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Optimal solutions of a system of integro differential equations via
measure of noncompactness

Mallika Sarmah?®, Anupam Das**

?Department of Mathematics, Cotton University, Panbazar, Guwahati-781001, Assam, India

Abstract. This article uses a new contraction operator and a generalization of the best proximity point
(pair) theorem to investigate whether there is an optimal solution for the proposed system of integro
differential equations. The application of our findings has also been illustrated with a suitable example.

1. Introduction

Different types of integral equations can be solved by using the best proximity point theorem and the
measure of noncompactness (MNC). Ky Fan proved the first best proximity point theorem. We defined a
map G : Z — U for a nonempty subset Z of a normed linear space (NLS) U. The best approximation point
of G in U is represented by g € Z, if the distance between 7 € Z and G (§) is as small as possible.

The format of the paper will be as follows: we start out by going over a few fundamental concepts
and terms related to best proximity point theory. Next, we construct the best proximity point theorem for
both cyclic and noncyclic contractive operators. We then provide examples of their specific situations. Fi-
nally, we apply our findings to investigate the optimal solutions of a system of Integro differential equations.

In order to accomplish the major extensions of the theory of compact operators, numerous researchers
looked into the use of the concept of MNC, which was first introduced by Kuratowski and then further
expanded by Hausdorff. Applying MNC to see if a mapping satisfies some important inequalities is a
crucial skill. So, in order to aid the reader in comprehending our issue and goal, we have included a
brief history. Using certain regularity assumptions from Schauder [2], we reexamine the basic fixed point
problem in a Banach space . The authors of [18] originally addressed the BPP results using MNC. They
then used these findings to look into the possibility of optimal solutions for a system of second-order
differential equations. Formulating theoretical results for the qualitative analysis of fractional-order integro
differential equations with integral type conditions is the author’s goal in [23]. Fractional calculus and
fixed point theory are used to derive the concept. An example is being investigated as well for application

2020 Mathematics Subject Classification. Primary 47H08; Secondary 47H09, 47H10, 47G20.

Keywords. Integro differential equation; Measure of noncompactness(MNC); Best proximity point(BPP).
Received: 01 December 2024; Revised: 12 August 2025; Accepted: 29 September 2025

Communicated by Snezana C. Zivkovié¢-Zlatanovié

* Corresponding author: Anupam Das

Email addresses: mallikasarmah29@gmail.com (Mallika Sarmah), math.anupam@gmail . com (Anupam Das)

ORCID iDs: https://orcid.org/0009-0004-7446-1069 (Mallika Sarmah), https://orcid.org/0000-0002-1529-9266
(Anupam Das)



M. Sarmah, A. Das / Filomat 39:31 (2025), 11185-11202 11186

and numerical verification purposes. To investigate the existence of best proximity points (best proximity
pairs) with the help of a suitable measure of noncompactness, in [11], the authors introduced new classes of
mappings, called cyclic (noncyclic) condensing operators, and they obtained some real generalizations of
Schauder and Darbo’s fixed point theorems. They applied their results to study the existence of optimum
solutions to a system of differential equations. In [13], the authors used best proximity point methods and
measure of noncompactness theory to investigate the existence of a solution for a system of differential
equations. The authors of [12] introduced a new notion of cyclic (noncyclic) mappings involving measure
of noncompactness and obtained some new existence results of best proximity points (pairs). In application
part, they study the existence of an optimal solution for a system of integro differential equations under new
sufficient conditions in a reflexive and Busemann convex space. In [21], the authors proved the existence of
best proximity points (pairs) using the notion of measure of noncompactness. They introduced generalized
classes of cyclic (noncyclic) F-contractive operators, and then derive best proximity point (pair) results in
Banach (strictly convex Banach) spaces. At last, they applied their findings to investigate the existence of
optimum solutions for a system of Hilfer fractional differential equations. The authors of [19] established
the existence of BPP for Sadovskii type mappings, and they extended a Sadovskii type fixed point theorem.
After that, they applied their results to investigate the existence of an optimal solution for a system of
fractional differential equations.

Inspired by these research works, we created a newly defined contraction operator, then used MNC to
build a best proximity point theorem and find out if there are any optimal solutions in Banach space for a
system of integro differential equations.

Theorem 1.1. [10] For a nonempty, bounded, closed and convex subset A of a Banach space ¥, consider T : A — A
be continuous and compact, then T admits atleast a fixed point.

Clearly, it is the generalization of Brouwer fixed point theorem.

Consider a Banach space I and a closed ball D (z,7) = {h € f: ||[h— @l < 7} in f. Suppose I (for all
nonempty set I) denotes the closure of I, and conv (I) denotes the closed and convex hull of the nonempty
set I which is the smallest convex and closed set containing I.

Also Vy and Jj represents the family of nonempty bounded subsets of fl and the subfamily of ff consist-
ing all relatively compact sets respectively, R, = [0, 00), R = (=00, ), and IN represents the set of natural
numbers.

A measure of noncompactness (MNC) is defined axiomatically as follows:

Definition 1.2. [1] A map N : Vg — R, is a MNC (measure of noncompactness) in the Banach space W, if the
following conditions are holds for N:

CkerR = {8 € Vy:R(8) =0} # ¢,

. S € kerX if and only if S is relatively compact,

. §1 - gz = N(§1) < N(gz),
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. The set Seo = NS, is compact and non empty, if (Sn) is a decreasing sequence of closed sets which are non

empty in Vg and lim 8 (§n) =0.

In particular, the space f = C(I), where I is the closed and bounded interval, is the set of real valued
continuous functions on I. Then M is a Banach space with the norm
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V|l = sup{IV(R)| : h e T}, V e 1.

Assume N(# ¢) C fl be bounded. For V € N and s > 0, the modulus of continuity of V, represented by
7:((V, s)i.e., 7:{(V, s) = sup{IV(d]) - V(cfz)l : d/1,d’2 eI, |L{1 - d}l <s}.
liur’ghermore, we define ) ) L
HN,s) =sup{H(V,s): VeN}; RN) = lin(}?{(N, s).
A Housdorff MNC L is given by
- 1 .
LIN) = 5No(N)(see [2]).
It is widely known that the map N; is a MNC in H.

2. preliminaries
We collect some fundamental definitions and notations needed for the paper.

Definition 2.1. [10] Consider ¥ be a Banach space. Then M is a strictly convex Banach space, if, for all 7,5 € M and
L >0, the following conditions hold:

Example 2.2. Hilbert spaces and IF spaces (1 < p < oo) are strictly convex Banach spaces.
Consider a normed linear space (NLS) U. For any two nonempty subset H;, H, of U, the pair (Hi, Hy) is
closed &= both H;, H, are closed; (H;,H,) C (81,82) = H C&,H Cé,.
In addition, we denote by dist (81,82) = inf{llfc -7ll: (% 7) € & X 82},
& =[x € & : there exists §j; € &, so that ||% — || = dist (81,82)},
&, = (i € &, : there exists %) € &, so that ||%1 — §| = dist (81,82)}.

Definition 2.3. [10] Consider U as a NLS. A nonempty pair (81, 82) of U is proximinal, if & = E and &, = &,.
For a reflexive Banach space Q, if the pair (81,82) be a closed, nonempty, convex and bounded in Q, then (él,éz) is
also a closed, nonempty, convex and bounded pair.

Consider a function G : & U &, — & U &E,. We say that G is,

1. relatively nonexpansive, if |G (d) — G (E) | < |l@ — bl|, for any (ﬁ, E) €& x&E,
2. cyclic, ifG(Sl) c & and G(Sz) c &,

3. noncyclic, if G (81) c&E and G (Sz) cé&,,

4. compact, if (@, @) is compact.

Definition 2.4. [10] Consider (81,82) as a nonempty pair in a Banach space M, and F : E; UE, - E U E, bea
cyclic function, then k € & U &, is called a BPP of F, if ||k — F (7{) || = dist (81, Sz).
If ¥ is noncyclic, then the pair (Ivc, dv) € & x &, is a best proximity pair, if ||k — d|| = dist (81, 82), wherek = F (lvc) d =

F(d)
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Corollary 2.5. [10] Suppose a Banach space W, and a nonempty, convex and compact pair (81, 82) in M. Let we have
a cyclic and relatively nonexpansive mapping G : & U &, — & U &,. Then G has a BPP.

Corollary 2.6. [10] Suppose a strictly convex Banach space %, and a compact, nonempty and convex pair (81,81)
in M. Let we have a relatively nonexpansive and noncyclic mapping G : & U &, — & U E,. Then G has a best
proximity pair.

The following theorems 2.7 and 2.8 are the extended form of corollaries 2.5 and 2.6.

Theorem 2.7. [10] Suppose a reflexive Banach space M, and a convex, nonempty, closed and bounded pair (81,82)
in B Let we have a relatively nonexpansive and cyclic mapping G : & U &, — & U E,. Then G has a BPP, if G is
compact.

Theorem 2.8. [10] Suppose a reflexive, strictly convex Banach space M, and a convex, nonempty, closed and bounded
pair (81,82) in B Let we have a relatively nonexpansive and noncyclic mapping G : & U &, — & U E,. Then G

has a best proximity pair, if G is compact.

3. Main result

Definition 3.1. [4] Consider a nondecreasing, continuous function § : R, — R, such that 71 (0) = 0. Then ¥ is
said to be an alternating distance function.
Definition 3.2. [4] Let R be the set of all maps = : R, x R, — R, with

(i) 2(0,00=02>0,

(ii) A(ﬁ,q) <q P Vp>0,
(iii) If {pn}, 1§} are sequence in (0, oo) such that hm 0 fn = P, hm n g, =4 >0, then hm n sup = B (Pn,dn) <§—p.

For example: Consider two alternating distance function 61, 6, such that ®; () < p < 6, (p) for all
p > 0. Then Z; (7,4) = 61 (§) — 62 (p), forall p,§ > 0 in R.

If we consider 6, () = ap, forall p > 0, @ € (0,1) and 6, () = . Then we get the map Z, (5,§) = § — ap
in R, Vp,4 > 0.

Definition 3.3. [4] Let H be the set of all maps 9:R, xR, > R, with
(i) max{p, ) <@, a); P4 20,
(i) T is nondecreasing and continuous,
(iii) T(P1+Pa, o+ 42) < T(Pr, 1) + T (P, 2)-
As an example, we can consider (5, §) =  + §, for all 5, § > 0.
&1 and &, will be nonempty convex subsets of a Banach space H in this section.

Definition 3.4. Consider (81,82) as a pair of convex and nonempty subsets of a Banach space W equipped with
a MNC N. A is nondecreasing continuous functions, 2 € R, 1 € 8, and for any 0 < & < f < oo there exists
0<% (é, f) < 1. Amapping G : & U &, — & U &y, which is cyclic (noncyclic) is said to be a (ETA)-contractive
operator such that for any pair of convex, nonempty, proximinal, closed, bounded and G-invariant subsets (Ul,ﬂz) of

(81, 82) such that dist(ﬁl,ﬁz) = dz'st(&, 82) with,

(D(

<A(N(0UD), A(R(0 UD,)) < f=

<3 ((6(0) 06 8) A (G 0) 06 0) e BB A s 20 0



M. Sarmah, A. Das / Filomat 39:31 (2025), 11185-11202 11189

Theorem 3.5. Consider a relatively nonexpansive, cyclic and (E9A)-contractive operator G : E U E, — & U &,.
Then G has a BPP, if& £ 0.

Proof. Since & #0, (51, 5‘2) # (. By the given conditions on G, clearly ((E}l, éz) isaclosed, convex, proximinal
and G-invariant pair. For each ¢ € &, thereisale &, satisfying |6 — (|| = dist (81,82). Since G is relatively
nonexpansive, so we get IG6 - GT| < |16 = T|| = dist (81,82), which implies G6 € &,, that is, Q(él) cé,.
Similarly, Q (éz) C él. Hence, we get G is cyclic on él U 532.

Let us assume that X, = él and Y, = éz and {(Xn, ?n) } be a sequence of pairs with X, = M(Q (Xn_l))
and Y, = m(g (Yn_l)), for all n € N. Now our claim is, X,;1 € Y, and Y, € X,_1 for all n € N. In fact

Y = W(G (170)) = W(@ (éz)) - M(él) = 5_31 = X,. Hence, we can write,
G (1) € G(%o)and ¥, = cono (G (V1)) < 2w (G (%0)) = Xu.

With the similar argument, we get by using induction that ¥, € X, Sirr_ﬁlarl_y, we get Xpi1 € Yo, for all
n € N. Hence, we can write X120 C V11 € X, € V,1, foralln € N. So, in &; x &,, the decreasing sequence
of NBCC pairs is { (in, Yz,,) } Moreover,

Q(?Zn) c G()A{anl) - M(Q (XZVH)) = Xon, (2)
G (XZn) c G(?Zn—l) c W(Q (?Zn—l)) =Y. 3)

Hence, we get (in, Yz,,) is a G — invariant pair, for all n € IN. Now, if (5, §) € &, x & which is proximinal,
we have,

dist (X, You) < 11G7"5 - G*"dlll < I1p — ill = dist (&1, &)

Now, we are to show that, for all n € N, the pair (Xn, Yn) is proximinal. For n=0, we have (5(0, 170)

is a proximinal pair. Let us assume that (Xk, f/k) is proximinal and there is an arbitrary & such that

ae Xy = conv(g(f(k)). So a = Z;le D]-G(d)]f) with @; € X, % € [1;00), Z)]-' > 0 and Z;le Z)]f =1

By assumption, we have (Xk, Yk) is a proximinal pair, so there exists K]r e Y 1< ]'/ < X) such that

lo; = Kl = dist (X, Vi) = dist (&1, &). Consider b= Y. | D,G(K;), then b € conv (G (¥4)) = Vi, and
la=Bll = | T, DG (@) - LL, DG (K) Il < LL, Dl - Kl = dist (€1, &)

Hence, (Xk+1, f/kﬂ) is a proximinal pair, and by induction hypothesis our claim is proved.

Now, if N8 (5(2,1 U 172,4) = 0 for some n € [1,00) U {0}, then we have G : X0y U Yoy = X0y U Yo, is compact.

Thus from corollary (2.5), G has a BPP. Hence, we consider that N (in U Yz,l) > 0, for all n € [1,0). Then

ﬁ(N (in U ?2,,),[\(& ()A(zn U ?2-,,))) > (0 foralln € [1,00). For & < AI(N (in U ?2-,1),[\(& (5(2,, U an))) < :\f/:-,

0= £[3(8(6(5) 06 (70) AS(E (%) U8 (7). (e )38 (s 0 ) A8 (s U ) )
- £ max [8(6 (52, S0 (7)) A (mox [8 (6 (52, 5@ 520) ).
5 (&%) (max {N (X2.), 8 (Van) |, A (max {8 (X2u), 8 (V2u) })) }

= E{ﬁ( max {N (W (G (in))) R (conv (G (?Z”))) }’
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A (max % (eomo (& (X21)). & (w00 (6 (X2,))) ) )
5 (o) (max N (). X (V) ] A max 8 (21) 8 (721) )
= {5 ma (8 (o) 8 (T A (mx (8 () 8 (1) )
5 (8 8) 3 (ma N (R20) 8 (F2r) | A (max 8 (%21) % (7)) |
= E{3(N (Rarer U Vo) A (8 (Ranet U Vo)) % (&, F) 3 (8 (Ko U T22), A (8 (R U T21)) |

<n (é, f) 9 (N (in U an) A (N (in U YZn))) - ﬁ(& (X2n+1 u l72n+1) , A (N (XZHH U Y2n+1)))

ie

(e f G‘(?'< (X2n+1 U Y2n+1) A (N (5(2,1“ U ?znﬂ)))
% (s ) TN (X2 U Yau), A (R (X2 U V2))

If

éi(N (XZrH—l U Y2n+1),/A\ (N (X2n+1 U ?2n+1))) >4 (N (in U Yzn) A (N (in U ?2;1)))

Then % (é, f) > 1, which is a contradiction.
Hence, for all n € [1, o),

Gi(?'< (X2n+1 U ?2n+1) A (3‘< (X2n+1 U ?2n+1))) <1 (N (XZn U ?Zn) A (?'< (XZn U an)))
Thus {ﬁ (N (in U ?2,1) LA (N (in U Y2n)))} is a non negative decreasing sequence. So there exists A>0
such that
31_1:1;[0 Gl (N (Xgn U an) , A (N (in U an))) =A.

Suppose A > 0, Then for all n > 0

hm e £ (8% U Ta) A (N (R U )
-[ (N (XO U Y()),/A\(N (XO U Yo))) =1

Again, we have for the convex, nonempty, proximal, closed, bounded and G—invariant subsets (5(2,1, an)
with dist (in, 172,1) = dist(gl, 82), there exists 0 < # (é, 5?) < 1 such that

0 {386 (5 UG (7)) A (56 (1) UG (52) 26 AN (1, U T2, A (8 (1.0 T20)
= é{él(?'< <X2n+1 U lA/2n+1) A (N (X2n+1 U ?2n+1)) ), p2d (é, E) 9 (N (in U yZn) A (N (XZn U an))) }
Consider

ﬁ(& (X2n+1 U Y2n+1) A (N (X2n+1 U Y2n+1))) = %oy
X (é, f) Gl (N (in U an) , /A\ (N (in U ?271))) = Vo,
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Since for all n > 0,
%o, < ¥au and lim %p, = A, lim ¥, = 1% (é, f).
n—00 n—0oo

Thus

;gw4u<> mmMW®wwmmm®W@wmaw%wwn

which is a contradiction. Hence A = 0

Therefore }g{}o 4i(N (in U 172,,) A (N (5(2,1 U ?2,1))) =0.

Thus we get
r}gl(‘)lo N (in U ?271) =0,and r}l_l;l;lo/,\\ (N (in U an)) =0.

Let Xo = ﬁ;’;OXZn and Yo = ﬁ;"zol?zﬂ, so, we get a nonempty, compact, convex pair (XX,, ?oo) which is
G-invariant with dist(f(m, ?m) =dist(81, 82). Hence from corollary 2.5, G has a 8PP. [

Theorem 3.6. Consider a relatively nonexpanswe noncyclic and (E9A)-contractive operator G : E,UE, — & UE,
on a strictly convex Banach space M. Then G has a best proximity pair, if & # 0.

Proof. Following the proof of the Theorem 3.5, define a pair (5(,1,17,,) as X, = W(G (5(”,1)) and Y, =
conv (Q (l?n_l)), n € Nwith X, = él and Y, = éz, we get NBCC and decreasing sequence of pairs { (f(n, ?n) }
in & x &,. Also,
G (%) € 6(%u1) coom(G (Xur)) = Ko, (4)
G(1.) €6(¥omn) ccoma (G (Vnn)) = ¥ (5)

Thus, the pair (f(n, 17,1) is G-invariant, for all n > 1. Following the proof of the Theorem 3.5, we obtain

=

a proximinal pair (Xn, 17") for all non negative integer n such that dist(f(n, ?,,) = dist(gl,gz). Now, if
N (Xn, 17,1) = 0, for some positive integer , then G - X,uY, - X,uY,is compact. Hence, from corollary (2.6),
we get the desired result. Thus, we consider that N (5(,,, ?n) > 0. Then 9 (N (5(,, U Y,,) LA (N (5(,, U Y,,))) >0
for all n € [1,00). We have, for é < 4I(?‘i (Xn U l?n),f\ N(Xq U ?H))) <f

= E{ﬁ(max{&(m G Xn) ,

A fmax [N (6 (%) 8 (5726 (4))
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5 (&, 2) 3 (max [N (%), N (1) L A (max {8 (%), 8 (1)) |

= &{3(max {8 (Xoo1) N (Toer) ) A (max (8 (Roer) 8 (T1) ),

5 (8, 2) 3 (max [N (%), 8 (1) L A (max (8 (%), 8 (1)) |

= 83N (i1 U T ) A (R (%1 U Fi)) ) 2 (5. ) AR (S, U T) AN (%, 0 7))}

v\ &

< 2(& )N (% U ), AN (R0 UT) = 38 (e U Taen), A (R (R U Ta))

i.e

e gy s (8 (Ena U Tia) A (R U o))
5(8,%) 2 AN, U T), AN (X U T)

If

AN (Rt U For), AR (0 U Ta))) 2 (8 (%0 U T,), A (S (R0 UT,)

Then (é, f) > 1, which is a contradiction.
Hence, for all n € [1, ),

AN (Rnr U Fion) A (S (Ror U Vo)) < A(8(%0 0 V), A(R (%, U T2))
Thus {éi (N (Xn U 17,1) LA (N (Xn U ?n))) } is anonnegative decreasing sequence. So there exists A > 0such
that
tim (N (%, U T,), A (S (X, UT,))) = 1
Suppose A > 0, Then for all n > 0
0<1=2<9(N(% UT,), A(N(R,UT)
<A(N (%o U o), A (R (o U To)) = £

Again we have for the convex, nonempty, proximal, closed, bounded and G-invariant subsets (5(,,, ?n) with
dist(f(n, f/n) = dist(gl,gz), there exists 0 < % (é, f) < 1 such that

0

IA
88;

(3(8(0(5) U6 (7)) A(8(6 (%) 6 (1) (e (85 0 52) A (%, 7)) |

{58 (R U Fa) A (8 (Koor U T))), 2 (8, ) (S (Ku U ), A (8 (%, 0 1))

Il
[xp

Consider
ﬁ(N (5(,4+1 U ?n+l) ,A (N (5(,4+1 U ?rHl))) =X,
5:(8, B)3(8 (%, 0 T2), A (8 (%, U ) =5

Since for all n > 0, } }
X, <V,and lim %, = A, lim y, = A% (é, f).
n—oo n—oo



M. Sarmah, A. Das / Filomat 39:31 (2025), 11185-11202 11193

>-a1
O

which is a contradiction. Hence

Therefore ,}1_{130 ﬁ(N (5(,1 U Yn) LA (N (f(n U 17,1))) =0.

Thus we get
g?ox(f{n U 1?,1) =0, and 313010[\ (x (5(,1 U ?n)) =0.

Let Xo = ﬂ;"zof(n and Yo = ﬂ;"zo?n, so, we get a nonempty, compact, convex pair (Xm,Ym) which is
G-invariant with dist(f(oo, Yoo) = dist(Sl, 82). Hence from corollary 2.6, G has a best proximity pair. []

The next results are special cases of Theorem 3.5. The noncyclic version of the following corollaries are
satisfied in strictly convex Banach spaces.

Corollary 3.7. Consider (81,82) be a pair of convex and nonempty subsets of a Banach space M equipped with a
MNC N and a relatively nonexpansive, cyclic operator G : & U &, — &, U &, such that,

~ ~

é SN((Jl Ul ) A(N(Ul UUz)) f—
SN(6(0) 6 () + A NG B)VE () 5 DO R ANEUB) 20w
where (ﬁl,ﬁz) is a pair of convex, nonempty, proximinal, closed, bounded and G-invariant subset of (81,82) with

dist(ﬁl,flz) = dist(gl,é_)z) Ais nondecreasing continuous functions, B eR,and forany 0 < é < f < oo there exists
0< %(e, ) < 1. Then G has a BPP, 1f81 # 0.

Proof. Putting “1(p,4) = pp + § for all ,§ > 0 in equation (1) of definition (3.4) and using Theorem 3.5, we
obtain the result shown above. [

Corollary 3.8. Consider (81,82) be a pair of convex and nonempty subsets of a Banach space M equipped with a
MNC K and a relatively nonexpansive, cyclic operator G : & U &, — & U &, such that,

e <N (0 V) < E = E(N(6(0) UG (1), (6 H(N (B U ) | 20 %

where (ﬁl,ﬁz) is a pair of convex, nonempty, proximinal, closed, bounded and G-invariant subset of (81,82) with
dist(ﬁl,ﬁz) dzst(81,82), EeR, and forany 0 < & < T < oo there exists 0 < %(e, ) < 1. Then G has a BPP, if
él 0.

Proof. Putting A =0in equation (6) of corollary (3.7) and using Theorem 3.5, we obtain the result shown
above. O

Corollary 3.9. Consider (81,82) be a pair of convex and nonempty subsets of a Banach space W equipped with a
MNC K and a relatively nonexpansive, cyclic operator G : & U &, — &, U &, such that,

& <N (0 U D) < F = 6, (R(G(02) UG () < 6 (2 (e B) (N (02 U D). ®
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where (ﬂl,f]z) is a pair of convex, nonempty, proximinal, closed, bounded and Q—invariant subset of (81,82) with
dist<ﬁ1,ﬁ2) = dist(gl,gz), %1, B, are two alternating distance functions, and for any 0 < é < f < oo there exists
0 < 5(& £) < 1. Then G has a BPP, if & # 0.

Proof. Putting = (5,4) = ®; (§) — 62 (p) for all §,§ > 0 in equation (7) of corollary (3.8) and using Theorem
3.5, we obtain the result shown above. O

Corollary 3.10. Consider (81,82) be a pair of convex and nonempty subsets of a Banach space ¥ equipped with a
MNC K and a relatively nonexpansive, cyclic operator G : & U &, — & U &, such that,

<R Ulh) <f=8(G(1) UG (D)) <N (01 UD,). 9)

where (Ijl,[jz) is a pair of convex, nonempty, proximinal, closed, bounded and G-invariant subset of (81,82) with
dist<ﬁ1,flz) = dist(gl,gz), and 0 < & < ¥ < co. Then G has a BPP, if &, # 0.

Proof. Putting 2 (p,4) = § —  for all §,§ > 0 in equation (7) of corollary (3.8) and using Theorem 3.5, we
obtain the result shown above. [

Example 3.11. For a Banach space W, consider a convex, nonempty, compact, proximinal and G-invariant pair
(81,82) equipped with a MNC K. Then every relatively nonexpansive, cyclic and (E7A)-contractive mapping
Q:Sl USZ —>81 USzhﬂSﬂBPP.

Proof. Let (Xl, 171) c (81,82) be a convex, nonempty, bounded, proximinal, closed, and G—invariant pair,
with dist(f(h 171) = dist(&, 82). Now we are show that (G(f(l), Q(Yl)) is a relatively compact pair. Consider
{pn} be a sequence in X;. Since (5(1, 171) is proximinal, there exists a sequence {g,,} in Y1 such that lpn = gull=
dist(&,é—}z) ,for alln > 1. Thus [|Gp, — G4l < lIpn — gall= dist(Sl, 82) ,foralln > 1. Since (81, 82) is compact,
and proximinal pair, thus the sequence {(Gp., Gq9.)} has a convergent subsequence which implies that
(G(Xl), G(Yl)) is relatively compact. Hence N(G(X1),G(Y1)) = 0. By putting 1(5,§) = p + 4§, A = 0, and
E@,4) = g—p, forall p,§ > 0in equation A(l) (if Elefinition (3.4), we geta (@ﬁ{\):contractive mapping as
equation (9) of corollary (3.10). Thus 8(G(X1), G(Y1)) = 0 implies that G is a (E71A)-contractive mapping.
Therefore G has a BPP. [

4. Applications

We apply our findings to investigate the optimum solution the following system of integro differential
equations:

N NP A 1 S/, A1 . ra A\ e 1 S/, AL A o Le
d(8) =Q(s,CI)(s))(Q(;IﬁO) + f@)fo (s-8)"" ¥ (5,%(9)) d6)+ T(A)fo (s-8) " &1 () a5, "
F =06 16) (g i 6 (- 06 T0) ) 15 L6898

for §,80,6€[0,1] =§, @,y > 0, and 4, by > 0. Also, assume that (R, |I.Il) be a Banach space and two closed
ball Ay = D (ao,d) and N = D (b, d) in ft with 4o, by € . And Q- I xR — R\ {0}, and ¥, IT: I xR — &;
0,0, : R —> R are continuous map. Consider a standard Banach space W = C (j, ﬁ) of continuous function
with supremum norm for J = [0,1) € &. Also I'(,) denotes Euler’s gamma function. Let:
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Wi=C(J, M) =1d:3— Ky :dew),

Wo=C(J,Rp)=1{T:3— Kp: T e W)

Then (W1, W) is a NBCC pair in W. Now, for every deW,;and T e W,,

|D—TIl = sup,y 1P (8) =T (8) Il > Ildg—boll. Thus, dist(W1, W») = [ldg—boll. Now, we define G : W UW, — W
bo

such that
0(s60) - A T 5 (69" 1(6.0(8) 8]+ i (-8 ea(d) as b

(sms))(mgg%) r(@)fo( 8 (5,6(6) 4)+ 115 & (=8) 61 (6) s b ewn

Clearly, Gis cyclic, and if |5 — G (5) || = dist (W1, W), for § € W1 U W, then § is a BPP for the operator G and
it is equivalent to that § is an optimum solution of the system (10).

G(®)=

Theorem 4.1. [9] Consider VI, € C[#1, 2] with # < #. Let V is Lebesgue integrable on [, ] and V, does not
change its sign in [f4,7;]. Then the generalized mean value theorem of integral calculus gives,

[ venes-ne [ e (1)

for some § € (¥4, 72).
1,©,, there exists
ﬁ( ) | <Dy,
Ko + lbol < K3,

Theorem 4.2. Assume that 8y be a MNC on W. For the continuous functions Q, W, 11,0
D,Dy, Dy, 1,k > osuch that [ (., & O) 1O, T () Il <, I (8, & (8)) 11 < D, IXT(, S )],
|bo[D 7

116, (5) Il <Ly, and ||©, (5) I < L,. Also there exists Koy, Ky, Ko > 0, such that < Ko,
O (30, bo)

DD L
and K; + o j_ TG 2 D < K. Then an optimal solution exists for the system of integro differential equations
v+
(10) if:

(i) For any bounded pair (31,1) € (W1, Wa), No({ (Ix)+6:(3) }) ({‘i’(j X 1) +6,(J) }) > 0 implies that,

NO({f[(j x ) + 6, (j)} U {\if(j x 1)+ 6, () }) < Ro(1 U L)

(ii) Q: 3 xR — R\ {0} be continuous map satisfying

. bo e Ao 1
(s, (8) (—) ~0(s,7) (—)‘ <1
‘ ( ) Q(éo, b()) ( ) Q(é()raO) 2
ford e Wy, Y € Wa, 8,80 € & and ay, by > 0.

~

do — bo

72

(iii) 1,0, : R —> Rare continuous map satisfying

(<510~ b0))

A

(iv) Q: 3 xR — R\ {0} be continuous map satisfying

C@+1)

b - 1.
T I |

Q(3,9(3) -0 (é,Y(é))' <
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fordeW;, TeW,,8€& d,D, > 0.
(v) W,T1: 3 x R — Rare continuous map satisfying
NI R T@+1),. . A
[11(8,0(8)) - W (8,7(8)) | < = 55— (10 = T1 =210 — )
ford e Wy, T e Wy, 6 €&, and dy, by > 0.

(i) Q: 3 xR —> R\ {0} be continuous and there exists fi > 0 satisfying

<fi§ -3

0(s6®)-0(596)

fordewy, 5,5€é

Proof. First we show that the operator G is cyclic.
For & e W;,

IG (% (8)) - ol

-[o00)(- ( b "k s [ (68" (5, 6(6)) )+ s [ (6-8) " 5(6) a5
Wy N o n sl [ -9 o0
b (Q(é"f"é))_1)‘+|Q(§'§)‘§)) [ (-8 11(5,9(5) )+t [ (-8 @u(6) ad

0 (50, o)
gA AO-1 A '3 §A AP-1 A
j;(s—é)mld6’+f(;)j;(s—6) 1d6‘

IA

IA

IA
(=}

A D DD,
’ (Q(éo, h) e

bo|D . DD s L N
s( o +|bo|)+f(éj1)|<s)m|+T(Ail)us)ﬂ
(20, bo) V
o DD, L,
< (%, + Bo]| + = _
—( °+|°|)+r(cﬁ+1)+r(p+1)
~ DD, t,

To+) TG+D)

Hence, G (CD (?s)) € W,. Using a similar method, we can show that G ((D (§)) € W, for & € W,. Thus, G is

Cycli_c. We now show that G (Wh) is an equicontinuous and bounded subset of W,. Consider d e Wy and
§ € & we have,

IG (% (9)1

o o@)( s s [ (68 (500 48) + 1 [ (68" en(8)

(80, bo) 7y




M. Sarmah, A. Das / Filomat 39:31 (2025), 11185-11202 11197

PR QBBP6) 5 ot v el 1 (P el A e
gg(s@(s))ﬁ(g) = fo(s_a) 1H(6,®(6))d6’+‘f(A)fo(s—é)) 16, (6) 6

|bol ,
<D 1®)° |+ =1 (8) |
Q(éo,f?o) r(cD+ 1) ( 1)

DD, b,
F@w+1) T@+1)

S(i(o+
< %,.

Thus, G (W) is bounded.

Suppose that $,3 € &, § > § and ® € W;. Then
le(@®)-¢(@@)]
- Hﬂ(g"ﬁ@))(ﬁ i [ (e-97 (s.(9) ds) w5 C(s-8) 7 6, (5) -

0(60)( (:0 x o [ - 6 6(0) ) s (65 ea(6) ]

‘Q (s & (g)) e} (s & (é))

Bo NP S w01 a e ren | e
s‘Q(SU bO)HQ(s ,$(3) - Q(3,6()| + 6 fo(s,é) H(b/q)(b))‘db+
'Q(g,q)(g)) s N Y o Dt SN L, s S Y D R
@ ( A (5-8)" n(b,rp(b))doffo(sfo)“ H(b/(l)(b))d0)+ﬁzy)‘£(é—b)) doffo(gfo)’ do‘
o ’0(3,@(3))—0(;,@(;)) . D ] 61
<iila - § o, 170)‘ 67D DZKSV”]’"(@)(I (8-8)" 11(5,8(8)) a6
s AO=1 A fa . ra a 8 -1 A A
+f§ (s-8)° 1n(6,c1>(5))d5-f0 (3-8)°"n(s q)(é))dé‘) ( S| - @
o By Dy . DD | (S, ad-1 ;. a6-1y . DDy | (5, ao-1
<iil§ - §| 7ﬂ(§0’go)‘+7f({§+1)mls—s\+mj[;((5—6) —(s—b) )do‘+f(rﬁ) ﬁ (5—6) d&‘+r(y ! (s)V (s)}/
by D, DD, N Py L »
<mls- S'm‘ e - SIF(<D+1)+T(é+1)‘7(57s)7+(5)®7(5)) “Tosn ¢ TG +1) ®7 - @

As § — §, wehave, |G (@(s)) (CD (s)) |—0,

ie. G(W;)is equicontinuous. We can show that G (W,) is equicontinuous and bounded with the similar
manner. Thus, by Arzela-Ascoli theorem we conclude that (W1, W,) is a relatively compact pair. Now, for

each (CTD, Y) € W; X W,, we have,

le(@®)-6(re H
:HQ g,nb(@))( _ (§o ) N ﬁfg(g,g)@ 1n 56 (6 db) » )f 5 6) ds-
At ® (—Q(SO > m)f d)—ﬁfo (s-8) ™ 61() i

s‘Q(g,(ﬁ(g))(o(:;%))70(§,Y(§))(Q(SO 110))' el s, D(s))f (- b)m Tﬁ(é’(ﬁ(é)) d6—
a(sve) [ (-5 vE ()
Moo - bg‘ % )‘Q S(D(s))f (s- b)‘” n (a ®(8)) db—()(§,f((§))f§(§—5)é "11(5,6(3)) dé+

(sws))f (-8 H(&,@(é))dé—f)(é,‘f(é))foé(é—é) (67 (3) ] + r()U (-8 (521 a0 - o) )

~8)" (©2(5)- 1 () af

-2



M. Sarmah, A. Das / Filomat 39:31 (2025), 11185-11202 11198

1. » 1 s 51 . B1 /a1 o (ON o (e ol ENN e

siao_bo‘+mf(_o)’ 11(6:6 () (025, 69) - (s, 7)) 8] + 115 )U a5, 1) (s-8)" (1(6,6(6)) - ¥ (5,7 (5)) )6
1

TTor) 2 bo{ &)

S%ﬁ0—30’+%f(§—8)571(%:1)\® Y\)dé‘ 5 f (s- a)“”r(";”)(@ Y1 - 200 - bol)dé‘ ‘”Ugb()'

< gho-bo|+ 72 @ K8 Do t1+ 2 ()0 HOED 6112 - o) + + Mo —fl

B g B T WAL

=|b-T]

<6 -1l

Thus G is relatively nonexpansive.
Now, we assume that the pair (J;, 1) € (W1, W») is a NBCC, G-invariant, proximinal pair and dist (31, 1) =
dist (W1, Wy). Using assumption (1) of theorem 4.2 and theorem 4.1, we get,

No(G(1) U G())

= max{Ro(G(1)), Ro(GC2)}

< max{sup({No(IGH(S) : b € 1)), SUP{?\O({QY(S) Tenhn

sl

= max{%uP Ng({f) (50(9) ( a (éo,fvo) + ﬁ fo (s-96) -1 11(8,(5)) dé) ¥ %}) fos (s- 5)}"’*1 6, (9) dé}),

Sel

sgga{xo({ (s 16)(5 b s [ a8 (1) ds)+%ﬁ) [ *e-5) ", ) db})}}

< max{sup Ng({ 5] (g (g))f (s 6)m ! dé + F (1)7) 0, (9) jo‘g (é - 5)‘?_1 ds:geo, é)}),

s€]

ol { s 76:70) [ -7 i per [[ (o= s con )

< ma{sop N { £ 100 @) @ + 1550206 22 0.9 sl { 77ty Y0 T@) 0P + r 0 0@ g <00 )]

5€] €]

< No({ﬁ(j x3)+6; (NJU (P x 1)+ 6, (j)})
<Ny Ul).

Thus, by corollary (3.10), G has a BPP. Hence, we conclude that the system of equations (10) has s € W1 UW,
as an optimal solution. [J

Example 4.3. Assume the following system of integro differential equations as

r@ 2)Te
o 11 s 30T o 1 6/, ~2¢ .0
Y(S) SY(S m f (S - ) 7 dé) m f (S - 6) 5d6,

withgsfﬁﬁiﬁfﬁl,and

b - Y’ > 2.4. Consider Wy = {8} and W, = {8 +1}on J =[0,1).
Define an operator G : W1 UW, — W such that,

G(d®)= (12)
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Here W:3x) — L,and I1:Ix ) — J with] ={8}, L, ={8+1}and (4, ) € (W;,W2)on I =[0,1),
Ro({1103 x 1) + &1 (3)]), Ro({¥(3 x3) + 6, (3) }) > 0.
Now

xo(:ﬁ(j x ) + 6, (j)} U {\if(j x 1)+ 6, () })

2

_ max{xo({g(é r1)idende) )xo({a(‘zi +1)itenser)|
< max{No({(§ +1) : éejl}),xo({(%[ +1);Ye12})}

< max{No ({11}) , Ro ({221}
= No(31 U ).

:NO({8(§+1):®631,5€ j}U{5(§+1):YeJZ,Sej})

For® e Wy, T e W,

<

For the continuous maps 0,0,and b€ &, y=3,

r4

0—0 —

IA

6:(6)- 1 (9)

For the continuous map Q with € Wy, 8 € §, & = 4,D, = 3, we have
[O(s,8() - (s, T®)| = s - 87| < |6~ 7| < 4} - 7],
For® e Wy, T € W,, 6 € E,D = 2, and the continuous maps ¥, I1, we have

z

(16,6 (8) -0 (6,1 (3))| = |22 - 2| <6 - 1| < o(}6 - 1] -2).

For ® € Wy, §,3 € §, fii = 4 and the continuous map Q, we have

sb - 3| <43 -3

0(s0©)-0(50®)|-

Since the above system of equation satisfies all the conditions of Theorem 4.2. Therefore an optimal
solution exists for the above system of equation.

Example 4.4. Assume the following system of integro differential equations as
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A

d(s)=3 smCD(r(5) f (é - 6)4 sin(f)dé),

1 1 W DA
T(5) =5 smY( 1"(5)f (s—é) sde(S),
d-71

with® <3, T < 1and > 4. Consider Wy = {8} and W = {§ +1}on 3 =[0,1).

Define an operator G : Wy U Wy — W such that,

§2sin (I)(l L f (é - 5)4 sin(i)dé), dew,,

§2sin CD(_L fog (é - 5)4 sin®d5), b ew,.

11200

(13)

Here W:J3x1) — L, andIT: I x ) — 3 with); = {8}, b = {8+ 1} and (31, 1) € (W1,W,) on J = [0,1),

No({ﬁ(j X N) + 6, (j)}), No({‘i/(j x 1) + 6, (J) }) >0
Now

NO(=H(J x 1) +6; (9) ] u (Wi x )+@2(j)})
- xo({ (sind): b enjuf(sint): Te Jz})
ofsi({sin s e5f) o[t e )}

< max{®o ({}1}) , Ro ({121)}
= NO(Jl U Jz)

For® e Wy, T e W,

Q(éo,bo) §0/ﬁ
1
(o)
ST s (6)‘
b 3 1
<— < ===,
-6 "6 2

For the continuous maps 0,0, and b€ &, y=3,

4

62 (6)- @1 (8)| < 5=

<

For the continuous map Qwithd ewW,,8€ &, 6 =5,D, =3, we have

|Q 8, (I)(s)) (s T(s))' 82sind — smT‘ ‘sm(I)— smY'

< 2cos(®;Y)sin(é;Y)‘
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d-71
<2l——
<225

sﬂé—ﬂ.

For® e Wy, T € W,, 5 € E,D = 6, and the continuous maps ¥, I1, we have

[11(8,®(8)) - W (5,7 (5)) | = [sin ® - sin Y|

< 2cos(é);Y)Sin(é;Y)
<ld-71
s4é—Y—4

For ® € Wy, §,8 € &, fi = 5 and the continuous map Q, we have

0(s,90)-0(56@)| -

N . £ =2 . £
82sind - § smCD'

<|sin®||s> -5
<Pls+38|ls-38
<55§-3

Since the above system of equation satisfies all the conditions of Theorem 4.2. Therefore an optimal

solution exists for the above system of equation.
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