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Abstract. In this paper, we mainly carry out quantitative research in I' — t absolute randomized truth
degree. Using the randomization method of valuation set, we firstly give the definition of I — t absolute
randomized truth degree of formula relative to local finite theory I' under the t conjunction in Goguen, -
n-valued propositional logic system (t takes A, ~), and prove some related properties of I' — t absolute
randomized truth degree and some inference rules such as MP, HS, intersection inference and union
inference. Secondly, we introduce the concepts of I' — t absolute randomized similarity degree and I' — ¢
absolute randomized pseudo-distance of propositional formulas, and prove some good properties of I' — ¢
absolute randomized similarity degree. We also discuss in I' — t absolute randomized logic metric space
(E(S), pp,r) the continuity of operators A, ~, —, A and V with respect to I' — t absolute randomized pseudo-
distance ppr. Finally, we give the concepts of ¢ absolute randomized divergence degree and ¢ absolute
randomized consistency degree of arbitrary theory I relative to the fixed theory I'y. Using the specific
property of contradiction, we define non-absolute randomized consistent of arbitrary theory I relative to
the fixed theory Iy, and establish the relationship between them.

1. Introduction

It is well known that mathematical logic is the formalized theory with the character of symbolization,
which focuses on formal deduction rather than on numerical calculation. However, numerical calculation
pays more attention to solving problems and rarely uses formal deduction methods. In order to estab-
lish some connections between the two, Wang Guojun created quantitative logic [19, 21-23], which is a
combination of mathematical logic and probability calculation.

The idea of introducing probability methods into mathematical logic has gradually emerged since the
1950s, and a monograph on“probabilistic logic” [1] was published in 1998. Later, many scholars have
carried out researches on this basis and have made rich achievements. However, some authors found that
two formulas of exactly the same form must have the same truth degree, it contradicts the fact that various
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simple propositions in reality are true with different probabilities , because whether the simple propositions
are true is uncertain and random. Some attempts in that direction was carried out in [4, 10-13, 20, 26].
In that work some authors used the randomization method of valuation set to give the randomized truth
degree theory of propositional formulas in the logic system and to establish the randomized logic metric
space. It realizes the integration of probability logic and quantitative logic.

Currently, some scholars have already felt the difficulties the strong negation in the Godel system and
Goguen system has brought to relevant quantitative researches. In order to overcome it, in [2, 3, 5-7], some
authors introduced two basic connectives A and ~, and proposed systems BL, and SBL.., as two axiomatic
extensions of basic logic system BL. In BL, and SBL., both A deduction theorem and strong completeness
theorem have been established, so related researches can be carried out smoothly. In [14], the author realized
quantitative research of A fuzzy logic system in SBL. system. The systems Godel, . and Goguen, ~, as two
typical representatives of SBL. system, have been studied in [8, 9, 18]. Some authors have proposed ¢ truth
degree theory, k randomized truth degree theory and I' — k randomized truth degree theory in Goguen, -
propositional logic system. In [16], the author evaded infinite product measure in uniformly distributed
probability spaces, and introduced concept of absolute truth degree in Lukasiewicz propositional logic.
Later, some scholars [15, 17, 24] have carried out researches on this basis. They proposed I' — t absolute truth
degree in Godel. o, I'- absolute truth degree in n— valued propositional logic system L;, and I'- absolute
truth degree in ternary product logic system 73. We find that most of the research results only consider
the truth degree of formulas from the perspective of total assignment, but in real life, we often need to
consider the truth degree of an event under certain conditions (i.e., under certain theories). Along this way
of thinking, a subsequent question is whether a similar study of I" absolute randomization can be carried
out in Goguen, ~ propositional logic system, so that the I' absolute randomized truth degree of any formula
can be calculated by computer in a finite number of steps, which makes the algorithm implementation of
the method in this paper possible.

The paper is structured as follows: In Section 2, we recall some basic concepts and results concerning
BLA and SBL. logic system employed in this paper. In Section 3, using the randomization method of
valuation set, we put forward the definition of I' — ¢ absolute randomized truth degree of formula relative
to local finite theory I' under the ¢ conjunction in Goguen, . n-valued propositional logic system, and
prove some inference rules such as MP, HS, intersection inference and union inference of I' — t absolute
randomized truth degree. Using concepts and results in Section 3, we introduce the concepts of I' — ¢
absolute randomized similarity degree and I' — t absolute randomized pseudo-distance of propositional
formulas in Section 4. In Section 5, we give the concepts of t absolute randomized divergence degree and
t absolute randomized consistency degree of arbitrary theory I relative to the fixed theory I'y, and using
specific property of contradiction, we define non-absolute randomized consistent of arbitrary theory I
relative to the fixed theory I'y. Finally, conclusion in Section 6.

The results of this paper generalize the related work in [8, 9, 18] and enrich the quantitative research
in Goguen. 5 propositional logic system. Our work provides the basis for the future study of I" absolute
randomized truth degree in some other propositional logic systems.

2. Preliminaries
In this section, we recall all necessary basic notions. See [2, 3, 14] for more details.

Definition 2.1. ([2]) The axioms of BL are the following:
(BL) the axioms of BL.
(A1) AAV-AA.
(A2) A(AVB)—(AAVAB).
(A3) AA—A.
(A4) AA—AAA.
(A5) A(A—B)—(AA—AB).
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The inference rules in BL, are MP rule and A rule; the MP rule is from A, A—B, inferred B; and the A
rule is from A inferred AA.

If L is an axiomatic extension of BL, then by L, we will denoted the logic resulting from L in the same
way as BL, results from BL, and the following A deduction theorem holds for the BLA system.

Theorem 2.2. ([5]) (A deduction theorem) Let L be an expansion of BL. Then for each theory I and all formulas A
and B, we have:

IAvrBifandonlyif T + AA — B.

The logic SBL is obtained by adding to BL the axiom ~—AV-A. SBL, is also an axiomatic extension of
SBL.
The logic SBL.. is obtained by adding to SBL the involutive negating connective ~.

Definition 2.3. ([3]) The axioms of SBL.. are the following:
(SBL) the axioms of SBL.
(~1) ~~A—A,
(~2) A(A—>B)— A(~B—~A).
(~3) "A—~A.

Let AA=—= ~A in the SBL. system. Then we can establish the relationship between the SBL, system and
the SBL.. system, i.e., SBL. has the following equivalent axioms:

(SBL,) the axioms of SBL.
(~1) ~~A—>A.
(~2) A(CA—B)— A(~B—~A).

The inference rules in SBL. are MP rule and A rule. If L is an axiomatic extension of SBL, then by L. we
will denote the logic resulting from L in the same way as SBL.. results from SBL, and Godel. and Goguen..
are the two basic types of axiomatic extension of SBL... Because SBL.. is also an axiomatic extension of BL,,
A deduction theorem in SBL.. also holds.

Theorem 2.4. ([3]) (strong completeness theorem) Let L an axiomatic extension of SBL.. Then for theory T' and
formula A, the following two conditions are equivalent:

()T +A.
(ii) For every L-algebra and every model e of theory T', e(A) = 1.
Definition 2.5. ([8]) Let S = {p1,p2, ...} be a countable set, ~ and A be two unary operations on S, V, A and — be

three binary operations on S, and F(S) be the free algebra of type (1, 1, 2, 2, 2) generated by S. Then an element of S
is called an atomic formula or atomic proposition, and an element of F(S) is called a formula or proposition.

Definition 2.6. ([8]) The Goguen propositional logic system is also called product system, which we shall denote by

IL. LetIa~ = {0, -5, ..., =2, 1}. Define on Ia ~ an unary operator and two binary operators as follows: ~ x = 1—x,
Ax = (2], x vy = max{x, y}, x Ay = min{x, y}, and x — y = ;"= x,y € 15 ~. The system Goguena ~ is called

Loy’

an expansion of n-valued product propositional logic system. It is abbreviated as A, ~.

Definition 2.7. ([8]) Assume that A = A(p1,p2,...,Pm) is a formula generated by atomic formulas p1,p2,...,Pm
through connectives A, ~,V, A and —. Substitute x; for p; in A(i = 1,...,m) and keep the logic connective in A
unchanged but explain them as the corresponding operators defined on the valuation lattice T1a . Then we get a

function A: {0, ﬁ, e, Z%f, 1" — [0,1] and call A the n— valued m— elements function corresponding to A.

Definition 2.8. ([11]) Let N = (1,2,...), D = (p1,p2,p3) and 0 < p, <1 (n = 1,2,...). Then D is called a
randomized sequence in (0, 1).
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Definition 2.9. ([4]) Let Dy = (pm,pgz, ), D 1 { Pig-- Jeoo D1 = (p11,p12, - - ) be an n randomized
sequences in (0, 1), and po. + Pip+t...+pr= 1 (k = ...). Then DO,D%,...,D%,Dl (n = 2) is called an
n-valued randomized number sequence in (0, 1).

Definition 2.10. ([4]) Suppose that DO,D Ly ,D%,Dl (n > 2) be a series of n randomized numbers in (0, 1).

For a = (xq,x2,...,%xn) € {0, an1' i f,l}’”, let p(a) = Q1 X ... X Qy, here for any 1 < k < m, when x; = 0,

Qx = dox; when x, = ﬁ, Qr = dﬁk (i=1,2,...,n=2); when x; =1, Qk = dix. Then we get a mapping

2
VA 1/1}"”%[0,1]/

called the D-randomization map of {0, L5,..., 2=2 1}™.

Proposition 2.11. ([4]) Let ¢ be a D-randomization map of {0, L=, ..., =2, 1}". Then

1 n—2 .
Z{(p(a):ae{o,m,...,n_l,l} }=1.

3. I — t absolute randomized truth degree of propositional formula

In this section, we will give the main results of this paper. To this end, we firstly give the definition of I'-¢
absolute randomized truth degree of propositional formula. Although some results of the I' -k randomized
truth degree of propositional formula and I" absolute truth degree of propositional formula have been given
in [9, 15], absolute randomized truth degree of propositional formula have not been discussed so far.

Now we give the definition of I' — ¢ absolute randomized truth degree of formula relative to local finite
theory I' under the t conjunction in Goguen n-valued propositional logic system of adding two operators.

Definition 3.1. Let I' C F(S) and A € F(S). It is stipulated in I1p~: St = {p € S| AB € I s.t. p is the atomic
propositional of B} and Sy = {p € S | p appears in A}. Then we call T is theory of T1a ~ propositional logic syeterm.
Especially, when Sr is finite, I is called the locally finite theory of I1a ~ propositional logic system.

Definition 3.2. Let ' C F(S), St be finite, A € F(S), S = SrUSa = {p1,p2, - - ., pm}, and DO,D%], .. .,D%,Dl (n>
2) be an n-valued randomized number sequence in (0,1). Define

[tA] = TA (1),

u(tAl) = Y lp(a) : a € FA (1),
when A, (T, tA) = @, tpr(tA) =1,

(AL
[Elp(@) - a € AT, EAN

Among them, A, (T, tA) = {a € TI}_|VB € T, B(a) = 1}, FAT (1) = {a € AT, tA) | FA(a) = 1). Then Tp,r(tA) is
called the T — t absolute randomized truth degree of propositional formula A, where t takes A and ~.

when A,(I', tA) # @, tpr(tA) =

Remark 3.3. Unless there are another instructions in the text, the following points remain unchanged: (i) Discuss
in I, ~. (ii) Basic grammar, semantic concepts, etc. are the same as classic proposition logic. (iii) p,q,t,z,m, | take A
and ~.

Remark 3.4. (i) If T consists entirely of tautology or I = @, A,(T,tA) = {0, anw e, Z—:f, 1}, then T — t absolute
randomized truth degree of formula A is t absolute randomized truth degree of A. (ii)) YA € F(S), we have 0 <
Tpr(tA) < 1.
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The following theorem gives the relation of 't absolute randomized truth degree between two inclusion
theories.

Theorem 3.5. Let I'1 € I, € F(S), A € F(S), St be finite, and DO,D%,...,D%,Dl (n = 2) be an n-valued
randomized number sequence in (0,1). If tpr, (tA) = 1, then tpr,(tA) = 1.

Proof. As I'1 C I, we have A,(I'y,tA) € Ay(T1,tA). When A,(T,tA) = @, we have tpr,(tA) = 1 and
A,(T1,tA) # @. Since 1pr, (tA) = 1, by Definition 3.2, we get that | Y.{p(a) : a € A (T, tA)} = |u([tA]L)I.
Thus Ya € A,(I'1,tA), we have | Y {p(a) : a € AT, tA)} = |pu([tAL)l. Then Ya € A,(I'2,tA), we have
[ YAp(a) @ a € AT, tA = |u([tAL)]. Thus | Yie(a) : a € Ay(T2, tA)} = |u([tA])l, ie., o, (tA) =1. O

Now, we discuss the most basic properties of I' — t absolute randomized truth degree.

Theorem 3.6. Let T’ C F(S), A, B € F(S), Sr be finite, and Dy, D%], L, D%,Dl (n > 2) be an n-valued randomized
number sequence in (0,1). Then

(i) IfT E A, then tpr(AA) = 1and tpr(~ A) = 0.
(ii) If T E~ A, then tpr(AA) = 0and tpr(~ A) = 1.
(iii) If A = B, then tpr(tA) = Tpr(tB).

(iv) If e pA — gB, then 1pr(pA) < 1pr(gB).

(v) If Ay(T, tA) # @, then tpr(~ tA) = 1 — 1pr(tA).

Proof. (i): Let St U Sa = {p1,p2,--.,Pm}- Then Ay(T,tA) = {a € TT} |VB € F,E(a) =1}. If T A, then for any
a € A (T, tA), we have A(a) = 1. According to the definition of the A conjunction, whenI' = A, we have

— AA
a € Ay(T, AA) and AA(a) = 1. It follows from Definition 3.2 that 7pr(AA) = |Z{(P(Oé)|e((£ = il)(|l" AN =1

According to the definition of the ~ conjunction, when I’ = A, we have Ya € A,(I', ~ A) and ~ A(a) = 0. By
jul~ AL) o
| X{pa) @€ Ay, ~ A}
(ii): Carrying out a proof similar to that of (i), we can get that if I' E~ A, then 7pr(AA) = 0 and
pr(~A) =1
(iii): Let Sr US4 = Sr U S = {p1,p2,.-.,Pm}. Then A,[I,pA) = {a € 1‘[2~ | VR € F,E(a) =1} =
A(T,gB). Tt follows from pA =~ gB that pA(a) = gB(a). Thus |ﬁ‘1(1)| = la € AT, pA)pAa) = 1| =
— —-1 — lu(lpAlL)|
a € A,[T,gB)|lgB(a) = 1| = |[gB (1)|. By Definition 3.2, we get that A) = =
| (I, gB)lgB(er) = 1] = |gB (1)|. By g pr(pA) T 10@) @ € AT, pA
|lu([gB1)I
| i) : a € Au(T, qB)}
(iv): Let St US4 = Sr U Sg = {p1,p2,-- -, pm}- Then A, (T, pA) = {a € ITY |[VR e I,R(a) = 1} = Ay (T, gB).
It follows from E pA — ¢B that pA — gB(a) = 1, and hence ﬁ(a) < q_B(a). Thus |ﬁ71(1)| = |la €
AT, pA)pA@) = 1] < la € AT, gB)gB(ar) = 1| = |q_B_1(1)|. By Definition 3.2, we get that 1pr(pA) =
lu(pAL)I - lu(lgBl)
| Lip(@) : a € An(T, pAN ~ | Lip(a) : a € Au(T, gB)}
(v): Let St USA =SrUS.a =1{p1,p2,.-.,pm}. Then A, (I, tA) = {a € HK/N | VB € F,E(a) =1} = Ay(T, ~ tA).

Definition 3.2, we get that tpr(~ A) =

= Tpr(gB).

= 1pr(gB).
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It follows from Definition 3.2 that

|lu([~ tA]L)|

ITlp(@) : a € AT, ~ LA
|lu([~ tAL)l

| Xip(a) : o € Au(T, tA)}]
11— u([tA)I

| Xip(a) : o € Au(T, tA)}]

] (AT

| Xip(@) : a € Au(T, tA)
= 1- TD,r(tA).

Tpr(~ tA)

= 1

O

Lemma 3.7. Leta,b €Il . Then
(i)1 — qb=qb.
(i) pa — qb > gb.

Proof. (i):Ifgb=1,thenl - gb=1—>1=1=g¢gb;ifgb<1,then1 — gb=gb. So1 — qb = gqb.
(ii): If pa < gqb, then pa — gb =1 > qb; if pa > qb, then pa — qb = Z—Z >gb. Sopa—qb>gb. O

Theorem 3.8. Let I' C F(S), A, B € F(S), Sr be finite, and Dy, D%’ s, D%, D1(n = 2) be an n-valued randomized
number sequence in (0,1). If ' = pA, then

(i) tpr(pA — gB) = tpr(pA A qB) = tpr(gB).

(ii) tpr(gB — pA) = 1.

Proof. Let A and B contain the same atomic formulas p1, pa, ..., pm. T | pA, then for any a € A, (T, pA), we
have pA(a) = 1.

(i): Let Sr U Sasp = Sr U Sang = Sr U Sp. Then A,(I',pA — gB) = {a € HXI,~ | VR € T, R(a) = 1} =
AT, pA A gB) = Ay(T, gB). By Lemma 3.7(i), we have that pA — gB(a) = (pA — gB)(a) = pA(a) — qB(a) =
1 - 7B(a) = 7B(a) and pA A gB(a) = (pAAGB)(@) = pA() A7B(@) = 1 A7B(a) = 7B(@). Thus [pA — qB  (1)] =
& € AT, pA — gB)pA = gB(@) = 1| = Ja € A,,(F,qB)|q_B(az)1: 1] = [gB (1) and pAAGB (1) = |a €
Ay(L, pA A gB)IpA A gB(a) = 1| = |a € AT, gB)lgB(a) = 1| = |[gB  (1)|. It follows from Definition 3.2 that

|u([pA — qB1)|
[2Ap(a) : a € Ay(T, pA — qB)}|
|u([gB]h)l
[ YXAp(a) : a € Ay(T, gB)}
Tp,r(gB).

TD,T(PA - qB)

lu([pA A gB)
| Xdp(a) : a € Au(T, pA A qB)}|
lu([gBL)I
| X{p(a) : a € Au(T, qB)}|
= 1pr(gB).

Tp,r(PA A gB)

Thus tpr(pA — gB) = tpr(pA A gB) = tpr(gB).
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(ii): For any a € A,(I',gB — pA), by Lemma 3.7(ii), we get that gB — pA(a) = (q_B - ;ﬁ)(a) > ﬂ(a) =1
Thus Ya € A,(I',gB — pA), we have gB — pA(a) = 1. It follows from Definition 3.2 that tpr(gB — pA) =
|u([gB — pAT)
| Lip(@) - a € Au(T, B — pA)|

=1 O

Example 3.9. Let I' = (p1 — Apz) =~ p1, A=(~p1 VAp2) = p2, B=(~p1 =~ p2) = p1, C = (Ap1 =~
p2) =~ p1, E1 = (AMA AN AB) =~ C, and Dy = {0.1,0.2}, D% ={0.2,0.1}, D% =1{0.3,0.4} and D; = {0.4,0.3} be a
4-valued randomized number sequence in (0,1). Calculate tpr(E1).

Answer. Ax,y) :{0,1,2,1 - [0,1], A(x,y) = (~x VAy) > .
Bx,y):10,,2,12 > 0,1, Blx,y) = (~ x 5~ y) > .
Clr,y) 10,3, 3,1 = [0,1], C(x, y) = (Ax =~ y) =~ x.
In order to facilitate calculation and understanding, the following chart is made.
x y Alx,y) B(x, ) Clx,y) E: AT, Er)

= R @RINRINRINRINRIRRIRRIRFRIR,F O O O O
R RINRIE O R RINRIE O RINRIE O R wiwi— O
_ ol R PR O R PNIE O e o
= e R QINRINWIN R RINRIRo— — O O o
—_ O O OWRREWIFEWIRERRINPINGIN = R =
OH;-\,_\wINb—\Hb—*wh—-P—\’_‘P—‘OHD—‘y_\
e G SN e N L W = S S U SN

—1

Thus A (T, E1) == {(0,0),(0,3),(0,3),(0,1),(3,0),(3,3). (3,3, (3,0),(3,3), (3,5, (1,0), (L 3), (L)L Bt (1) =
x,y € AT EDIE(x, 1) = 1) = (0,0, 0, 3), 0,2, (1,0, (1, 1), 12), 3,0), 3, 1), 3, 2),(1,0,1, 1), 1, ).
Thus | Y. {¢(a) : @ € Ay, E1)] =10.1%(0.2+0.1+0.4+0.3)+0.2x(0.2+0.1+0.4)+0.3%(0.2+0.1+0.4) + 0.4 X (0.2 +
0.1+0.4)| = 0.73. |u([E]1)| = 10.1x(0.240.1+0.4)+0. 2><(0 2+0.1+0.4)+0.3x(0.2+0.14+0.4)+0.4x(0.2+0.1+0.4)| =
0.7. It follows from Definition 3.2 that tpr(E1) = 0 73 ;g

In [9], the definition of t]_l(l) {a e T} tA(@) = 1} is given. We find that it is different from the one
given in this paper. In order to emphasize the difference between the two, we give the following example
specifically.

Example 3.10. Let T = (p1 V Aps) =~ p1, A= (~p1 VAp2) = p2, B=(~p1 =~ p2) = p1, C = (Ap1 =~
p2) =~ p1, E2 = (AAV AB) —»~ C, and Dy = {0.2,0.1}, D% ={0.1,0.2}, Dg =1{0.4,0.3} and D1 = {0.3,0.4} be a
4-valued randomized number sequence in (0,1). Calculate tpr(Ey).
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Answer. A( X Y): % /5 12 > [0,1], Z(x Y =(~xVAy) - y.

B(x,y):{0,3,5, 1 = [0,1], B(x, ) = (~ x 5>~ y) - x.

Cl, ) :10,3,3, 11 = [0,1], Cx, ) = (Ax >~ y) >~ x.

In order to facilitate calculation and understanding, the following chart is made.
x y Ax, ) B(x, ) Clx ) Er An(T, E2)
0 0 0 0 1 1 1
0 : : 0 1 1 1
0 z z 0 1 1 1
0 1 1 1 1 0 1
L ! : ! !
L : : : } 1
D 1 ; } :
L , : % ; !
3 0 0 3 3 1 2
2 1 1 2 1 2 1
3 3 3 3 3 2
2 2 1 2 1 2 1
L : ; : :
3 1 1 1 3 3 3
1 0 1 1 0 1 0
1 3 1 1 0 1 0
1 z 1 1 0 1 0
1 1 1 1 1 0 0

— 1 —
Thus An(]-—‘/ EZ) - {(0 O) (O/ 3) (O/ 3) (O 1) (3/0) (3/ 3) (%/ %)} E2 (]-) = {x/y € Al’l(r/ EZ)IEZ(X, ]/) = 1} =
{(OIO)/(O/ %)I(O ) (3’0)/(313 }
Thus | Y{p(a) : a € Ay, E2)l = (0.2 % (0.1 +0.2+0.3+0.4) +0.1x(0.1+0.2+0.3)] = 0.26. |y([E]2)| =
[0.2x (0.1 +0.2+0.3) + 0.1 X (0.1 + 0.2)| = 0.15. It follows from Definition 3.2 that tpr(Ez) = 8;2 6
Lemma 3.11. Leta,b € Iz .. Then qb V pa = qb + pa — (qgb A pa).
Proof. Let Ay = gbV pa—gb —pa + (qb A pa).

Casel: gb <pa. Then Ay =pa—qgb—pa+gb=0,ie., gbVpa=qb+pa—(qbApa).

Case 2: gb > pa. Then Ay =gb —gb—pa+pa,ie. gbV pa=gb+pa—(gb A pa).

SotosumupgbVpa=qb+pa—(qgbApa). O
Theorem 3.12. LetI' C F(S), A, B € F(S), Sr be finite, and DO,D L Dn 2 ,D1(n > 2) be an n-valued randomized
number sequence in (0,1). Then tpr(gB Vv pA) = 1pr(gB) + p r(pA) —1Tp r(qB A pA).
PVOOf. Let S, US4 = St USg = St USavg = St USapng = {pl,pz,...,pm}. Then An(I’,pA \Y qB) = {a €
I} _|VR € T,R(a) = 1} = Ay(T,pAAgB) = Ay(T, pA) = A,(T,qB) =. By Lemma 3.11, we get that gB V pA(a) =
7B(a)+pA(2)—7B A pA(a). Thus [pAV gB ()] = |a € Ay(T, pAVGB)PA v gB(a) = 1| = |a € Au(T, pA)pA(a) =

— - — 1 —1 R
1 +la € Ay(T, gB)lgB(@) = 1| = | € Au(T', pA A gB)IpA A gB(a) = 1| = [pA (DI +1gB ()] = [pAAgB (1] It
follows from Definition 3.2 that
|u([pA A gBlh)|
[Yfp(a) : a € Ap(T, pA VvV gB)}|
lu(pALn)| |lu(lgBl)| B |u(lpA A gBIL)|

| Lip(@) s € An(L, pAN - [ Llp(@) s € Au(L,gB)l | Lip(a) : a € Au(T, pA A qB)}]
TD,r(pA) + TD,F(qB) - TD,r(pA A qB)

TD,F(PA \Y QB)
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O

Remark 3.13. Because p, q take A and ~, the conclusion of Theorem 3.12 has specifically the following four forms:
(i) tpr(AB V AA) = tpr(AB) + 1pr(AA) — tpr(AB A AA).
(ii)) Tp,r(ABV ~ A) = 1pr(AB) + tpr(~ A) — tpr(ABA ~ A).
(iii) tpr(~ BV AA) = tpr(~ B) + 1pr(AA) — tpr(~ B A AA).
(iv) tpr(~ BV ~ A) = tpr(~ B) + tpr(~ A) — tpr(~ BA ~ A).

Now, let us consider whether the I' — t absolute randomized truth degree MP rule holds. To do this, the
following lemma is required.

Lemma 3.14. Let a,b € I1a .. Then qb > pa + (pa — qb) —

Proof. Let A, = gb —pa — (pa — qb) — 1.
Case 1: pa < gb. Then A, = gb—pa > 0,i.e,qb > pa+ (pa — qb) -
a(qb—pa b—pa b—pa)(pa—1
Case 2: pa > gb.Then A, = gb — pa——+1_p(qplz’7)—qmp =4 ”p)a(p )
Sotosumup gb > pa+ (pa — gb)—-1. O

>0,ie.,qb>pa+(pa— qb)—

Next, we give the inference rules of I' — t absolute randomized truth degree.

Theorem 3.15. (I — t absolute randomized truth degree MP rule) Let I C F(S), A,B € F(S), Sr be finite, and
DO,D L. Dn 2 ,D1 (n = 2) be an n-valued randomized number sequence in (0,1). If tpr(pA) = a and

(95 r(pA - qB) > ﬁ then tpr(gB) > a+p - 1.

Proof. Let Sr US4 = St U Sg = St U Samp = {p1,p2, ..., Pm). Then A (I, pA) = {a € HZN | VR € F,E(oc) =
1} = Ay(T,gB) = Ay(I',pA — ¢B). By Lemma 3.14, we get that q_B(a) > ﬂ(a) + lm(“) — 1. Thus
9B ()] = la € AT, qB)IB@) = 1| > la € Ay(L,pAIpAW@ = 1+ la € A(L,pA — gB)IpA > gB() =
1= AT, gB) =IpA Q)|+ |pA — gB (1)| = |A.(T, gB)l. It follows from Definition 3.2 that

lu([gB]1)|
[2ip(a) : a € Ay(T, gB)|

lu([pAl)I |u([pA — qBl)| 1 Xdp(@) - a € Ay, gB)|
[ Xip(a) :a € Ay, pA) - [ Xdp(a) : a € Ay(T, pA — gB)l [ L{p(a) : a € Ay(T, qB)|
tpr(pA) + tpr(pA — gB) —
Thus tipr(gB) 2a+p-1. O

tpr(gB) =

In particular, when 7pr(pA) = 1 and tpr(pA — gB) = 1, Theorem 3.15 has the following conclusion.

Corollary 3.16. Let I' C F(S), A,B € F(S), ST be finite, and DO,D L. Dn 2 ,Di(n > 2) be an n-valued
randomized number sequence in (0,1). If tpr(pA) = 1 and tpr(pA — qB) = 1 then ’CD r(gB) = 1.

Lemma 3.17. Let a,b,c € I . Then (pa — rc) = (pa — qb) + (qgb — rc) —

Proof. Let A3 = (pa — rc) — (pa — gb) — (gb — rc) + 1.
(1) Caes 1: pa < rc.

(1.1)Case1.1: rc < gb. Then A3 =1-1— ;—Z +1>0,

ie., (pa—rc) = (pa — qb) + (gb — rc) - 1.

(1.2) Case 1.2: rc > gb.
(1.2.1) Case 1.2.1: pa < gb. Then A3 =1 — 1 -1+1=0,
ie., (pa — rc) = (pa — gb) + (gb — rc) —
(1.2.2) Case 1.2.2: pa > qb. Then/\3—1———1+1>0
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ie., (pa — rc) = (pa — gb) + (gb — rc) —
(2) Case 2: pa > rc.
(2.1) Case 2.1: gb > pa. Then/\g—p—a— —q—+1>0
ie., (pa = rc) = (pa — gb) + (qgb — rc) - 1.
(2.2) Case 2.2: gb < pa.
(2.2.1) Case 2.2.1: gb > rc. Then A3 ;—C—@—EH Lo k4120,
ie., (pa — rc) = (pa — gb) + (gb — rc) —
(222) Case22.2: gb <rc. Then Ay = £ - £ —1+1= "2 reb 5 p,
ie., (pa — rc) > (pa — qb) + (gb — rc) — 1.
So tosumup (pa — rc) = (pa = qb) + (gb = rc)—1. O

Theorem 3.18. (I" — t absolute randomized truth degree HS rule) Let I C F(S), A,B,C € F(S), Sr be finite, and
DO,D L, ., D %,Dl (n = 2) be an n-valued randomized number sequence in (0,1). If tpr(pA — qB) > a and

TDr(qB - rC) >ﬁ then tpr(pA - 1rC) > a+p - 1.

Proof. Let St U Sap = St U Spc = St U Sasc = {p1,p2,-- -, pm}. Then Ay (I, pA — gB) = {a € HZI,N | VR €
T,R(a) = 1} = A,(T,gB — rC) = Ay(T,pA — rC). By Lemma 3.17, we get that pA — rC(a) > pA — qB(a) +
gB = rC(a) — 1. Thus |pA — rC_l(l)I = la € AyT,pA = rOPpA—-1Cla) = 1] 2 |la € A(,pA —
4B)pA — gB(a) = 1}+]a € Ay(T, B — rO)gB — 1C(a) = 1|~|Au(T, pA — rC)| = [pA = gB  ()|+[7B = rC_ (1)
AT, pA — rC)|. It follows from Definition 3.2 that

lu([pA — rCh)
[YAp(a) : a € Ay(T, pA — 1rC)|

|u([pA — qB]1)| N |lu(lgB — rClu)
[T (p(@) : @ € AT, pA — qB)  [X(g(@): a € AT, B — rO)]
[ YAp(a) : a € Ay(T, pA — 1rC)|
[ Y Ap(a) : a € Ay (T, pA — rC)|
= 1pr(pA — gB)+pr(gB — rC) -

TD,r(pA — TC)

v

Thus t1pr(pA - rC) > a+-1. O

Corollary 3.19. Let I' € F(S), A,B,C € F(S), Sr be finite, and DO,D L, Dn 2 ,D1 (n > 2) be an n-valued
randomized number sequence in (0,1). If tpr(pA — gB) =1 and tp r(qB i rC) = 1 then pr(pA — 1C) = 1.

Lemma 3.20. Leta,b,c € Il .. Then pa — (gb A rc) = (pa — qb) A (pa — rc).

Proof. Let Ay = (pa — (qb A rc)) — ((pa = qb) A (pa — rc)).
(1) Case 1: gb < rc.
(1.1)Case 1.1: pa < gb. Then Ay = (pa = gb) —(1 A1) =1-1=0,
i.e,pa— (gb Arc) = (pa — gb) A (pa — rc).
(1.2) Case 1.2: pa > gb.
(1.2.1) Case 1.2.1: pa > rc. Then Ay = (pa — gb) — (— ’C) = qf; ZZ =0,
ie,pa— (gb Arc) = (pa — qb) A (pa — rc).
(1.2.2) Case 1.2.2: pa < rc. Then Ay = (pa — gb) — (q" A1) =
ie,pa— (gb Arc) = (pa — qb) A (pa — rc).
(2) Case 2: gb > rc.
(2.1)Case2.1: rc >pa. Then Ay =(pa - rc) - (1A1)=1-1=0,
i.e, pa— (gb Arc) = (pa — gb) A (pa — rc).
(2.2) Case 2.2: rc < pa.

(2.2.1) Case 2.2.1: gb < pa. Then A4 = (pa — rc) — (Z—Z A r%) = ;% - ;; =0,

__a_o

ﬁ
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ie,pa— (gb Arc) = (pa — qb) A (pa — rc).
(2.2.2) Case 2.2.2: gb > pa. Then Ay = (pa — rc) — (1 A ;—Z) = ;_Z - ;; =0,
ie,pa— (gb Arc) = (pa — qb) A (pa — rc).

So to sum up pa — (gb A rc) = (pa — gb) A (pa — rc). O

Theorem 3.21. Let I' € F(S), A,B,C € F(S), Sr be finite, and DO,D%,...,D%,Dl (n > 2) be an n-valued
randomized number sequence in (0,1). Then tpr(pA — (qBArC)) = tpr(pA — qB)+tpr(pA — rC)—1pr((pA —
gB) Vv (pA — rC)).

Proof. Let A,B and C contain the same atomic formulas p1,ps,...,pm. Then by Lemma 3.20, we have that
pA = (gB A1C) = (pA — gB) A (pA — rC). It follows from Theorem 3.6(iii) that 7pr(pA — (gB A 1C)) =
pr((pA = gB)A(pA — rC)). By Theorem 3.12, we get that 1p r(pA — (gBArC)) = 1pr(pA — gB)+1pr(pA —
rC) - tor((pA = qB) V (pA — 1C). [0

Corollary 3.22. (I'=t absolute randomized truth degree intersection inference rule) LetI' C F(S), A, B, C € F(S), St be
finite, and Dy, D%’ ... ,D%,Dl (n = 2) be an n-valued randomized number sequence in (0, 1). If tpr(pA — qB) = o
and tpr(pA — rC) > B, then tpr(pA — (qBATC)) 2 a+ - 1.

Corollary 3.23. Let I' € F(S), A,B,C € F(S), Sr be finite, and DO,D 1. Dn 2 ,D1 (n > 2) be an n-valued

randomized number sequence in (0,1). If tpr(pA — qB) = land tp r(pA 5 rC) = 1 then Tpr(pA — (gBArQC)) =
1.

Lemma 3.24. Leta,b,c € Il .. Then (pa V qb) — rc = (pa — rc) A (gb — rc).

Proof. Carrying out a proof similar to that of Lemma 3.20, we can get that (pa v gb) — rc = (pa — rc) A(qgb —
rc). O

Theorem 3.25. Let I' C F(S), A,B,C € F(S), Sr be finite, and DO,D Ly Dn 2 ,D1 (n > 2) be an n-valued

randomized number sequence in (0, 1). Then tpr((pAVgB) — rC) = 1p r(pA - I’C)+TD r(gB = rC)—1pr((pA —
rC) Vv (qB — rQ)).

Proof. Let A,B and C contain the same atomic formulas p1,py,...,pn. Then by Lemma 3.24, we get that
(pAVgB) —» rC = (pA — rC) A (gB — rC). It follows from Theorem 3.6(iii) that 7pr((pA V gB) —
rC) = tpr((pA — rC) A (4B — rC)). By Theorem 3.12, we have that tpr((pA VvV gB) — rC) = 1pr(pA —
rC) + 1pr(gB = rC) — tpr((pA = rC) v (4B — rC)). O

Corollary 3.26. (I' — t absolute randomized truth degree union inference rule) Let I' C F(S), A, B,C € F(S), Sr be
finite, and DO,D L Dn 2,D1 (n > 2) be an n-valued randomized number sequencein (0,1). If tpr(pA — 1C) > a

and tpr(gB — rC) > B, then tr((pAVgB) - rC)>a+p -1

Corollary 3.27. Let I' € F(S), A,B,C € F(S), St be finite, and DO,D 1. Dn 2 ,D1(n = 2) be an n-valued
randomized number sequence in (0,1). If tipr(pA — rC) = land tpr(qB . rC) =1, then tpr((pAvgB) = rC) = 1.

For the rest of this section, we will mainly discuss important properties of A conjunction.

Lemma 3.28. Let a,b,c € I1a .. Then
(i) A\a >~b=ANaA ~b—-Aa+1.
(ii)) Aa > Ab = Aa A Ab— Aa + 1.
(iii) A\a > b=AaAb—Aa+1.

Proof. (i): Let As = Aa »>~b—Aan ~b+ Aa - 1.

(1)Casel: Aa<~b. ThenAs =1-Aa+Aa—1=0,i.e., Aa >~b=AaA~b—-Aa+ 1.

(2) Case 2: Aa >~ b. It follows from definition of the A conjunction thata = 1, i.e,, Aa = 1. Thus
As=2—~b+1-1=0,ie,Aa >~b=AaA~b—Aa+1.

Sotosumup Aa »~b=AaA ~b—-Aa+1.

Carrying out a proof similar to that of (i), we can give the proofs of (ii) and (iii). O
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Theorem 3.29. LetI" C F(S), A, B € F(S), St be finite, and Dy, D ey D%,Dl (n > 2) be an n-valued randomized
number sequence in (0,1). Then

(i) tpr(AA -~ B) = tpr(AAA ~ B) — 1pr(AA) + 1.

(ii) tpr(AA — AB) = tpr(AA A AB) — tpr(AA) + 1.

(iii) tpr(AA — B) = tpr(AA A B) — 1pr(AA) + 1.

Proof. (i): Let St U Sasp = Sr U Saag = Sr U Sa = {pi,p2,...,pm). Then A (I,AA —~ B) = {a €
I | YR € T,R(a) = 1} = Ay(T, AAA ~ B) = A,(T, AA). By Lemma 3.28(i), we have that AA >~ B(a) =
AAA ~ B(a) - AA() + 1. Thus [AA 5~ B (1) = & € Au(T, AA —~ B)AA =~ B(a) = 1] = |a € Au(T, AAA ~
B)AAA ~ B(a) = 1| — |o € AT, AA)NAA(@) = 1]+ [A([,AA —~ B)| = [AAA~B (D] + [AA ' (1)] -
A, (T, AA =~ B)|. It follows from Definition 3.2 that

|u([AA —~ Byl
[YAp(a) : a € AT, AA -~ B)|

|u([AAA ~ Bl)l ~ [u([AA]L)]
| Lip(a) : @ € Ay(T,AAA ~ B)| | Eip(a) : a € Ay(T, AA)|
[YAp(a) : @ € A, (T, AA -~ B)|
| Xip(a) : a € Ay(T,AA —~ B)|
= 1pr(AAA ~ B) + tpr(AA) — 1.

TDIF(AA —~ B)

\%

(ii): Carrying out a proof similar to that of (i), we can get that tp r(AA — AB) = 1pr(AAAAB)—1pr(AA)+1.
(iii): Carrying outa proof similar to that of (i), we can prove 1pr(AA — B) = tpr(AAAB)—1pr(AA)+1. O

Theorem 3.30. LetI" C F(S), A, B € F(S), St be finite, and Do,Dﬁ, ...,D
number sequence in (0,1). Then
(i) tpr(AA — (~ BV ~ Q) + 1pr(AA — (~ BA ~ C)) = 1pr(AA =~ B) + 1pr(AA -~ ().
(i) tpr((AA vV AB) = AC) + tpr((AA A AB) = AC) = 1pr(AA — AC) + 1pr(AB — AC).
(iii) tpr((AA V B) — (AA A B)) = 1pr(AA — B) + tpr(B — AA)) — 1.

12, D1 (n = 2) be an n-valued randomized

Proof. Let A, B and C contain the same atomic formulas p1,p2, . . ., Pm-
(i): By Theorem 3.12 and Theorem 3.29(i), we have that
Tpr(AA = (~BV ~C) + 1pr(AA - (~BA~C)) = 1pr(AAA(~BV ~C))—-1pr(AA)+1
+ Tpr(AAA ~BA ~C)—1pr(AA)+1
= 1pr((AAA ~B) V (AAA ~C)) +2
+ 1pr((AAA ~ B) A (AAA ~ Q) — 21pr(AA)
= 1pr(AAA ~ B) + tpr(AAA ~ C) — 21pr(AA) + 2
= 1pr(AA -~ B) + 1pr(AA =~ ().

(ii): By Theorem 3.12 and Theorem 3.29(ii), we get that

Tpr((AA V AB) = AC) + 1pr((AA A AB) — AC) Tpr((AA A AB) V AC) — tpr(AAV AB) + 1
Tpr(AAAABAAC) —1pr(AAAAB) +1
Tpr((AAAAC)V (ABAAC)) —1pr(AAV AB) +1
Tpr((AA A AC) A (AB A AC)) —1pr(AAAAB) +1
Tpr(AA A AC) + tpr(AB A AC)

- 1pr(AA) —tpr(AB) +2

pr(AA — AC) + tpr(AB — AC).

+

+
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(iii): It follows from Theorem 3.12 and Theorem 3.29(iii) that

TD,r((AA \Y B) — (AA A\ B))

tpr((AAV B) A (AAAB))—1pr(AAVB)+1

= 1pr(AAVB)+tpr(AAAB)—tpr((AAV B)V (AAAB))—1pr(AAV B)+1
= 1pr(AAAB)—1pr(AAVB)+1

= 1pr(AAAB) - (tpr(AA) + tpr(B) — tpr(AAAB)) +1

= 1pr(AAAB)—1tpr(AA)+1+tpr(B— AA)-1

= 1pr(AA — B)+1pr(B = AA) - 1.

O

Lemma 3.31. Leta,b,c €Iy ..
(i) (Aa >~ b) >~ b = AaVv ~ b.
(ii) (Aa — Ab) — Ab = Aa Vv Ab.
(iii) (Aa —> b) - b= Aa V b.

Proof. We illustrate this with the case of (i), the other cases being similar.

(i): Let Ay = ((Aa >~ b) >~ b) — (AaV ~ b).

(1) Case1: Aa <~ b. Then A¢ = (1 >~ b)— ~b=0,1i.e., (Aa >~ b) >~b=AaVv ~b.

(2) Case 2: Aa >~ b. It follows from definition of the A conjunction thata = 1, i.e,, Aa = 1. Thus
Ae=(E >~b)-1=(~b—>~b)-1=0,ie,(Aa >~b) >~b=Aav ~b.

Sotosumup (Aa =»~b) »~b=Aav ~b. O

Theorem 3.32. LetI' C F(S), A, B € F(S), St be finite, and DO,D%], <., Du2, Dy (n = 2) be an n-valued randomized

number sequence in (0,1). Then
(i) tpr((AA -~ B) >~ B) = 1pr(AAV ~ B).
(ii) tpr((AA — AB) — AB) = 1pr(AA V AB).
(iii) tpr((AA — B) — B) = 1pr(AA V B).

n=2
n—1

Proof. Let A and B contain the same atomic formulas p1,pa, ..., pm-

(i): By Lemma 3.31(i), we get that (AA —~ B) =~ B = AAV ~ B. It follows from Theorem 3.6(iii) that
o ((AA =~ B) =~ B) = tpr(AAV ~ B).

(ii): By Lemma 3.31(ii), we get that (AA — AB) — AB = AA Vv AB. It follows from Theorem 3.6(iii) that
pr((AA — AB) — AB) = tpr(AA V AB).

(iii): By Lemma 3.31(iii), we get that (AA — B) — B = AA V B. It follows from Theorem 3.6(iii) that
tpr((AA - B) » B) =1pr(AAVB). O

Theorem 3.33. LetI' C F(S), A, B € F(S), St be finite, and Dy, D
number sequence in (0,1). Then

(i) tpr((AA = (~ BV ~QC)) =» (~ BV ~ Q) + tpr((AA — (~ BA ~ C)) = (~ BA ~ C)) = tpr(AAV ~
B) + tpr(AAV ~ C).

(i) Tor(((AA V AB) = AC) — AC) + Tpr(AA A AB) = AC) — AC) = 1pr(AA V AC) + Tpr(AB V AC).
(iii) T r((AA V B) = (AA A B)) > (AA A B)) = Tpr(AA V B)

e, D% ,D1 (n > 2) bean n-valued randomized

1y
n-1

Proof. Let A, B and C contain the same atomic formulas p1, p2, ..., Pm-
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(i): By Theorem 3.12 and Theorem 32(i), we have that
opr((AA - (~Bv~C(C)) > (~Bv~C(C) + 1pr((AA— (~BA~C))— (~BAr~Q)

= 1pr(AAV (~BV ~ Q)+ 1pr(AA V (~ BA ~ C))
= 1pr((AAV ~ B) V (AAV ~ C)) + 1pr((AAV ~ B) A (AAV ~ Q)
= TD/r(AAV ~ B) + TD,I‘(AAV ~ C)
— 1pr((AAV ~ B) A (AAV ~ C)) + 1pr((AAV ~ B) A (AAV ~ C))
= 1pr(AAV ~ B) + tpr(AAV ~ C).

(ii): By Theorem 3.12 and Theorem 3.32(ii), we get that

or((AAV AB) - AC) - AC) + 1pr(((AA A AB) = AC) — AC)

= 1pr((AAV AB) V AC) + 1pr((AA A AB) V AC)

(AAV AC) V (ABV AC)) + Tpr((AA V AB) A (AB v AC))
AAV AC) + tpr(AB V AC)

(AAV AC) A(ABV AC)) + tpr((AA vV AC) A (AB V AC))
AAV AC) + tpr(AB V AC).

= 1pr
= 1pr

— 1Tpr

P -

pr
(iii): By Theorem 3.32(iii), we have that
tpr(((AAV B) = (AA A B)) = (AA A B))

Tor((AAV B) V (AA A B))
Tpr(AA V B).

O

4. T — t absolute randomized similarity degree and I' — ¢ absolute randomized pseudo-distance of
propositional formulas

In this section, based on the concept and properties of I' — t absolute randomized truth degree in
Goguen, ., we introduce the I' — t absolute randomized similarity degree and the I' - t absolute randomized
pseudo-distance of formulae, study some properties of the I' — t absolute randomized similarity degree,
establish the I' — f absolute randomized logic metric space, and give a simple proof of the continuity of logic
operations in the I' — t absolute randomized logic metric space.

Definition 4.1. LetI" C F(S), A, B € F(S), Sr befinite, and DO,D%, e, D%,Dl (n > 2) be an n-valued randomized
number sequence in (0,1). Define

Epr(pA,gB) = tpr((pA — qB) A (B — pA)).
Then Epr(pA,qB) is called the I — t absolute randomized similarity degree of propositional formulas A and B.

Lemma 4.2. Leta,b € Il . Then
(i) ((pa — qb) — qb) A (qb — (pa — gb)) = pa V qb.
(ii) (pa — qb) — (pa A gb)) A ((pa A qb) — (pa — gb)) = pa.
Proof. (i): Let Ay = (((pa — gb) — qb) A (gb — (pa — qb))) — (pa V gb).
(1)casel: pa <gb. ThenA; = (1 = gb)A(gb = 1) —gb=qb—gqb =0,
ie., ((pa — gb) = qb) A (gb — (pa — gb)) = pa V qb.
(2) case 2: pa > gb. Then A; = (Z—Z —qb) A (gb — %) —-pa=@panl)—pa=0,
ie., ((pa — qb) = qb) A (qgb — (pa — gqb)) =pa V qb.
So to sum up ((pa — gb) — gb) A (qb — (pa — qb)) = pa Vv gb.
(ii): Let Ag = (((pa — gb) — (pa A gb)) A ((pa A qb) — (pa — qb))) — pa.
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(1)case1: pa < gb. Then Ag = (1 » pa) A(pa > 1) —pa=pa—pa=0,

ie., ((pa — qb) — (pa A qb)) A ((pa A gb) — (pa — qb)) = pa.

(2) case 2: pa > gb. Then Ag = (Z—i —pa)A(@gh — Z—i) —pa=({paAnl)—pa=0,

i.e., ((pa — qb) — (pa A b)) A ((pa A qb) — (pa — qb)) = pa.

So to sum up ((pa — gb) — (pa A gb)) A ((pa A qgb) — (pa — gb)) = pa. O

Next, we discuss the most basic properties of I' — t absolute randomized similarity degree.

Theorem 4.3. Let ' C F(S), A, B € F(S), Sr be finite, and D, Dnlj, e, D%, Dy (n > 2) be an n-valued randomized
number sequence in (0,1). Then

(i) If A = B, then épr(tA, tB) = 1.

(ii) Epr(pA,qB) = Epr(gB, pA).

(iii) Epr(pA V qB,pA) = tpr(qB — pA).

(iv) Epr(pA A qB,pA) = tpr(pA — gB).

(v) Epr(pA — gB,gB) = tpr(pA Vv gB).

(vi) Epr(pA — qB, pA A gB) = tpr(pA).

Proof. Let A and B contain the same atomic formulas p1, pa, .. ., Pm-

(i): As A = B, we have tA =~ tB. Thus E (tA — {B) A (B — tA). It follows from Definition 3.2 and
Definition 4.1 that {pr(tA, tB) = tpr((tA — tB) A (1B — tA)) = 1.

(ii): For any a,b € I, ., we have (pa — gb) A (gb — pa) = (gb — pa) A (pa — qb). Thus (pA — gB) A (@B —
pA) = (qB — pA) A (pA — qB). Then by Theorem 3.6(iii), we get that tpr((pA — gB) A (4B — pA)) =
pr((pA = gB) A (B — pA)). It follows from Definition 4.1 that £p r(pA, gB) = Ep(gB, pA).

(iii): By Lemma 3.24, we have that (pA V gB) — pA =~ (pA — pA) A (4B — pA) = gB — pA. It follows
from Lemma 3.20 that pA — (pA Vv qB) = (pA — pA) vV (pA — qB) = pA — pA. Then by Definition 4.1, we
get that

Epr(pA VY qB,pA)

or(((pPA V gB) = pA) A (pA — (pAV gB)))

= 1pr(((pA — pA) A (gB — pA)) A ((pA — pA) V (pPA — qB)))
= 1pr((gB — pA) A (pA — pA))

= 1pr(gB — pA).

(iv): By Lemma 3.24, we have that (pA A gB) = pA = (pA — pA) vV (4B — pA) = pA — pA. It follows
from Lemma 3.20 that pA — (pA A qB) = (pA — pA) A (pA — qB) = pA — qB. Then by Definition 4.1, we
have that

Epr(pA A qB,pA)

o,r((pA A gB) — pA) A (pA — (pA A qB)))
= tr((pA = pA) V (4B — pA)) A (pA — pA) A (pA — qB)))
= 1r((pA = pA) A (pA — qB))
= TD,r(pA — qB)

(v): It follows from Lemma 4.2(i) that (pA — gB) — gB) A (4B — (pA — gB)) = pA Vv qB. By Theorem
3.6(iii), we get that 7pr(((pA — gB) — qB) A (4B — (pA — ¢B))) = 1pr(pA V gB). It follows from Definition
4.1 that Epr(pA — gB,qB) = tpr(pA V gB).

(vi): By Lemma 4.2(ii), we have that (pA — gqB) — (pA A qB)) A (pA A gB) — (pA — qB)) = pA. 1t
follows from Theorem 3.6(iii) that 7p r(((pA — gB) — (pA A gB)) A ((pA A gB) — (pA — qB))) = tpr(pA). By
Definition 4.1, we get that Epr(pA — gB,pA A qB) = tpr(pA). O
Corollary 4.4. LetTI' C F(S), A, B € F(S), Sr be finite, and D, D%’ ceey D%, Dy (n > 2) be an n-valued randomized
number sequence in (0,1). Then

(i) Epr(pA A gB,qB) = Epr(pA vV qB,pA) = tpr(qB — pA).

(it) Epr(pA V qB,qB) = Epr(pA A qB,pA) = tpr(pA — gB).
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Theorem 4.5. Let T’ C F(S), A, B € F(S), Sr be finite, and Dy, Dnlj, ey, D%, D1 (n > 2) be an n-valued randomized
number sequence in (0,1). If ' = pA, then

(i) Epr(pA,gB) = tpr(qB).

(ii) Epr(pA V gB,pA) = 1.

(iii) Epr(pA A qB,pA) = tpr(gB).

Proof. Let A and B contain the same atomic formulas p1,p2, ..., pm.

(i): By Definition 4.1, we get that Epr(pA, gB) = tpr((pA — gB) A (gB — pA)). It follows from Theorem
3.12 that Epr(pA, qB) = tpr(pA — gB) + tpr(gB — pA) — tpr((pA — gB) V (gB — pA)). Thus Epr(pA, qB) =
Tpr(pA — qB)+1pr(gB — pA)-1. Sincel | pA, by Theorem 3.8, we have that Epr(pA, gB) = tpr(gB)+1-1 =
Tp,r(4B).

(ii): By Theorem 4.3(iii), we get that Spr(pA V qB,pA) = 1pr(gB — pA). Since T | pA, it follows from
Theorem 3.8(ii) that Epr(pA V gB, pA) = 1.

(iii): By Theorem 4.3(iv), we have that Epr(pA A gB, pA) = tpr(pA — gB). Since I | pA, it follows from
Theorem 3.8(i) that Epr(pA A gB,pA) = tpr(gB). O

Assume that I' = ¢B, then the corollary is as follows.

Corollary 4.6. LetT" C F(S), A, B € F(S), St be finite, and Dy, D
number sequence in (0,1). If T’ |= gB, then

(i) Epr(pA, qB) = o r(pA).

(ii) Epr(pA Vv qB, pA) = tpr(pA).

(iii) Epr(pA A gB,pA) = 1.

e, D%, Dy (n = 2) be an n-valued randomized

1y
n-1

Lemma 4.7. Leta,b,c € Il ~. Then (pa — gb) — ((paV rc) = (gb Vv rc)) = 1.

Proof. Let Ag = (pa — qb) = ((pa VvV rc) = (gb vV rc)) — 1.
(1) Case 1: pa < gb.
(1.1)Casel.1: gb<rc. ThenAg=1—> (rc > rc)-1=1-1=0,
ie., (pa = gb) = ((paVvrc) = (gbVvre)) =1
(1.2) Case 1.2: gb > rc.
(1.21)Casel21:pa<rc. ThenAdg=1—- (rc = qgb)-1=1-1=0,
ie., (pa — gb) = ((paVrc) = (gb Vv rc)) = 1.
(1.22)Case1.2.2: pa>rc. ThenAdg =1 - (pa - gb)-1=1-1=0,
ie., (pa — gb) = ((paVrc) = (gbVrc)) = 1.
(2) Case 2: pa > gb.
(2.1) Case 2.1: gb > rc. Then Ag = Z—Z — (pa—gb)-1= (Z—[; - Z—Z) -1=0,
ie., (pa — gb) = ((paVrc) - (gbVrc) =1.
(2.2) Case 2.2: gb < rc.
(2.2.1) Case 2.2.1: pa < rc. Then Ag = Z—Z —(rc—>rc)—1= (Z—Z —-1)-1=0,
ie., (pa = gb) = ((paVrc) = (gbVvre) =1
(2.2.2) Case 2.2.2: pa > rc. Then Ag = Z—Z - (pa—-ro)—-1= (}% - ;—;) -1=0,
ie., (pa = gb) = ((paVrc) = (gbVvre) =1
So to sum up (pa — gb) = ((paVrc) = (gbVvre) =1. O

Lemma 4.8. Leta,b,c € I1p .. Then (pa — gb) — ((pa Arc) = (gb Arc)) = 1.

Proof. Carrying out a proof similar to that of Lemma 4.7, we can show that (pa — gb) — ((pa A rc) —
(gbAre)=1. O



B. Wang, X. Xu /Filomat 39:31 (2025), 11203-11226 11219

Theorem 4.9. Let T € F(S), A,B,C € FE(S), Sr be finite, and Dy, D%’ ey, D%,Dl (n > 2) be an n-valued
randomized number sequence in (0,1). Then

(i) Epr(pA Vv rC,qB Vv rC) = Epr(pA, qB).

(it) Epr(pA A rC,qB A 1C) > Epr(pA, gB).

(iit) Epr(pA — 1C,qB — 1C) = Epr(pA, qB).

Proof. Let A, B and C contain the same atomic formulas p1,p2, . . ., Pm-

(i): By Lemma 4.7, we get that = (pA — gB) — ((pAV rC) — (gB Vv rC)) and (4B — pA) — ((gBV rC) —
(pA Vv rC)). Thus E ((pA — gB) A (gB — pA)) = (pAV rC) = @BV rC)) A((gB vV rC) = (pAV r(C))). Then by
Theorem 3.6(iv), we have that tpr((pA — gB) A (4B — pA)) < 1pr((pA VvV rC) = (@B Vv rC)) A((gB Vv rC) —
(pA v rC))). It follows from Definition 4.1 that

Epr(pAVrC,gB Vv rC) Tpr((pA vV rC) — (@B Vv rC)) A ((gB Vv rC) — (pA Vv rC)))
Tpr((pA — gB) A (gB — pA))
Epr(pA, qB).

Carrying out a proof similar to that of (i), we can get (ii) and (iii). O

v

The following corollary gives another form of Theorem 4.9.

Corollary 4.10. Let I' € F(S), A,B,C € F(S), Sr be finite, and Do,Dﬁ,...,D%,Dl (n = 2) be an n-valued
randomized number sequence in (0, 1). Then

(i) Epr(pA vV gB,pA v 1C) > Epr(gB, rC).

(ii) Epr(pA A gB,pA A rC) > Epr(gB, rC).

(iii) Epr(pA — qB,pA — rC) 2 Epr(gB, rC).

Theorem 4.11. LetI' C F(S), A, B € F(S), Sr be finite, and DO,D L Dn =2 ,D1(n > 2) be an n-valued mndomzzed
number sequence in (0,1). Then Epr(pA,gB) = tpr(pA — qB) + TD p(qB —> pA)—12>1tpr(pA) + tpr(gB) -

Proof. Let A and B contain the same atomic formulas py,pa,...,pm. Then by Definition 4.1 and Theorem
3.12, we have that

Epr(pA,qB) Tp,r((pA — gB) A (gB — pA))
= 1pr(pA — gB) + tpr(gB — pA) — tpr((pA — gB) vV (4B — pA))

pr(pA — gB) + 1pr(gB — pA) —

Since F pA — (gB — pA) and F gB — (pA — gB), it follows from Theorem 3.6(iv) that 7pr(pA)
tpr(gB — pA) and 1pr(qB) < tpr(pA — qB). Thus Epr(pA,qB) = Tpr(pA — gB) + tpr(gB — pA) — 1
Tpr(pA) + tpr(@B)—-1. O

Theorem 4.12. Let I' € F(S), A,B,C € F(S), Sr be finite, and DO,D%,...,D%,Dl (n > 2) be an n-valued
randomized number sequence in (0,1). Then Epr(pA, rC) = Epr(pA,qB) + Epr(gB, rC) —

IV IA

Proof. Let A,B and C contain the same atomic formulas p1,py, ..., pn. Then by Theorem 4.11, we get that
Epr(pA,qB)+épr(gB,rC)—1 = [tpr(pA — qB)+1pr(gB — pA)—1]+[tpr(gB — rC)+1pr(rC — gqB)-1]-1 =
[tpr(pA — qB)+tpr(gB — rC) = 1]+ [tpr(rC — gB) + tpr(gB — pA) — 1] - 1. It follows from Theorem 3.18
that Epr(pA,qB) + épr(gB,rC) =1 < tpr(pA — rC) + 1pr(rC — pA) —1 = Epr(pA,rC). O

Theorem 4.13. Let I' € F(S), A,B,C € F(S), Sr be finite, and Do,Dﬁ,...,D%,Dl (n > 2) be an n-valued
randomized number sequence in (0,1). Then

(i) Epr(pA — rC,gB — zD) 2 Epr(pA, qB) + Epr(rC,zD) — 1.

(it) Epr(pA Vv rC,qB V zD) > Epr(pA, gB) + Epr(rC,zD) — 1.

(iii) Epr(pA A rC,qB A zD) > Epr(pA, gB) + Epr(rC, zD) —



B. Wang, X. Xu /Filomat 39:31 (2025), 11203-11226 11220

Proof. Let A, B,C and D contain the same atomic formulas p1,pa, ..., Pm-

(i) By Theorem 4.12, we get that {pr(pA — rC,qB — zD) > Epr(pA — rC,gB — rC) + Epr(gB —
rC,gB — zD) — 1. It follows from Theorem 4.9(iii) that Epr(pA — rC,qB — rC) > épr(pA,gB). By
Corollary 4.10(iii), we have that pr(gB — rC,gB — zD) > Epr(rC,zD). Thus Epr(pA — rC,gB — zD) >
Epr(pA,gqB) + Epr(rC,zD) — 1.

Carrying out a proof similar to that of (i), we can have (ii) and (iii). [

Definition 4.14. Let T € F(S), A,B € F(S), Sr be finite, and DO,D%,...,D%,D1 (n > 2) be an n-valued
randomized number sequence in (0, 1). Stipulate that ppr : F(S) X F(S) 5 [0,1]. Dneﬁne

ppr(pA,gB) =1 - Epr(pA, gB).

Then pp,r is called the I — t absolute randomized pseudo-distance on F(S), and (F(S), pp,r) is called the I — t absolute
randomized logic metric space.

Remark 4.15. Let A, B and C contain the same atomic formulas p1,pa, ..., pm. Then

(i) By Definition 4.14 and Theorem 4.3(i), we have that ppr(pA, pA) =1 - Epr(pA,pA) = 0.

(ii) It follows from Definition 4.14 and Theorem 4.3(ii) that ppr(pA, 9B) = pp,r(9B, pA).

(iii) By Definition 4.14 and Theorem 4.12, we get that ppr(pA,+rC) = 1 - Epr(pA,rC) < 1 - [Epr(pA,qB) +
Epr(gB,rC) = 1] =1-¢Epr(pA,gB) +1 - Epr(gB, rC) = ppr(pA, qB) + pp,r(gB, rC).

Thus ppr(pA,qB) is called the I — t absolute randomized pseudo-distance of propositional formulas A and B, i.e.,
I' —t absolute randomized truth degree can form three properties satisfying I — t absolute randomized pseudo-distance.
Then it can form I — t absolute randomized logic metric space. So Definition 4.14 is reasonable.

Theorem 4.16. LetI" C F(S), A, B € F(S), Sr be finite, and Do,Dﬁ, e, D%,Dl (n > 2) be an n-valued randomized
number sequence in (0,1). Then

(i) ppr(pA Vv qB,pA) =1 —1pr(gB — pA).

(ii) ppr(pA A qB,pA) =1 - 1pr(pA — gB).

(iii) ppr(pA — gB,qB) =1 — tpr(pA V gB).

(iv) ppr(pA — qB,pA A qB) =1 —1pr(pA).
Proof. 1t is easy to prove Theorem 4.16 by Definition 4.14 and Theorem 4.3(iii) (iv) (v) (vi). O

Theorem 4.17. LetI’ C F(S), A, B € F(S), St be finite, and Dy, Dﬁ ,...,D 12, D1 (n = 2) be an n-valued randomized
number sequence in (0,1). If I' = pA, then

(i) ppr(pA,qB) =1 - 1pr(qB).

(ii) ppr(pA Vv qB,pA) = 0.

(iii) ppr(pA A qB,pA) =1 — tpr(gB).
Proof. Theorem 4.17 can be easily proved by Definition 4.14 and Theorem 4.5. [

Corollary 4.18. Let I' € F(S), A,B € F(S), Sr be finite, and Do,D 1 ,...,Duw2,D1 (n > 2) be an n-valued
randomized number sequence in (0,1). If T |= B, then "~ -

(i) ppr(pA,gB) =1 — tpr(pA).

(ii) ppr(pA vV gB,pA) = 1 - 1pr(pA).

(iii) pp,r(pA A qB,pA) = 0.
Theorem 4.19. Let I' C F(S), A,B,C € F(S), Sr be finite, and Dy,D 1 ,...,Duw2,D1 (n
randomized number sequence in (0,1). Then " "~

(i) pp,r(pA,4B) = pp,Gamma(pA V 1C,qB V 1C).

(ii) pp,r(pA, qgB) = ppr(pA ArC,qB A rC).

(iii) ppr(pA, qB) = ppr(pA — rC,qB — rC).

\%

2) be an n-valued
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Proof. 1t is easy to prove Theorem 4.19 by Definition 4.14 and Theorem 4.9. [

Corollary 4.20. Let I € F(S), A,B,C € F(S), Sr be finite, and Do,Dﬁ,...,D%,Dl (n = 2) be an n-valued
randomized number sequence in (0, 1). Then

(i) ppr(qB,rC) = ppr(pA Vv gB,pA v rC).

(ii) pp,r(qB, rC) = pp,r(pA A gB,pA A rC).

(iii) ppr(gB,rC) > ppr(pA — gB,pA — 1C).

Theorem 4.21. LetI’ C F(S), A, B, € F(S), St befinite, and D, D%l S, D%, Dy (n = 2) bean n-valued randomized
number sequence in (0,1). Then ppr(pA,qB) =2 — tpr(pA — gB) — tpr(gB — pA) <2 — tpr(pA) — tpr(gB).

Proof. Theorem 4.21 can be easily proved by Definition 4.14 and Theorem 4.11. [

Corollary 4.22. Ifthe I’ —t absolute randomized truth degree of each formula is 1, then the I' — t absolute randomized
pseudo-distance between them is 0.

Theorem 4.23. Let I' € F(S), A,B,C,D € F(S), Sr be finite, and Do,Dn%l,...,D%,Dl (n > 2) be an n-valued
randomized number sequence in (0,1). Then

(i) ppr(pA — rC,qB — zD) > ppr(pA,qB) + ppr(rC,zD).

(ii) ppr(pA V 1C,qB V zD) > ppr(pA, qB) + ppr(rC,zD).

(iii) ppr(pA A rC,qB A zD) = ppr(pA, qB) + ppr(rC, zD).

Proof. It is easy to prove Theorem 4.23 by Definition 4.14 and Theorem 4.13. [

In logic metric spaces, it is a very meaning topic to discuss the continuity of related operators. The
following theorem shows the continuity of such operators.

Theorem 4.24. Let (F(S), ppr) be the I — t absolute randomized logic metric space, and ppr be the I — t absolute
randomized pseudo-distance on F(S). Then

(i) The binary operator — is continuous with respect to the I — t absolute randomized pseudo-distance ppr in the
I' — t absolute randomized logic metric space (F(S), pp,r).

(ii) The binary operator V is continuous with respect to the I' — t absolute randomized pseudo-distance ppr in the
I' — t absolute randomized logic metric space (F(S), pp,r).

(iii) The binary operator A is continuous with respect to the I — t absolute randomized pseudo-distance ppr in the
I' — t absolute randomized logic metric space (F(S), pp,r).

(iv) The unitary operator A is not continuous with respect to the I' — t absolute randomized pseudo-distance ppr
in the I' — t absolute randomized logic metric space (F(S), pp,r).

(v) The unitary operator ~ is not continuous with respect to the I' — t absolute randomized pseudo-distance ppr
in the I' — t absolute randomized logic metric space (F(S), pp,r).

Proof. We illustrate this with the case of (i), (iv) and (v), the other cases being similar. Let A, B,C,D, A, and
B, contain the same atomic formulas p1,py, ..., Pm-

(i): By Theorem 4.23(i), we get that ppr(pA — rC,qB — zD) < ppr(pA, qB) + ppr(rC, zD). If
’}gl‘r}o pp,r(mA,, pA) = 0 and ’}g?o pp,r(IBy, gB) = 0, then g{}o ppr(mA, — IB,,pA — gB) < ’}g{}o ppr(mAy, pA) +
lim pp r(By, qB) = 0.

Therefore, the binary operator — is continuous with respect to the I' — t absolute randomized pseudo-
distance ppr in the I — t absolute randomized logic metric space (F(S), ppr).

(iv): For any a,b € Ilp~, when pa # 1, we have pa — gb < Apa — Agb, when gb # 1, we have
gb — pa < Agb — Apa.

So when pa # 1 and gb # 1, we have | (pA — qB) = (ApA — AqB) and = (4B — pA) — (AgB — ApA).
Then by Theorem 3.6(iv), we get that tpr(pA — gB) < 1pr(ApA — AgB) and tpr(gB — pA) < 1pr(AgB —
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ApA). It follows from Theorem 4.21 that ppr(ApA, AqB) = 2 — 1pr(ApA — AgB) — 1pr(AgB — ApA) <
2 —tpr(pA — qB) —1pr(@gB — pA) = ppr(pA,gB). If ’}g{}o ppr(mA,, pA) = 0, then &g{}o ppr(AmA,, ApA) <
r}g{}o ppr(mA,, pA) = 0.

Thus the unitary operator A is continuous with respect to the I' - absolute randomized pseudo-distance
pp,r in the I' — t absolute randomized logic metric space (F(S), pp,r) only when pa # 1 and gb # 1.

Therefore, the unitary operator A is not continuous with respect to the I' — t absolute randomized
pseudo-distance ppr in the I' — t absolute randomized logic metric space (F(S), pp,r).

(v): As (-pA — —gB) = (4B — pA) and (—gB — —pA) = (pA — qB), we have (-pA — —qB) A (-qB —
-pA) = (qB — pA) A (pA — gB). It follows from Theorem 3.6(iii) that 7pr((-pA — —gB) A (-gB —
—pA)) = tor((gB — pA) A (pA — qB)). Thus ppr(-pA,~qB) = 1 - Epr(-pA,—qB) = 1 - tpr((-pA —
~qB) A (~qB — —pA)) =1 - pr((gB — pA) A (pA — qB)) =1 = Epr(gB, pA) = ppr(aB,pA) = ppr(pA, B). If
’}ggo pp,r(mA,, pA) = 0, then }}g?o pp,r(—mA,, ~pA) = &ggo pp,r(mA,, pA) = 0.

So the unitary operator — is continuous with respect to the I' — t absolute randomized pseudo-distance
ppr in the I' — t absolute randomized logic metric space (F(S), ppr).

Since A = = ~, it follows from Theorem 4.24(iv) that the unitary operator ~ is not continuous with
respect to the I' —  absolute randomized pseudo-distance ppr in the I' — f absolute randomized logic metric
space (E(S), por). O

Remark 4.25. The above 5 connectives are the most basic connectives in Il ~, and other connectives can be trans-
formed through these 5 connectives and their continuity can be got accordingly.

5. t absolute randomized divergence degree and f absolute randomized consistency degree of arbitrary
theory I relative to the fixed theory I'y

In [25], the author gave the definition of consistency degree in the case of the finite theory of the
Lukasiewicz fuzzy propositional logic system. In [27], the author gave the definition of consistency degree
in the cases of the the infinite theory of the Lukasiewicz, Godel, Product, and R, fuzzy propositional system.
And in [28], the author supplemented the above two definitions of consistency degrees. Along this way of
thinking, in this section, we give the concepts of t absolute randomized divergence degree and ¢ absolute
randomized consistency degree of arbitrary theory I relative to the fixed theory I'y. Using the specific
property of contradiction, we define non-absolute randomized consistent of arbitrary theory I relative to
the fixed theory I'y, and obtain the relationship between them.

Definition 5.1. Let Iy C F(S), A,B € F(S), Sr, be finite, and DO,D%,...,D%, D1 (n > 2) be an n-valued
randomized number sequence in (0,1). For I C F(S), define

divpr,(I') = sup{ppr,(PA, 9B)IpA, B € Dr,(I)}.

Then divpr,(T) is called the t absolute randomized divergence degree of arbitrary theory I relative to the fixed theory
I'y. When divpr,(T') = 1, called the theory T relative to the fixed theory I'y is absolute randomized fully divergent.

Remark 5.2. (i) 0 < divpr,(T') < 1. (i1) divpr,(I') = suplppr,(PA, 9B)IpA,qB € DI UTy). (iii) If I'g consists
entirely of theorem or I'y = @, then t absolute randomized divergence degree of theory I relative to the fixed theory I'y
is t absolute randomized divergence degree of theory I [9].

Definition 5.3. Let Iy C F(S), A,B € F(S), Sr, be finite, and DO,D%,...,D%, D1 (n > 2) be an n-valued
randomized number sequence in (0,1). For I C F(S), define

ipr,(I) =1 —min{[1 - ppr,(pA, 4B)1lpA, 4B € Dr,(I)}.

Then ipr,(T) is called the t absolute randomized polar index of theory I relative to the fixed theory T.



B. Wang, X. Xu /Filomat 39:31 (2025), 11203-11226 11223

Remark 5.4. From [1], we know [x] = {(1)’ ?;6‘31. Then the value range of ip (') is as follows:

. 1, 0<ppyr, (pAgB)<1
)11 = poro(pA B = 0 agnyor

(ii) ipr,(I') can only take 0 and 1.

In [9], the author proposed a definition of non-randomized consistent of theory I’ relative to the fixed
theory I'y. Based on his idea, we will give a definition of non-absolute randomized consistent of theory I
relative to the fixed theory I'y.

Definition 5.5. Let T'y, I’ C F(S), A € F(S), and D,, D%’ ... ,D%, Dy (n = 2) be an n-valued randomized number

sequence in (0,1). If 0 € D(Ty UT) and A,(T,tA) # @, then we say that the theory T relative to the fixed theory Ty
is not absolute randomized consistent; otherwise, we say that the theory I relative to the fixed theory T is absolute
randomized consistent.

In particular, if I' € D(I'g), then we say that the theory I relative to the fixed theory I'y is completely
absolute randomized consistent.

oo, Dua, Dy (n > 2) be an n-valued

n-1

Theorem 5.6. Let I'\,I' € F(S), A,B € F(S), Sr, be finite, and Dy, D
randomized number sequence in (0,1). Then

1,
n—1

(i) Theory I relative to the fixed theory Ty is completely absolute randomized consistent if and only if divp r,(I') = 0.

(ii) Theory T relative to the fixed theory Ty is not absolute randomized consistent if and only if there exists
pA,qB € DTy UT) such that ppr,(pA,gB) = 1.

(iii) Theory T relative to the fixed theory Ty is absolute randomized consistent if and only if ppr,(pA,qB) < 1,
pA,qB € DI ul).

Proof. Let A and B contain the same atomic formulas p1,pa, .. ., pm-

(i): Assume that divpr,(I) = 0. Then from Definition 5.1 we get that pA € I' and ppr,(pA,T) = 0. It is
obvious that pA = ((pA — I') A(I' = pA)). By Theorem 3.6(iii), we get that tpr,(pA) = tpr,(PA = I)A[T —
pA)) =1-ppr,(pA,T) = 1. Then pA € D(I'y). ThusI' € D(I'y), i.e., theory I relative to the fixed theory Iy is
completely absolute randomized consistent.

Conversely, if theory I relative to the fixed theory I'y is completely absolute randomized consistent,
then I' € D(I'y). Thus D(I'y UT) = D(Ip). Thus VpA,gB € D(I'y UT), we have pA,gB € D(I'y). Then
pp,r,(PA,qB) =1 - tpr,((pA — gB) A (gB — pA)) = 0. By Remark 5.2(ii), we have that divpr,(I') = 0.

(ii): If there exists pA,gB € D(I'o UT) such that ppr,(pA,gB) = 1, then 1pr,((pA — gB) A (4B — pA)) =
1 - pp,r,(pA,qB) = 0. By Definition 3.2, we get that A,(I', pA) # @.

The following is divided into two aspects to prove 0 € D(Ty UT).

On the one hand, since pA,gB € D(Ty UT), + pA — (gB — pA) and + 4B — (pA — gB), it follows from
MP rule that I'y UT + (pA — gB) A (gB — pA).

On the other hand, by Theorem 3.6(v), we get that tpr,(~ ((pA — qB) A (4B — pA))) =1 - 1pr,((pA —
gB) A (gB — pA)) = ppr,(pA,qB) = 1. ThusIh UT +~ (pA — qB) A (gB — pA).

Thus Ty UT + ((pA — gB) A (4B = pA)) A (~ ((pPA — gB) A (gB — pA))). As (pA — qB) A (gB = pA)) A (~
((pA — gB) A (B — pA))) ~ 0, we have o UT + 0, i.e., 0 € D(Tp UT).

So to sum up if there exists pA, gB € D(I'g U I') such that ppr,(pA, gB) = 1, then theory I relative to the
fixed theory I'y is not absolute randomized consistent.

Conversely, if theory I relative to the fixed theory Iy is not absolute randomized consistent, then
0 € D(Ty UT) and A,(T, pA) # @. It follows from Definition 3.2 and A,(T,pA) # @ that tpr,(0) = 0. It is
obvious that (0 —» I') A (' = 0) = 0. By Theorem 3.6(iii), we get that TD,rU((ﬁ SDAT —0) = D1, 0) = 0.
Therefore, there exists 0, € D(Ty U T) such that ppr,(0,T) = 1 - 7pr, (0 = T) A (T — 0)) = 1.

(iii): According to the conclusion in (ii), it can be proved that (iii) is true. O
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Theorem 5.7. Let I'),I' € F(S), A,B € F(S), Sr, be finite, and Dy, D
randomized number sequence in (0,1). Then

%,...,D%, Dy (n = 2) be an n-valued
(i) Theory T relative to the fixed theory Iy is not absolute randomized consistent if and only if there exists
pA,qB € D'y UT) such that ipr,(I') = 1.
(ii) Theory T relative to the fixed theory Ty is absolute randomized consistent if and only if ipr,(I) = 0,
VpA,qB € DIy UT).

Proof. Let A and B contain the same atomic formulas p1,pa, ..., pm.

(i): By Theorem 5.6(ii), Remark 5.4(i)and Definition 5.3, we get that theory I relative to the fixed theory I'y
is not absolute randomized consistent if and only if there exists pA, gB € D(I'y UI') such that pp r,(pA, gB) = 1,
if and only if there exists pA,gB € D(I'o UT) such that [1 — ppr,(pA,gB)] = 0 and if and only if there exists
pA,qB € D(I'p UT) such that ipr,(I') = 1.

(ii): By Theorem 5.6(iii), Remark 5.4(i)and Definition 5.3, we get that theory I relative to the fixed theory
I'y is not absolute randomized consistent if and only if ppr,(pA, gB) < 1, if and only if [1 - ppr,(pA,gB)1 = 1
and if and only if ipr,(I) =0. O

Definition 5.8. Let Ty € F(S), A,B € F(S), Sr, be finite, and Dy, D
randomized number sequence in (0,1). For I C F(S), define

...,D%, Di(n > 2) be an n-valued

1y
n-1

1.. .
oy, (M) =1- EdlvD,ro(T)(l +ip,ry (D).

Then np,r, (') is called the t absolute randomized consistency degree of arbitrary theory I relative to the fixed theory
To.

The following theorem gives the relationship between Definition 5.5 and Definition 5.8.

Theorem 5.9. Let I'),I' € F(S), A,B € F(S), Sr, be finite, and Do,Dﬁ,...,D%, Di(n > 2) be an n-valued
randomized number sequence in (0,1). Then

(i) Theory I relative to the fixed theory Iy is completely absolute randomized consistent if and only if npr,(I') = 1.

(ii) Theory T relative to the fixed theory Ty is absolute randomized consistent if and only if + < npr,(T) < 1,
VpA,gB € DI, UT).

(iii) Theory T relative to the fixed theory I'y is not absolute randomized consistent if and only if there exists
pA,qB € DIy UT) such that npr,(I’) = 0.

(iv) Theory T relative to the fixed theory I'y is absolute randomized consistent and absolute randomized fullly
divergent if and only if npr,(I) = %, VpA,qB € DT UT).

Proof. Let A and B contain the same atomic formulas p1,pa, ..., pm-

(i): By Theorem 5.6(i) and Definition 5.8, we get that theory I relative to the fixed theory I'y is completely
absolute randomized consistent if and only if divpr,(I) = 0 and if and only if npr,(I') = 1.

(ii): It follows from Theorem 5.7(ii) that theory I’ relative to the fixed theory I’y is absolute randomized
consistent if and only if ipr,(I') = 0. Since 0 < divp r,(I') < 1, By Definition 5.8, we have that theory I relative
to the fixed theory I is absolute randomized consistent if and only if 4 < npr,(I) < 1.

(iii): By Theorem 5.6(ii) and Definition 5.1, we get that theory I relative to the fixed theory Iy is not
absolute randomized consistent if and only if there exists pA,qB € D(I'y UT) such that ppr,(pA,gB) = 1 and
if and oniy if there exists pA,qB € D(I'y U I') such that divpr,(I') = 1. It follows from Theorem 5.7(i) and
Definition 5.8 that theory I' relative to the fixed theory I'y is not absolute randomized consistent if and only
if there exists pA,qB € D(I'y UT) such that ipr,(I') = 1 and if and oniy if there exists pA, gB € D(I'y UT) such
that 1ID,I,y (F) =0.

(iv): By Definition 5.1, Theorem 5.7(ii) and Definition 5.8, we have that theory I' relative to the fixed theory
Iy is absolute randomized consistent and absolute randomized fullly divergent if and only if divpr,(I') = 1,
if and only if ipr,(I') = 0 and if and only if npr,(I) = 3. O
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6. Conclusions and further work

In this paper, using the randomization method of valuation set, we first put forward the definition of
I' — t absolute randomized truth degree of formula relative to local finite theory I' under the t conjunction
in I, . n-valued propositional logic system, and prove some inference rules such as MP, HS, intersection
inference and union inference of I' - t absolute randomized truth degree. Then we introduce the concepts of
I' -t absolute randomized similarity degree and I' -t absolute randomized pseudo-distance of propositional
formulas. We also give the concepts of t absolute randomized divergence degree and t absolute randomized
consistency degree of arbitrary theory I' relative to the fixed theory I'y, and using specific property of
contradiction, we define non-absolute randomized consistent of arbitrary theory I relative to the fixed
theory I'y.

Based on the work in this paper, the following two problems deserve further research:

(i) What are the properties of approximate reasoning for I' — t absolute randomized truth degree in I'l4 ~
propositional logic system?

(ii) What are the properties of I" absolute randomized truth degree in other multivalued propositional
logic systems?
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