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Stochastic heat equation with a special generalized fractional noise

Mounir Zili®

“Research Laboratory LR18ES17, University of Monastir & Tunisian Military Academy, Tunisia

Abstract. We investigate a novel stochastic heat equation driven by a special generalized fractional Gaus-
sian noise. We establish the existence, mixed-self-similarity, and regularity properties of the mild solution.
Additionally, we explore the fractal dimensions of the solution sample paths’ graphs and ranges. Our find-
ings have potential applications in modeling complex physical phenomena with long-range correlations.

1. Introduction

Stochastic heat equations driven by various noise processes have garnered significant attention in
recent years, leading to a wealth of valuable insights (see, for example, [1], [17], [18], [20]). Notably,
[17] investigated solutions to stochastic heat equations driven by fractional-white noise, a Gaussian noise
exhibiting Brownian behavior in space and fractional Brownian behavior in time. These equations offer a
powerful tool for modeling physical phenomena subject to random fluctuations. The introduction of noise
into partial differential equations aims to capture the inherent stochasticity often observed in real-world
processes. However, selecting the appropriate noise term is not a straightforward task. The choice of a
suitable stochastic process must be carefully considered based on the specific equation of motion and the
underlying physical interpretation.

The purpose of the present paper is to investigate a new stochastic partial differential equation with
Laplacian operator, driven by a White-colored noise, which behaves as a Wiener process in space variable
and as a generalized fractional Brownian motion in time. The generalized fractional Brownian motion
considered here was introduced by [27] as an extension of both fractional and sub-fractional brownian
motions.

While numerous extensions of fractional Brownian motion (fBm) and sub-fractional Brownian motion
(sfBm) have emerged in recent decades, including multifractional Brownian motion [13], mixed fractional
Brownian motion [24], bifractional Brownian motion [5], mixed sub-fractional Brownian motion [3, 11, 26],
generalized sub-fractional Brownian motion [15], and the newly introduced generalized fractional Brow-
nian motion [12], these extensions are typically limited to extending either fBm or sfBm individually. In
contrast, Zili Generalized fractional Brownian motion (ZgfBm) [27] offers a unique approach by simultane-
ously extending both fractional Brownian motion (fBm) and sub-fractional Brownian motion (sfBm). This
versatility allows for modeling a wider range of random physical phenomena, including both stationary
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and non-stationary behaviors. By adjusting its three parameters, ZgfBm can capture complex systems with
heterogeneous time-dependent characteristics, offering greater flexibility compared to traditional fBm and
sfBm models, which are limited by a single Hurst parameter. For further details on ZgfBm, please refer to
[27-29].

Our study generalizes existing works on more particular Gaussian noises such as fBm or sfBm. By
considering ZgfBm, we provide a more general framework for the analysis of stochastic partial differential
equations and thus allow the study of more varied and complex physical phenomena.

This paper is organized as follows. We begin with a review of the definition and key properties of our
generalized fractional Brownian motion (ZgfBm), introducing new characteristics relevant to our study.
Next, we introduce our special generalized fractional heat equation and examine the existence and mixed-
self-similarity properties of its mild solution. We then delve into the regularity of the mild solution, both
in time and space, and investigate the Hausdorff and Packing dimensions of the solution sample paths’
graphs and ranges. Finally, we provide a conclusion discussing potential future research directions. The
last section is devoted to an appendix providing a technical lemma and its proof.

2. Generalized fractional Brownian motion: Zili version

Before introducing our generalized fractional Brownian motion, let us recall that the two-sided fractional
Brownian motion (tsfBm) of Hurst parameter H € (0,1) is a centered Gaussian process B = {Bfl,t € R},
defined on a probability space (Q, 7, IP), with the covariance function:

1
Cov(Bfl,Bf):§<|S|ZH+|t|2H—|t—s|2H); t,seR. 1)

The restriction of the tsfBm to the set [0, +0) is the well known fractional Brownian motion (fBm), which
in turn is an extension of the Brownian motion (Bm) because Cov(Bg/ 2 B}/ %) =t As for every s,t > 0. Both
tsfBm and fBm have been considered as an important tool in modeling due to their properties of long-range
dependence, self-similarity and stationarity of their increments. For more information on tsfBm and fBm
see, e.g. [9, 11, and references therein].

In [2], the authors introduced another kind extension of the Brownian motion, referred as sub-fractional
Brownian motion (sfBm), preserving most of the properties of the fBm, but not the stationarity of the
increments. It was introduced as a centered Gaussian process EH = { é{{ ,t > 0}, with the covariance function

1
Coo(g]!, &ll) =2+ £ - 5 ((t+s)+ 1t =5 ), 5t € [0, +00). )

We refer to [2, 16, and references therein] for further information on the sfBm.

Our research centers around the following more general process:

Definition 2.1. The Zili Generalized fractional Brownian motion, ZgfBm for short, with parameters (a,b,H) €
(R%\ {(0,0)}) x (0,1), denoted by (Zfl (a,b))ier,, is a centered Gaussian process, defined on a probability space
(Q, F,P), with the covariance function:

212
RHAN(E, 5) = CO‘U(Z{_I(QI b), ZH(a, b)) - %(a + b)? (S2H + tZH) —ab(t + ) — # lt—s2H . 3)

From Equation (3), we see that the ZgfBm reduces to a fractional Brownian motion (fBm) whena =1

and b = 0, and to a sub-fractional Brownian motion (sfBm) whena =b = L

V2
This demonstrates the ZgfBm's versatility as a generalization of both fBm and sfBm, making it a valuable
tool for modeling a wider range of natural phenomena.
The following proposition establishes the existence of the ZgfBm.
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Proposition 2.2. For every (a,b,H) € (R? \ {(0,0)}) X (0, 1), the process defined on the probability space (Q2, ¥, IP)
by:

VteR,, Zf'(a,b)=aB +bB", 4)

where (BM)er is a two-sided fractional Brownian motion of parameter H, is a ZgfBm of parameters (a, b, H).

Proof. Let us denote Y; := aB + bB", . Due to the Gaussianity of B and using Equation (1), it is straight-
forward to verify that Y is a centered Gaussian process with a covariance function identical to (3). This
completes the proof of Proposition 2.2. O

Using the same technique as in Lemma 2.4 of [11], we obtain:

Lemma 2.3. Let the probability space (QQ, F,P) be rich enough to support any of stochastic processes introduced
below, and let Z%(a, b) = {ZF(a, b); t > 0} be a ZgfBm. Then there exists a tsfBm B = {BH; t € R} on the whole real
line such that ZH(a, b) admzts the representaion (4).

Before proceeding, we will revisit some interesting characteristics of the ZgfBm, which were thoroughly

investigated in [25, 27].

Lemma24. 1. The ZgfBm is a self-similar process; that is the processes {Z}1(a, b); t > 0}, and {hH ZH(a,b); t > 0}
have the same law.
2. There exist two positive constants, y(a, b, H) and v(a, b, H) such that, for all (s, t) € ]Ri; s <t

y(a,b,H)(t - s <E(Z}(a,b) - Z! (@, b))2 <v(a,b, H)(t — s)*. (5)

3. The ZgfBm ZH(a, b) admits a version whose sample paths are almost surely Holder continuous of order strictly
less than H.

4. E(Z8(a, b)) := Cu(a, h)";
Cu(a,b) = a® + b* — (2% — 2)ab. (6)

We will now introduce a moving average expression of Z(a, b) for H € (1/2,1).

Lemma 2.5. For every t € [0,+00) and H € (1/2,1),

Zian = SB[ e (-9 @)

+ @@= ) ((@=9))" + ((u+9) )" dudM(s)|

where M is the Brownian measure on R. The constant C(H) is defined as

00 1 1/2
C(H) = (fo ((1 +x)12 - xH‘l/Z) dx + f{) ,

and we use the notation (x); = max(x, 0) and (x)- = max(—x,0).

Proof. Let us first recall that the tsfBm {B(t); ¢ € R} has the integral representation,

B%):% fR (((t—s)+)H_1/2—((—s)+)H_1/2)dM(s), teR. (8)
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The proof of (8) can be found e.g. in [14].

Applying (4) and (8), we obtain, for every t € [0, +0),

1
2C(H)

+ @=b)(((t =)™ = (¢ +5))"?)dMs)].

Zi'(a,b) [ fR @+b)((t =) )" 2+ (t+9) )" = 2((=5))" )

This, together with the identities:

(=) )24 ((t+5))F V2 = 2((=s),) T2 = f (1= 5))"2 = ((u+9))" du
0

and t
((t =) 2 = ((t+5))2 = f (- 5))" 2 + ((u +5) ) du,
0

for every H € (1/2,1), complete the proof of Lemma 2.5. [

We will now delve deeper into the covariance function R74?.

Lemma 2.6. Let H € (1/2,1) and ay = HQ2H — 1). For every (a,b) € R* we have:

F*RPH(s, ) 2 2 2H-2 2H-2
= = ay [(@® + )|t — 512 = 2ab(t +5)12]. (10)

Moreover, for every s, t € [0, T] with s # t, we have

92RH (S, t)

Cy|t — sH2 <
it =l Jsot

< Gyt — |2, (11)

with the constants given by
C1 = min(ay(@® + ), apy(a—b)*>) and Cp = ay(lal + [b])*.
aZRH,u,b

Jdsot

Proof. The explicit expression of
(11).

can be easily obtained. We will just prove the two stated estimates

2H=2 j5 decreasing, we have

(t+s)172 < |t =512,

Since |t —s| < (t +s) and x > x

and consequently
PPREAD (s, 1)

20y _ 2H-2
350t < ap(al + bI)7|t — s~

For the lower bound, if ab < 0 then,
ap (@ + D)t = sP72 = 2ab(t + 9*772] 2 an(@® + Bt — 52
And if ab > 0 then, we can write

*RHb(s, )
dsot a
which clearly implies that

ay [(a — b)*|t — s + 2ab [It —sPH2 (¢ + S)2H—2]]

2RHab(s 1)

21 _ o2H-2
et > ayg(a— b))t —s| .
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Corollary 2.7. For 1/2 < H < 1, the ZgfBm process admits a covariance measure g on [0, T with the density
given by
PPRYH (v
Augpr(u,v) = ﬁdudu

Proof. From the estimates in Lemma 2.6, we have that for s, f € [0, T] with s # ¢,

azR”’b’H(S t)
——— L < Colt — s
P B
Since H > 1/2, we have 2H — 2 > —1. Therefore, the function |t — s|* 2 is integrable on [0, T]?, and
aZRa,b,H ,i’
consequently, IR () e LY([0, T]?), which is a sufficient condition for the existence of the covariance

dsot
measure U,y (see [7,20]). O

3. Stochastic partial differential Equation

For the remainder of this paper, we assume that the Hurst parameter H satisfies H > 1/2. As a conse-
quence of Corollary 2.7, this assumption ensures that the noise ZgfBm has a covariance measure structure.
This property is crucial for the existence and well-definedness of the Wiener integral, which serves as the
primary tool for analyzing the mild solution to the stochastic partial differential equation below.

Let d > 1. The aim of this paper is to study the stochastic partial differential equation

u, bH 1 .
228 = —Augyy + Wapn, t€(0,T], x € R?
ot 2 Uy b,H ab,Hr ( ] X (12)
Ugb,H (x/ 0) = 0/

where Wa,b,H is the formal derivative of the centered random noise W,y = {Wyu(t,A);t € [0,T],A €
By(RY)}, with covariance given by:

E(Wap(t, A)Wapu(s, B) = R™(t,s)A(A N B), (13)

where A is the Lebesgue measure, and R*" is the covariance function of Z(a, b), defined by (3).

The canonical Hilbert space associated to the noise W, iy is defined as follows. First, consider & the set
of linear combinations of elementary functions 1jo;) X A, t € [0,T], A € Bb(]Rd), and H, ;i be the Hilbert
space defined as the closure of & with respect to the inner product

<X XA Ljos X B >4, .= E(Wapu(t, AW 1 (s, B)).

We have for g,h € H, j, g, smooth enough,

<gh> —foTddfdM( oy, wh(y, 0) (14)
gl >m,,= | | dudo | dy=ie(w,0)g(y, wh(y, o).

By a routine extension of the construction described, for example in [17] and [20], it is possible to define
Wiener integrals with respect to the process W, ;. This Wiener integral will act as an isometry between
the Hilbert space H, ;5 and L?(Q) by

T T T T
E f f (1t ) Wasr(dut, dy) f f (1t ) Wap i (dut, dy) = f f o i(dit, d) f Ay, P, y)
0 R4 0 R4 0 0 R4 (15)
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for any function ¢, 1 such that

T T
f f 41 o | (1,0) f ay 1 oG, ) |1 p(0,y) < oo
0 0 R4

T T
[ vt [ dyipaniive i,

where (i, 11 is the measure defined by

and

ZRu,b,H
Ao (U, v) = W(u’ v)dudv, (16)

and |p, 51| denotes the total variation measure associated to i, pr.

The following transfer formula will be useful in the sequel.

Proposition 3.1. For every g € H,yp we have

T
[ [ ot =au [ [ [ 10n@000 DKt iuawis,n, (17)
0 JRd R JR! JR
CH=12)
where dy = 2CEH) W is a space-time white noise with covariance

E(W(s, AYW(t, B)) = (t A s)A(A N B),
and
Kopr(s,5) = (@ +b) (((u = )0)" > = ((u +5))") + (@ = 0) (0 = 9)0)* 2 + (w + 9))" ).

Proof. Proposition 3.1 is straightforward consequence of the moving average expression of the ZgfBm
() O

Now we will define the mild solution of the SPDE (12).

Definition 3.2. If we denote by {u,, (¢, x);t € [0,T],x € R%), the process defined by

t
U pu(t, x) = f fd Gt —v,x = YWy u(do, dy), (18)
0 JR

where the above integral is a Wiener integral with respect to the noise W, g and G is the Green kernel of the heat
equation given by:

||x||2) ' d
—exp(—— if t>0,xeR’,
Gt,x)={ @ni): 2t (19)

0 if t<0,xeR?

where ||x|| denotes the Euclidean norm of the vector x in RY, then the process u is called the mild solution of the SPDE
(12).

In the following proposition, we will give a necessary and sufficient condition for existence of the mild
solution to equation (12).
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Proposition 3.3. The solution to the generalized fractional heat equation exists if and only if d < 4H.

Proof. By (15) and (18),

ot
]E(uﬂ,b,H(t/ x)Z) = f f [Ja,b,H(du, dv) fd d]/G(t —u,x-— ]/)G(t - 0,X— .1/) (20)
0 Jo R
It follows from (18) and (11) that
Cul(t,x) < B(ugpn(t, 0)?) < Cal(t, ) (1)
where o
I(t,x) = f f dudv | u—o P72 f dyG(t —u,x —y)G(t —v,x — y). (22)
0 Jo R
Using (19) and making a suitable change of variables, we obtain
dj2
e
jl;d dyG(t - Uu,x—- y)G(t —-0,X— y) = (m) . (23)

Hence, from (21), (22) and (23), we deduce that the solution to Equation (12) exists if and only if

t t
f f dudv | u—v P72 (2t — u — v)™? < co. (24)
0 Jo

And we easliy check that (24) is true if, and only if d <4H. O

Throughout the rest of this paper, we will assume that
d < 4H. (25)

In the following proposition we will give an explicit expression of the covariance of the mild solution.

Proposition 3.4. For fixed x € R?, and fors < t,

TTN\d/2 tors a% + b))|u — o2 = 2ab(u + v)?H2
E [t D, 0] = (5) s [ [ oI MO e
0 0

t+s—u-ov)

Proof. By applying the Isometry identity (15), then using (23) we obtain

£ S
Bl s, 0] = [ [ wsntndo) [ dvGie-ux- G -o,x-1)
0 Jo R

tors 2 pabH /2
f f dudva R (w,0) I .
0 Jo Judv 2(t+s—u—0)

This with (10) allow us to conclude the proof of the proposition. [

The following proposition deals with the mixed-self-similarity of the solution sample paths.

Proposition 3.5. The process i,y : t —> ty, 1i(t, x) is mixed-self-similar of order H— 4, in the sense that, for every

h > 0, the processes (g, r(ht, X))ier, and (uahH, ¢ -t H(t, X))ter, have the same law.
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Proof. For fixed h > 0, the processes (i n(ht, x))er, and (u (t,x))ter, are Gaussian and cen-

a4 o4 H
tered. Consequently, to prove the desired result, it is sufficient to demonstrate that they possess the same
covariance function. Indeed, as a direct consequence of Proposition 3.4, we have

d/2 Wt hs a2 + b?)|u — 0|22 — 2ab(u + v)2H-2
E [ttt (ht, Xt 11 (s, )] = (5 agfkfdd )EHL Qz) - @)
S—uU-v

So, by the change of variables u’ = §;, v = 7 in the integral dudv we immediatly get
d/2 a% + b)|u — o2 — 2ab(u + v)*H2
E g (it i, 0] = (3) a Wmffdd( Ll )
(t+s—u-0) (28)

E [M W4 bhH" (t ) hHi%,bhH’%,H(s’ X)] ’

which completes the proof of Proposition 3.5. [J

4. Regularity and fractal properties

4.1. Study of the regularity of the solution in time

In this section, we will examine the behavior of the increments of the solution u,; y(f, x) to (12) with
respect to the time variable t. We will establish sharp upper and lower bounds for the L?>-norm of these
increments.

The key result of this section is the following theorem.

Theorem 4.1. There exist two positive constants Cz and Cy such that, for any s, t € [0, T] and for any x € RY,

_d 2 _d
Calt = 577 <IE [ug it %) = thg (s, %)| < Calt = P12

Proof. We have
2
E |ua,b,H(tr X) - ”u,b,H(Sr x)l = Ru(tr t) - ZRu(tr S) + Ru (S/ S)/

where R, denotes the covariance of the process u,j, gy with respect to the time variable for fixed x € R?

/2 ZRabH
Rult,) = E [t 51(t, )it (5, 0)] = jlfdda T D g5y
for every s, t € [0, T]. So,
d/z ZRﬂbH
]E|uahH(t X) — Ugp,H(S, x)| =(= (f f dudva (v, Z))(Zt—u—v)_d/z

_zf f dudo 82RﬂbH(u v)(t+s — o) a2 ffd o azRﬂbH(u 'U)( u_v)—d/z ,

which can also be written as

2 TT\A/2
Elutopi(t,3) = taa(s, 0| = (5) (Aspia(t,9) + Bappa(t,9) + Capa(t,9)),

awﬁﬂtffddywwwa u— oy,
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5 S 82RahH
Bapult,s) = f f dudv (u o) [ —u—-0) " 2t +s—u-v) "+ Qs —u- v)‘d/z]
0 Jo

2 pab,H
Capu(t,s) = ffdud IR (u v)[ u—v)‘d/z—2(t+s—u—v)‘d/2]_

Since, Cyp,1(t, s) < 0 and since

and

92RH (Ll, "0)

2H-2
<Clu-v
oudv !

we have
) tot
E |uﬂlb,H(t, X) — ug,b,H(s,x)| <c [f f dudv | u—ov P2 2t —u — v)™/2
S S

s s (29)
+f f dudv | u—o P72 ((Zt—u—v)*"l/2 —2t+s—-u—-v) "+ (2s—u —v)d/z)],
0 Jo

where ¢ denote a positive constant. Consequently, by (25), (29) and Lemma 6.1 we get the upper bound.

Let us now prove the lower bound. The mild solution has the form given in Equation (18). So, for every
x € R%and (s, t) € [0, T]?,

T
a1 (E, X) = U 1i(S, %) = f f ) (G(t =0, = Y)o(0) = G(s —0,x = y)l(o,s>(0))dWa,b,H(o, y. 30
0o JR
By the transfer formula (17) we get:

it ) = e pi(5,%) = dit f f AW (o, )F1s(0) 1), (31)
R JRY

where
Fis(o,y) = fR AuKopH(u, 0) [G(t —u,x = y)opnu) — G(s —u,x - y)l(o,s)(u)]
with
Kop (1, 0) = (@+b) (0 = 0))" 7 = (u+0))" ) + (@ = ) (= 0))" > + (u + 0))).

Equation (31) implies that

2
E [140,1(t, %) = ttapa(s, %)) = diyE [ f}R fR (AW(o, y)Fis(0, y)] : (32)

By the isometry of the Wiener process W we get

2 ¢
E [f f dW(o, y)Fis(o, y)] = f f dadyFis(a, y) = f f dadnys(a, Y). (33)
R JRY R JRY s R?

Therefore, for every o € [s,t] and u > 0, we have (u +0)- =0,
Ko, 0) = (a+ b)u — o) + (a = b)(u — 0)77% = 2a(u — 0)17%7,

and as consequence:

t S
Fis(o,y) = f duG(t —u, x — y)Kypu(u, 0) — f AuG(s — u, x — y)K, p,u(u, 0)
0 0

t S
=2a [f duG(t —u,x — y)(u — o){:{_S/2 - f duG(s —u,x — y)(u — 0)1;1_3/2 .
0 0
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As o0 € [s,t], the term (u — o)f_?’/ 2

0
an integral over the interval [, t]. Therefore,

t
Fis(o,y) = 2af duG(t —u,x — y)(u — )32,

o

2 t t
]E[ f f dW(a,y)Ft,s(a,y)] > 4a? f f dody( f duG(t — u,x — y)(u — o)1732
R JR? s R4 o

So, for every s,t € [0,T]; s <t,

]EU f dw(a'y)Fts(@y)]z
4a® fdafwdyf f dvduG(t —u, x — y)(u G)H_S/ZG(t—v,x—y)(v_g)H—3/2

UAD
4a® f du f do fd dyG(t —u,x —y)G(t —v,x — ) f (u - U)If_m(v - U)If_3/2do
s s R s

where in the last equality we have used the fact that

Hence,
2

v

(s<o0<tosu<to<v<t)e=(s<ust s<v<t s<o<uAv).

Equations (35) and (23) imply

| f f dW(a, y)Fis(o, y)] > 4a f du f do(2t — u —v)™? f v( —0)732(0 — 0)H=3240.

By the change of variable z = ZCL and by an easy calculus we get

UAV=S

u/\v uvo-s
f (M _ O)H_3/2(U _ G)H_3/2d0 =| U—12v |2H—2 f (1 _ Z)l_ZHZH_s/ZdZ.
s 0

Then, by (36) and (37),

2
IE[ f f dW(U/y)Ft,s(G/]/)]
R JR?
d/2 MQ'US
f du f do2t —u—0v) 2 |u—o 12 f (1 - 2)! 22132,

Now, by the change of variable # — s = #” and v — s = v’ we obtain:

2
]E[ f f dW(G/y)Ft,s(G/]/)]
R JR4

d/
f duf do(t —s) —u—0) 2 | u - vlezf (1 — 2)1=2HZH=32 ;.

Finally, by the change of variable 7 = £ and 0 = ;% we get:

11142

is only non-zero when u# > ¢. This means the second integral,

f duG(s —u,x — y)(u — 0)3/2, is zero. So, the second integral vanishes, and the first integral simplifies to

(34)

(35)

(36)

(37)

(38)

(39)
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2
g
IE[ fR fR d dW(a,y)Ft,sw,y)] > D, H)(t - sy, (40)

where D(d, H) is the constant defined by

1 1 ung
D(d,H) = Ctef duf dv(2 —u—v)™ 2 | u—o PH?2 f (1 —z)'2HZH32 5,
0 0 0
The constant D(d, H) is clearly finite since H > % O

Remark 4.2. Proposition 4.1 establishes that the process (u,p (., x)) is an infinite-dimensional quasi-helix (in the

sense of [6] ) with index xk = H — flz Quasi-helices possess a range of well-studied properties, as detailed in [6] .

In particular, as an immediate consequence of Proposition 4.1, we get:

Corollary 4.3. For any x € RY, the process t — u, 1(t, x) is Holder continuous of order 6 € (0, H — %).

Proof. Proposition 4.1 yields the following inequality:
E ‘uu,b,H(tr X) = UapH(S, x)|2 < Cylt — s2H-4

for every (s, t) € R2;s < tand (a,b) € R?\ {(0,0)}. In conjunction with the Kolmogorov continuity theorem
(see e.g. Theorem 1.2, page 14 in [11] ), this inequality yields Corollary 4.3. O

As asecond consequence of Proposition 4.1, by proceeding as in the proof of Proposition 3.2in [5], we get

Corollary 4.4. For every x € RY,

Ug b 1(t, X) = Ugp 1 (to, X)
lim sup =

€20 tety—e fo+e] t—to

with probability one for every to. And consequently, the trajectories of the process u, (., x) are not differentiable.

4.2. Sharp regularity of the solution in space

In the spirit of [19], in this section we fix t > 0 and analyze the space regularity of the solution
{Uapu(t,x),x € R%). We will first prove the following lemma.

Lemma 4.5. The Gaussian random field {u, n(t, x), x € R%) is stationary with spectral measure

2t—-u-—0)
2

t t
AdE) = ay@n)™ fo fo [(a2 + b)) — o2 — 2ab(u + v)ZH-Z] exp(— | & P)dE.

Proof. By the Fourier transform of the Green kernel and Parseval’s identity we get
aZRa b, H
E [t p(t, X)ttap 5 (t, y)] = f f dudyp—————— (u,0) f dzG(t —u,x—z)G(t —v,y — 2)
R?

2 pa,b,H _ —
= [ [ auae™ 0 Rddgexp(—(2—”)|5|2)exp<i<x,s>>exp(—Qwﬁ)exp(—xy,a),
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where (-, -) denotes the standard scalar product on R? defined by (x,y) =

2 pa,b,H — 1 —
Eluesstt st 0] = [ exptin—, (2 [ [ oD (LDl

= ap(2n)™ [Rd exp(i{x — y,&)) (fo [) dudv [(a2 + bH)|u — o2 — 2ab(u + v)ZH‘z] exp( ulélz))

xiy;. Thus,

1P

In the last equality, we are used the expression for H givenin (10). O

a,b,
Jsot
Corollary 4.6. There exist two positive constants c1(t, H,a,b) and c(t, H,a, b), depending only on t, H, a and b, such
that:

ci(t, Hoa,b) | &7 d& < A(dE) < oot H,a,b) | & |7 dE
forall £ € R with | & |> 1.

Proof. By Equation (11), we have

zm\ff|uvﬁzwmam( )wn@
< A@e)
< G2m)” ffm v|2H2dudveXp(( )|5|)d£,

and by [1] (Propostion 4.3), there exist two strictly positive constants c1 g, ¢ i such that

£t
< f f dudv | u —ov P12 exp(—@ | &) < (P A 1)(
0 Jo 1

cLa(B A 1)(1+ |2)2H- (41)

1
+<
This allows to see the stated result. 0O

Corollary 4.6 means, among other things, that the spectral measure A(d¢S) is comparable with an abso-
lutely continuous measure with density function that is comparable to | & [ for all & € R? with | & [> 1.

This is very interesting for the study of the regularity of {i, (¢, x), x € R?}. Indeed, as first consequence of
Corollary 4.6, we get the folowing theorem.

. d |1 if B=1
Theorem 4.7. If we denote f = min(1,2H — E}' p= { 0 otherwise and

166, y) = B[l ttap1(t, ) = o (8, y) ],

then, for any M > 0, there exist positive and finite constants cs, c4 such that for any x, y € [-M, M]?,

). (42)

)p <I(x,y)<cs|lx—y?* (Log

1
C3|x_y|2ﬁ(Log|x—y|

lx—yl

Proof. Take x,y € [-M, M]? and let z := y — x € R%. By Parseval’s identity, we can write
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E [| tto1(t, ¥) = ttop(t, ) P
t t
= f f Uap,u (L, dv)f f dy’[G(t —ux+z—y)-G{t—ux— y’)][G(t -v,x+z-y)-G(t—-v,x— y')]
0 Jo R? JR¢

t t
= 2n)™ fo fo a1 (it do) fR 4 dEF (Gt —u,x+2-) = Gt —u,x = ))(&)
X F(G(t—v,x+2-) = Gt —v,x = ))(&)

t ot 2
= (2n)‘df f Ua,pH (AU, dv)f d& exp —(2t—u- v)ﬁ)(Z 2cos < &,z >),
0 Jo R

where in the last equality we have used that

2

FClx - ) =expi < x,& > ~ LoD Y10(6), € € R

Therefore,
B st 3) = tt,) P =22 [ (1= cos < 29000, 3)
R4
where D R ,
_ a,b,H _ o @
H(t,é)—fofodudv E (u,v)exp( (2t —u—-0) 5 )
By Equation (11),

C1ffdudv|u vIzHZeXp( (2t—u—v)ﬁ)
< 6t &) )

2
< szfdudvlu vIZHZeXp( t—u- v)ﬁ)

where C; and C; are two positive constants. Following the same lines as those of the proof of Theorem 4 in
[19], we show that there exist two strictly positive constants Cs and Cs such that

C5|x—y|2ﬁ (Loglxiyl)P

t t 2
nzd(l —cos < ¢,z >)d5f0 fo dudv | u—o P72 exp(— 2t —u-— v)%)

IA

(45)

IA

Celx—y Ré (Log

P
lx—y I) '
Hence, the result is a straightforward consequence of Equations (43), (44) and (45). O

As direct consequence of Theorem 1 we get:

Corollary 4.8. If 2H — g > 1, then {u,pp(t, x),x € R} has a modification (still denoted by the same notation)
such that almost surely the sample function x +— u, p(t,x) is continuously differentiable on R?. Moreover, for
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any M > 0, there exists a positive random variable K with all moments such that for every j = 1, ...,d, the partial

derivative gua,bl—[(t, x) has the following modulus of continuity on [-M, MJ?:
j

J J 2H-4-1 | 1
sup 07x]- Ugp,H(t, X) 8y]- UgpH(t, y)‘ < Ke Loge. (46)

x,ye[-MM]? |x—yl|<e

Proof. With Equation (11), we come back to apply exactly the same steps of the proof of Theorem 5 in
[19]. O

By Lemma 3 and Equation (11), and with the results of [23] we obtain the following result corresponding

to the case where 2H — > <1.

Lemma 4.9. Suppose 2H — g < 1. Then, for every fixed t > 0, the Gaussian field {u,, 1 (t, x), x € R%} is strongly

locally nondeterministic. Namely, for every M > 0, there exits a constant C; > O (depending on t and M) such that
for every n > 1 and for every x, y1, ..., yn € [-M, M4,

Var(utl,b,H(t/ x)luu,b,H(tr yl)/ ey ”a,H(t/ yrl)) = C7 (1)’?]121” X — ]/] |4H_d}r
where yy = 0.
As a consequence of this lemma, and by [ [10], Theorems 4.1 and 5.1 ], we get the following uniform

and local moduli of continuity characteristic.

d d
Corollary 4.10. Suppose 2H — 5 < 1. Let t > 0 and M > 0 be fixed. Then, if we denote p = 2H — 5 we have almost
surely

iy T Xael-MM ize | tappi(t,x + ) — thgpu(t, )|

-0 b y/LogLog(1/€)

8-

For xg € RY,
, maXjy<e | Uapr(E, X0 + 1) = apr(t, x0) |
lim sup =Gy,
€0 P \/LogLog(1/€)
where Cg and Cq are positive constants.
Now by Lemma 4.9 and [8] we get this Chung’s LIL characteristic:
d d
Corollary 4.11. Suppose 2H — 5 < 1. For every t > 0 and xo € R?,
. maXpce | tapu(E Xo + 1) — g u(E X0) |
lim inf = Cio,
e—0 ef(LogLog(1/€))~F

where Cyg is a positive constant.
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4.3. Fractal characteristics of the sample paths
For fixed x € RY, we denote the range of the restriction of the process 1, r(., x) on [0, T] by

Ua b 1([0, T1, x) = {utapu(t, x); £ € [0, T1}, (47)

and its graph by
G frutgp (., x) = {(t, ugp,u(t, x));t € [0,T1}, (48)

where T > € > 0. The aim of this paragraph is to study Hausdorff and Packing dimensions of the sets
defined just above. These dimensions have been extensively used in describing thin sets and fractals. We
only recall briefly their definitions. The Hausdorff dimension of a set E ¢ R is defined by

dimyE = inf{a > 0; M*(E) = 0} = sup{a > 0; M*(E) = +o0}, (49)
where, for a >0, M“(E) denotes the a— dimensional Hausdorff measure of E, defined by
M*(E) = limin | E| ,-EckulEk;wk <o), (50)

where | Ei | is the diameter of the set E; and the inifinimum is taken over all coverings (Ej)ren of E.

The packing dimension of a bounded set F ¢ R? is defined by:
dimpF = inf { sup dimgF, : F C U Fu}. (51)
n n=1
where, dimpF,, is the upper box-counting dimension of F, defined by

logN(F, €)

—loge ' 52)

dimgF, = lim sup
e—0
and for any € > 0, N(Fy, €) is the smallest number of balls of radius € [in Euclidean metric ] needed to cover

F,.
Among the properties of such dimensions we recall that, for any bounded set F c R,

dzmHF < dlmPF < dszF < d. (53)
For more information on Hausdorff and Packing dimensions see [4].
Let us start our study by the set Grfru, (., x). Throughout all the sequel of the paper, ¢ denotes a

generic positive constant that may be different from line to line.

Lemma 4.12. Forany T > 0, with probability 1,

dimyGr frugp (., x) = dimpGr frugp (., x) =2 - H + %l

Proof. By Corollary 4.3, for any T > 0 and x € RY, u,, 11(., x) has a modification which sample-paths have a
Holder continuity, with order y < H — 4 on the interval [0, T]. So by Lemmas 2.1 and 2.2 in [22], for any
T > 0, with probability 1,

dimpGr frugpy(,x) <2 —-H + g and dimpGr frugpu(.,x) <2-H + g



M. Zili / Filomat 39:31 (2025), 11133-11150 11148

Now, in order to get the lower bound, by (53) and by the Frostman’s Theorem (see e.g. [4]), we only
need to show that for any T > 0, the occupation measure v of t — (t,u,, u(t, x)), when ¢ is restricted to

the interval [0, T], has, with probability 1, a finite y—dimensional energy, for any y € (1, 2-H+ %i) More
precisely, for any Borel set A C R?, v(A) is defined as the integral

T
v(A) = f Lt 001t 1))} AL, (54)
0

where, for every set V C R?, 1y denotes the characteristic function of the set V, and we need to prove that
with probability 1 the integral

| | 2=y 7 v(d0v(dy) 5)
Gr frugpa (%) JGr frigpu(.,x)

is finite. By a monotone class argument this is easily seen to be equivalent to

T T
f f (Is—t|+ | ugpn(s,x)—upnt,x) )7 dsdt < +oo. (56)
0o Jo

In order to get (56), it suffices to show

T T
f f E(((s =t + | top(5, %) = apa(t,x) )7) dsdt < +oo, (57)
0 0

Since the process 1, 1i(., X) is centered Gaussian, we easly check that for all (s, t) € R?,s # t and for every
real y > 1, we have

E((s =1+ tapi(t,x) — unprs(s, %) D7) < Cur [ =517 a7}, (5,1, (58)

where
2
02y (80 1) = E [utgm(t, %) = thg (5, %)]

and Cy; is a positive constant.
Now, by (568) and by Proposition 4.1, we get

T T
[ [ B =1+ a6, = st 2 7 s
0 0

T AT
Ci j(; [) | t—s |7 oa_,llj,H,x(S’ t)dsdt
T AT 1
C12f f |t—s |1+71_H_V dsdt
o Jo

where Cy, is a positive constant. And since y € (1,2—H + %) the last double integral is finite, which achieves
the proof. [

IN

IA

In the following lemma, we will give the Hausdorff and Packing dimensions of the set u,, ([0, T], x).

Lemma 4.13. Forany T > 0, with probability 1,

dimHua,h,H([Ol T]/ x) =1 and dimpua,b,H([Or T]/ x) =1



M. Zili / Filomat 39:31 (2025), 11133-11150 11149
Proof. By Lemmas 2.1 and 2.2 in [22], we clearly have
dimpu,p ([0, T],x) <1 and dimpu,, ([0, T],x) <1 as..
So, by (53), we only need to prove that
1 < dimy u,p, 5([0, T], x) a.s.

Note that fore € (0, T),
dimua,b,H([O/ T]l X) = dimua,b,H([e/ T]l x)/

and that for any standard normal variable X and 0 < y < 1, we have
E[IX[7] < co. (59)

Hence by Frostman'’s theorem (see e.g. [4]), it is sufficient to show that forall0 <y <1,

T AT
E, = f f E[| tapu(s,x) — thyp,u(t, x) | 7] dsdt < +oo. (60)

By Proposition 8 and (60), there exists a positive and finite constant Ci3 such that

T T
E, < Ci3 f f |'s—t [7H-9) dsdt. (61)
€ €

Since 0 < y(H — le) < 1, the second member of the inequality (61) is finite and we get the result. [

5. Conclusion

This paper has presented a comprehensive analysis of a new stochastic heat equation driven by a
generalized fractional Brownian motion (ZgfBm). By leveraging the versatile nature of ZgfBm, which
simultaneously extends both fractional Brownian motion (fBm) and sub-fractional Brownian motion (sfBm),
we have established a more general framework for studying stochastic partial differential equations.

Our findings have revealed the existence and mixed-self-similarity properties of the mild solution to
the equation. Additionally, we have investigated the regularity of the solution in both time and space, as
well as the Hausdorff and Packing dimensions of its sample paths’ graphs and ranges.

These results contribute to a deeper understanding of stochastic heat equations driven by non-standard
noise processes and provide valuable insights for modeling complex physical phenomena with heteroge-
neous time-dependent characteristics. Future research directions may include:

e Parameter estimation and inference: Developing statistical methods to estimate the parameters of the
ZgfBm (a,b, and H) from observed data. This would enable real-world applications of the model.

o Investigating different boundary conditions: Exploring the impact of various boundary conditions
on the solution’s behavior and properties.

e Examining the long-time behavior of the solutions: Analyzing the asymptotic properties of the
solution as time tends to infinity, which can provide insights into the system’s stability and long-term
dynamics.

By addressing these future research directions, we can further expand the applicability and understanding
of stochastic heat equations driven by the Generalized fractional Gaussian noise introduced in this paper.
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6. Appendix

The following technical lemma plays a crucial role in Section 4.

Lemma 6.1. For every y € (d/4,1), there exist two positive constants c1(d, y) and cy(d, y), depending only on d and
y, such that, for every s, t € [0, T],

t t
L f f dudv | u—v P2 Qt—u—-0v) " =c1(d,y) |t —s P2

2.ffdvdu|u—v|27’_2 [(2t—u—v)_d/2—2(t+s—u—v)_d/2+(25—u—v)_d/2]SCQ(d,y)lt—slzy_d/z.
0 Jo

Proof. The proofs of both assertions use in their first stage the change of variables ' =t — 1,7’ = s — v and
then u’ = /&, v = ;%. For the second assertion, we use also the fact that the integral

t—s’
f f dudv | u—v |22 [(2 +u+0) "2 A +u+0)"?+ (u+ v)‘d/z]
o Jo
is finite. [
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