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New additive results for the Drazin inverse of two matrices and its
applications
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Abstract. In this paper, we investigate additive properties of the Drazin inverse of two matrices. A formula
is given for the Drazin inverse of the sum of two matrices P,Q € C™" under the conditions that P2QP =0,

(?P = 0 and (QP)? = 0. As an application, we give some new representations for the Drazin inverse of a
2 x 2 block matrix.

1. Introduction

Let A € C"™" and I be the identity matrix. The index of a matrix A is the smallest positive integer such

that rank(A*!) = rank(A¥). The index of A is denoted by ind(A). The Drazin inverse of A is a matrix
A% € €™ satisfying:

AAT = APA, ATAAT =AY, AMTAT = AK,

where k = ind(A). It is well known that A? always exists and is unique. The ind(A) is the smallest
nonnegative integer k such that the equation A**1A? = A¥ holds. We write A™ = [ — AA“.

The Drazin inverse was first studied by Drazin [5] in associative rings and semigroups. The Drazin
inverse of matrices is very important in various applied mathematical fields such as singular differential
equations, singular difference equations, Markov chains, iterative methods and so on [2].

Let P,Q € C™". Finding the explicit formulas for the Drazin inverse of the sums of two matrices P
and Q was first considered by Drazin in 1958 [5]. Herein, it was proved that (P + Q) = P? + Q4 under
PQ = QP = 0. In 2001, Hartwig, Wang and Wei [9] studied (P + Q)? under the condition PQ = 0. In 2011,
Yang and Liu [17] gave the formulas for (P + Q)? under the condition PQP = 0 and PQ? = 0. In 2019,
Guo and Chen gave the formulas for (P + Q)? under the condition PQ'P = 0,i = 1,2,...... , 1 [6]. Recently,
Shakoor et al. [14] studied (P + Q)? under the condition P2QP = 0, PQ? = 0. Until now, there has been no
explicit formula for the Drazin inverse of the sum of two general matrices P and Q in terms of P, Q, P
and Q?. More representations for the Drazin inverse of the sum of two block matrices were considered in
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[3,14, 7,11, 12] under some restrictive assumptions. In this paper, we derive the formula for (P + Q)* under
the condition P2QP = 0, Q*P = 0 and (QP)? = 0, which extends some existing results in [9} [17].

Ié g , where A and D are square matrices not necessarily
with the same orders. Campbell and Meyer [2] posed the following open problem: how to establish an
explicit representation for the Drazin inverse of M in terms of the blocks of the partition. Miao and Wei
gave an expression for the Drazin inverse of M with the conditions A™B = 0, CA™ = 0 and the generalized
Schur complement S = D — CAPB = 0 (see [13, [16])). In 2006, Hartwig et al. [8] obtained an expression for
the Drazin inverse of M with the conditions AA™B = 0,CA™B = 0 and S = 0. In 2016, the expressions for
the Drazin inverse of M with the conditions A2A™BC = 0, BCA™BC = 0, CAA™BC = 0,5 = 0 and BCA2A™ =
0,BCAA™B = 0,BCA™BC = 0,S = 0 were deduced [15]. Shakoor et al. [14] gave an expression for the
Drazin inverse of M with the conditions A2A™BC = 0, CAA™BC = 0,ABCA™B = 0 and S = 0. There are also
some results on the representations for the Drazin inverse of M (see [10, [12,[18]). In this paper, we derive
some new representations for M under the conditions A2A™BC = 0, A’BCA™BC = 0,CBCA™BC = 0 and
CAA™BC = 0, which generalize the results in [8, [12H15]].

Next, we first present some useful lemmas.

Let M denote a 2 X 2 block complex matrix (

A B

Lemma 1.1. [1]LetM:( 0 C

) € C™", where A and C are square, s = ind(A), and | = ind(C). Then
At X
d _
w7 &)
where X = Y5 (AT)*2BCIC™ + Y} ATATB(C)*2 — ATBCY.
Lemma 1.2. [9] Let P,Q € C™". If PQ = 0, then

-1 s—1
(P+QF = (1-QQ"N ), QP! + ) (Q)*'PI(1 - PP,
i=0 i=0

where | = ind(Q) and s = ind(P).

Lemma 1.3. [6] Let B € C™" and C € C™". Then (BC)*B = B(CB)¢, C(BC)* = (CB)'C and ((BC)*)' =
B((CB)?)*1C, for any positive integer i.

Lemma 1.4. [11] Let M = é g ), where A and D are square. If ABC = 0, DCA =0, DCB =0, t; =
ind(BC), v = ind(A?), v, = ind(D?) and u, = ind(A? + BC), then
DA + (Ul + Uz)c OB + (Ul + UQ)D
M =
CP + C(U1(Q%)? + ®U,)DC !
+(Q%2C — CP*(AB + BD)Q'C D* + C(U; + U»)
where
fl—l Vl—l
D = (AZ + Bc)d — Z(BC)T((BC)i(Ad)ZHZ + Z((Bc)d)i+1A2iAn/
i=0 i=0

u2—1 U2
U = Z(BC)”(A2 + BC)'(AB + BD)(Q%)%*4 — Z DA% (AB + BD)(Q1)**2,
i=0 i=0
Vz—l
U, = 2 O*2(AB + BD)D¥D".
i=0
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2. The Drazin inverse of the sum of two matrices
In this section, we mainly investigate the representation of (P + Q)? under the new conditions as follows.
Theorem 2.1. Let P, Q € C™", r; = ind(QP), r, = ind(P?), s; = ind(Q?) and s, = ind(P? + QP). If
P2QP =0,Q%P = 0and (QP)? =0,
then
(P+Q) = (W1)*(P + Q) + QW1 P! + Wy (P + D2)Q* + W1Q°Q + P1Q
+ QW1 (P)PQ + QW1 P (@1 + D)@ + Q' + Q.

where

11 -1

Wy = )" PQPY(P),
i=0
52—1

@y = Y P(P* + QPY(P+ Q)(Q"* - " WP+ QP
i=0 i=0

S1 -1
©y = Y Wi (PP + Q)QHQ™.
i=0

Proor. Let P = CB be a full rank decomposition of the matrix P. Applying Lemmal(l.3| we can deduce that

d d\2
4 q_ B _ BC B B
P+Q)f=(CB+Q) —((CI)( 0 )) —(CI)(( oC Q)) ( 0 ) (2.1)

From P?>QP = 0 and Q*P = 0, we have BCBQC = 0 and Q?C = 0. In view of Lemma we get that

( BC B )d _( ®BC + (Uy + U2)QC @B + (U + U)Q )
QC Q) ~ A Q!+ QC(Uy + ) )’

where
r1 = ind(BQC), r, = ind((BC)?), s; = ind(Q?), s, = ind((BC)*> + BQC)

and

A = QCD + QC(U(Q)? + @U)Q?C + (Q”*QC — QCP*(BCB + BQ)Q"QC,
ri=1 -1
@ = ((BO)® + BQC)! = ) " (BQC)"(BQCY ((BCY'Y**2 + ) - ((BQCY')* (BCY (BO)™,
i=0 i=0
sp—1 52
Uy = )" (BQO((BC)? + BQC) (BCB + BQ)(Q"* - ) ®(BC)(BCB + BO)(Q™**,
i=0 i=0
s1—1
U, = Z D*2(BCB + BQ)Q¥Q".

i=0

2.2)

According to the conditions BCBQC = 0 and Q*C = 0, we get A = QC® and (U + U,)QC = 0. Since
(QP)* = 0, we have (BQC)* = 0, then ® = Z:;Bl(BQC)"((BC)d)Z”Z. Thus

(BC B)d_(éBc DB + (U, + Ub)Q
QC Q) "\ Qcd Qi+QC +Uy) )
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[ F1 F»
“\r )

Let

where
Fy = (®BC)? + (BB + (U; + U2)Q)QCD,
Fy = ®BC(DB + (U + Un)Q) + (@B + (Uy + U2)Q)Q" + QC(Uh + D)),
F3 = QCH?BC + (Q + QC(U; + U,))QCD,
Fy = QCO(®B + (Uy + U2)Q) + (Q + QC(Us + ).

From Q*C =0, CDBQC 0, U1 QQ? = U1 and UzQ = (, it is easy to verify that

( BC B )d ’ B ( @BC)2 OBCDB + chC(u1 + U>)Q + PBQ? + Uy ) 23)
QC Q QCP?BC  QCP?B + QCIO(U; + U»)Q + (Q%)? + QCULQ? | ’
Substituting into (2.I), we have

(P + Q)? = C(®BC)?B + QCP*BCB + (CPB)*Q + COBC(U; + U,)Q?* + COBQQ 24

+ CU;Q + QCP*BQ + QCO(U; + U)Q? + Q% + QCU,.

Applying Lemma u (BC)'B = B(CB)d C(BC)* = (CB)?C and B((CB)})*'C = ((BC)d)’ for any positive
integer i. Let W = CDB. Using (2.2) and induction hypothesis, we see that CO'B = Wy (P1)%2 for any
positive integer i. Furthermore, we can deduce that

521

cl; = Z C((BC)? + BQC)'B(CB + Q)(Q)*** — Z CD(BC)*B(CB + Q)(Qh)*+?
i=0 i=0
sp—1 S2

= ) CB((CB)* + QCBY/(CB + Q)Q")** ~ ) CPB(CB*(CB + Q)(Q")**

i=0 i=0

-1 5
= Z 2+ QP)(P + Q)(Q")** - Z W, P2 (P + Q)(QY)% 2,

=1 r—-1
Wy = C ) (BQO)(BOY)*?B = Y | C(BQC)'B((CB)')***CB
i=0 i=0
-1 -1
Z CB(QCB)'(CBY'**2 ZP(QP) (P2,

i=0

=

s1—1
D"*2(BCB + BQ)Q*Q" = Z CO™*2B(CB + Q)Q¥*Q"
i=0 i=0

S]l

CU, =

(Pd)21+2(P + Q)QZIQT(

I
o

and
CO(U; + U,) = CPBC(BC) (U, + U,) = COBCB((CB)*C(U; + Us)
= \IllPdC(ﬁl + az)
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Combining the upper equations and (2.4), we can deduce that

P+ Q) = (W1)*(P + Q) + QW1 P! + Wy(D; + D)Q% + W1 Q"Q + 1 Q
+ QW1 (P)?Q + QW1 P (@) + ©2)Q% + QT + Qy,
where r; = ind(PQ), 7, = ind(P?), s; = ind(Q?), s, = ind(P? + PQ) and
1’1—1
Wy = Y PQP) (P,
i=0
. 52—1 ) ) Sy ) )
®y = CUy = )" P(P?+ QP(P+ QQ™* = )~ W1 PH(P + QQ"**2,
i=0 i=0
©, = Cl, = ) Wi(PY*3(P + QQ¥Q".
i=0
Similarly, we have the following theorem.
Theorem 2.2. Let P, Q € C™", r; = ind(PQ), 1, = ind(P?), s; = ind(Q?) and s, = ind(P? + PQ). If
PQP? = 0,PQ? = 0 and (PQ)" =0,
then

P+ Q) = (P+Q)(W1)* + P'W1Q + QD1 + Do) W1 + QQ'W; + QDy
+Q(PH)*W1Q + QXD + P)P'WQ + QT + @1Q,

where

ri—1
Wy = Y (PYPQYP,
i=0

sp—1 Sp
Py = ;@d)%”(P + QP + PQ)'P - ;(Qd)z”z(P + QP

s1—1
®; = Y Q"QH(P+ QP 2w,
i=0

Next, we consider some specializations of our main result.
Corollary 2.3. [17] Let P,Q € C™",ind(P) = r and ind(Q) = s. If
PQP =0and Q*P =0,
then
r—1 A s—1 ) s—1
(P + Q)d = pr Z Pl(Qd)H—l + Z(Pd)HlQlQT[ + QZ(Pd)HZQiQTc
i=0 i=0 i=0
s (2.5)
+ QZ PnPi+1(Qd)i+3 _ QPdPQZd _ QPde-
i=0
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Proor. According to Theorem under the assumption PQP = 0 and Q*P = 0, we have

W, =P,
$p—1 Sy
q)l — Z P21+1(P + Q)(Qd)21+4 _ Z PdPZZ(P + Q)(Qd)21+2
i=0 i=0
sp—1 sp—1
- Z PnP2i+2(Qd)2i+4 + Z PnP2i+1(Qd)2i+3 _ PdP(Qd)Z _ Pde
i=0 =0 (2.6)
52—1

— Z pnPi+1(Qd)i+3 _ PdP(Qd)2 _ Pde,
i=0
S1 -1 51—1
(1)2 — Z(Pd)2i+2Q2iQn + Z(Pd)ZHSQZH—lQT[’
i=0 i=0

and

(P + Q) = P+ (P)?Q + P/ (@) + D) Q% + P!Q'Q + ©1Q + Q°
+ QP + QPY*Q + QP (D1 + D2)Q* + Q.

Substituting (2.6) to (2.7), we get that

2.7)

r—1 s—1
(P+Q) =P* ) PIQY* + Y (PY1QIQ™ + QP + QP'Y'Q - QPP PQ' Q2
i=0 i=0

s51—1 s1—1
_ Q(Pd)SQdQZ + Z Q(Pd)2i+4Q2i+2QTL + Z Q(Pd)2i+5Q2i+3Qn
i=0 i=0
sp—1

" Z QPnPi+1(Qd)i+3 _ QPdP(Qd)Z _ QPde
i=0

r—1 s—1
= p~ Z Pi(Qd)i+1 + Z(Pd)HlQiQn + Q(Pd)Z + Q(Pd)SQ _ Q(Pd)ZQdQ

i=0 i=0
s1—1 s1—1
_ Q(Pd)?)QdQZ + Z Q(Pd)2i+4Q2i+2QTl + Z‘ Q(Pd)2i+5Q2i+3QTL
i=0 i=0

52—1

+ Z Qpnpi+l(Qd)i+3 _ QPdPQZd _ QPde
i=0
r—1 ) ‘ s—1 ) ) s—1 ) ‘
— p~ Z Pz(Qd)H—l + Z(Pd)HlQLQn + QZ(Pd)HZQan
i=0 i=0 i=0
5=2
+ QZ Pnpi+1(Qd)i+3 _ QPdPQZd _ QPde
i=0

Corollary 2.4. [9] Let P,Q € C™", ind(P) = r and ind(Q) = 5. If QP = 0, then

r—1 s—1
(P + Q)d = pr Z Pi(Qd)i+1 + Z(Pd)”lQiQn‘ (28)
i=0 i=0
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Proor. From Theorem[2.T]and QP = 0, we have

Wy =P,
Sz*l ] S

D) = Z P21+1(P + Q)(Qd)21+4 _ Z PdPZI(P + Q)(Qd)21+2
i=0 i=0
52—1

— Z PTIP2i+1(P + Q)(Qd)2i+4 _ Pd(p + Q)(Qd)2
i=0

-1 -1
— SZZ PnP2i+2(Qd)2i+4 + SZZ: PnP2i+1(Qd)2i+3 _ PdP(Qd)Z _ Pde
i=0 i=0

S1—

S1 -1 1
(DZ - Z(Pd)2z+2Q2an + Z(Pd)21+3Q21+1 in
i=0 i=0

and
(P+Q) = PT+ (PPQ+ P(®1 + 92)Q* + PIQ'Q + d1Q + Q7.

Substituting (2.9) to (2.10), we get that

s1—1
(P + Q)d — Pd + (Pd)ZQ _ (Pd)ZP(Qd)ZQZ _ (pd)ZQdQZ + Z(Pd)2i+3Q2i+2Qn
i=0

S1 -1 52—1
+ (Pd)2i+4Q2i+3 QT{ + PdeQ + PnP2i+2(Qd)2i+4Q

Sz—l
+ Z Pnp2i+1(Qd)21+3Q _ PdP(Qd)ZQ _ PdeQ + Qd
i=0
— PdQTl + (Pd)2i+3Q2i+2QT! + (Pd)2i+4Q2i+3QT(
i=0 i=0
+ PnP2i+2(Qd)2i+3 + PnP2i+1(Qd)2i+2 _ P‘I‘(Qd
i=0 i=0
r=1 ' . s-1 4 '
= p~ Z Pl(Qd)Hl + Z(Pd)HlQlQn‘
i=0 i=0
Now, we give an example to illustrate our result.

Example 2.5. Let

and Q =

S WO oOoON
S OO O OO
OO O OO
S WO kOO
ONOO O W
S OO O OO
SO OO OO
SO OO OO
SO OO OO
S o oo
SO O WO o

Clearly, ind(P?) = 2 and ind(Q?) = 1.

O O O oo

11171

(2.9)

(2.10)
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1 00 0 -32 0 00 12 0 0 0
0o 00 0 1 0 10 0 000
w_| 0 00 3 1 0|, {01 0 000
0O 02 0 0 0] 00 1 00 0]
32 0 0 =32 -1 0 00 2 000
0O 00 0 0 0 00 0 010
00000 0 100000
00000 0 01000 0
clooo0o0o0 o loo100 0
C=lo0000 0 |™=00010 0
00000 0 000010
00000 -4 00000 0

The matrices P and Q do not satisfy the conditions given in Corollary but satisfy that in Theorem
Thus, from Theorem 2.1]it follows that

1/4 00 -1 -2 0

0 0 0 -3/4 -1 0

sl o 00 o 0o o
P+Q =1 30 0 0 —=3/2 -1 0
0 00 0 0 0

0 00 0 0 -4

3. Applications

In this section, we first derive some representations for the Drazin inverse of M as applications of
Theorem 2.1]

Theorem 3.1. Let M = ( 4 B

cC D ) e C™", A € C™, and D = CAB. If M satisfies the conditions

A2A™BC = 0, ABCA™BC = 0,CBCA™BC = 0 and CAA™BC = 0,
then

s—1 :
. Az+1An 0
d _ A q4(pd\6 d \i+1
M = M*(P)°[T + Z_O(Pl) ( CAAT 0 )]M,

where s = ind(A) and for any positive integer t,

(P} = ( Cﬁld )«Awyf)f“A( I A%B ), W = AA" + ABCA".

A AAB 0 A"B
Proor. Note that M —( C CAiB ) ( 0 0o
0, AYBCA™BC = 0,CAA™BC = 0 and CBCA™BC = 0 imply that P2QP = 0 and (QP)> = 0. According to
Theorem 2.} it yields that

) := P + Q. Obviously, Q% = 0. The conditions A>A™BC =

M = (W1)2(P + Q) + QW P/(I + P'Q), (3.11)
where

W, = P+ PQ(PY)? + (PQ)*(PY).
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A2AY AAYB + AA™ 0
CAAY CA’B CA™ 0
ind(A). It follows from Lemma [1.2] that

We consider P = ) := P1+P,. Observe that P,P; = 0and P;“ = 0,wheres =

Pl = Z(Pf)“lpg. (3.12)
i=0
Decompose P4 into the following form
pi_ [ A2l AaB Y (1 0\ AW AaaB\'( 1 0
17\ caat ca'B ) T\ cat I 0 0 —CA* 1)
where W = AA? + AYBCA?. Tt follows from Lemma [1.1| that

AW AAB\' [ (AWY  ((AW))2AAB
o o |~ o 0

=( é )( (AW) (AW)'AAB ).

Since (AW)?A%A? = (AW)?A, we have

Pl =( cllqd )((AW)”’)ZA( I A%B ).

Computation shows that, for any positive integer ¢,

Py =( cud )«AwV)t”A( I A%B). (3.13)

By (3.12), for any positive integer j, we obtain the expression of (P?)/

ATAT 0 )]. (3.14)

s-1
(P = (P + ZO"<P;1>1’“ ( caian 0
We can verify that
(W1)? =(P)? + PQ(PY)* + (PQ*(P?)’,
QW1 P! =Q(P)? + QPQ(PY)*.
Substituting the above two equations and into (3.11)), we have

M? =((P?)? + PQ(PY)* + (PQ*(P))*)(P + Q) + (Q(PY)* + QPQ(P)*)(I + P*Q)
=((P)* + PQ(PY)* + (PQ)*(P)® + Q(P')* + QPQ(P?)’)(P + Q)

=P+ Q*P")°(P+ Q)
= i+1 g
=M*(P{)°[I + ;‘(Pg’)l+1 ( ’é Ai:;\" 8 )]M.

So we obtain the expression of M, as required.

Applying Theorem 3.1 we can get
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A B

Corollary 3.2. [15] Let M = ( C D

) e C™", A€ C™, and D = CA”B. If M satisfies the conditions

A?A™BC =0, BCA™BC =0 ,and CAATBC = 0,
then

s—1 ;
. A1+1An 0
d _ Af2(pdys dyi+l ,
M = MAP)IT + Z;‘aa) ( caiar 0 )1M,
i=l
where s = ind(A) and for any positive integer t,
I
A\t _ d\t+1 d _ AAd 4 adpead
(7 _( cad )((AW)) A( T A'B ), W = AA" + A'BCA".

Proor. The proof follows a decomposition similar to Theorem The conditions A?A"BC = 0, BCA™BC =
0 and CAA™BC = 0 lead to P2QP = 0 and (QP)? = 0. Applying Theorem 2.1} it yields that

M? = (W1)*(P + Q) + Q¥1P/(I + PQ),
where
W, = P4+ PQ(PY).
Similarly as in the proof of Theorem 3.1 we can get
(W1)* =(P")* + PQ(PY)*,
QW1P* =Q(P)* + QPQ(PY)*
and M? =((P)? + PQ(P)*)(P + Q) + (Q(P")* + QPQ(PY)(I + P'Q)
=((P'Y + PQ(P)* + Q(P)’)(P + Q)
“ME(PIYI + i(P‘f)”l ( e )]M.
i=0

So we obtain the expression of M“.

At the end of this section, we present two examples to compute the Drazin inverses of the matrices by

applying Theorem

_AB nxXn
Example3.3.LetM—(C D)EC ,
100 0 10 0
0010 10 0
A=lo 00 1B 10 0}
0000 010
100 1 10 0
c=|0 00 0|andD=|0 0 0 |.
0010 00 0
We have ind(A) = 3,
1000 0000
s o000 0| ,. 0100
A=lo o000l =loo1 0]
0000 000 1
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1/4 0 0 0 1/4 0 0
0 000 0 00
0 000 0 00O
pi=| 0 000 0 00
1/4 0 0 0 1/4 0 0
0 000 0 00
0 000 0 03

From A2A™BC = 0, AYBCA™BC = 0, CBCA™BC = 0, CAA™BC = 0 and D = CA"B, we get

1/4 0 0 1/8 1/4 1/16 0
3/16 0 0 3/32 3/16 3/64 0
1/8 0 0 1/16 1/8 1/32 0
Mi=| 0 0 O O 0 0 0
1/4 0 0 1/8 1/4 1/16 0
0 00 0 0 0 0
1/16 0 0 1/32 1/16 1/64 0
p— A B nxn
Example 3.4. LetM—( C D )GC ,
100 0 10 0 1
000 0 00 0 0
A=l o001 ['B=l11 21 1)
000 0 11 -1 1
1 1 1 1 1 00 1
0 1 0 1 0 00 0
C=l o 21 0 1 |[™D=] 45 o0 o
1 -1 -1 -1 10 0 -1
We have ind(A?) = 1,ind(CB) = 2 and
1000 000 0
s loooo| . ]o1o0o0 P L
A=l 00 0 o A=l 0 o 1 o lCBY=0CB =1L
000 0 00 0 1

From A2A™BC = 0, A’BCA™BC = 0, CBCA™BC = 0, CAA™BC = 0 and D = CA“B, we get

Md

Il
OO, OO O
OO R OO O
OO R OO

SO OO OO OO
SO OO O OOO
SO OO OO oo
OO OO OO oo
OO O OO
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