2k0 }∥

p
p

)
.

Furthermore, by (21) and Hölder’s inequality with θ + 1 − θ = 1, we get

∥χ
{T2>2k0 }∥p ≲

1
2k0λ2

 ∞∑
k=k0

P(τk < ∞)
θ
p 2kη2θ2k(λ2−η2)θ


1
θ

≤
1

2k0λ2

∞∑
k=k0

P(τk < ∞)
1
p 2kη2

 ∞∑
k=k0

2k(λ2−η2)θ/(1−θ)


1−θ
θ

≲ 2−k0η2

∞∑
k=k0

P(τk < ∞)
1
p 2kη2 =

∞∑
k=k0

2(k−k0)η2P(τk < ∞)
1
p .

Applying Proposition 2.2 (ii), (iv), Lemma 2.4 and Hölder’s inequality with 1 − ε2 + ε2 = 1, we obtain

sup
k0∈Z

2k0∥χ
{T2>2k0 }∥pγb

(
∥χ
{T2>2k0 }∥

p
p

)
(30)

≲ sup
k0∈Z

2k0

 ∞∑
k=k0

2(k−k0)η2P(τk < ∞)
1
p

γb


 ∞∑

k=k0

2(k−k0)η2P(τk < ∞)
1
p


p
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= sup
k0∈Z

2k0

 ∞∑
k=k0

2(k−k0)η2P(τk < ∞)
1
p

γb2

 ∞∑
k=k0

2(k−k0)η2P(τk < ∞)
1
p


= sup

k0∈Z

2k0


 ∞∑

k=k0

2(k−k0)η2P(τk < ∞)
1
p


ε2

γbε22

 ∞∑
k=k0

2(k−k0)η2P(τk < ∞)
1
p




1
ε2

≲ sup
k0∈Z

2k0

 ∞∑
k=k0

2(k−k0)η2ε2P(τk < ∞)
ε2
p γbε22

(
2(k−k0)η2P(τk < ∞)

1
p
)

1
ε2

= sup
k0∈Z

2k0

 ∞∑
k=k0

2(k−k0)η2ε2P(τk < ∞)
ε2
p γε2

b

(
2(k−k0)η2pP(τk < ∞)

)
1
ε2

= sup
k0∈Z

2k0

[ ∞∑
k=k0

2−(k−k0)η2ε2δ2 2(k−k0)η2ε2(1+δ2)P(τk < ∞)
ε2
p γε2

b

(
2(k−k0)η2pP(τk < ∞)

) ] 1
ε2

≤ sup
k0∈Z

2k0

 ∞∑
k=k0

2−(k−k0)η2ε2δ2/(1−ε2)


1−ε2
ε2 ∞∑

k=k0

2(k−k0)η2(1+δ2)P(τk < ∞)
1
pγb

(
2(k−k0)η2pP(τk < ∞)

)
≈ sup

k0∈Z

2k0

∞∑
k=k0

2(k−k0)η2(1+δ2)P(τk < ∞)
1
pγb

(
2(k−k0)η2pP(τk < ∞)

)
.

Moreover, using (30), (24) and Abel’s transformation, we have

sup
k0∈Z

2k0∥χ
{T2>2k0 }∥pγb

(
∥χ
{T2>2k0 }∥

p
p

)
(31)

≲ sup
k0∈Z

2k0

∞∑
k=k0

2(k−k0)η2(1+δ2)P(τk < ∞)
1
p 2(k−k0)η2pz2γb

(
P(τk < ∞)

)
= sup

k∈Z
2k(1+δ2+z2p)η2P(τk < ∞)

1
pγb

(
P(τk < ∞)

) k∑
k0=−∞

2k0[1−η2(δ2+1)−η2z2p]

=
2η2(−δ2−1−z2p)

2[1−η2(δ2+1)−η2z2p] − 1
sup
k∈Z
P(τk < ∞)

1
p 2(k+1)γb

(
P(τk < ∞)

)
=

2η2(δ2−1−z2p)

2[1+η2(δ2−1)−η2z2p] − 1
sup
k∈Z
P(τk < ∞)

1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)
.

According to (27), (29) and (31), we further conclude that

∥Φ(sr( f ))∥p,∞,b ≈

sup
k0∈Z

2k0∥χ
{T1>2k0 }∥pγb

(
∥χ
{T1>2k0 }∥

p
p

) + sup
k0∈Z

2k0∥χ
{T2>2k0 }∥pγb

(
∥χ
{T2>2k0 }∥

p
p

) (32)

≲

∥∥∥∥∥{P(τk < ∞)
1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)}
k∈Z

∥∥∥∥∥
l∞
.

Consequently, for 0 < q ≤ ∞, combining (26) with (32), we obtain that

∥Φ(sr( f ))∥p,q,b ≲
∥∥∥∥∥{P(τk < ∞)

1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)}
k∈Z

∥∥∥∥∥
lq

(33)

=W
(
{µk
}, {ak
}, {τk
}

)
.
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Taking the infimum over all decompositions of the form (4), we get (6).
(ii)⇒ (i). Suppose that f = ( fn)n≥0 is a B-valued martingale and satisfies

E

 ∞∑
m=0

∥d fm∥r
 < ∞.

Given 1 < r ≤ 2, we have

∥sr( f )∥1 ≤ ∥sr( f )∥r =

E
 ∞∑

m=0

∥d fm∥r



1
r

< ∞.

Let Φ(t) = t. It is easy to find that ∥Φ(sr( f ))∥1 = ∥sr( f )∥1 < ∞ and Φ−1(t) = t. Hence, the B-valued martingale
f = ( fn)n≥0 has a decomposition as (4), where

(µk)k∈Z ∈ l1

and
sup
k∈Z
∥M(ak)∥1 < ∞.

Consequently, there exists k0 ∈ Z such that for any ε > 0,∑
|k|>k0
µk < ε.

Notice that ak
n = En(ak) converges to the function ak as n→ ∞ in L1(B) for each k ∈ Z (see [21, p.27]). Then,

there exists Mk ∈N such that
E

(∥∥∥ak
m − ak

n

∥∥∥) < ε
as m,n >Mk. Set N = max|k|≤k0 {Mk}. Thus, for m,n > N, we can deduce that

∥ fm − fn∥L1(B) = E


∥∥∥∥∥∥∥∑k∈Z µkak

m −
∑
k∈Z

µkak
n

∥∥∥∥∥∥∥
 ≤∑

k∈Z

µkE
(
∥ak

m − ak
n∥

)
=

∑
|k|>k0

µkE
(
∥ak

m − ak
n∥

)
+

∑
|k|≤k0

µkE
(
∥ak

m − ak
n∥

)
≤ 2 sup

k∈Z
∥M(ak)∥1

∑
|k|>k0

µk + ε
∑
|k|≤k0

µk ≲ ε.

This yields that ( fn)n≥0 is a Cauchy sequence in L1(B). Then ( fn)n≥0 converges in probability (see [21, p.14]).
It follows from Lemma 2.15 that B is isomorphic to a r-uniformly smooth space. The proof is finished.

We see that the proof of (33) in Theorem 3.2 mainly relies on the subadditivity of Φ and the sublinearity
of sr. That is, for ∥Φ(Sr( f ))∥p,q,b

(
resp. ∥Φ(M( f ))∥p,q,b, ∥Φ(sr( f ))∥p,q,b

)
we obtain:

Corollary 3.3. Let B be a Banach space, Φ ∈ G be a concave function and b be a slowly varying function. If
1 ≤ r < ∞, 0 < p < ∞, 0 < q ≤ ∞, max{1, p} < ℓ ≤ ∞ and the B-valued martingale f = ( fn)n≥0 has a decomposition
of type (4) with (µk, ak, τk) ∈ ASr

(Φ, p, q, ℓ)
(
resp. (µk, ak, τk) ∈ AM(Φ, p, q, ℓ), (µk, ak, τk) ∈ Asr

(Φ, p, q, ℓ)
)
, then∥∥∥Φ(Sr( f ))

∥∥∥
p,q,b ≲ infW({µk

}, {ak
}, {τk
})(

resp.
∥∥∥Φ(M( f ))

∥∥∥
p,q,b ≲ infW({µk

}, {ak
}, {τk
}) ,

∥∥∥Φ(sr( f ))
∥∥∥

p,q,b ≲ infW({µk
}, {ak
}, {τk
})
)
,

where the infimum is taken over all the decompositions of f of the form (4).
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We prove the atomic decompositions for Φ( f ) in QSr

p,q,b(B) andDp,q,b(B) as follows.

Theorem 3.4. Let Φ ∈ G be a concave function, B be a Banach space, 1 < r ≤ 2, 0 < p ≤ r, 0 < q ≤ ∞ and b be a
slowly varying function. Then the following statements are equivalent:
(i) B is isomorphic to a r-uniformly smooth space.
(ii) Assume that the B-valued martingale f = ( fn)n≥0 satisfies ∥Φ( f )∥

Q
Sr
p,q,b(B) < ∞. Then there exists a sequence of

triples (µk, ak, τk) ∈ ASr
(Φ, p, q,∞) such that for all n ∈N, (4), (5) hold and

∥Φ( f )∥
Q

Sr
p,q,b(B) ≈ infW({µk

}, {ak
}, {τk
}), (34)

where the infimum is taken over all the decompositions of f of the form (4).

Proof. (i)⇒(ii). As the proof is similar to the proof of Theorem 3.2, we skip the details. Suppose that
f = ( fn)n≥0 is a B-valued martingale with ∥Φ( f )∥

Q
Sr
p,q,b(B) < ∞. For every k ∈ Z, the stopping time is defined

by
τk = inf{n ∈N : λn > Φ

−1(2k)} (inf ∅ = ∞),

where (λn)n≥0 ∈ Λ[QSr

p,q,b,Φ( f )](B). Let µk and ak
n be the same as in the proof of Theorem 3.2. Hence, (ak

n)n≥0 is

a B-valued martingale. Moreover, Sr
τk ( f ) ≤ λτk−1 ≤ Φ

−1(2k). Similarly to the proof of (7), we have

Sr
(
(ak

n)n≥0

)
≤ Φ−1

(
P(τk < ∞)−

1
p
)
χ{τk<∞}.

Lemma 2.15 (iii) guarantees that∥∥∥∥M
(
(ak

n)n≥0

)∥∥∥∥
r
≤ C

∥∥∥∥Sr
(
(ak

n)n≥0

)∥∥∥∥
r
≤ CP(τk < ∞)

1
rΦ−1

(
P(τk < ∞)−

1
p
)
< ∞.

Analogous to the method of the proof of Theorem 3.2, there exists a function ak in Lr(B) such that ak
n =

En(ak)(n ∈N). Moreover, ak is a (Φ, p,∞)Sr
-atom, (4) and (5) hold.

Now we show (34). According to (11) and

{τk < ∞} =
{
Φ(λ∞) > 2k

}
,

for the case of 0 < q < ∞, we get

W({µk
}, {ak
}, {τk
}) =

∥∥∥∥∥{P(τk < ∞)
1
pΦ

(
µkΦ−1

(
P(τk < ∞)−

1
p
))
γb

(
P(τk < ∞)

)}
k∈Z

∥∥∥∥∥
lq

=

∥∥∥∥∥{P (
Φ(λ∞) > 2k

) 1
p 2k+1γb

(
P

(
Φ(λ∞) > 2k

) )}
k∈Z

∥∥∥∥∥
lq

=

∑
k∈Z

P(Φ(λ∞) > 2k
) q

p 2(k+1)qγq
b

(
P
(
Φ(λ∞) > 2k

))
1
q

≲

∑
k∈Z

P
(
Φ(λ∞) > 2k

) q
pγq

b

(
P
(
Φ(λ∞) > 2k

)) ∫ 2k

2k−1
yq dy

y


1
q

≤

∑
k∈Z

∫ 2k

2k−1
P
(
Φ(λ∞) > y

) q
pγq

b

(
P
(
Φ(λ∞) > y

))
yq−1dy


1
q

=
∥∥∥∥Φ(λ∞)∥∥∥∥

p,q,b
.
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Standard modifications can be made for the case of q = ∞. Taking the infimum over all (λn)n≥0 ∈

Λ[QSr

p,q,,b,Φ( f )](B), we get

W({µk
}, {ak
}, {τk
}) ≲ ∥Φ( f )∥

Q
Sr
p,q,b(B).

On the other hand, let
ρn =

∑
k∈Z

µk
∥Sr(ak)∥∞χ{τk≤n}.

Obviously, (ρn)n≥0 ∈ Λ and Sr
n+1( f ) ≤ ρn for every n ≥ 0. In view of the definition of (Φ, p,∞)Sr

-atom, we
find that {Sr(ak) > 0} ⊂ {τk < ∞}. For an arbitrary integer k0, set

ρ(1)
∞ =

k0−1∑
k=−∞

Φ
(
µk
∥Sr(ak)∥∞χ{τk<∞}

)
, ρ(2)
∞ =

∞∑
k=k0

Φ
(
µk
∥Sr(ak)∥∞χ{τk<∞}

)
.

The subadditivity of Φ assures that
Φ(ρ∞) ≤ ρ(1)

∞ + ρ
(2)
∞ .

Replacing T1 and T2 by ρ(1)
∞ and ρ(2)

∞ in Theorem 3.2, respectively. Then we deduce that

∥Φ( f )∥
Q

Sr
p,q,b(B) ≈ infW({µk

}, {ak
}, {τk
}),

where the infimum is taken over all decompositions of f of the form (4).
(ii) ⇒ (i). If f = ( fn)n≥0 is a B-valued martingale with Sr( f ) ∈ L∞. For every n ≥ 0, set Φ(t) = t and

λn = ∥Sr
n+1( f )∥∞. It is easy to see that (λn)n≥0 ∈ Λ and Sr

n+1( f ) ≤ λn. Consequently,

∥Φ( f )∥
Q

Sr
1 (B) ≤ ∥Φ(λ∞)∥1 = ∥Sr( f )∥∞ < ∞.

Therefore, ( fn)n≥0 has a decomposition as (4). The remaining proof is similar to the proof of Theorem 3.2.
This finishes the proof.

Theorem 3.5. Let B be a Banach space, Φ ∈ G be a concave function, 0 < p < ∞, 0 < q ≤ ∞ and b be a slowly
varying function. Then the following assertions are equivalent:
(i) B has the RNP.
(ii) For every B-valued martingale f = ( fn)n≥0 which satisfies ∥Φ( f )∥Dp,q,b(B) < ∞, there exists a sequence of triples
(µk, ak, τk) ∈ AM(Φ, p, q,∞) such that for n ≥ 0, (4), (5) hold and

∥Φ( f )∥Dp,q,b(B) ≈ infW({µk
}, {ak
}, {τk
}), (35)

where the infimum is taken over all the decompositions of the form (4).

Proof. (i)⇒(ii).We omit some details of the proof, since it is similar to the proof of Theorem 3.4. If f = ( fn)n≥0
is a B-valued martingale with ∥Φ( f )∥Dp,q,b(B) < ∞, then the stopping times τk are defined by

τk = inf{n ∈N : λn > Φ
−1(2k)} (inf ∅ = ∞),

where (λn)n≥0 ∈ Λ[Dp,q,,b,Φ( f )](B). Let µk and ak
n be the same as in the proof of Theorem 3.2. Thus it is

obvious that

∥ak
n∥ =

∥ f τk+1

n − f τk

n ∥

µk
≤
∥ f τk+1

n ∥ + ∥ f τk

n ∥

µk
χ{τk<∞} ≤

λτk+1−1 + λτk−1

µk
χ{τk<∞} (36)

≤
Φ−1(2k+1) + Φ−1(2k)

µk
χ{τk<∞} ≤ 2Φ−1

(
P(τk < ∞)−

1
p
)
χ{τk<∞}.
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It follows from (36) that ∥∥∥∥M
(
(ak

n)n≥0

)∥∥∥∥
∞

≲ Φ−1
(
P(τk < ∞)−

1
p
)
.

From condition (i), there exists a B-valued integrable function ak such that ak
n = En(ak) (n ∈ N). It is clear

that ak is a (Φ, p,∞)M-atom and (4) holds. Moreover, we have (5) and

W({µk
}, {ak
}, {τk
}) ≲ ∥Φ( f )∥Dp,q,b(B).

On the other hand, define
ρn =

∑
k∈Z

µk
∥M(ak)∥∞χ{τk≤n}.

Thus, (ρn)n≥0 ∈ Λ and ∥ fn+1∥ ≤ ρn for every n ≥ 0. For an arbitrary integer k0, let

ρ(1)
∞ =

k0−1∑
k=−∞

Φ
(
µk
∥M(ak)∥∞χ{τk<∞}

)
, ρ(2)
∞ =

∞∑
k=k0

Φ
(
µk
∥M(ak)∥∞χ{τk<∞}

)
.

It follows from the subadditivity of Φ that

Φ(ρ∞) ≤ ρ(1)
∞ + ρ

(2)
∞ .

Replacing T1 and T2 by ρ(1)
∞ and ρ(2)

∞ in Theorem 3.2, respectively. Then we have

∥Φ( f )∥Dp,q,b(B) ≈ infW({µk
}, {ak
}, {τk
}),

where the infimum is taken over all decompositions of f of the form (4).
(ii)⇒ (i). Assume that f = ( fn)n≥0 is a B-valued martingale with

sup
n≥0
∥ fn∥L∞(B) < ∞.

For every n ≥ 0, set Φ(t) = t and λn = ∥Mn+1( f )∥∞. It is obvious that (λn)n≥0 ∈ Λ and ∥ fn+1∥ ≤ λn.
Consequently,

∥Φ( f )∥D1(B) ≤ ∥Φ(λ∞)∥1 ≤ sup
n≥0
∥ fn∥∞ < ∞.

Therefore, ( fn)n≥0 has a decomposition as (4). Similar to the proof of Theorem 3.2, we find that ( fn)n≥0
converges in L1(B). Then ( fn)n≥0 converges a.e.. Lemma 2.17 guarantees that B has the RNP. Therefore, we
complete the proof.

Remark 3.6. If b is a nondecreasing slowly varying function,Φ(t) = t and ℓ = ∞ in Theorem 3.2, then we refer to Liu
et al. [17] for the corresponding result; if b is a nondecreasing slowly varying function and Φ(t) = t, then Theorems
3.4 and 3.5 recover the corresponding results in [17]. Moreover, the slowly varying function b is not necessarily
nondecreasing in Theorems 3.2, 3.4 and 3.5 of this article. Hence, Theorems 3.2, 3.4 and 3.5 improve Theorems 3.2,
3.4 and 3.5 in [17], respectively.

Remark 3.7. Let r = 2, Φ(t) = t and B = R in Theorems 3.2, 3.4 and 3.5, we obtain the atomic decomposition of
Hardy-Lorentz-Karamata martingale spaces Hs

p,q,b, Qp,q,b andDp,q,b, respectively.

Remark 3.8. If b ≡ 1, Φ(t) = t and ℓ = ∞, then Theorem 3.2 goes back to the corresponding result in [18]; if b ≡ 1
and Φ(t) = t, then Theorems 3.4 and 3.5 reduce to the corresponding results in [18].

Remark 3.9. If we consider the special case b ≡ 1 in Theorems 3.2, 3.4 and 3.5, then we can return to Theorems 1, 2
and 3 in [15], respectively.
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4. Φ-moment B-valued martingale inequalities

In this section, with the help of the smoothness or convexity of Banach spaces and atomic decomposition
theorems, we prove some basic Φ-moment B-valued martingale inequalities on Lorentz-Karamata spaces.

Theorem 4.1. Let Φ ∈ G be a concave function, B be a Banach space, 1 < r ≤ 2, 0 < p < r, 0 < q ≤ ∞ and b be a
slowly varying function. Then the following statements are equivalent:
(i) B is isomorphic to a r-uniformly smooth space.
(ii) Assume that the B-valued martingale f = ( fn)n≥0 satisfies ∥Φ(sr( f ))∥p,q,b < ∞, then

∥Φ(M( f ))∥p,q,b ≲ ∥Φ(sr( f ))∥p,q,b. (37)

(iii) Assume that the B-valued martingale f = ( fn)n≥0 satisfies ∥Φ( f )∥
Q

Sr
p,q,b(B) < ∞, then

∥Φ(M( f ))∥p,q,b ≲ ∥Φ( f )∥
Q

Sr
p,q,b(B). (38)

Proof. (i)⇒ (ii). Suppose that f = ( fn)n≥0 is a B-valued martingale with

∥Φ(sr( f ))∥p,q,b < ∞.

It follows from Theorem 3.2 that
1
C

fn =
∑

k∈Z
µkEn

( 1
C

ak
)

a.e.

and ∥∥∥Φ(sr( f ))
∥∥∥

p,q,b≈W({µk
}, {ak
}, {τk
}),

where (µk, ak, τk) ∈ Asr
(Φ, p, q, r). By Lemma 2.15 (iii), there exists a constant C > 1 such that for any B-valued

martingale 1,
∥M(1)∥r ≤ C∥Sr(1)∥r = C∥sr(1)∥r.

Since ak = (ak
n)n≥0 is a B-valued martingale. It is easy to see that∥∥∥∥∥M

( 1
C

ak
)∥∥∥∥∥

r
≤ ∥sr(ak)∥r ≤ P(τk < ∞)

1
rΦ−1

(
P(τk < ∞)−

1
p
)
.

This shows that
(
µk, 1

C ak, τk
)
∈ A

M(Φ, p, q, r). According to Corollary 3.3, we have∥∥∥∥∥Φ(M( 1
C

f
))∥∥∥∥∥

p,q,b
≲W

(
{µk
}, {

1
C

ak
}, {τk
}

)
.

Applying Lemma 2.8 (i), we deduce

1
C

∥∥∥Φ(M( f ))
∥∥∥

p,q,b ≤

∥∥∥∥∥Φ(M( 1
C

f
))∥∥∥∥∥

p,q,b
≲W

(
{µk
}, {

1
C

ak
}, {τk
}

)
≈ ∥Φ(sr( f ))∥p,q,b.

Consequently, we obtain
∥∥∥Φ(M( f ))

∥∥∥
p,q,b ≲ ∥Φ(sr( f ))∥p,q,b.

(ii)⇒ (i). Let f = ( fn)n≥0 be a B-valued martingale with

E
(∑

∞

m=0
∥d fm∥r

)
= ∥sr( f )∥rr < ∞.

Let Φ(t) = t. By Lemma 2.7, we get ∥sr( f )∥p,q,b ≤ ∥sr( f )∥r,r < ∞ holds for 0 < p < r. The B-valued martingale
1n = (1n

m)m≥0 is defined by1n
m = fm+n− fn for each n ∈N. Actually, [Sr(1n)]r = [Sr( f )]r

−[Sr
n−1( f )]r

→ 0 as n→∞
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and Sr(1n) ≤ Sr( f ). By the dominated convergence theorem, we have ∥sr(1n)∥p,q,b ≤ ∥sr(1n)∥r = ∥Sr(1n)∥r → 0
as n→∞. Employing (37) for 1n, we obtain

∥ fm+n − fn∥Lp,q,b(B) ≤ ∥Φ(M(1n))∥p,q,b ≲ ∥Φ(sr(1n))∥p,q,b → 0, (n→∞).

Thus, ( fn)n≥0 is a Cauchy sequence in Lp,q,b(B). Then ( fn)n≥0 converges in probability (see [21, p.14]). By
Lemma 2.15, B is isomorphic to a r-uniformly smooth space.

(i)⇒ (iii). Let f = ( fn)n≥0 be a B-valued martingale with ∥Φ( f )∥
Q

Sr
p,q,b(B)< ∞. Applying Theorem 3.4, there

exists a sequence of triples (µk, ak, τk) ∈ ASr
(Φ, p, q,∞) such that

1
C

fn =
∑

k∈Z
µkEn

( 1
C

ak
)

a.e.

and ∥∥∥Φ( f )
∥∥∥
Q

Sr
p,q,b(B)

≈W({µk
}, {ak
}, {τk
}).

Since ak is a (Φ, p,∞)Sr
-atom, we conclude that {Sr(ak) > 0} ⊂ {τk < ∞} and ∥Sr(ak)∥r ≤ ∥Sr(ak)∥∞P(τk < ∞)

1
r .

Lemma 2.15 (iii) assures that
∥M(ak)∥r ≤ C∥Sr(ak)∥r (C > 1).

Thus, we find that ∥∥∥∥∥M
( 1

C
ak

)∥∥∥∥∥
r
≤ P(τk < ∞)

1
rΦ−1

(
P(τk < ∞)−

1
p
)
.

So
(
µk, 1

C ak, τk
)
∈ A

M(Φ, p, q, r). Lemma 2.8 and Corollary 3.3 guarantee that

1
C

∥∥∥Φ(M( f ))
∥∥∥

p,q,b ≤

∥∥∥∥∥Φ(M( 1
C

f
))∥∥∥∥∥

p,q,b
≲W

(
{µk
}, {

1
C

ak
}, {τk
}

)
≈

∥∥∥Φ( f )
∥∥∥
Q

Sr
p,q,b(B)

,

then we get the result.
(iii)⇒ (i). Assume that f = ( fn)n≥0 is a B-valued dyadic martingale with

E
(∑

∞

m=0
∥d fm∥r

)
= ∥sr( f )∥rr < ∞.

Let Φ(t) = t and λn = Csr
n+1( f ) for each n ∈ N. Then ∥sr( f )∥p,q,b < ∞ and (λn)n≥0 ∈ Λ. Notice that f is a

B-valued dyadic martingale, thus we have Sr
n( f ) ≤ Csr

n( f ) for each n ∈N. Obviously, Sr
n+1( f ) ≤ λn. It is easy

to check that (λn)n≥0 ∈ Λ[QSr

p,q,b,Φ( f )](B) and

∥Φ( f )∥
Q

Sr
p,q,b(B) ≤ ∥Φ(λ∞)∥p,q,b = C∥sr( f )∥p,q,b < ∞. (39)

Let us consider 1n = (1n
m)m≥0 as above. By (38) and (39), we obtain

∥ fm+n − fn∥Lp,q,b(B) ≤ ∥Φ(M(1n))∥p,q,b ≲ ∥Φ(1n)∥
Q

Sr
p,q,b(B) ≤ ∥s

r(1n)∥p,q,b → 0

when n → ∞. The rest of the proof is similar to (ii) ⇒ (i), we get B is isomorphic to a r-uniformly smooth
space. This completes the proof.

Theorem 4.2. Let Φ ∈ G be a concave function, B be a Banach space, 2 ≤ r < ∞, 0 < p < r, 0 < q ≤ ∞ and b be a
slowly varying function. Then the following statements are equivalent:
(i) B is isomorphic to a r-uniformly convex space.
(ii) Assume that the B-valued martingale f = ( fn)n≥0 satisfies ∥Φ( f )∥Dp,q,b(B) < ∞, then

∥Φ(Sr( f ))∥p,q,b ≲ ∥Φ( f )∥Dp,q,b(B). (40)

(iii) Assume that the B-valued martingale f = ( fn)n≥0 satisfies ∥Φ( f )∥Dp,q,b(B) < ∞, then

∥Φ(sr( f ))∥p,q,b ≲ ∥Φ( f )∥Dp,q,b(B). (41)
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Proof. (i)⇒ (ii). Consider that f = ( fn)n≥0 is a B-valued martingale satisfies ∥Φ( f )∥Dp,q,b(B) < ∞. Condition (i)
implies that B has the RNP (see Remark 2.14). It follows from Theorem 3.5 that

1
C

fn =
∑

k∈Z
µkEn

( 1
C

ak
)

a.e.

and
∥Φ( f )∥Dp,q,b(B) ≈W({µk

}, {ak
}, {τk
}),

where (µk, ak, τk) ∈ AM(Φ, p, q,∞). By Lemma 2.16 (ii), we find that for any B-valued martingale 1,

∥sr(1)∥r = ∥Sr(1)∥r ≤ C∥M(1)∥r,

where C > 1. Since ak = (ak
n)n≥0 is a B-valued martingale. Similarly to the proof of (i)⇒ (iii) in Theorem 4.1,

we obtain ∥∥∥∥∥Sr
( 1

C
ak

)∥∥∥∥∥
r
≤ P(τk < ∞)

1
rΦ−1

(
P(τk < ∞)−

1
p
)
.

So
(
µk, 1

C ak, τk
)
∈ A

Sr
(Φ, p, q, r). Applying Lemma 2.8 (i) and Corollary 3.3, we get

1
C

∥∥∥Φ(Sr( f ))
∥∥∥

p,q,b ≤

∥∥∥∥∥Φ(Sr
( 1

C
f
))∥∥∥∥∥

p,q,b
≲W

(
{µk
}, {

1
C

ak
}, {τk
}

)
≈ ∥Φ( f )∥Dp,q,b(B).

(i)⇒ (iii). The proof is similar to the one of (i)⇒ (ii) above.
(ii)⇒ (i), (iii)⇒ (i).Let f = ( fn)n≥0 be an arbitrary B-valued dyadic martingale satisfying supn≥0 ∥ fn∥L∞(B) <

∞. For each n ∈ N, set Φ(t) = t and λn = ∥Mn+1( f )∥∞. This ensures that (λn)n≥0 ∈ Λ and ∥ fn+1∥ ≤ λn. Notice
that f is a B-valued dyadic martingale, thus we have Sr

n( f ) ≤ Csr
n( f ) for each n ∈ N. Therefore, we can

conclude that
∥Φ( f )∥Dp,q,b(B) ≤ ∥Φ(λ∞)∥p,q,b ≤ sup

n≥0
∥ fn∥L∞(B) < ∞.

Hence, by (40) we obtain Sr( f ) < ∞ a.e. holds and by (41) we know that sr( f ) < ∞ a.e. holds. Applying
Lemma 2.16, we get the desired results.

Remark 4.3. Let b be a nondecreasing slowly varying function and Φ(t) = t in Theorems 4.1 and 4.2. Then we
refer to Liu et al. [17] for the corresponding results. Moreover, the slowly varying function b is not necessarily
nondecreasing in Theorems 4.1 and 4.2 of this paper. Hence, Theorems 4.1 and 4.2 improve Theorems 5.4 and 5.6 in
[17], respectively.

Remark 4.4. If b ≡ 1, Φ(t) = t and 0 < p = q ≤ 1, then Theorems 4.1 and 4.2 go back to Theorems 5 and 6 in [22],
respectively.

Remark 4.5. If b ≡ 1 and Φ(t) = t, then Theorems 4.1 and 4.2 recover the corresponding results in [18].

Remark 4.6. If we consider the special case b ≡ 1 in Theorems 4.1 and 4.2, then the conclusions return to Theorems
4 and 5 in [15], respectively.
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