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Abstract. In this article, several ®-moment Banach spaces valued (briefly by B-valued) martingale in-
equalities on Lorentz-Karamata spaces are established by the tool of atomic decompositions, which are
new versions of the basic inequalities in B-valued martingale setting associated with concave functions
®. It is to be mentioned that the results obtained herein are closely connected with the geometric prop-
erties of the underlying Banach spaces. In particular, we present several novel characterizations of the
geometric properties of Banach spaces by using the ®-moment B-valued martingale inequalities in the
context of Lorentz-Karamata spaces. Our conclusions obtained here generalize the previous conclusions
for B-valued martingale inequalities. Moreover, we remove the condition that the slowly varying function
b is nondecreasing in [Bull. Malays. Math. Sci. Soc., 2019, 42(5): 2395-2422].

1. Introduction

Martingale inequalities play a key role in martingale theory, probability theory and other fields in
mathematics. The classical martingale inequalities lay the foundation for studying the geometrical prop-
erties of the martingale space, such as the ®-moment martingale inequalities. In 1970’s, Burkholder and
Gundy [4] firstly researched the ®-moment martingale inequalities. Later, the ®-moment version of the
Burkholder-Davis-Gundy inequality was established by Burkholder et al. in [3] as follows:

E (D (5() s E(®(M(f)) s E(@(5(/)), (1)

where @ is a strictly convex Orlicz function satisfying the Ay-condition, M(f) = sup,, . |ful and S(f) =

(Z"m":O |d fmlz)l/2 denote the maximal function and the square function of a martingale f, respectively. Kikuchi
[14] generalized (1)) to the rearrangement invariant Banach function spaces by the tool of Doob’s decompo-
sition and the averaging operators. Jiao and Yu [13] investigated some ®-moment martingale inequalities
associated with concave functions. Subsequently, the results in [13] were promoted to the Lorentz spaces by
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Peng and Li [25]. Quite recently, Jiao et al. [12] proved the ®-moment version of Burkholder’s inequalities
in rearrangement invariant spaces. For more information on ®-moment inequalities, we refer to [9, 16} [28].

In this paper, we shall discuss the ®-moment martingale inequalities for Banach spaces valued (B-
valued) martingale on Lorentz-Karamata spaces. Pisier [26] firstly proved that the inequalities of B-valued
martingale essentially depend on the geometric properties of Banach spaces. From then on, B-valued
martingale theory has attracted more attentions and flourished in the last decades. For instance, based on
[26], the p-variations S, and the conditional p-variations s, of B-valued martingales were introduced by Liu
in [19]. Subsequently, Liu and Hou [22] delved into the atomic decompositions for B-valued martingales
in Hardy spaces and derived certain inequalities using these decompositions. In the following period,
B-valued martingale theory has seen extensive applications in Banach space theory and Hardy spaces. We
refer the reader to [1, 2,17, (18} 120} 29, 30] and the monographs [21}27] for more information on martingales
and Fourier analysis in Banach spaces. What needs to be mentioned here is that the results on B-valued
martingale inequalities are closely connected with the geometric properties of the underlying Banach space
and we shall discuss the main topic in the context of Lorentz-Karamata spaces.

The family of Lorentz-Karamata space is a generalization of the Lorentz space, the Lorentz-Zygmund
space and even the generalized Lorentz-Zygmund space [5, 24], which is defined by the so called slowly
varying functions. The Lorentz-Karamata space plays an irreplaceable and crucial role in several key fields
such as harmonic analysis, operator theory, and so on. We refer the reader to [5, 6] [11] for more details on
the Lorentz-Karamata spaces. In 2014, Ho [10] introduced the martingale theory to the Lorentz-Karamata
spaces, in which the atomic decompositions, dualities and interpolations on Hardy-Lorentz-Karamata
martingale spaces were established. Liu et al. [17] studied B-valued martingale Hardy-Lorentz-Karamata
spaces. One of their important conclusions is as follows. Let B be a Banach space, 1 <p <2,0<r <p,
0 < 1, < oo and b be a nondecreasing slowly varying function. Then the following assertions are equivalent:
(i) B is isomorphic to a p-uniformly smooth space.

(ii) For each B-valued martingale f = (f)ux0 € Hij,?’z,b(B)’ there exists a constant C such that

IM( st < Clflgs @

It is noteworthy that the condition of the nondecreasing of the slowly varying function b is necessary in the
above conclusion.

Inspired by the above results, we have a question that whether it is possible to extend (2) to the B-valued
®-moment version and remove the condition that the slowly varying function b is nondecreasing. The
answer is affirmative. Let us briefly state the corresponding results as follows (see Theorem [4.1]in Section
4). Let ® € G be a concave function, B be a Banach space, 1 <7 <2,0<p <r,0 <g < coand b be a slowly
varying function. Then the following statements are equivalent:

(i) B is isomorphic to a r-uniformly smooth space.
(ii) If the B-valued martingale f = (f,,)u>0 satisfies [|®(s"(f))l|, 54 < oo, then

IO Nlpqb < NDE"(F)lp,g0- 3)

The above results indicate that the geometric properties of Banach spaces can be characterized by studying
the ®-moment B-valued martingale inequalities, and vice versa. Notice that if ®(¢) = t and b is nondecreas-
ing, then item (ii) arrives at [17, Theorem 5.4 (ii)], obviously, the condition that b is nondecreasing is not
necessary here; if we take b = 1, then item (ii) returns to the very recently work [15, Theorem 4 (ii)], namely,
the ®-moment B-valued martingale inequalities on Lorentz spaces; if ¥ =2, b = 1 and B = R, then item (ii)
recovers the main result in [25]. Moreover, if b = 1 and ®(¢) = ¢ in item (ii), then we recover [18, Theorem
5.4 (ii)] while item (ii) gives [22, Theorem 5 (ii)] when ®(f) = f,b=1and p = 4.

Compared with the above results, the topic we discuss here, namely the ®-moment B-valued martingale
inequalities for Lorentz-Karamata spaces, needs to consider both the geometric properties of the Banach
spaces in which the martingales take values and the involving of the slowly varying function b. Moreover,
we characterized the uniform convexity and uniform smoothness of Banach spaces by using the ®-moment
B-valued martingale inequalities on Lorentz-Karamata spaces. It is observed that we need new technique
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to establish these martingale inequalities, by the way, the technique we mainly rely on is the atomic
decompositions in the framework of B-valued Lorentz-Karamata martingale spaces.

The paper is organized as follows. Some preliminary lemmas and notations will be introduced in Section
2. In Section 3, we present the atomic decompositions for B-valued martingale Hardy-Lorentz-Karamata
spaces. As usual, the theorems depend on the geometric properties of the underlying Banach space. We
note that here the slowly varying function b does not require to be nondecreasing. In the last section,
employing the atomic decompositions, we establish some ®-moment B-valued martingale inequalities on
Lorentz-Karamata spaces. Compared with the relevant conclusions in [17], the slowly varying function b
is not necessarily nondecreasing. These are new versions of the basic inequalities in B-valued martingale
setting associated with concave functions.

Throughout this paper, the set of nonnegative integers, the set of integers, the real number field and the
complex number field are denoted by N, Z, R and C, respectively. The letter C stands for a positive real
number, which may vary from line to line. f < g means there exists a positive constant C such that f < Cyg.
Wewrite f 2 gif f S g < f.

2. Preliminaries

Let (QQ, ¥, P) be a complete probability space. For a Banach space B with norm || - || and any B-valued
function f : QO — B, let

%
IUﬂgm)=(bf|VWﬁT) (0 <p <co)and ||fllr..8) = ess supl|fll.
Q

When the Banach space B in the definition above is the scalar field, for a scalar-valued function f : QO —
R (or C), let

1, = (L IfIPdIP)p (0 <p < o0) and || flleo = ess supl|f].

2.1. Lorentz-Karamata spaces.

In this subsection, we recall the definition of slowly varying function in order to define the Lorentz-
Karamata spaces.

Definition 2.1 ([5]). A Lebesgue measurable function b : [1, 00) — (0, 00) is said to be a slowly varying function if
for any given € > 0, the function t°b(t) is equivalent to a nondecreasing function and the function t~¢b(t) is equivalent
to a nonincreasing function on [1, co).

If b is a slowly varying function, we define y;, on (0, o) by
Vu(t) = b(max{t, 1)), t > 0.

This definition can be found in [24]. We introduce the following properties for slowly varying functions,
which will be used in this paper.

Proposition 2.2 ([51). Let b be a slowly varying function on [1, co). Then the following properties hold:

(i) For each € > 0, the function t*y,(t) is equivalent to a nondecreasing function and the function =y, (t) is equivalent
to a nonincreasing function on (0, 00).

(ii) For r € R, V" is a slowly varying function on [1, c0) and yy (t) = y(t).

(iii) For all r > Q0 and t > 0, we have yy(rt) = yu(t).

(iv) For all r > 0, denote by (t) = b(t") on [1, 00). Then by is also a slowly varying function.

Lemma 2.3 ([10]). Let 0 < p < oo and b be a slowly varying function. For any constants a, § > 0, we have

(a+BYyu(a+B) < alyp(a) + Byu(p).
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Lemma 2.4 ([7]). Let b be a slowly varying function and a; (i € IN) be positive constants. If 0 < p < 1, then
P
[Z af] Vb [Z ai} <Y dyia).
i€eN ieN ieN

If1 <p < oo, then

ieN ieN ieN

Y W < [Z ] . [Z J

Given a measurable function f on the complete probability space (Q2, , IP), the decreasing rearrangement
of f is the function f* defined on [0, o) by
f1(t) =inf{s > 0: P(|f| > s) <t} (inf@ = o).

Definition 2.5. Let 0 < p < oo, 0 < g < oo and b be a slowly varying function. The Lorentz-Karamata space L, 5,
is defined to be the set of all measurable functions f such that

1 7
(fo (tayb(t)f*(t))q %) , if0<g<oo;
sup tzl’yh(t)f*(t), if g=oc0

0<t<1

1AM, 0 =

is finite.

Remark 2.6 ([8,[100). (i) If b = 1, then the Lorentz-Karamata space L, is the usual Lorentz space Ly, If
b(t) = 1 + logt, then the Lorentz-Karamata space is the Lorentz-Zygmund space. If b=1and 0 < p = q < oo, then
the Lorentz-Karamata space L, is the classical Lebesgue space L.

(ii) The following is an equivalent characterization of the quasi-norm || - ||, q»:

(fom(ﬂp(lfl>t);7/b(1[’(|f|>t)))q%)q, if 0<q<oo;

sup tP(f1 > )7y (P(f] > 1), if q = co.

t>0

1AM, 0~

(iii) Another equivalent discrete characterization of the quasi-norm || - ||, is given below:

q
S b)) g0
I~ \&

sup 2° ”X[|f|>2k1“p Ve (”Xuszn“,f)f if q=co.
kez

Lemma 2.7 ([5]). Let 0 < p1,p2 < o0, 0 < g1,42 < oo and by, by be slowly varying functions. If p1 > pa, then
LP1,Q1171 - Llﬂz,lhhz'

2.2. Orlicz functions

An Orlicz function is a nondecreasing function @ : [0, ) — [0, ) such that ®(t) > 0 for all ¢t > 0,
®(0) = 0and O(t) = 0 ast — oo. Let G be the set of all Orlicz functions. We now give the following simple
but useful lemmas.
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Lemma 2.8 ([23},25]). Let ® € G be a concave function. Then the following conclusions hold:
(i) sO(t) < D(st) for0 <s < land t > 0.

(if) D(st) < sD(t) fors > 1and t > 0.

In addition, it can be proved that ® is subadditive, continuous and bijective from [0, co) to [0, c0).

Lemma 2.9 ([25]). Let ® € G be a concave function, 0 <p < 00,0 < g < ocoandp,q <r < oo. Fix f € L, and
A e F withP(A) # 0. If {f # 0} C A, then

190 fDllpg sna(A);q)( 11l )

IP(A)

2.3. B-valued martingales

We now introduce some standard notations for B-valued martingale theory. Let {F,},50 be a nondecreas-
ing sequence of sub-c-algebras of ¥ such that ¥ = o( Uiso (fn) The expectation operator and the conditional
expectation operator related to ¥, are denoted by E and E,, respectively. A sequence f = (f,:)us0 in L1(B) is
called a B-valued martingale if f, is ,-measurable and satisfies IE,(f,+1) = f» for each n > 0. Denote by M
the set of all B-valued martingales f = (f,)us0 relative to {¥,}s>0 such that fo = 0. For f = (fu)u0 € M, we
define its martingale difference by df, = f, — fu-1 (n > 0), with convention f_; = 0 and ¥_1 = {0,Q)}. Let 7
be the set of all stopping times relative to {F},»0. For f € Mand 7 € 7, the stopped martingale f* = (f;} )0
is defined by

fy;[ = ZX{mST}dfm-
m=1
The B-valued martingale f = (f,)u>0 € M is said to be L,(B)-bounded if f, € L,(B) for alln > 0 and

ANl @) = sup llfull,@) < .
n>0

Define the maximal function, the r-variation function and the conditional r-variation function (1 < r < c0)
of a B-valued martingale f = (f,,).»0, respectively, as follows:

Mu(f)(w) = sup ||fu(@)ll, M(f)(w) =Sli}gllfm(w)ll;

0<m<n

s;<f><w>=(2udfm<w>uf] : Sf<f><w>=(2udfm<w>ur) ;
m=0 m=0

1

7

s;<f><w>=[2lEm_l(ndfm||f)<w>] , sf(f><w>=[2JEm_l(udfmnf)w)] :
m=0 m=0

Denote by A the set of all sequences (1,)n>0 of nondecreasing, nonnegative and adapted functions with
respect to {Flnz0. Set Ao = limye0 Ay Let fEM, PG, 0<p <00,0<g<00,1<7 < o0andbbeaslowly
varying function. We define

A, o(AIB) = {(A)iz0 € A S(f) < Ao (12 1), D(As) € Ly}

and
AlDy0(AIB) = {(A)izo € At lIfull < At (22 1), D(Aeo) € Ly ).
Set
12(Allgs 5y = Inf {IDQNp g5 2 (Audrzo € AIQ 5 0B}
and

IP(Hllp,,,®) = inf {||q3(/\oo)||p,q,b S (An)uz0 € A[Dypgp0(f )](B)}-
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Remark 2.10. If O(t) = t with the notations above, then we obtain the definitions of Qz'q ,(B) and Dy, ,(B),
respectively; see Liu et al. [17].

It is well known that the inequalities of B-valued martingales are closely related with the geometrical
properties of Banach spaces. Now, we are going to introduce definitions of p-uniformly smooth, g-uniformly
convex and Radon-Nikodym property (in short RNP) of Banach spaces.

Definition 2.11 ([27]). Let B be a Banach space and t > 0. The modulus of uniform smoothness pg(t) is defined as

[lx + tyll + [lx — £yl
up{ 2

pe(t) = —1:x,yeB,|lxl =yl = 1}.

We claim that B is p-uniformly smooth if there exists a constant C > 0 such that pg(t) < Ct for all t > 0.

Definition 2.12 ([27]). Let B be a Banach space and 0 < 0 < 2. The modulus of uniform convexity 6g(0) is defined
as
+
55(6) = inf{l - u‘

We say that B is g-uniformly convex if there exists a constant C > 0 such that 6g(6) > C61 forall 0 < 0 < 2.

20,y €B X <Lyl < L llx = yll = 9}-

Definition 2.13 ([27]). A Banach space B is said to have the RNP if for every measurable space (Q, F), for every
positive, finite, countably additive measure IP on (Q,F) and for every P-continuous, countably additive vector
measure y of bounded variation, there exists a function f € Li(B) such that u(A) = fA fdP forall A € ¥. A Banach
space B has the RNP if B has the RNP with respect to every finite measure space.

Remark 2.14 ([21). If B is isomorphic to a p-uniformly smooth (g-uniformly convex) space, then B has the
RNP.

The useful lemmas below were frequently used in this paper.

Lemma 2.15. Let B be a Banach space and 1 < r < 2. Then the following properties are equivalent:
(i) B is isomorphic to a r-uniformly smooth space.

(ii) For every B-valued martingale f = (fu)n>o with ]E( Y=o ||dfm||Y) < oo (or Yoo lldfull” € Leo), f = (fa)n0
converges in probability.
(iii) There exists a constant C > 0 such that all B-valued martingales f = (f,)n>0 in L,(B) (1 < p < oo) satisfy

IM(Hlly < CIS"(Hlp-

(iv) There exists a constant C > 0 such that all B-valued martingales f = (f,)ns0 in L,(B) satisfy

(]

supIE IIntI Z ”dfn”

n>0 -

(v) Same as (iv) for all B-valued dyadic martingales.

For Lemma the proof of (i) & (ii) was proved in [21]] and the proof of (i) & (iii) & (iv) © (v) comes
from [27].

Lemma 2.16. Let B be a Banach space and 2 < r < co. Then the following conclusions are equivalent:
(i) B is isomorphic to a r-uniformly convex space.
(ii) There exists a constant C > 0 such that all B-valued martingales f = (f,)u>0 in L,(B) (1 < p < o0) satisfy

IS"(Hlly < CIM(HIp-
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(iii) For any B-valued martingale f = (fy)n=0 with sup, . || fullL.8) < oo, S'(f) < 0 ae..
(iv) There exists a constant C > 0 such that all B-valued martingales f = (f,)ns0 in L,(B) satisfy

Y E(ldfr) < sup E(Ifil)

n=0

(v) Same as (iv) for all B-valued dyadic martingales.

For Lemma we refer to [21] for the proof of (i) & (iii), the proof of (i) & (ii)) & (iv) & (v) can be
found in [27].

Lemma 2.17. Let B be a Banach space. Then the following properties of B are equivalent:

(i) B has the RNP.

(ii) If 1 < p < oo, every B-valued bounded martingale in L,(B) converges almost surely (a.s.) and in L,(B).

(iii) If there is a constant C > 0 such that sup,. || fullL.) < C for any B-valued martingale f = (fu)uzo0, then f,
converges a.e..

For Lemma the proof of (i) & (ii) was showed in [27]; the proof of (i) < (iii) can be seen in [21].

3. Atomic decompositions

In this section, we investigate atomic decompositions for B-valued martingale Hardy Lorentz-Karamata
spaces. First, let us introduce the definition of atoms.

Definition 3.1. Let ® € G be a concave function, 1 <r < 00,0 <p < ocoand 0 < £ < co. A B-valued measurable
function a is called a (®, p, €)* -atom (resp. (®,p, )% -atom, (®, p, OYM-atom), if there exists a stopping time T € T
such that
D) a,=E,@@)=0,ift>mn;
@ii) Is" @)l (1S"@)ll¢ or IM(@)le, respectively ) < P(t < co)t dL(P(T < oo)‘%),

Let 0 < g < oo and b be a slowly varying function. Denote by A (®,p,q,¢) (resp. A°(D,p,q,0),
AM(@, p,q,¢)) the set of all sequences of triples (yk, ak, %), where

k_ @—1(2k+1)
&1 (IP(ck < 00)7)

a* are (®,p, () -atoms (resp. (®,p, )5 -atoms, (@, p, £)M-atoms) satisfying (i) and (ii), 7% are the stopping
times corresponding to a*, satisfying

[P < (o (et < oy ) (Peet < o), <

Let
W (1) ) 1) = [{Pet < oo oo (PGet < o0) (e < o)

kezlll,
Theorem 3.2. Let @ € G be a concave function, B be a Banach space, 1 <r <2, 0<p <r, 0< g < oo,
max{l,p} < € < oo and b be a slowly varying function. Then the following statements are equivalent:

(i) B is isomorphic to a r-uniformly smooth space.

(i) Assume that B-valued martingale f = (f,)n0 satisfies ||D(s"(f))llpqp < 0. Then there exists a sequence of triples

(uk, ", ) € A (D, p, q, €) such that for all n € N,

fo= Y wE ) ae (4)

keZ
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and
sup [IM(@")l|, < oo. (5)
keZ

Moreover,
D" (F)llpgp ~ inf W({u a}, (7)), (6)

where the inﬁmum is taken over all the preceding decompositions of f of the form ().

Proof. (i) = (ii). Suppose that f = (f,)s20 is a B-valued martingale which satisfies [|D(s"(f))l|p,q, < co. For
nelN and k € Z, we define the following stopping times:

=inflne N:s, (f) > @ '(2")} (inf0 = o0).

Obviously, the sequence of these stopping times is nondecreasing. For each n € IN, it is easy to see that

Fom B 3 Y e i
i=0 keZ
= Z Z)({l<,[k+1 X{1<T"}dif
kez \ i=0 i=0
= Z(fnfk”—f;k) ae..
kez

Forallk € Z and n € N, set

k+1

q)—l 2k+1 _ gt
[Jk — ( ) a and a];l — fn f
O-1(P(7k < 00) ) uk
Leta¥ = 0if u¥ = 0. It is easy to check that
Y wah =Y (- f=fu ae
keZ kez.
for all n > 0. Since . .
afe" —dfg d Th<p<rht
dat = fi - fi = f”X{k;Sk], VnelN,
H H
for any fixed k € Z, we have
]En—l df Xtk <<kl
E,1(daf) = (@i = 0.

ik
Thus, (a%),0 is a B-valued martingale. From the definition of a, it is clear that s’((a’,‘,)nzo) =0 on {tF = oo}.
Furthermore, s'(f*) = s7.(f) < @7 (2"). Hence, we have

" ((@8)uz0) [Z By (llda, I ] Kighew < - y L Xiet<oo < @7HP(TF < 00) 7 Wptcan. @)
m=0
It follows from Lemma (iii) that
[M(@5)20)]| < €|ls (@), = €[l (@h)nzo)], < CPF < 00) @7 (P < 00)7) < oo, ®)
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which means (), is a L,(B)-bounded martingale. Since condition (i) implies B has the RNP (see Remark
, then by Lemma we know that a¥ converges a.s. to a limit a* in L,(B). Therefore, a¢ = |, (a") (see
(21} p.27]). Combining this fact with (7), we have

7@, < P(e* < 00)t &7 (P(¢F < 00)7). 9)
For n < ¥,
E (ak)_ak_fn [u;f; =f71[:kfn =0. (10)

Consequently, a* is a (@, p, £)* -atom and (@) holds. Since 0 < p < r, by using (§) and Holder’s inequality, for
any fixed k € Z, we conclude that

IM(@)Il} = I (M(@@) = E (M@ X (0o
< [IM@)PP(* < o0)1=7
< P(¢* < 00) (07 (P(h < o0) 7))

Thus, inequality (B) holds.
Next, we will prove that @ holds. Apparently,

Do (P(Th < 00) 7)) = 21 (11)
and

(7 < 0o} = {@(s"(f)) > 2.
For the case of 0 < g < co. Proposition (i) and Remark (ii) guarantee that

W), (d*), (7)) = '{IP(Tk < oo)%q>(ukq>—1(11>(1k < oo)*%))yb(lp(fk < oo))}

- [{rtateo) > 22 mirtaten) > 2) |
<[5 rlotr) > 2 2ol - )

kezIll,

keZ

keZ
2k d 1}
~(Lrtete ) - 2) e i) 2) [ o]
(X[ ploten) > itrtotein) > )oras|
keZ 21
<[e )],

Similarly, for the case of g = co. Applying Remark [2.6](ii), we find that

W), (ak), () = '{IP(Tk < oo)ll7<13(yk<1)_l(]1’(’ck < oo)*%))yb(lp(fk < oo))}

keZlloo

= sup (0( (1)) > 2) 24y (R(( (1) > 2)

kez
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= sup P((s(f)) > t)%Ztyh(]P(CD(sr( H)>1)
~ H(D(Sr(f))”p,oo/b

Thus (uf, a¥, %) € A (D, p, q, £). Then we have the following inequality for 0 < g < oo,

W (1, 109, 19) < o),
On the other hand, for an arbitrary integer k, set

00

Z <D r(a and T, = Zq)(yks’(ak)).

k=ko

It follows from the sublinearity of the conditional r-variation s” and the subadditivity of ® that

Z yksr(ak)] < Z CD(yks’(ak)) 2T+ Ts.

keZ keZ

O(s'(f)) < @

Firstly, we consider the case of 0 < g < co. In view of (I3) and Remark [2.6|(iii), we obtain

”(D(Sr(f))”p,q,b < ”Tl + TZ”p,q,b RS ”Tl”p,q,b + ||T2||p,q,b

1

1 1
q q
x [Z 2k0L7||X{T1>2"0}”Z7/Z (”X{T1>2k0}”5)} + [Z 2k°q||X[Tz>2"0]HZ7/Z (||)({T2>2k0}||5)] .

ko€Z. ko€Z.

Estimation for ): 2kod || 1Ty >24) ||p)/b (||X[T1>2k0}||5).

11102

(12)

(13)

(14)

Let0 <0 < mm{p, g,1}and 1 < Ay < min{3, f} Using Chebyshev’s inequality and Lemma. we have

k=1 M ko-1 M0||8
Wir>20lly < 27 2. q)(“ksr(ak))l = 2kl (D(Mksr(ak))l
k=—c0 ke—oo ,

1 A ol|” 1 kool 10 ’
1 1
koA Z (D r(g = koM { (D(Mksr(gk)) r'}
% k=—o0 0

ko1 0’ ko-1 @ 0 3
- 2’5/\1 {k_zoo Hq)(”ksr(ak))u;le} S zki/\l {Z P(tf < 00)7 (L(”)") } ‘

k=—0c0 ]P(Tk < OO)

<

A

Since ¥ is a (P, P, )" -atom, it is easy to check that

(D( Hlls"(@")le

) < 2k+1.
P(tk < oo)% a

Choose 1 such that 1 < 11 < Aq. By and Holder’s inequality with g + %

1 ko—1 0 %
||X[T1>2k0]”l7 < 2k0_)\1 { Z ]P(Tk < Oo)PZk/hG}
k=—00

=1, we obtain

(15)

(16)
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kg—l 0
= 2k1A {Z P(ck < oo)ﬁzkmezkul—nne}
0711
k=—o00
q-0

1 (a2 b (k1 a
< Zk_)\ { Z ]P(Tk < Oo)zzkmq} {Z Zk(/\l—fll)ﬂqfo}
o1
k=—00

k=—00

m-A ko—1 q
om—A : {Z I[J(Tk<oo)?’2kmq} )

=
9911 -41) \ ¢@ —
21(07]1 (1 _ 2 ql,g 1 ) 1 k=—00

Define by(t) = b(t%) fort € [1,00) and 0 < &1 < 1. Applying (16), Proposition(ii), (iv) and Lemma 2.4 we
can further deduce that

Y 2y 77 (I 75220 ) (17)
koEZ
ko1 ko~1 ‘ g
DI DI (CE oo)!q’z""‘q] v [Z 2 homip( < ooﬂzkmq]
koeZ k=—00 k=—c0
ko—l . kg—l .
= Z 2koq Z 2kFomap(k < oo)p]ybll, [ Z 2kFomap(k < oo)p}
koeZ k=—o0 k=—c0
[( ko—1 \ é ko-1 \ T
=) 2 (Z 2k-kmap(rk < oo)l’] Vo [ Y altmap(r < oo)pﬂ
1
koeZ | \k=—c0 =—00
ko—1 - q i
< Z zkoq[ Z pk—komep(k < 00)77/;;;1'7 (z(k—ko)TZM]P(Tk < oo)p)]
koeZ k=—c0
k=1 e )
_ Z 2koq[ Z plk—kmegp(rk < 00)7)/2”7 (z(k—ko)rhplp(,[k < oo))] )
koeZ k=—c0
Set0 <01 < '71]:1. (17) and Holder’s inequality with 1 — &1 + 1 = 1 guarantee that
Y 29 0 I (750 1) (18)
kgEZ

k(]_l 3 €
< Z zkoq[ Z p(kko)mergdipk—kohmerg(1-o0 ok < m)%yzw(gk—ko)mpﬂa“k < m))] 1
ko€Z

k=—o00

1-¢

k[)—l T ko—l
< Z kg ( Z 2<k—kn>me1qél/(1—s1>] Z 2k—koma-onp(k < Oo)ﬁyz (2(k—ko)U1P]P(Tk < Oo))
koEZ

k=—00 k=—00
ko—l
< Z kog Z k—kma(-p( 7k < 00)57/2 (Z(k—ko)fhlﬂ]p(Tk < oo)),

koEZ k=—o0

Given0 < z; < m=mdi=l By proposition[2.2|(i , we find that 1y, (t) is equivalent to a nondecreasing function
P y F'rop )4 q g

on (0, 00). When k < ky — 1, we conclude that

v (z(k—ko)’hP]P(Tk < oo)) = (2(k—k0)T71P]P(Tk < Oo))_zl (Z(k—ko)mp]p(Tk < Oo))zl Vo (Z(k—ko)mp]p(Tk < oo)) (19)
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< (2t Fomrp(et < oo))_21 (IP(c* < oo))21 75 (P(TF < o))
= 2-(Fompzy, (P(7F < o).

It follows from (18), (19), Abel’s transformation and (I5) that

Z 297 750 137 (X 15201 1) "

koeZ
ko—1
S X2 Y, 26 < oyt Ry (R <o)
koeZ k=—o0
- sz(yérzlp)mq]P(Tk < oo)gyz (]P(Tk < Oo)) Z okog[1+m (G1-1)+mz1p]
kezZ ko=k+1
2qMmé1—gm+qmzp

_ k 15 (k+1)q, 9 k
T 1 = 4ll+mG1-1)+mzpl Z P(z" < c0)?2 Vb (IP(T < OO))
keZ

20mon AP k 1 k-1 k 1\ g k
= 1 oaemG—Drnap] éﬂ)(’[ < oo)nq)(y ) (IP(T < o) n)) " (IP(T < oo)),
€

Estimation for kZ 2ko ||y (Ty>200) IIpyb (Il)( T2>2k0}||p)
0EZ

Let O be as above and 0 < A, < 1. Applying Chebyshev’s inequality and Lemma 2.9} we get

oo Ay . . 1,6||

korg k _ korg k

izl < 5o (I 2, @@ ))} = 5or | 2 (k'@ ))}

k=ko P k=ko %
1
1 v o

s k s k
sz o) < ot

=Ko

=

B < e e <o)

k=ko ]P(Tk < 00)?

Set 0 < Ay < 1, < 1. It follows from and Holder’s inequality with g + % =1 that

1

0
“X {T>>2%0} ”p pS 2k0/\ {Z ]P(T < oo) 2k/\26} (21)

k=ko

1
) 0
- 2:% {Z P(r" < oo)gzkm@zk”z-’m@}
0712

k=ko

-9
o] 0
S oA {E ]P(T < oo)ﬂzk’hq} {Z zk(/\z—nz)eqqg}
= 2koAz

k=ko

1
1
= {le(z < o) zk’fzq} :

q0(Ay—1)
ko2 (1 _ 272 2 ) k=ko
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Set 0 < &, < 1. (21), Proposition 2.2](ii), (iv) and Lemma 2.4 ensure that

Y 29 gy I (I 7,500 1) (22)
kgEZ
3
=] o q
koeZ k=ko k=ko
— Z koq Zz(kfko)nqup(,[k < OO)Z]V[;'Z (Z 2(k7ko)r1zq]P(Tk < oo)f’]
koeZ k=ko k=ko
_ 1
00 . €2 0o RE
— Z okoq Zz(k—ko)nzq]l)(,[k < o0)7 Vb;zq Zz(k—ko)nzqﬂ)(,[k < co)r
kUEZ | k:ko k:kO
1
00 . By
< Z zkoq[z pk—komeaqp(k < 00)%)/;,;2'1 (z(k—ko)nzq]p(Tk < OO)Z)]
kQEZ k=k(]
1
oo . i 2
- Z 2koq[z pk-kome2qp(k < oo)%'*y;zq (2<k—ko>nzp1p(Tk < oo))] ,
koeZ k=ko

Let0 < 65 < % By and Holder’s inequality with 1 — ¢, + ¢, = 1, we have

Y 291 g5 (107,500 1) (23)
ko€Z
1

< Z ZkOq[Z D~ (kkomeaqdap (k—komexq(1+02)p( ok < Oo)%” szq (2(k—k0)q2p]P(Tk < oo))]éz

koeZ k=ko
1-¢9
(o) & (o)
< Z ko [Z 5= (k=ko)n2¢2q52/(1-¢2) Z Dk—ko)maq(L+02)p( gk < OO)%VZ (2(k—ko)772P]ID(Tk < Oo))
koEZ k=ko k=k(]

~ Z 2koqZz(k—ko)nzq(l+éz)lp(,[k < Oo)f;yz (2(k—ko)nzp]P(Tk < OO))'
koEZ k=k()

Choose z; such that 0 < z; < %. According to Proposition (i), we know that t "y, (t) is equivalent
to a nonincreasing function on (0, o). For k > ko, we have
Vi (2(k—k0)qu]l)(,(k < oo)) — (z(k—kU)WZV]P(Tk < OO))ZZ (z(k—ko)ﬂzplp(Tk < OO))_ZZ Vb (Z(k—ko)ﬂZP]P(Tk < oo)) (24)
< (206mPp(th < 00))” (P(7F < )y (P(TF < o)
= gk, (Pt < o).

Thus, we get the following inequality by (23), and Abel’s transformation

Y 297 gy 187 (7,500 1) (25)
kUGZ

< Z kg Z 2kko)na(+8)p(7k < co)i 2koapzad. g (]P(Tk < oo))
koeZ k=ko



L. Li et al. / Filomat 39:31 (2025), 11093-11116 11106

k
— sz(1+6z+zzp)qzq]P(Tk < 00)’%7/2 (]P(Tk < Oo)) Z Dkoql1-12(02+1)-maz2p]
keZ ko=—00
24[=(02+1)m2=1222p]

_ k 15 (k+1)q, 4 k
= T 1 é (7" < 00)? 2%+ VT (H’(T < oo))
€

24[=(62+1)12—1222p] k q P k “1\ g k
- 2q[1-12(02+1)—1p22p] _ é ]P(T < OO)Vq)([J @ (]P(T < OO) p)) yb (]P(T < OO)) :
€

As a consequence of (14), and (25), we get

1 1
q
“q)(sr(f))“p,q,b ~ [Z‘ 2k0q||X{T1>2‘fo}”Z)/z (“X{T1>2ko|“5)] + (Z 2k0q||X{Tz>2k0}”Z7/Z (”X{T2>2’fo}”§)] (26)
koeZ koeZ
< {]P(Tk < oo)%q>(ykq>-1(1p(f’< < oo)_%l'))yb(]l’(’fk < oo))} H .
kezlll,

Next we prove the case of g = . and Remark [2.6|(iii) ensure that

IP(S" (fDNlp,cop < NT1 + Tallpeo < IT1llp,cop + 11 T2llp,00p (27)

~ (sup 291 7,500 lp Ve (||x,T1>2k0}||5)] + (sup 2%1x 7,520 1y Ve (||x[T2>2k0}||5)] :
kUEZ kUEZ

Estimation for sup 2"“||)({T1>2k0}||p)/;, (ll)(mﬂko}llg).
koeZ

From (16) and Holder’s inequality with 6 + 1 — 6 = 1, we obtain

ko—1 0
1 0 -
IXiris2lly S 525 { Z (¥ < co)r 20Ok ’71)9}
K=o

1 kg—l ) ko—l %
S Skorr P(7* < co)p2km { Z zk(Al—we/u—e)}
k=—eo k=—oco
- 1 hol 1
< 2 kom Z ]P(’l’k < co)r 2k = Z 2bk-komp(k < o).
k=—co —

Let by(t) = b(t”) for t € [1, c0). It follows from Proposition 2.2 (ii), (iv), Lemma [2.4]and Holder’s inequality
with1 - & + &1 =1 that

sup 2911 7, 2ot0) 75 (11X 7, 2200 1) (28)
koEZ
ko—1 ko—1 p
< sup 2k Z 2=kmp(ck < oo)% Vb Z 2k=komp(k < oo)%
koEZ k=—o00 k=—o00

ko€Z

k=—0c0

ko—1 ko—1
= sup 2h Z 2kkomp(k < 00);])/172 [ Z 2(k=komp(k < oo)tlﬂ]

k=—oc0

koezZ | \k=—co k=—oo0

[( ko=1 . & ko—1 . %
= sup 2% Z 2=kmp(ck < oo)v] Vi [Z pl=komp(k < oo)l’]}
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i ‘ a
< sup 2k0[ Z 2lRmep(rk < o)y (26Fmp(rk < oo)i)]
kgEZ 2

k=—00
ko=1 a
0~ . €1
= sup 2/ Z 2kkomep(rk < c>o)?1yz1 (Z(k_k")””’]l’(’ck < oo))l
koEZ k=—00

ko—1 _ =
= sup zko[ Z plk—koymerdr p(k—komer1-0p( gk < 00)71),;1 (Z(k—ko)ihplp(r[k < oo))] 1
kgGZ k=—00

1-¢q

k()—l T ko—l
< sup 2 { Z z(k—ko)mflél/(l—fl)] Z 2kkm -0 P(rk < co)iy, (2(k—ko)f71P][J(Tk < 00))

kUEZ k=—o00 k=—co
ko—l L
< sup 2k Z 2(FmA=2DP(7k < o0)yy (26FIMPP(TF < o).
koeZ k=—o00

Combining (28) with (I9) and Abel’s transformation, we deduce that

sup 2911 7, o005 (11X, 200, 1)

ko€Z
k[)—l 1
< sup 2 Z 2kkomA-00P(rk < oo)p2-kkoImpziy, (]P(Tk < Oo))
k(]EZ k=—o00

= sup 2010 P(7F < o)y (P(TF < o)) ) 2fallem@-Dmay]
keZ ko=k+1
2Mmo1=Mm+mzp
T 1= G- Dzl

sup P(7F < oo)%Z(k“))/b (lP(Tk < oo))
kez

2Mmbi—m+mzip

_ k 1 k-1 k -1 k
= oG Skl(.slg P(T" < 00)» (D(y ) (]P(’I' < o) ”)))/b (]P(’L’ < oo)).

Estimation for sup 2k0||X{T2>2k0}||p7/b (”X{szko}”Z)-
kQEZ

Furthermore, by (21) and Holder’s inequality with 6 +1— 0 = 1, we get

) )
1 i -
IXiry>200)llp S 525 {Z P(7* < oo)r 202K%: ’72)9}

k=ko
1-0
1 v Lk . k(A2—12)0/(1-6) ’
k 5 nkna 2= -
< T Z]P(T < 00)P2 ZZ
k=ko k=ko

<270 Y P(ef < 0072t = ) 20Imp(ck < oo,
k=ko k=ko

Applying Proposition [2.2](ii), (iv), Lemma [2.4|and Holder’s inequality with 1 — & + ¢, = 1, we obtain

sup 2°11xz, 210176 (17,5200 15
koeZ y
0

[ee) [ee] p
< sup 2k Z 2=k p(rk < 00);])/;; [[Z 2k p(k < 00);] l

ko€Z  \k=x, k=ko

11107

(29)

(30)
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= sup 2/ Z 2=k p(ck < oo)ll’]ybz (Z 2k p(k < oo):vJ

koez k=ko k=ko

(o]

1
[( o & Y
= sup 2 [Z 20 p(rk < oo);] Vi [Z 2k (g < oo)*l’]l
kgEZ i k=ko k=k0

r 1

< sup2 | )" 26HIRaP(ch < 00) Ty, (26 RMRP( < oo)i)l
kgEZ ._k=k0

2

oo 1 )
= sup 2|} 2Rmep(ck < o) Ty (206FIP(TF < o0))
koEZ ;k=k0
1
k

= sup zko[z - (k—koimeabap(k—komaea(1+82) p( 7k < w)%yzz (2<k—ko>wzp]p(Tk < Oo))]tz

kg ez k= 0

1-¢p

(9] € (o)
< sup 2 (Z o~(k=ko)nae2d2/(1~¢2) Z 2k (1+82)p(k < oo)%yb (z(k—ko)'lzp]l)(Tk < Oo))
ko€Z  \j=x, k=ko

~ sup 2% Z 2tk p(7k < o0)iy, (20kmrp(7F < o0)).
koeZ k=ko

Moreover, using (30), (24) and Abel’s transformation, we have

Sup 2911 7,00, 5 (11X 2001 1) (31)
koeZ
ko - (k=ko)n2(1+62) k 3 o (k=ko)n2pzz k

< sup?2 ZZ P(7" < 00)r2 Vb (]P(T < oo))

koeZ k=ko

) k

= sup 2K+ 2P Pk < co)ry, (]P(Tk < oo)) Z okol1=12(62+1)~11222p]

kez ko=—00

2M2(=62=1-2p)

sup P(* < oo)%z(k“)yb (]P(Tk < oo))

- 2[1-12(02+1)—1m220p] _ | 7

212(02—1-22p)

sup P(* < oo)%q)(ykq)_l(]l’(’ck < oo)_%))yb (lP(’(k < oo)).

- 20+ =D)-1zpl — 1, -

According to 27), 29) and (31), we further conclude that

D" (F)lp,cop = (Sup 2°0x 200 o0 (||X{T1>2ko]||£)) + (Sup 2°0x 1,200 o0 <||X[Tz>2ko]||£)) (32)
koeZ koeZ

< {]P(Tk < w0 (kY (IP(c* < 00) ) yy(P(7F < oo))}

keZ

Lo

Consequently, for 0 < g < o, combining ([26) with (32), we obtain that

D" (Dl lpgn < (33)

{]P(Tk < c0) P (o (IP(e¥ < 00) F) (P < oo))}

kezll,

= W (1), e, ().
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Taking the infimum over all decompositions of the form (), we get (6).
(ii) = (i). Suppose that f = (f;)us0 is a B-valued martingale and satisfies

E (i ||dfm||’] < .

Given1l <r <2, we have

lIs"COIl < MIs" (Ol = [IE [Z Ildfmllr]]r < oo,
m=0

Let O(t) = t. It is easy to find that [|O(s" ()1 = [Is"(f)ll1 < co and ®@~(t) = . Hence, the B-valued martingale
f = (fu)ns0 has a decomposition as (@), where
(Nez € I

and

sup [[M(@)|l; < co.
keZ

Consequently, there exists kg € Z such that for any ¢ > 0,

k
<é&
Z\kl>k0 H

Notice that a5 = [E,(a") converges to the function a* as n — oo in L1(B) for each k € Z (see [21] p.27]). Then,
there exists M € IN such that
]E(Ha’;q - a’,‘,”) <e

as m,n > M. Set N = maxyy<x, {Mk}. Thus, for m,n > N, we can deduce that

Ufor = Foll, ) = [ Y utak =Y bk ] Y E(llaf, - akl)
keZ. keZ keZ.
= Y Bl - ki) + Y FE(llef, - )
kI>ko kl<ko
<25up IIM(a Nh Z u+e Z ut s e

lil>ko lil<ko

This yields that (f,)n=0 is a Cauchy sequence in L1(B). Then (f,,)s>0 converges in probability (see [21} p.14]).
It follows from Lemma that B is isomorphic to a r-uniformly smooth space. The proof is finished. [

We see that the proof of (33) in Theorem [3.2]mainly relies on the subadditivity of @ and the sublinearity
of s". That is, for [|O(S"(f))llp,4, (resp. DM )Ip,g,0- |I®(sr(f))||p,q,h) we obtain:

Corollary 3.3. Let B be a Banach space, ® € G be a concave function and b be a slowly varying function. If
1<r<o00,0<p<coo,0<g<oo,max{l,p}<lf<o and the B-valued martingale f = (fu)us0 has a decomposition

of type H with (u*,a*, ™) € A% (D, p,q,0) (resp (U, a*, ) € AM(®, p, q, €), (uk, ak, TF) € AT (D, p,q, f)), then
1", ,, < inf W), 0", ()

(resp. o, , < inf W), ), (2

lR6" (], , , < inf W), 1aY, 1),

where the infimum is taken over all the decompositions of f of the form ().
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We prove the atomic decompositions for ®(f) in Qg,’q,b(B) and D, ;(B) as follows.

Theorem 3.4. Let ® € G be a concave function, B be a Banach space, 1 <r <2,0<p <r,0<g < ocoandbbea
slowly varying function. Then the following statements are equivalent:

(i) B is isomorphic to a r-uniformly smooth space.

(ii) Assume that the B-valued martingale f = (f,)ns0 satisfies ||D( f)||Q§r'7 (B) < Then there exists a sequence of

triples (u¥, a*, 7)€ AY (@, p, q, 00) such that for all n € N, @), ) hold and
”q)(f)“a’f'qh(s) ~ inf W({p"), {a"}, (")), (34)

where the infimum is taken over all the decompositions of f of the form ().

Proof. (i)=(ii). As the proof is similar to the proof of Theorem we skip the details. Suppose that
f = (fu)n=0 is a B-valued martingale with [|®(f)||gs ,(B) < For every k € Z, the stopping time is defined
PA/

by
*=inflne N: A, > 0125} (inf0 = o),

where (A,)>0 € A[Q;;q/b,q,( £)1(B). Let u¥ and ak be the same as in the proof of Theorem Hence, (a%),50 is
a B-valued martingale. Moreover, S, (f) < Ay < ®~1(2%). Similarly to the proof of (7), we have

S ((@)z0) < @7 (P(c* < 00) 7 )i jrtcce)-

Lemma (iii) guarantees that

[M(@),20)

|, <C ”Sr((a’;)nzo) |, < CP(¢* < )7 &7 (P(7* < oo)—%) < oo

Analogous to the method of the proof of Theorem there exists a function a* in L,(B) such that af =
E,(a")(n € N). Moreover, at is a (®,p, )% -atom, (@) and (5) hold.
Now we show (34). According to and
(7" < oo} = {D(1) > 21},

for the case of 0 < g < o0, we get

W), (d"), () = '{P(Tk < oo)%qn(ykqfl(r(q:k < oo)—%))yb(lp(fk < oo))}

kezIll,

= '{113 (@A) > 2")% 2 1y(IP (D(Aeo) > 2°) )}

keZ Iy

_ Z P@(\) > zk)% 26401 1(P(D(1) > zk))]q
keZ

q 2k 7
Y P(00) > 2 yi(R(ea > 29) [ yqd—y]

kez 2 y

2k .
Y, [ ploc) > ) yiE(eas) > y))y‘“dy]

A

1
q

IA

kez V2"

= o).
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Standard modifications can be made for the case of § = co. Taking the infimum over all (A,).»0 €
AlQ) , o(P1(B), we get
W )17 < 19l )

On the other hand, let
Pn = Z [Jk”Sr(ak)”mX[Tksnl'

keZ.

Obviously, (pn)n=0 € Aand S7 (f) < p, for every n > 0. In view of the definition of (D, p, 00)% -atom, we
find that {S"(dX) > 0} c {t* < co}. For an arbitrary integer ko, set

P = Z SIS ko) 02 = Y OIS @l
k=— k=ko
The subadditivity of @ assures that
D(pe) < pi + P
Replacing T; and T, by p(l) and pg,) in Theorem 3.2} respectively. Then we deduce that

IO(F)llgr w) ~ inf W), fa'}, ("),

where the infimum is taken over all decompositions of f of the form @I)
(i) = @). If f = (fu)uso is a B-valued martingale with S’(f) € L. For every n > 0, set ®(f) = t and
A =187 (Hllw- Tt is easy to see that (A,)n=0 € Aand S, (f) < A,. Consequently,

1P )llgs ) < 1P = 11" (Fleo < 0.

Therefore, (f,)s>0 has a decomposition as {@). The remaining proof is similar to the proof of Theorem
This finishes the proof. O

Theorem 3.5. Let B be a Banach space, ® € G be a concave function, 0 < p < co, 0 < q < oo and b be a slowly
varying function. Then the following assertions are equivalent:

(i) B has the RNP.

(ii) For every B-valued martingale f = (fu)n=0 which satisfies ||P(f)llp,,,@) < o0, there exists a sequence of triples

(uk, a*, ) € AM(®, p, q, ) such that for n > 0, @), hold and

IO(f)llp, ,um) ~ inf W({u"), {a"), (")), (35)
where the infimum is taken over all the decompositions of the form ().

Proof. (i)=(ii). We omit some details of the proof, since it is similar to the proof of Theorem. B.4, If f = (fu)uso
is a B-valued martingale with ||P(f)llp,, &) < 0, then the stopping times ¥ are defined by

*=infln e N: A, > 07125} (inf0 = o),

where (A,)n>0 € A[Dy4,50(f)](B). Let ¥ and a be the same as in the proof of Theorem Thus it is
obvious that

k+1

—frll A
pe oo

k+1

k
”f‘r’l[ || + ”fr;[ ” < A7k+1_1 + /\Tk_l

X{tk<oo} =
ue uk

1
Xieteon) < 2071 (P(2F < 00) 7 o)

Il = X{rk <oo) (36)

cD—l (2k+1) + q)—l (Zk)
= [Jk
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It follows from (36) that
M((@)z0)| . 5 @7 (P(* < o)),

From condition (i), there exists a B-valued integrable function a* such that a¥ = E,(a*) (n € N). It is clear
that a* is a (@, p, o0)M-atom and (@) holds. Moreover, we have (B) and

(W({!Jk}/ {ak}/ {Tk}) S ”cD(f)”qub(B)

On the other hand, define
pn= Y HIME oo o2

keZ

Thus, (pn)n=0 € A and || f411| < pn for every n > 0. For an arbitrary integer ko, let

ko—1 i
ol = Z DM@ttt ), P2 = Y OHIME oo 0t )
k=—c0 k=ko

It follows from the subadditivity of ® that

D(peo) < p&) + p@.

Replacing T and T, by pf,},) and pg) in Theorem respectively. Then we have

PPl e ~ inf Wik, ), (7)),

where the infimum is taken over all decompositions of f of the form ().
(ii) = (i). Assume that f = (fy)n>0 is a B-valued martingale with

sup || fullL..8) < 0.
n>0

For every n > 0, set ®(t) = t and A, = |[Mu+1(f)llo. It is obvious that (A,)us0 € A and ||fynll < Ay
Consequently,
1PNl B) < IP(Ao)llr < sup ||fulleo < co.
n>0
Therefore, (f,)u0 has a decomposition as (). Similar to the proof of Theorem we find that (f,)us0

converges in L1(B). Then (f,).>0 converges a.e.. Lemma guarantees that B has the RNP. Therefore, we
complete the proof. O

Remark 3.6. Ifbis a nondecreasing slowly varying function, ®(t) = tand £ = co in Theorem[3.2} then we refer to Liu
et al. [17] for the corresponding result; if b is a nondecreasing slowly varying function and O(t) = t, then Theorems
and |3.5| recover the corresponding results in [17]. Moreover, the slowly varying function b is not necessarily
nondecreasing in Theorems 3.2} [3.4 and 3.5 of this article. Hence, Theorems [3.2} 3.4 and 3.5 improve Theorems 3.2,
3.4 and 3.5 in [17], respectively.

Remark 3.7. Let r = 2, O(t) = t and B = R in Theorems 3.2} [3.4|and we obtain the atomic decomposition of

Hardy-Lorentz-Karamata martingale spaces H;‘7 w Qg and Dy, p, respectively.

Remark 3.8. Ifb =1, O(t) = t and { = oo, then Theorem [3.2|goes back to the corresponding result in [18]; if b = 1
and O(t) = t, then Theorems 3.4 and B.5|reduce to the corresponding results in [18].

Remark 3.9. If we consider the special case b = 1 in Theorems[3.2}[3.4 and [3.5) then we can return to Theorems 1, 2
and 3 in [15]], respectively.
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4. ®-moment B-valued martingale inequalities

In this section, with the help of the smoothness or convexity of Banach spaces and atomic decomposition
theorems, we prove some basic ®-moment B-valued martingale inequalities on Lorentz-Karamata spaces.

Theorem 4.1. Let ® € G be a concave function, B be a Banach space, 1 <r <2,0<p <r,0<g<ooandbbea
slowly varying function. Then the following statements are equivalent:

(i) B is isomorphic to a r-uniformly smooth space.

(ii) Assume that the B-valued martingale f = (fu)n>0 satisfies ||P(s"(f))llp,qp < oo, then

IO lpq6 < NDE"(F)p,g0- (37)

(iii) Assume that the B-valued martingale f = (f,)ns0 satisfies ||P(f)l|qs B < then
P/

IPMP o < 1P oy (38)
Proof. (i) = (ii). Suppose that f = (f,)n>0 is a B-valued martingale with

D" (Dlp,g0 < co.

It follows from Theorem 3.2 that

and

o6 O, , W, (), (),

where (¥, ak, %) € A¥ (D, p,q,7). By Lemma (iii), there exists a constant C > 1 such that for any B-valued
martingale g,

pab ™

IM(@)ll: < ClIS" @)l = Clis" (@)l

Since a* = (ak),.0 is a B-valued martingale. It is easy to see that

)

This shows that (yk, %ak, Tk) € AM(@, p,q,1). According to Corollary we have

fo{(e)

Applying Lemma[2.8|(i), we deduce

< 15" @)l < P(T* < 00) Y (P(¢* < 00) ).

r

P
s ‘W({y b=, e }).

< W (11,1204 ) = 106 (D)

% ”(D(M(f))HMb = H@(M(%f)) C

p.q.b

Consequently, we obtain ||@(M( f))HW S NS ()l g,

(ii) = (i). Let f = (fu)n=0 be a B-valued martingale with

B(Y o Wll ) = IS < o

Let O(t) = t. By Lemma we get [Is"()llp.qp < Is"()ll;r < o holds for 0 < p < r. The B-valued martingale
9" = (g)m=0is defined by g}, = fu1n—fu foreachn € IN. Actually, [S"(g")]" = [S"()H]-[S]_,(f)]" = Oasn — oo
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and S"(g") < S'(f). By the dominated convergence theorem, we have [|s"(g")ll,q.5 < lIs"(g")Il, = IS"(g")l» — 0
as n — co. Employing for g", we obtain

||fm+n - f"”Lp,q,b(B) < ”q)(M(gn))”p,q,b S ”(D(sr(gn))”p,q,b -0, (n - OO)

Thus, (fi)n>0 is a Cauchy sequence in L,,,(B). Then (f,),>0 converges in probability (see [21}, p.14]). By
Lemma B is isomorphic to a r-uniformly smooth space.
(i) = (iii). Let f = (fu)ns0 be a B-valued martingale with [|(f)||gs (B . Applying Theorem there
P

exists a sequence of triples (uf, ak, 7%) € A% (D, p, g, 00) such that
1, _ ke (L
Efn = Zkezy ]E,,(Ea ) a.e.

lecs)

Since a* is a (@, p, 00) -atom, we conclude that {S"(a*) > 0} C {7* < co} and [|S" (@)l < IS (@)l P(F < c0)7.
Lemma (iii) assures that

and

a,® ™ W), {d"), 7).

IM(@")ll, < CIIS" @)l (C > 1).

e

So (yk, La5, Tk) € AM®,p, q,7). Lemmaand Corollary guarantee that

Thus, we find that

< P(th < 00)? @Y (P(e* < 00) ).

<w (i, (Lo, (1) ~ o)

oo, < ofu(s) c

S" 7
pab % ®

then we get the result.
(iii) = (i). Assume that f = (f,)ss0 is @ B-valued dyadic martingale with

B( Y Idfull )= IS < oo,

Let @(t) = t and A, = Cs! _,(f) for each n € IN. Then [|s"(f)ll, 45 < o0 and (A;)u>0 € A. Notice that f is a
B-valued dyadic martingale, thus we have S} (f) < Cs},(f) for eachn € IN. Obviously, S ,,(f) < A,. Itis easy
to check that (A,)>0 € A[Q;Tq »o()](B) and

1P(Hllgs @) < N1PAeo)llpg6 = ClIS" (Pllpgp < o0 (39)
Let us consider g" = (g7,)m=0 as above. By and , we obtain

fonen = fullL, 8 < NPALG Do S IPG gy 8) < 1157 Mpgp — O

when n — co. The rest of the proof is similar to (ii) = (i), we get B is isomorphic to a r-uniformly smooth
space. This completes the proof. [J

Theorem 4.2. Let @ € G be a concave function, B be a Banach space,2 <r < 00,0 <p <r,0<g<ocoandbbea
slowly varying function. Then the following statements are equivalent:

(i) B is isomorphic to a r-uniformly convex space.

(ii) Assume that the B-valued martingale f = (fu)no satisfies |D(f)llp,, @) < oo, then

IS (Dllp.gp < 1P(NlD,,.8)- (40)

(iii) Assume that the B-valued martingale f = (fu)nxo satisfies |O(f)|lp,,,®) < oo, then

IP(" (fMNlp.ap < N1P(HllD,,,8)- (41)
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Proof. (i) = (ii). Consider that f = (f)x>0 is a B-valued martingale satisfies [|D(f)llp,,,®) < co. Condition (i)
implies that B has the RNP (see Remark[2.14). It follows from Theorem [3.5|that

L, _ ke (L
Efn = Zkez u ]E”(Ea )a.e.
and
1Dl om ~ W), (@, (25),
where (uf, a¥, %) € AM(D,p, g, ). By Lemma (i), we find that for any B-valued martingale g,

lIs" @l = 1IS" (M- < CIM()IIr,

where C > 1. Since a*

= (@*),»0 is a B-valued martingale. Similarly to the proof of (i) = (iii) in Theorem
we obtain
< P(T* < 00)r @Y (P(rF < 00) ),

(e,

So (yk, 1a5, Tk) € A% (D,p,q,7). Applying Lemma (i) and Corollary we get

ofs(z)

(i) = (iii). The proof is similar to the one of (i) = (ii) above.

(ii) = (i), (iii) = (i). Let f = (fu)n>0 be anarbitrary B-valued dyadic martingale satisfying sup,,.., Il fullr..8) <
oo. For each n € IN, set ®(f) = t and A, = [|[My+1(f)lle- This ensures that (1,,),20 € A and || f+1]] < A,,. Notice
that f is a B-valued dyadic martingale, thus we have S, (f) < Cs],(f) for each n € IN. Therefore, we can
conclude that

<W (1641 (20 129) = 19Dl .

l T
zlesol,,, < =

p.g.b

IP(Pllp,,,®) < 1PAco)llpgp < supllfullr.@) < oo.

n>0

Hence, by (#0) we obtain S'(f) < o a.e. holds and by we know that s'(f) < oo a.e. holds. Applying
Lemma we get the desired results. O

Remark 4.3. Let b be a nondecreasing slowly varying function and ®(t) = t in Theorems [4.1] and Then we
refer to Liu et al. [17] for the corresponding results. Moreover, the slowly varying function b is not necessarily
nondecreasing in Theorems [4.1|and [4.2)of this paper. Hence, Theorems [£.1)and [£.2]improve Theorems 5.4 and 5.6 in
171, respectively.

Remark 4.4. Ifb =1, O(t) = tand 0 < p = q < 1, then Theorems4.1|and [£.2) go back to Theorems 5 and 6 in [22],
respectively.

Remark 4.5. Ifb = 1 and O(t) = t, then Theorems[.1|and [.2] recover the corresponding results in [18].
Remark 4.6. If we consider the special case b = 1 in Theorems [£.1|and then the conclusions return to Theorems
4 and 5 in [15], respectively.
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